VISIBILITY AND DIRECTIONS IN QUASICRYSTALS

JENS MARKLOF AND ANDREAS STROMBERGSSON

ABSTRACT. It is well known that a positive proportion of all points in a d-dimensional lattice
is visible from the origin, and that these visible lattice points have constant density in R.
In the present paper we prove an analogous result for a large class of quasicrystals, including
the vertex set of a Penrose tiling. We furthermore establish that the statistical properties
of the directions of visible points are described by certain SL(d, R)-invariant point processes.
Our results imply in particular existence and continuity of the gap distribution for directions
in certain two-dimensional cut-and-project sets. This answers a recent question of Baake et
al. [arXiv:1402.2818].

1. INTRODUCTION

A point set P C R? has constant density in R? if there exists (P) < oo such that, for any
D c R? with boundary of Lebesgue measure zero,
NTD
(L.1) lim 2P 07D)
T—o00 Td

We refer to §(P) as the density of P. It is interesting to compare the density of P with the
density of the subset of visible points given by

(1.2) P={yeP:tygPVte(0,1)}.

This definition assumes that the observer is at the origin 0. Note also that, by definition,
0 ¢ P. A classic example is the set of integer lattice points P = Z%. In this case, the set of
visible points is given by the primitive lattice points P = {m € Z¢ : ged(m) = 1}. Both sets
have constant density with §(P) = 1 and §(P) = 1/¢(d), where ¢(d) denotes the Riemann
zeta function.

In this paper we are interested in the visible points of a regular cut-and-project set P =
P(W, L) constructed from a (possibly affine) lattice £ € R¥™ and a window set W C R™

(see Section [2 for detailed definitions). Our first observation is the following.

= 0(P) vol(D).

Theorem 1. If P = POW, L) is a reqular cut-and-project set, then P and P have constant

density with 0 < 0(P) < 6(P).
The constant density of P is a well known fact, cf. Section 2] below. The main point of
Theorem [l is that the wvisible set P also has a strictly positive constant density. Although for

~

cut-and-project sets P with generic choices of £ we have §(P) = 6(P), there are important
examples with 6(73) < O(P). The Penrose tilings and other cut-and-project sets which are
based on the construction in [6, Sec. 2.2] fall into this category, cf. [9].

The second result of this paper concerns the distribution of directions in P. Consider
a general point set with constant density () > 0 (P may be the visible set itself). We
write Pr = P N B\ {0} for the subset of points lying in the punctured open ball of radius
T, centered at the origin. The number of such points is #Pr ~ vg0(P)T¢ as T — oo,

where vy = vol(B]) = 7%2/T'(4£2) is the volume of the unit ball. For each T, we study
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the directions ||y|| 'y € S¢~1 with y € Pr, counted with multiplicity (if P = P then the
multiplicity is naturally one). The asymptotics (II]) implies that, as T' — oo, the directions
become uniformly distributed on Sil*l. That is, for any set Ll C Sil*l with boundary of measure
zero (with respect to the volume element w on S971) we have

iy P EP: ylTly el w)
T—00 #Pr w(S¢1y
Recall that w(S9™1) = dvg.

To understand the fine-scale distribution of the directions in Py, we consider the probability
of finding r directions in a small open disc D7 (o, v) C S¢~1 with random center v € S¢~! and

(1.3)

volume w(Dr(o,v)) = % with ¢ > 0 fixed. Denote by
(1.4) NT(U7U7P) =#{y € Pr : HyH_ly € Dr(o,v)}

the number of points in Dp(o,v). The scaling of the disc size ensures that the expectation
value for the counting function is asymptotically equal to o. That is, for any probability
measure A on Scllf1 with continuous density,
(1.5) lim Nr(o,v,P)d\(v) = o.
T—o00 Stli—l

This fact follows directly from (LI). In the following, we denote by

0(P)
1.6 Kp 1= —
the relative density of visible points in P. We will prove:
Theorem 2. Let P = P(W, L) be a regular cut-and-project set, o > 0, r € Z>o, and let A

be a Borel probability measure on S‘li_1 which is absolutely continuous with respect to w. Then
the limits

(1.7) E(r,o,P) := Tlim A{v e ST Nyp(o,v,P) =r}),
—00

(1.8) E(r,o,P) := Tlim A{v € S¢7: Np(o,0,P) =1})
—00

exist, are continuous in o and independent of A. For o — 0 we have

(1.9) E(0,0,P) =1—kpo+o(0),

(1.10) E(0,0,P) =1—0 +o(0).

This theorem generalizes our previous work on directions in Euclidean lattices [5], Section 2].
The existence of the limit (I.7)) has already been established in [6, Thm. A.1]. It is worthwhile
noting that, if the set of directions in P were independent and uniformly distributed random
variables in S‘li_l, then (7)) would converge almost surely to the Poisson distribution

O,T

(1.11) E(r,o) = —e”.

r!
Although (LI0) is consistent with the Poisson distribution, we will see in Section [3] that
E(r,0,P) is characterized by a certain point process in R? which is determined by a finite-
dimensional probability space.

Theorem 2lallows us to answer a recent question of Baake et al. [I] on the existence of the gap
distribution for the directions in the class of two-dimensional cut-and-project sets considered
here. In dimension d = 2, it is convenient to identify the circle St with the unit interval mod
1, and represent the set of directions in Pr as % arg(y1 + iyo) with y = (y1,92) € Pr. We
label these numbers (with multiplicity) in increasing order by

(1.12) —3 <ér1 <&ra < <E&rnem < 5
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where N(T') := #Pr. The analogous construction for the visible set P yields the multiplicity-
free set of directions

o~

(1.13) —5 <&rp<épp<--< §Tﬁ(T) <3

where ]/\\T(T) = #7/5T < N(T). We also set {79 = ET,O =&érnr) — 1= ETﬁ(T —1.

