Functional Analysis F3/F4/NVP (2005)
Homework assignment 1

All students should solve the following problems:

1. The boundary of a set A C (X,d) is defined in Section 1.3, Problem
11 (p.24). Show that the boundary of an arbitrary set is a closed set.

2. Section 1.6, Problem 10.
3. Section 2.3: Problem 2.
4. Section 2.5: Problem 2.

Students taking Functional Analysis as a 6 point course should also
solve the following problems:

5. Section 2.1: Problem 14 and Section 2.3, Problem 14.
6. Section 2.5: Problem 4.

Solutions should be handed in by Tuesday, February 1, 16.00.

(Either give the solutions to me directly or put them in my mailbox,
third floor, House 3, Polacksbacken.)



Functional Analysis F3/F4/NVP
Comments to homework assignment 1

(Notation as in my solutions.)

1. Note that to prove that a set is closed it is not sufficient to prove
that it is not open. In fact, in a metric space (X,d) there are often
many sets which are neither open nor closed. (There are also sets which
are both open and closed; for example, in every metric space (X, d), the
subsets X and ) (the empty set) are both open and closed.)

3. A common mistake: Since z; — x we have, for each n, lim;_,. &, ; =

1,. Hence we may write:

lim 7, = lim (lim &LJ)

n—oo n—o00 Jj—00

So far it is correct! But it is not acceptable to change the order of
limits here (to get “=lim;_. (limn_m fn,j) = lim; .., 0 = 0”) without
careful motivation!
Here is one example that shows why this is not possible: Let
1 = (1,0,0,0,0,0,...)
(1,1,0,0,0,0,...)
(1,1,1,0,0,0,...)
24 =(1,1,1,1,0,0,...)

etc.

Ty —
T3 =

This sequence does not converge in £*°. Furthermore we have lim;_ &, ; =

1 for every n, hence lim,, (limj_,oo 5n,j) = 1, whereas lim;_,, (limn_>Oo @w‘) =
0. This indicates that to motivate the desired change of order of limits

we must make further use of the fact that x; — x in (>°.

5. In Problem 2.1; 14, one has to prove that the stated operations
on cosets are well-defined. Logically this should be done before one
proves anything else about the operations (since it is only after we
have proved “well-definedness” that we truly know that the operations
“exist”). [But I did not give minus score for proving well-defined in the
end of solution.|

Another common mistake: As a step in trying to prove that || - ||o
satisfies (N4), many students have claimed

inf = inf inf
in (Il -+ yll + o+ yll) = inf llz + g1l + inf [l + ]
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(or # %% < %% x). This is in general not true: The right hand side
is in general smaller than the left hand side since inf, ey ||z + y|| and
inf, ey ||w + y|| may be attained at completely different points y € Y.
(In fact we even do not know if the infima are attained in general.)

Another common mistake: Many students seem to use laws like T +
w={r+w|z €z, we W} in the second half of the problem, without
ever proving this. Note that we have no right to assume (without
proof) that this agrees with the definition of “4” given in the problem!
(Cf. the “alternative proof that addition and multiplication of cosets
are well-defined” in the solution below.)



Functional Analysis F3/F4/NVP
Solutions to homework assignment 1

1. Let A be any subset of a metric space X. Let 0A be the boundary
of A. We wish to prove that 0A is closed.

Let x1, xo, ... be any sequence of points in A such that z,, — x for
some point z € X.

Let € > 0 be an arbitrary number. Then, since z,, — x, there is
some index N such that d(zy,z) < ¢/10.

But xy € 0A, hence by the definition of A (problem 11, p.24) every
neighborhood of z contains points of A as well as points not belonging
to A. In particular this holds for the neighborhood B(zy,e/10), i.c.
there is a point a € B(zy,/10) which lies in A, and there is another
point b € B(xy,e/10) which does not lie in A.

By the triangle inequality, using d(zy, z) < /10 and a € B(zy,/10),
we get

£ £
d(z,a) < d(z,zy) +d(xy,a) < 10 + g <€
Similarly:
£ £
d(z,b) < d(z,zyn) + d(zN,b) < TRETRR
Hence both a and b lie in the ball B(z, £), meaning that B(x, €) contains
a point of A as well as a point not belonging to A.

But recall that € was an arbitrary positive number; hence we have
proved that every neighborhood of x contains points of A as well as
points not belonging to A. By the definition of dA (problem 11, p.24)
this means that z € JA.

Since this is true for every point x € X which is a limit point of a
sequence of points xy, s, ... in A, it follows from Theorem 1.4-6(b)
that the set 0A is closed.

