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| SOLUTIONS: |

1. If z € X and ) (z,z;)z; = 0, then

0= (w,)zj0) = [(w,a;)I.
Hence z L z; for all j, and thus z € YX. The opposite inclusion is obvious.

2. Since M C ¢ C I* and c is closed in [*°, it suffices to show that for each z € ¢ there
exists a sequence (z(™) C M such that [|z{™) —z|| = 0 as n — co. Take z = (¢;) € c and let
& =limj , &;. Define

(n) — (¢ (m _ ) & J<n,
z'™ = (§;) € M by the formula §; _{§n, iSn

Take € > 0. There exists N > 0 such that |{; — £| < for all j > N. Then for all n > N

12 — 2| = sup |6, — &1 < [&n — €] + sup 1€ =&l < 2.
J1-n

jzn

3. Given x we have to find ¢t € R such that z + tv L uw. But this is equivalent to

(z, u)

(v,u)”

t=—

Hence
(z,u)

Tz =z —
S )

V.

The operator is bounded because

1Tz < [z + 1Elkadlliel]

(v,u)

Clearly R(T) = u*. (“C” is obvious; if ¥ L u, then y = T'(y + Ov), which gives the opposite
inclusion.)

4. If u = ), then T becomes the orthogonal projection onto u=.
5. Tx =) (Tx,ej)e; = > (x,T*ej)e;.
6. Let a; = (@jk)r>1 € 2. Then Tz = ({(z,a;))j>1. Define

Thx = ({z,a1),...,{x,a,),0,0,...).



Then T, : 1> —s 12 is compact and

T = Tzll? = 3 @, )l < lall 3 llay 1

ji>n i>n

Him, 2 2 lasel =0,

jzn k

Since

the result follows.

7. 8% =Sl = Q* = §*P*S1* = S~1PS** = Q and QQ = S~'PSS~'PS = S~1PS = Q.

8. If

(mnayn) € g(T1+T2)
4

(z,9),

then
Yn = Tven, + Thzy,
! 4
Y Trx.

Hence Thx,, = (Yn — Toxn) = (y — Toz). Thus
G(T1) 3 (zn, Trzyn) = (z,y — Tox) € G(T1).

Hence Tixz = y — Tox and so y = T1x + Thx as required.

9. Suppose that 0 € p(T). Then T~" exists, is bounded and its range R(T) is dense in X. Thus
dim R(T) = oo. Take a sequence (y,) C B(0,1) N R(T). The sequence (T~'yy,) is bounded,
and so (y,) has a bounded subsequence. Therefore B(0,1) N R(T') is compact. Contradiction.

10. Because Y (1 —1/n)k=1/n =1, we have |f,(z)| < ||z||- Moreover

(Zek)zz%ﬁlasm—)oo,

k=1

and thus [|f,|| = 1. Also [|f[| = 1, because |f(z)| = [lim;_o &;| < sup; |§;| = [|z]|, where
x = (&), with equality achieved for z = (1,1,1,...). Let 2 = (§;), where §; — £. Take € > 0.
ANVj > N : |§ — €| < e. Therefore

oo _ k—1 0 _ k—1
fule) ~ @) = [T g S
k=1 k=1
& a-ym
- kﬂ?(&c—e)‘

N-— 1 ]./TL
< 2HH§: st
k=1

But

N-1
1—1/n)k1
¢—>Oasn—>oo.