)

Corollary 3. If P = P(W, L) is a regqular cut-and-project set in dimension d = 2, there exists
a continuous decreasing function F' on R>g satisfying F'(0) = 1 and lim,_,o F(s) = 0, such
that for every s > 0,

#{1 <j < N(T) : N(T)(éry —€rj1) > s} _

(1.14) Tlgrolo N(T) F(S)

and

(115)  pm 2= SN NDEry = €ryoy) 253 )1 if s=0
. T—00 N(T) HPF(KZPS) Zf s> 0.

It follows from the properties of F'(s) that the limit distribution function in (LI is con-
tinuous at s = 0 if and only if kp = 1.

In the special case when P = Z?2, ([LT4)) was proved earlier by Boca, Cobeli and Zaharescu
[2], who also gave an explicit formula for the limit distribution. More generally for P any
affine lattice in R?, Corollary B was proved in [5, Thm. 1.3, Cor. 2.7].

Baake et al. [I] have observed numerically that the limiting gap distribution in Corollary
may vanish near zero. In Section [[2] we will explain this hard-core repulsion between visible
directions in the case of two-dimensional cut-and-project sets constructed over algebraic num-
ber fields, including any P associated with a Penrose tiling. There is no hard-core repulsion
for typical two-dimensional cut-and-project sets. The phenomenon can be completely ruled
out in higher dimensions d > 3, where we show that F(0, o, 7/5) >1—o¢ for all ¢ > 0.

The organization of this paper is as follows. In Section [2] we recall the definition of a
cut-and-project set of a higher-dimensional lattice. In Section B] we construct random point
processes in R? whose realizations yield the visible points in certain SL(d, R)-invariant families
of cut-and-project sets. These point processes describe the limit distributions in Theorem [2]
cf. Theorem [ in Section B This follows closely the construction in [6] for the full cut-and-
project set. An important technical tool in our approach is the Siegel-Veech formula, which is
stated and proved in Section Ml In Section Bl we describe the small-o asymptotics of the void
distribution in (T9]) and (LI0). Sections [6HIl are devoted to the proof of Theorem [l Sections
I and [Tl to the proofs of Theorem Pl and Corollary Bl respectively. Finally in Section 2] we
discuss the possible vanishing of the limiting gap distribution near zero.

2. CUT-AND-PROJECT SETS

We start by recalling the definition of a cut-and-project set in R? from [6]. Denote by 7
and Ty the orthogonal projection of R® = R? x R™ onto the first d and last m coordinates.
We refer to R and R™ as the physical space and internal space, respectively. Let £ C R"
be a lattice of full rank. Then the closure of the set min (L) is an abelian subgroup A of R™.
We denote by A° the connected subgroup of A containing 0; then A° is a linear subspace

of R™, say of dimension mj, and there exist by,...,b,, € L (m = mj 4+ my) such that
Tint(01), - - -, Tint (b, ) are linearly independent in R™/A° and
(2.1) A= A° + Zming(b1) + . . . + Zwing (b, )-
Given £ and a bounded subset W C A with non-empty interior, we define
(2.2) PW, L) = {n(y):y € L, mm(y) € W} C R

We will call P = P(W, L) a cut-and-project set, and W the window. We denote by u4 the
Haar measure of A, normalized so that its restriction to A° is the standard mi-dimensional
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Lebesgue measure. If W has boundary of measure zero with respect to p4, we will say P(W, L)
is regular. Set ¥V = R? x A°; then £y = LNV is a lattice of full rank in V. Let uy = vol x4
be the natural volume measure on R? x A (this restricts to the standard d 4 m; dimensional
Lebesgue measure on V). It follows from Weyl equidistribution (cf. [0, Prop. 3.2]) that for any
regular cut-and-project set P and any bounded D C R¢ with boundary of measure zero with
respect to Lebesgue measure,

_ #{be L : n(b) ePNTD}

(2.3) TI;OO T4 = Cpvol(D)
where

__kaW)
(2.4) Cp := m

A further condition often imposed in the quasicrystal literature is that =|, is injective (i.e.,
the map £ — 7(L) is one-to-one); we will not require this here. To avoid coincidences in P,
we assume throughout this paper that the window is appropriately chosen so that the map
mw: {y € L: mint(y) € W} — P is bijective. Then (23]) implies

. #(PNTD)
2.5 lim ————=
( ) T—o0 Td
i.e., P has density §(P) = Cp. Under the above assumptions P(W, L) is a Delone set, i.e.,
uniformly discrete and relatively dense in R

We furthermore extend the definition of cut-and-project sets P(W, L) to affine lattices
L = Lo+ x with x € R™ and L a lattice; note that POW, L+x) = PW — mine(x), L) + 7 ().

= Cpvol(D),

3. RANDOM CUT-AND-PROJECT SETS

Following our approach in [6], we will now, for any given regular cut-and-project set P =
P(W, L), construct two SL(d, R)-invariant random point processes on R? which will describe
the limit distributions in Theorem[2l Let G = ASL(n,R) = SL(n,R) x R, with multiplication
law

(3.1) (M, &)(M', &) = (MM’ €M’ +£').