Alternative solution, not using Theorem 1.4-6. Let A be any
subset of a metric space X. Let OA be the boundary of A. We wish
to prove that 0A is closed. In other words (see Def 1.3-2), we wish to
prove that the complement set X — 0A is open.

Let x be an arbitrary point in X — JA. Then since = ¢ 0A, by the
definition of JA in problem 11, p.24, there exists some ¢ > 0 such that
the e-neighborhood B(x,¢) only contains points of A, or only contains
points not belonging to A, that is,

(%) B(z,e) C A or B(z,e) C X — A.



We now claim that in fact
() B(z,e) C X — 0A.

To prove this, let y be an arbitrary point in B(x,¢). Then since B(z, ¢)
is open (known from problem 1, p.23), there is some r > 0 such that
B(y,r) C B(x,e). Combining this with (*), we see that:

B(y,r)C A or  B(y,r)C X — A.

This means that y has a neighborhood which only contains points of
A, or only contains points not belonging to A. By the definition of
OA (problem 11, p.24), this means that y ¢ 0A, i.e. y € X — 0A. But
recall that y was an arbitrary point in B(z,e). This means that (**)
is true!

Now recall that = was an arbitrary point in X — 0A, i.e. (**) says
X —0A contains a ball about each of its points. Hence X —0A is open,
by Def 1.3-2.

Hence 0A is closed.

Alternative solution (which uses more facts from the book,
and gives extra useful information about 0A). It follows from
the definition of JA in problem 11, p.24 that

()  9A= {xeX Ve >0: [B(z,e) N A# 0 and B(x,) N (X — A) %@}}.
We recall the definition of the interior of A (see p.19):
Aoz{xeX\35>0:B(x,€)CA}.
This implies that
X—A":{xeX|V5>O:B(:v,5)gZA}
:{xEX|V€>O:B(x,5)ﬂ(X—A)7£®}.
Furthermore the closure of A is (see p.21, easy reformulation):
A= {xeX |V€>O:B($,5)0A#@}.
From the last two formulas we see that
(X-A)NnA
—{s € X |Ve>0: [Bz,)N A £ and Blz,e) N (X - 4) £0] }.
Hence by (*),
0A = (X — A°)NA.
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But we know from p. 19 that A° is open; hence X — A° is closed. We
also know from p. 21 that A is closed. Hence, since every intersection
of closed sets is closed!; 9A = (X — A°) N A is closed.

(Remark: The formula A = (X — A°) N A can also be written:
OA=A— A°)

2. Assume that zq,z,,... and 2,2}, ... are sequences in X and that
x, — ¢ and 2/, — ¢ for some point ¢ € X. Then lim,, ., d(z,,l) =
lim,, . d(x},,¢) = 0. But note that by the triangle inequality,

Vn : 0 <d(zp,z) <d(x,,0)+dl, ) =d(z,,0) +d(z, L).
Here d(zp, () + d(z!,,¢) — 0 as n — oo. Hence lim,,_,o, d(z,, 2!,) = 0.
Alternative solution using Lemma 1.4-2. Since x,, — ¢ and

x!, — £, Lemma 1.4-2(b) yields lim,,_,o. d(z,, z),) = d(¢,¢). But d(¢, () =
0 by (M2) in Def 1.1-1. Hence: lim, o, d(z,,x]) = 0.

3. We will use Theorem 1.4-6(b) to prove that ¢ is closed.

Let x1, x9, ... be any sequence of vectors in ¢y such that lim; . z; =
x for some vector x € (*°. By definition,  and each z; is a se-
quence of complex (or real) numbers, say = = (11,172,173, ...) and z; =
(&1,5, 62,5, &35, ---), where all 7, and all &, ; are complex numbers.

We wish to prove that lim, ...n, = 0. Let ¢ > 0. Then since
lim; .. z; = x there is a number J such that

Vi>J: ||z — z;|| <e/10.

In particular we have ||z —x || < €/10. Recall that ||-|| is the £*°-norm;
hence the last inequality can be written more explicitly as:

(*)  VYn>1: 1 — Eny| < €/10.

But z; = (£1.7,62.0,&5., -..) € co, hence lim,,, &, ; = 0. Hence there
is a number N such that

(k%)  Vn>N: €n,s — 0] < €/10.

Combining (*) and (**) and using the triangle inequality for complex
numbers, we obtain:

Vn > N : 11 — 0] < [ — &ny| + &ns — 0] <€/104+¢/10 < €.

