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LYCKA TILL!

Problems 1 — 8 should be attempted by all students.
Graduate students should also try to solve Problems 9 and 10

1. Let P4 be the space of the polynomials of one complex variable of degree at most 4.
Define

4
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Show that this is a norm on P4, but that there is no inner product such that {p, p) = ||p||?
for all p € P4. Is the space P4 complete?

2. Let S : X — Y be a bijective linear operator between normed spaces X, Y. Show
that the inverse S~ ! is continuous if and only if

inf ||Sz| > 0.
lal|=1

3. Let X and Y be normed spaces and let 7' € B(X,Y). Show that if x € X, y € Y,
and (z,) is a sequence in X such that z,——z and Tz, — ¥y, then Tz = .

4. Show that if Y is a closed subspace of a normed space X and a € X \ Y, then there
exists f € X' such that f(a) =1 and Y is contained in the null space of f.

5. Suppose that aj; are numbers such that
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Define
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Show that S : 12 — [? is a bounded linear operator and that ||S|| < V/A.

6. Let Y be a closed subspace of a Hilbert space H and let Py denote the orthogonal
projection onto Y. Show that

Y ={zeH: |Py()|= Iz}
7. Let H be a Hilbert space and let T': H — H be a bounded linear operator. Show

that ||| = |A| for some eigenvalue A if and only if |(Tz,z)| = ||T|| for some vector
z € H such that ||z|| = 1.

8. Assume that the space C[0, 7] is equipped with the norm

|zl = sup |z(?)]-
te[0,7]

Consider the linear operator
K : C[0, 7] — C[0, 7]
given by the formula

(Kz)(s) = /O "(sins + cost)a(t)dt, @ € Clo, .

Is this operator compact? Find the ranges of K and K K. Show that K has only one
non-zero eigenvalue.

‘Additional problems for graduate students:

9. Let T : H — H be a bounded linear operator on a Hilbert space H. We define the
approzimative spectrum o4(T) of T by the formula

0.(T) = {)\ eC: ||$i|n£1 Tz — Az|| = O} .

Show that
0p(T) U 0c(T) C oo(T) C o(T).

Hint: See Problem 2.

10. Let X be a separable Banach space. Prove the so-called Banach-Alaoglu Theorem:
Every bounded subset M of X' is relatively weak* compact, that is every sequence of
elements of M contains a subsequence which is weak* convergent to an element of X'.

GOOD LUCK!