Also set ' = ASL(n,Z) C G. Choose g € G and § > 0 so that £ = §'/"(Z"g), and let ¢, be
the embedding of ASL(d,R) in G given by

(3.2) 00 ASL(AR) > G, (A,z) = g ((fg 1‘;) (@, 0)) g

It then follows from Ratner’s work [10], [II] that there exists a unique closed connected
subgroup H, of G such that I' N Hy is a lattice in Hg, ¢4(SL(d,R)) C Hy, and the closure of
IMI'pge(SL(d,R)) in T'\G is given by

(3.3) X =I\T'H,.
Note that X can be naturally identified with the homogeneous space (I'N Hy)\H,. We denote

the unique right-H, invariant probability measure on either of these spaces by p; sometimes
we will also let 1 denote the corresponding Haar measure on H,. For each x = I'h € X we set

(3.4) P* = P(W,5""(Z"hg))

and denote by P the corresponding set of visible points. Both sets are well defined since
Tint (61/7(Z"hg)) C A for all h € Hy; in fact ming(61/7(Z"hg)) = A for p-almost all h € Hg; cf.
[6, Prop. 3.5]. Note that P* and P® with z random in (X, 1) define random point processes
on RY. The fact that ¢,(SL(d,R)) C H, implies that these processes are SL(d, R)-invariant.




VISIBILITY AND DIRECTIONS IN QUASICRYSTALS 5

Theorem 4. The limit distributions in Theorem[3 are given by

(3.5) E(r,o,P)=pu({z e X : #£(P*N¢&(o)) =1})

and

(3.6) E(r,0,P) = u({z € X : #(P* N€(rp'0)) =1})

where

3.7 €(o)= {(:cl, oxg) €RY0<ay <1, (22, .., zq)| < (Cpavi_l)l/(dl)m}.

We note that relation ([B.5]) is a special case of [6, Thm. A.1]. The new result of the present
study is (B.0]).

In [6, Section 1.4] we also consider the closed connected subgroup H ¢ of G such that 'NH, g is
a lattice in P~Ig, ©q(ASL(d,R)) C ﬁg, and the closure of I'\I'p,(ASL(d,R)) in I'\G is given by
X = F\Ffl ¢- The unique right—}NI ¢ invariant probability measure on X is denoted by ji. The
point process P in (34 with 2 random in (X, z) is now ASL(d, R)-invariant, i.e., in addition
to the previous SL(d, R)-invariance we also have translation-invariance. The latter implies that
P = P for p-almost every x € X. Proposition 4.5 in [6] shows that for Lebesgue-almost all
y € R? x {0} we have Hy(y, ) = ﬁg. This has the following interesting consequence.

Corollary 5. Given any reqular cut-and-project set P there is a subset & C R% of Lebesque
measure zero such that for every y € R4\ &

(3.8) E(r,o,P +y)=E(ro,P +y)=i{z € X : #(P*Ne(0)) =1}).

That is, all limit distributions are independent of y for Lebesgue-almost every y.

4. THE SIEGEL-VEECH FORMULA FOR VISIBLE POINTS

Throughout the remaining sections, we let P = P(W, L) be a given regular cut-and-project
set. We fix g € G and § > 0 so that £ = 61/"(2"9). In fact, by an appropriate scaling
of the length units, we can assume without loss of generality that 6 = 1. This assumption
will be in force throughout the remaining sections except the last one. Hence we now have
P =PW,Z"g) and P* = P(W,Z"hg) for each x =Th € X.

The following Siegel-Veech formulas will serve as a crucial technical tool in our proofs of
the main theorems.

Theorem 6. For any f € L}*(R?),

(41) | ¥ tayduta) =cr [ f@)do

qeP®
and
(4.2) /. q;zﬂq) dula) = rn Cp | f(@)da.

Veech has proved formulas of the above type for general SL(d, R)-invariant measures [13]
Thm. 0.12]. The proof of Theorem [@ is simpler in the present setting. Relation (£I]) was
proved in [6, Theorem 1.5]. In the present section we will prove that there exists 0 < kp < 1
such that relation [@2) holds for all f € L*(R?). We will then later establish that this sp
indeed yields the relative density defined in (L.0]).

Consider the map

(4.3) B~ / #(P* N B) du(x) (B any Borel subset of RY).
X
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This map defines a Borel measure on R, which is finite on any compact set B (by [6, Theorem
1.5]), invariant under SL(d, R), and gives zero point mass to 0 € R%. Hence up to a constant,
the measure must equal Lebesgue measure, i.e. there exists a constant kp > 0 such that

(4.4) /X #(P* N B) du(x) = rpCpvol(B)

for every Borel set B C R%. By a standard approximation argument, this implies that #2)
holds for all f € LY(R?). Also kp < 1 is immediate from (@&I)).

It remains to verify that kp > 0. Recall that we are assuming that YW has non-empty
interior W° in A = m(£). Now take B to be any bounded open set in R? which is star-
shaped with center 0 and such that (B \ {0}) x W° contains some point in the (affine) lattice
L. Then the set of z = T'h in X for which Z"hg has at least one point in (B \ {0}) x W° is
non-empty and open. Note that for any such x, P* = P(W,Z"hg) has a point in B\ {0},
and hence also a visible point in B\ {0}, since B is star-shaped. It follows that the left hand
side of (4.4)) is positive for our set B. Therefore kp > 0, as claimed.