'This is a useful fact to learn! Tt follows from p. 19 (T2) together with Def 1.3-2.
Namely, if Cy, Cy are two closed subsets of X then C{ = X — C; and C§ are open,
hence by (T2), CY UCY is open; hence C; NCy = (CF UCS)C is closed. The same
type of argument shows that the intersection of any family of closed sets is closed.
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But ¢ was arbitrary; hence we have now proved that lim, ... n, = 0.
In other words, = = (11, 72,73, ...) € Co.

Since this is true for every point x € £*° which is a limit point of
a sequence of points in ¢, it follows from Theorem 1.4-6(b) that ¢ is
closed.

4. Let X be a discrete metric space consisting of infinitely many points.

Since X is an infinite set there exists an infinite sequence of distinct
points x1, za, x3, ... in X; that is, x; # x; whenever j # k.

Let x;,,zj,, x4, ... be an arbitrary subsequence of the sequence x4, 2, 73, ...
(here 1 < j; < ja < js < ...). Then x;, # x;, for all n # k, and hence
d(z;,,z; ) = 1 for all n # k, by the definition of a discrete metric space
(Def 1.1-8). Hence we do not have d(z;,,z;,) — 0 as n,k — oo, ie.
the sequence z;,,j,, xj,, ... is not Cauchy. Hence by Theorem 1.4-5,
Tj,Tj,, Tjy, ... 18 Mot a convergent sequence.

We have proved that the sequence x1, x5, 23, ... in X does not have
any convergent subsequence. Hence, by Def 2.5-1, X is not compact.

Alternative solution, not using the Cauchy criterion:

Let X be a discrete metric space consisting of infinitely many points.

Since X is an infinite set there exists an infinite sequence of distinct
points x1, za, x3, ... in X; that is, x; # x; whenever j # k.

Let x;,,zj,, x4, ... be an arbitrary subsequence of the sequence x4, 2, 73, ...
(here 1 < j; < j3 < j3 < ...), and let = be any point in X. Then there
is at most one index k such that x; = x, and hence for all sufficiently
large indices n we have d(z;,,x) = 1. Hence the sequence z;,, zj,, s, ...
does not converge to x.

Since this is true for every x € X and every subsequence of x1, 9, 3, ...,
it follows that the sequence x1, s, 3, ... in X does not have any con-
vergent subsequence. Hence, by Def 2.5-1, X is not compact.

5. We first solve problem 14 on p.57. Let Y be a subspace of a vector
space X. For every x € X we define (as in the problem formulation)
the coset of x (with respect to Y') to be the set

(%) r+Y={v|v=cx+yyeY}={z+ylyeY}
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We first have to prove that the distinct cosets form a partition? of X,
i.e. that every element of X belongs to one coset and that distinct
cosets are disjoint.

Clearly, for every x € X we have x € x + Y, since x = x 4+ 0 and
0 € Y. Hence every element of X belongs to at least one coset.

Now let x1 +Y and z9 + Y be two arbitrary cosets which are not
disjoint, i.e. (z1+Y) N (z2+Y) # 0. Let v be any element in this
intersection; then by the definition (*) there is some y; € Y such that
r1 + Y1 = v, and there is some y, € Y such that xo +yo = v. It
follows that x1 — 29 = yo — y1 € Y. Hence for every y € Y we have
(x1 —x9)+y €Y and thus x1 +y = 29+ (1 —22) +y € 22+ Y. Thus:

r1+Y Cxy+Y.
Similarly, using xo — 7y = y; — y2 € Y, one proves

ro+Y Caxi+Y.
Hence

1 +Y =x9+Y.

This proves that any two cosets which are not disjoint are in fact equal.
In other words, any two distinct cosets are disjoint.

This completes the proof that the distinct cosets form a partition of
X.

We next prove that addition and multiplication of cosets are well-
defined by the definitions in the problem formulation;

(w+Y)+(z4+Y) =(w+z)+Y,
alz+Y)=ar+Y.
To show this, we assume « € K and that w,z,w’, 2’ are any elements
in X such that w+Y =w' +Y and v +Y = 2/ +Y; we then want
to prove (w+xz)+Y = (w' +2')+Y,and ax +Y = oz’ +Y. But
w+Y =w +Y and v +Y = 2/ + Y imply that there exist vectors
Y1,Y2, Y3, Y4 € Y such that w+y; = w' + 1y and =+ y3 = 2’ + y4. Now
w+r = (w+ys—y1) + (2 4+ ys—y3)
= (W +2') + (y2 — y1 +ya — y3),

and Yo — 1 + ys — y3 € Y; hence w + x lies both in (w+ z) + Y and
in (w4 2') +Y; hence these two cosets are not disjoint, and hence (by

2This statement is actually a well-known fact from group theory, if one notes
that (X, +) is an abelian group and Y is a subgroup; similarly it is well-known that
“4+” is a well-defined operation on X /Y which makes X/Y into a group. However,
we will give direct proofs of all these facts.
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what we have proved earlier), (w+z) +Y = (w' +2') +Y. We also
have

ar =o' +ys —ys3) = o’ + ays — y3),

and by the same type of argument as above, this leads to ax + Y =

, .. .1 . .
ax’ +Y. Hence the addition and multiplication of cosets are indeed
well-defined by the given definitions.