5. THE LIMIT DISTRIBUTION FOR SMALL o

From now on we take E(r,o,P) and E(r,0,P) to be defined by the relations (B3], (33).
Then (L7) holds by [6, Thm. A.1], and we will prove in Section [I0] that also (I.8]) holds.
In the present section we will prove that the relation (LJ]),

(5.1) E(0,0,P) =1—kpo+o(0),

holds with the same xkp € (0,1] as in the Siegel-Veech formula ([@2]). Rel. (II0) is then a
simple conseqgence of the observation that

(5.2) E(0,0,P) = E(0, k50, P).
To prove (5.1)), first note that, for any o > 0,
1-E0,0,P) =p({z e X : P*Ne(0) #0}) =pu({z € X : P*Ne(o) #0})
(5.3) < /X 4(P* N (o)) du(z) = rpCpvol(€(0)) = rpo,

where the integral was evaluated using (4.4)).
On the other hand using the fact that the point process P* (z € (X, u)) is invariant under

SO(d), and P'k = P'k for every point set P’ and every k € SO(d), we have

(5.4) 1-FE(0,0,P) = /XA(U, P du(x)
with
(5.5) Ao, P?) = /S » 1(P* N e(o)k #0) d,

where dk is Haar measure on SO(d) normalized by fso( d) dk = 1.

We write o(p, q) € [0, 7] for the angle between any two points p, g € R?\ {0}, as seen from
0. Also for any x € X we set

o Cpva1 o (P*¥)\d-1
(5.6) o0(P") =~ <tan : )
where
(5.7) ¢o(P*) = min{¢(p,q) : p,g € P*NBY, p+#q},

with the convention that ¢o(P?) = 7 and 0o(P®) = 400 whenever #(P* N BY) < 1. These
are measurable functions on X, and ¢o(P*) > 0 and o¢(P*) > 0 for all z € X.
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Now if 0 < 0 < 0¢(P*) then for any two distinct points p, q € PN B¢ we have

od \1/(d-1)
(5.8) o(p,q) > 2arctan<<cpvd 1) >,

and because of the definition of €(¢), (B, this implies that there does not exist any k €
SO(d) for which €(o)k contains both p and q. Hence for 0 < o < 0¢(P*) we have (writing
e; = (1,0,...,0) € RY)

Ao, P*) > I ¢(o)k) dk = #(P* N BY) - I ¢(o)k) dk

(J >>p€7§8? 50(d) (p & elolk) dk = #(P" 0 B) /SO(d) (e1 e €lo)k)
_ vol(€(o) N BY) ~ d

(5.9) BT #(P*NBY),

and here

(5.10) vol(€(a) N BY) N vol(€(o)) o s o — 0.

vol(B¢) vol(BY) — vyCp

Hence given any number K < (vgCp) ™1, there is some o(K) > 0 such that forall 0 < o < o(K)
we have

(511)  1—E(0,0,P) :/

Ao, P*) du(x) > KU/ (0 < 0o(P®))#(P* N BY) du(z).
X X

Furthermore, by the Monotone Convergence Theorem and (4.4]),

(5.12) lim [ I(o< 00(73:”))#(73”3 NBY) du(z) = /X #(73”3 NBY) du(P*) = kpCpug.

o—0 X

We thus conclude

1-E
(5.13) lim inf =200 P)

> KﬁpCpUd.
o—0 (o4

The claim (5.0)) follows from (5.3) and the fact that (5.I3]) holds for every K < (vgCp)~!L.

6. LOWER BOUND ON THE DENSITY OF VISIBLE POINTS

Combining (5.1 and (7)) (recall that the latter was proved in [6, Thm. A.1]), we get the

~

following lower bound on the density 6(P) = kpCp in Theorem [T}

Lemma 7. Let 3 be any subset of S‘li_1 with boundary of measure zero (w.r.t. w), and let
D={veR?: 0< ||| <1, |v]|~tv €U} be the corresponding sector in BE. Then

(6.1) lim inf #(P0TD)

im in Td > kpCpvol(D).

Proof. We may assume w(i) > 0, since otherwise vol(D) = 0 and the lemma is trivial. Let
€ > 0 be given, and let Y- C S‘li_1 be the “e-thinning” of i, that is

(6.2) U ={vesi ™t [pw,v)<e=wed], Vwe St

(Recall that p(w,v) € [0,7] is the angle between w and v as seen from 0.) Then w(;) —
w(ih) as e — 0, since i by assumption is a Jordan measurable subset of Scllfl. From now on
we assume that ¢ is so small that w(4Z) > 0. We let A be w restricted to 47 and normalized
to be a probability measure; thus A\(B) = w(> )~ 'w(B NYU) for any Borel subset B ¢ S¢1.

Now note that, by the definitions of N (o, v, P) and 73, forany o > 0,7 >0and v € Scf_l
we have Np(o,v, P) > 0 if and only if there is some y € PN B% such that |y| "ty € Dr(o,v).
Furthermore, if T' is larger than a certain constant depending on o, P, e, then Dp(o,v) C U
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for every v € 4=, meaning that ||y|| "'y € D7 (o, v) implies y € R+¢D. Hence for such T and
o we have

A{v e St Np(o,0,P) > 0}) =A({v e St : [ByePnB} : |lyl| 'y € Dr(o,v)]})

_ _ w(®Dr(o,e
< Y A(fvestt: yl My e Dr(ow))) < Oz

5 w(te)

yePNTD
od ~
6.3 =——F—— #(PNTD).
e w(Us)CpT #( )
Hence, letting T'— oo and applying (L.7)) we have, for any fixed o > 0,

#PNTD _ w(tl)Cp 1-E(0,0,P)

- #(PNTD)

(6.4) lim inf

T—o0 Td d (o}

Letting 0 — 0 in the right hand side and using (&.1]), this gives
. #PNTD w(t)

(6.5) hTrgloréf e > RPCPTE.

Finally letting ¢ — 0 and using w(Y)/d = vol(D) we obtain the statement of the lemma. [

7. CONTINUITY IN THE SPACE OF CUT-AND-PROJECT SETS

Next, in Lemma [0 and Lemma [I0, we will prove that for almost all z € X, both P? and
PT wvary continuously as we perturb x.

Lemma 8. For any m € R", if m(mhg) # 0 for some h € H, then m(mhg) # 0 for p-almost
allh € Hy. Similarly, for any m,n € R", if dim Span{n(nhg), m(mhg)} = 2 for some h € H,
then dim Span{r(nhg), 7(mhg)} =2 for p-almost all h € Hy.

Proof. H, is a connected, real-analytic manifold; hence any real-analytic function on H, which
does not vanish identically is non-zero almost everywhere. The first part of the lemma follows
by applying this principle to the coordinate functions h +— w(mhg) - e; for j =1,...,d. The
second part of the lemma follows by applying the same principle to the functions

(7.1 h > (r(mhg) - ) (n(nhg) - ;) — (x(mhg) - €;)(n(rhg) - ;).
for 1 <i<j<d. O

Lemma 9. For p-almost every x € X, and for every bounded open set U C R% with P*NOU =
0, there is an open set Q C X with x € Q such that #(P* NU) = #(P* NU) for all ' € Q.

Proof. For each m € 7™, by an argument as in Lemma [B we either have mhg # 0 for
almost all h € H, or else mhg = 0 for all h € H,. By taking h = 1 we see that the
latter property can hold for at most one m € Z™, and if it holds then we necessarily have
m = 0g~!, and H, C gSL(n,R)g~!. If such an exceptional m exists we call it mp, and we
set (Z") := 7"\ {mg}; otherwise we set (Z")" := Z".

Now consider the following two subsets of H,:

(7.2) Si={heH, : (Z"Vhgn (R x OW) # 0};
(7.3) Sy ={h€ Hy : 3 # £y € Z"hg N7, L (W) satistying 7(£1) = m(€s)}.

int
We have 1(S1) = 0, by [6, Theorem 5.1]. Also u(S2) = 0, by [6, Prop. 3.7] applied to W°. We
will prove the lemma by showing that for every h € Hy \ (S1U S3), the point  =T'h € X has
the property described in the lemma.
Thus let h € Hy \ (51 U S2) be given, set x =I'h € X, and let U be an arbitrary bounded
open subset of R? with boundary disjoint from P* = P(W, Z"hg). Assume that the desired
property does not hold. Then there is a sequence hy, ho, ... in Hy tending to h such that

(7.4) #(PW,Z"hjg) NU) # #(PW,Z"hg) NU), V7.
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Let F' be the (finite) set
(7.5) F={meZ": mhgecUxW}.

Note that mhg € U x W° for every m € F N (Z"), since h ¢ S;. But U x W° is open;
hence by continuity we also have mh'g € U x W® for every h' € H, sufficiently near h and
all m € F'N(Z")". Note also that if the exceptional point mpg exists and belongs to F then
0=mpgh'g € U x W for all W € H,. Hence, for every ' € H, near h we have

(7.6) PW,Z"H g) D {m(mh'g) : m € F}.

Because of h ¢ S, the points m(mhg) for m € F are pairwise distinct. By continuity it
then also follows that for any h' € H, sufficiently near h, the points w(mh'g) for m € F are
pairwise distinct. Hence #(P(W,Z"hg) NU) = #F and #(P(W,Z"W g)NU) > #F for every
B/ near h. Therefore in (Z4)), the left hand side must be larger than #F, for all large j. Hence
for each large j there is some m € Z" \ F such that mhjg € U x W. But for any compact
C C Hy the set Upec(U x V\/)g_lh’_1 is bounded and hence has finite intersection with Z".
Therefore there is a bounded number of possibilities for m as j varies, and by passing to a
subsequence we may assume that m is independent of j.

Now for our fixed m € Z™\ F we have mhjg € U x W for all j, but mhjg = mhg ¢ U xW
as j — oo; this forces mhg € 9(U x W), and it also implies that we cannot have m = mpg.
But mint(mhg) ¢ OW since h ¢ Si, and thus we must have m(mhg) € OU. Note also that
Tint(Mhyg) cannot belong to the exterior of W, since then the same would hold for min(mh;g)
for j large, contradicting mh;g € U x WW. Hence iyt (mhg) must belong to the interior of W;
therefore m(mhg) € P* = P(W,Z"hg). This contradicts our assumption that P* is disjoint
from OU, and so the lemma is proved. O

Lemma 10. For u-almost every x € X, and for every bounded open set U CAIR{d with P* N
OU = 0, there is an open set @ C X with x € Q such that #(P* NU) = #(P* N U) for all
' e Q.

Proof. Let mp, (Z™)', S; and Sy be as in the proof of Lemma[@l Also set
S3 = {h € H, : 3Im e Z", W € H, satisfying n(mhg) =0, m(mh'g) }

Sy = {h € H, : 3m,n € Z", I € Hy satisfying dimSpan{r(nhg),n (mhg)} <1
and dim Span{r(nh'g), 7(mh'g)} = 2}.
Using Lemma [§ and the fact that Z™ is countable, we have p(S3) = u(Ss) = 0.

Now let h € Hy \ (S1 U S2U S3US8y) be given, set z =T'h € X, and let U be an arbitrary

bounded open subset of R? with boundary disjoint from P = ﬁ(W,Z"hg). Assume that
there is a sequence hi, ha, ... in Hy tending to h such that

(7.7) #(P(W Z"h;g) NU) # #(P (W Z"hg) NU), V7.

We will show that this leads to a contradiction, and this will complete the proof of the lemma
(cf. the proof of Lemma [J]).