Alternative proof that addition and multiplication of cosets are well-defined
by the given definitions: It is natural to define operations addition and multiplication
by scalar for any subsets A, B C X as follows (in the present discussion we will write
“¥” and “7” in order to distinguish these operations from the operations given in the
problem):

A¥B:={a+bla€ Abe B};
a“A:={aa|a€ A} (a € K).
These operations are obviously well-defined, and give subsets of X as results. Hence it
suffices to prove that the operations given in the problem are simply special cases of the
above operations (in particular it then follows that the +-sum of any two cosets is again
a coset). To prove this, note that for any vectors z,w € X we have
(z+Y)Fw+Y)={a+b|lacz+Y,bcw+Y}
=f{at+bla=z+y,b=w+y2, y1,y2 €Y}
={zt+w+y+y2|y1,92 €Y}
={z+w+ylyeY}
=(z+w)+Y,
where in the next to last step we used {y1 +y2 | y1,92 € Y} =Y = {y | y € Y} which
is true since Y is subspace of X. The above calculation shows that the operation “+” on
cosets as defined in the problem is well-defined, and is a special case of 4. Similarly, for
any x € X, a € K we have, if a is non-zero:
a’(z+Y)={aa|acz+Y}
={alz+y)|lyeY}
={az+ay|yeY}
={az+y|lyeY}
=axr+Y,
where in the next to last step we used {ay | y € Y} = Y which is true since a # 0
and Y is a vector space. The above calculation shows that if @ # 0 then the operation

“multiplication by «” on cosets as defined in the problem is well-defined, and is a special
case of “~-multiplication by «”.

Finally, to cover the case o = 0, note that the operation “multiplication by 0”7 as
defined in the problem is well-defined, since 0-z +Y =Y for all z € X. (But note that
07Y = {0} and hence 0°Y # 0+ Y if Y # {0}, i.e. the two operations are in general not
the same in the special case o = 0!)

Now that we have proved that the two operations are well-defined, it
is very easy to prove that these operations satisfy all the vector space
laws; these are direct consequences of the corresponding laws for the



10

vector space X. In precise terms, for all x,y,2 € X and all o, 8 € K we
have (see p.50-51, and use the given definitions of the two operations
in X/Y):

(V1) (z+Y)+(y+Y) = (z+y)+Y = (y+2)+Y = (y+Y)+(x+Y).

(V2) (z+Y)+((y+Y)+(24Y)) = (a+(y+2))+Y = ((z4y)+2)+Y =
(z+Y)+(y+Y))+ (2 +Y).

(V3) Set Oxy :=0+Y; then (x+Y)+0x/y = (z4+0)+Y =2 +Y.

(V4) The coset (— )—|—Y satisfies (ZE+Y)+((—QZ)+Y) =0+Y =0x)y.

(V5) (Bl +Y)) = (a(Bx) + Y = ((@B)x) +Y = (af)(x +Y).

(V6) L(z+Y) = (1 )—i—Y—:E—i-Y

(V) a((z+Y)+ (y+Y)) =allz+y) +Y) = (alz+y) +Y =
(axz+Y)+(ay+Y)=alz+Y)+ay+Y).

(V8) (a+B)(z+Y) = (a+Bz+Y = (ax+Y)+ Bz +Y) =
alz+Y)+B(x+Y).

This proves that the cosets indeed constitute the elements of a vec-
tor space under the given operations. This completes the solution of
problem 14 on p.57.

We now solve problem 14 on p.71. It is clear that || - || is a well-
defined function X/Y — [0, c0) by the definition in the problem, since
each £ € X/Y is a nonempty set, and ||z|| € [0,00) for all z € z.
Hence the law (N1) is satisfied. We now prove that the three other
norm laws are satisfied as well:

(N2) If £ = Ox/y then 0 € Z and hence ||Z||o = ||0]| = 0. Conversely,
assume = € X/Y and ||Z]|p = 0. Take xy € Z; then & = 2o+ Y =
{xo+y |y €Y} Nowinf,e; ||z|| =0, i.e. infyey ||zo + y|| = 0. Hence
there is a sequence y1, Y2, Y3, ... in Y such that lim, . ||xo + yn|| =0
and thus y, — —xg, by the definition of converging sequence (Def.
1.4-1). Since Y is closed, this implies —zy € Y (by Theorem 1.4-6(b)).
Hence o € Y and 2o +Y =Y = 0x/y, i.e. © = 0x/y.