As an initial reduction, let us note that we may assume P*NOU = (). Indeed, recall that P*
is locally finite (cf. [0, Prop. 3.1]); hence the set A = P*NAIU is certainly finite. Also every point
in A is invisible in P?, since we are assuming P*NOU = (). If A # () then fix r > 0 so small that
(p+B4.)NP* = {p} for each p € A, and set U’ = UU(Upeca(p+B2)) and U" = U\ (Upea(p+
Bd)). These are bounded open sets satisfying #(P* N U’) = #(7Sm NU") = #(P*n U) and
PTNAU = PTNAU" = {). For each j we must have either #(P(W, Z"hg)NU') > #(P*NU)
or #(P(W, Z'hjg) NU") < #(P* NU), because of U C U C U’ and (7). Hence after
replacing U by U’ or U”, and passing to a subsequence, we are in a situation where (T.7)
holds, and also P* NoU = ().

Now take F as in ([ZH]); it then follows from the proof of Lemma [0 that #(P* NU) = #F
and also #(P(W,Z"h;g) N U) = #F for every large j. Hence (1) implies that for every
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large j there is some m € F' such that either w(mh;g) is visible in P(WV,Z"h;g) but 7(mhg)
is invisible in P*, or the other way around. Since F' is finite we may assume, by passing to a
subsequence, that m is independent of j.

First assume that m(mhg) is invisible in P* but w(mh;g) is visible in P(W,Z"h;g) for every
large j. In particular then m(mh;g) # 0 for large j, and since h ¢ S3 this implies 7(mhg) #
0. The invisibility of w(mhg) means that there exist n € Z™ and 0 < t < 1 such that
Tint(Mhg) € W and w(nhg) = tw(mhg). Now miy(nhg) € W and h ¢ S; force iy (nhg) €
W?; hence min(nh;g) € We for all large j and so w(nhjg) € P(W,Z"h;jg). On the other hand
dim Span{m(nhg),m(mhg)} = 1 together with h ¢ Sy imply dim Span{m(nh’g), 7(mh'g)} <1
for all b’ € H,. Using also hj — h, m(mhg) # 0 and 0 < ¢ < 1, this implies that for every
large j there is 0 < t; < 1 such that m(nhj;g) = t;m(mh;g). Hence m(mh;g) is invisible in
P(W,Z"h;g) for every large j, contradicting our earlier assumption.

It remains to treat the case when mw(mhg) is visible in P* but m(mh;g) is invisible in
P(W,Z"h;g) for every large j. Then for every large j there exist n € Z™ and 0 < t; < 1
such that min(nh;g) € W and w(nh;g) = tjm(mh;g). It is easily seen that there are only a
finite number of possibilities for n, and hence by passing to a subsequence we may assume
that n is independent of j. Since m(mhg) is visible in P* we have w(mhg) # 0; hence also
m(mh;g) # O for all large j, and this forces n # m. Also m(mhjg) — m(mhg) # 0 and
tim(mh;g) = m(nhjg) — m(nhg) imply that ¢t = lim;_,t; € [0,1] exists, and 7(nhg) =
tm(mhg). Using h ¢ Si and 7in(nh;g) € W it follows that also min(nhg) € W and so
m(nhg) € P*. Using h ¢ S3 and m(nhjg) # 0 for j large, it follows that m(nhg) # 0;
furthermore using h ¢ So we have m(nhg) # m(mhg). Hence 0 < ¢t < 1, and so w(mhg) is
invisible in P?, contradicting our earlier assumption. O

8. UPPER BOUND ON THE DENSITY OF VISIBLE POINTS

We are now in position to prove an upper bound complementing Lemma [7

) d
Lemma 11. We have lim M

A —pa - — rPCpu:

Proof. For any P’ C R%, let us write P’ = P’ \ P’ for the set of invisible points in P’. Define
F:X— ZZO through
(8.1) F(z) = liminf #(P* N BY).

' —x

Then F is lower semicontinuous by construction. Hence by [6, Thm. 4.1] and the Portmanteau
theorem (cf., e.g., [I5, Thm. 1.3.4(iv)]),

(8.2) lim inf / F(Typ, (ko8 R)) dk > / Fdy,
—00 JSO(d) X
with
—(d-1)t 0
(&
(8.3) ' = ( 0 et1d1> € SL(d,R).

Now in the left hand side of (82), we use the fact that for any z = T'¢,(T'), T € SL(d,R),
we have
(8.4) F(z) < #(P"NBY) = #(POW,Z"¢py(T)g) N BY) = #(P N BIT ™).
In the right hand side of ([82]) we note that if z = I'h has both the continuity properties
described in Lemmata [@ and [0, and if furthermore P* N S¢~! = @, then in fact F(z)

#(P*NBY). But these conditions are fulfilled for p-almost all zz € X (concerning PrASI =0,
use [0, Thm. 1.5]). Hence it follows from (8.2]) that

(85)  lim inf/ #(PnBio~lefig=1) g > / #(P* N BY) du(z) = (1 — kp)Cpua,
SO(d) X

R—o0
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where the last equality holds by Theorem [Gl
But exactly as in the proof of Theorem 5.1 in [6], we have for any R > 1

(8.6)

D —logR7.—1 o . o0 . ~ N oo i _
So(d)#(PmBlcb efL=1) dk = ;AR(HpH)—/O Ap(T)dN(7) /0 N(7) dAr(7),

where
(8.7) N(T) = #(P N BY),
and Apg is the continuous and decreasing function from R>¢ to [0, 1] given by Ar(0) =1 and

w(SE B e )

8.8 A = for 7> 0.
(85) (") o -
(Thus Ap(7) =1 for 0 <7< R™! and Ag(r) =0 for 7 > R4"1.) Hence (83) says that
(8.9) li}gn inf/ N(7) (—dAg(7)) > C":= (1 — kp)Cpuq.
— 00 0

In view of (ZF) and Lemma [1 (with D = B¢), the statement of the present lemma is
equivalent with liminf, ,., 779N (7) > C’. Assume that this is false. Then there is some
n > 0 and a sequence 1 < 71 < 7 < --- with 7; = oo such that N(7;) < (1 — ’I’])C,T]C»l for all

j. Using the fact that N (1) is an increasing function of 7 we see that by shrinking n > 0 if
necessary, we may actually assume that N(7) < (1 — n)C'r for all 7 € [(1 — n)7;,7;] and all
j. By Lemma[@ and ([Z35) we have limsup. . 7~ ¢N(7) < C’; thus for any given ¢ > 0 there
is some 79 > 0 such that N () < (1+¢)C'7% for all 7 > 75. Now for any j with (1 —n)Tj > To,

and any R > T]-l/(d_l):

Rd—l

(8.10) /OOOMT)(—dAR(T))s /OT°N<T><—dAR<T>>+<1+e>0' [ dan)

— (e + n)c// 74 (—dAg(7)).

(I=m)7j
Here the sum of the first two terms tends to (1 +¢)C’" as R — oo, as in [6, (5.11)-(5.13)].
Furthermore, if we choose R = (27;)"/(4"1) and let j — oo then

i d/ . d dep—log R ~ rad d
(8.11) /( LT AR = vol (B{& R A B 1y \BY )
1/2
20 / / (1— 22D/ g
Yd  J(1-n)/2
Hence we conclude that there is a constant ¢(n) > 0, independent of €, such that
(8.12) librzninf/ N(7) (—=dAR(1)) < (1 4+ — ¢(n))C".
— 00 0

Letting now € — 0 we run into a contradiction against (89]). This concludes the proof of the
lemma. (]

9. PROOF OF THEOREM [I]

Combining Lemma [7 and Lemma [I1] we can now complete the proof of Theorem [l First
let 4, D be as in Lemma[7l Then by Lemma [7] applied to S‘li_1 \4,

(9.1 lim inf #(P 0Bz \TD)
' T—o0 Td

> kpCp(vg — vol(D)).
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Combining this with Lemma [I1] we get
#(PNB})  #(PNBE\TD)

. #(PNTD)
9.2) 1 UASHRE | - < kpCp vol(D).
(9.2) i sup ~——7 i sup T Td < wpCpvol(D)

Combining this with Lemma [7] (applied to 4 itself) we conclude

(9.3) Th_r)réo w = kpCp vol(D).
By a scaling and subtraction argument it follows that (@3] is true more generally for any
D € F, where F is the family of sets of the form D = {v € R? : ry < ||v|| < o, v € ||v|uU},
for any 0 < r; < ro and any 4 C Scllf1 with w(oU) = 0.

Now let D be an arbitrary subset of R? with boundary of measure zero. Note that the
validity of (@.3) does not change if we replace D by D U {0} or by D \ {0}. The proof of
Theorem [0l is now completed by approximating D U {0} from above and D \ {0} from below
by finite unions of sets in F.

10. PrRoOOF OoF THEOREM

Recall that (L) was proved in [6, Thm. A.1] and we have proved (LI) and (LI0) in
Section Bl Also the continuity of E(r, o, P) and E(r, o, 73) with respect to o is immediate from
B3), B8) combined with Theorem [6l Hence it remains to prove (L8]).

Thus let A be a Borel probability measure on S(ffl which is absolutely continuous with
respect to w, and let ¢ > 0 and r € Z>¢. Let us fix, once and for all, a map K : Scf_l — SO(d)
such that vK(v) = e; = (1,0,...,0) for all v € S9!, we assume that K is smooth when
restricted to S(ffl minus one point, cf. [5, Footnote 3, p. 1968]. Recall the definitions of €(o)
and ®' in (B1) and (B3).

On verifies that if o/,0”,a are any fixed numbers satisfying 0 < ¢/ < o < ¢” and
o'/o < a < 1, then for any v € S9! and all sufficiently large T the set of y € B%\ {0}
satisfying |ly|| "1y € @T(ngla, v) is contained in €(k5' 0" )@~ T/ A=V K (v)~1 and contains
(k' o) @~ (oeleT)/(d=1) [ (v) =L, Tt follows that

AM{vesi : #(Pne(kp'o”)@ le D/ K (v)~1) < r})
(10.1) <A({veStt : Np(o,v,P) <7})
<A{veST : #(Pne(rpto)) @ (osD/ED [ () =) <.

Recalling the definition of P = P(W,Z"g) we see that PA = P(W, Z"p,(A)g) for any
A € SL(d,R). Hence if we define

(10.2) Eo,r)={z e X : #(P"Nne(kplo)) <r},
then the left hand side in (I0.]) equals
(10.3) A{v e St Ty, (K (v)@leD/d=D) ¢ g(o” 1)})

Hence by [0, Thm. 4.1] and the Portmanteau theorem:
(10.4) hTHigéf)\({v e St Np(o,v,P) < r}) > p(E(e”,r)°) = p(E(d”,r)).

Here the last equality is proved by using Lemma [0 with U = Q(n;la”), and noticing that
Theorem [Bl implies that P* NOU = () for u-almost all x € X. Similarly, using the right relation

in (I0.J), we obtain
(10.5) limsup A({v € gd=1 . Np(o,v,P) < r}) < u(&lo’,r) = p(E(,r)).