(N3) Let € X/Y and a € K. Take xg € Z, so that &z = xg + Y. If
a # 0 then

at =axg+Y ={azg+y|yeY}={a(zo+y)|yecY}
(using y € Y <= a 'y € Y), and thus
il = nf la(eo + )l = o] mf 1z + ol] = Jal - [l
On the other hand, if & = 0 then ||aZ||o = ||0x/v|| = 0 = |a] - ||Z]]o,
i.e. (N3) holds in all cases.
(N4) Let z,w € X/Y. Take xy € & and wy € w, so that & = xy +Y

and w = wg+ Y. Then if z € £ and w € w, we have v = xg + y; and
w = wy+ys for some y1,y2 € Y, and thus x+w = (zg+wo)+(y1+92) €
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(xo + wo) +Y =& + w. Hence, for all z € &, w € w,
12+ dllo = nf [|u|| < [|lz+ w]].
ueET+w
By the triangle inequality, this implies
|12+ @llo < || 4 [|w]].

Since this is true for all x €  and all w € w, we have

|12 + @[lo < inf |[z]] + inf [|w]] = [[Z[|o + [[@]o.
TET wew
6. Let us assume that there does not exist such numbers 7,7, .... In

other words, we assume that there is some k such that there does not
exist a number v such that |{x| < 7, holds for all (&1,£,&3,...) € M.
In other words, we assume that for every number ¢ > 0 there is some
element (&1,&s,&s,...) € M such that || > ¢. In symbols:

(%) Ve>0: 3(&,8,8,...) € M |&] > c.

Taking ¢ = 1 in (*) we see that there is a sequence 1 = (§1.1, 821, €31, -..) €
M such that |&1] > 1. Next we take ¢ = |§1] + 1 in (*) and
hence we see that there is a sequence xo = (&12,629,&32,...) € M
such that || > [&k1] + 1. This is repeated recursively; i.e., when
Tn = (&10,&m, &3, -.) € M has been chosen, we apply (*) with
¢ = |¢kn| + 1 in (*) and hence we see that there is a sequence x,; =
(517114_1,527”4_1,53,”_’_1, ) € M such that |£k,n+1| > ‘gk,n| + 1.

In this way we obtain an infinite sequence x1, zo, x3,... in M such
that x, = (&0, &m, Eams o) With [Epnt1| > [&kn| + 1 for all n. Using
the last inequality repeatedly we see that [Exm| > |Skn| + (m —n) for
all m >n > 1. Hence, for all m >n > 1,

1&km — Eknl = [€km| — [Ekn] >m —n > 1.
It follows that, for all m >n > 1,

oo

d(xpm, ) = Z 1 |€jm — &iml S 1 € — Ennl
o D1+ &m = &l — 281+ [Erm — Ehon

=1
1 1
>_— .~ =271
2k 2
(In the next to last step we used the fact that for r := €., — k| > 1
we have 7= =1— = >1—4 =13

Now we may continue as in the solution of Problem 4: Let x;,, z;,, 2, ...
be an arbitrary subsequence of the sequence x1, xg, x3, ... (here 1 < j; <
J2 < js < ...). Then the above inequality implies that d(z;,,z;,, ) >
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27%1 for all n # m. Hence the sequence zj,, Zj,, T s, ... is not Cauchy.
Hence by Theorem 1.4-5, x;,, xj,, % ,, ... is not a convergent sequence.

We have proved that the sequence x1, x9, x3,... in M does not have
any convergent subsequence. Hence, by Def 2.5-1, M is not compact.

Extra information: The converse mentioned in problem 4,
p. 82: This is actually false/ Example: Let

M ={(&) € s | (&,&,...) # 0 and Vn : [§,| < 1}
Then M is an infinite set and M satisfies the criterion in the prob-

lem (with 74 = 79 = ... = 1). However, consider the sequence z,, =
(+,4,1 ), n=1,2,3,...in M. This sequence converges to (0,0,0,...)

in s, and hence every subsequence also converges to (0,0,0,...). How-
ever, (0,0,0,...) ¢ M; hence no subsequence of xy, zy, x3, ... converges
to an element in M. Hence M is not compact.

However, the condition in the problem does imply that M is compact.
This is a very pleasant exercise to prove!