T—o00
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Note that (", 7) C E(a,7) C E(0’,7), since €(rkp'0”) D €(kp'o) D E(kp'a’). Also, if z
lies in &(o, 7) but not in £(¢”,r), then P* must have some point in €(rkp'0”) \ €(kp'0), and
so by Theorem [6]

(10.6) w(&(o,r)) —u(E(@”,r)) < kpCp VOl(Q:(H;)lO'I/) \ Q(n;la)).
Similarly
(10.7) (&', r)) — u(&(o,r)) < wkpCp VOl(@(H;lJ) \ 6(5_10')).

Now by taking o/, ¢” sufficiently near o, the right hand sides of (I0.6) and (I0.7) can be made

as small as we like. Hence from (I0.4]) and (I0.5]) we obtain in fact

(10.8)

Tlim M{v e gd-1 . Np(o,v,P) < r}) =u(E(o,r) =p{zreX : #(73”3 N&(kpto)) <r}).
—00

Note here that the right hand side is the same as Y ,.,_, E(r, o, P); cf. (386). Hence since (IIR)
has been proved for arbitrary r > 0, also (L.8]) holds for arbitrary r > 0, and we are done.

11. PrRooF oF COROLLARY [

It follows from Theorem [2] and a general statistical argument (cf. e.g. [4]) that if we define
F(0) =0 and

(11.1) F(s) = —%E(O, 5, P),

then the limit relation (II4]) holds at each point s > 0 where F(s) is defined. In fact the
function s — E(0,s,P) is convex; hence F(s) exists for all s > 0 except at most a countable
number of points, and is continuous at each point where it exists. Also F'(s) is decreasing, and
satisfies lim,_,g+ F(s) = 1 = F(0) (cf. (LI0)) and lim,_,~ F(s) = 0. Note also that (15 is
an immediate consequence of (LT4]), the definition of ETJ» and the fact that N(T') ~ /-{7;1]/\\7 (T)
as T — oo (cf. Theorem [l and (L6])).

It now only remains to prove that F'(s) is continuous, or equivalently that the derivative
in (ITI) exists for every s > 0. Assume the contrary, and let so > 0 be a point where the
derivative does not exist. By convexity, both the left and right derivative exist at sqg; thus

(11.2) — lim E(O, 80,73) _E(OaS,P) > _ lim E(O,S,P) —E(O, SO,P)

s—sg S0 — S s%sg S — 580

> 0.

In dimension d = 2, using the fact that the point process = +— P is invariant under
41) € SL(2,R) for any r € R, it follows that the formula (3] holds with €(o) replaced by
(a,a+ o) for any a € R, where

(
¢

2
a1y1 < Y2 < a2y1}
kpCp

2
C(ay,a2) = {y = (y1,y2) € R : 0<y <1,
kpCp

In particular, for any 0 < s < s’ and a € R,
(11.3) E(0,s,P) — E(0,s',P) = u({z € X : P*N&(a,a+s) =0, P*N&(a,a+s)#0}).
For given = € X, we order the numbers
rpCp Y2
2 oy

as 0 < Ag1 < Ap2 < .... We also set \; o = 0. Taking s’ = 59 > s in (I13]), integrating over
a € (0,aq) for some fixed ag > 0, and using Fubini’s Theorem, we obtain

for y = (y1,y2) € P* N ((0,1) x Rsp)

ao(E(078,73) - E(Oa‘sOaﬁ)) < / (s0—=8)#{j >0 : Apjy1— Aaj > 5, Agj1 < ao+ 5o} du(z).
X
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Hence
(11.4)
. E(0,s0,P) — E(0,5,P ,
—ap lim (0,50, P) ( ) < / #{5 >0 1 Apjt1 — Ao > 50, Apjr1 < ao + So ) dp(z).
s—sg S0 — S X

Similarly, replacing s by sg and s’ by s in (IL3]), we obtain

(11.5)
. EO,S,?3 —EO,S,?3 )
—ap lim ( ) (0,50, P) > / #{7 >0 : Xgjs1 — Aaj > S0, Azjr1 < ao + So} du(z).
s—)saL S$— 80 X

It follows from (I1.2]), (IT.4) and (IL.5) that there is a set A C X with p(A) > 0 such that
for every x € A, there is some j > 0 such that \; ;11 — Az j = sp and A, ; < ag. Note that
Az # so for p-almost all € X, by Theorem [0l applied with f as the characteristic function
of the line yo = soﬁyl in R%. Hence after removing a null set from A, we have for each

z € A that P® contains a pair of points y = (y1,92) and ¥y’ = (v}, vh) satisfying

/
Yo Y2 2 Y2 2
O<y,Ly <1, FH-== s, 0<Z< ao.
! vi vy kpOp y1 kpCp

However this is easily seen to violate the SL(2,R)-invariance of the point process = — P,

VA
01/

Ay C X with p(Ay) = p(A) > 0 such that for each x € Ay, PT contains a pair of points
y = (y1,92) and ¥y’ = (y},vh) satisfying

For example, for each % < A\ <1, because of the invariance under ( ?/X)’ there is a subset

/
Yo Y2 2 sp Yo 2 ag
0 <y, < VA 22 _ 22— 2 0< =< -
! vi oy kpCp A yi  kpCp A
Let R be the rectangle (0,1) x (0, ﬁ(ao +50)) in R2. By taking N sufficiently large we can

ensure that the set Xpy = {z € X : #(P” N R) < N} has measure w(XpN) > 1— 2u(A).
It follows that pu(Ay N Xp ) > Su(A) for each 3 < A < 1, and so if A is any infinite subset
of [3,1] then the integral fXRN Y oaeal(z € Ay)dp(x) is infinite. On the other hand the
definition of X n implies that D\, I(z € A)) < (];[) for each x € Xp n.

We have thus reached a contradiction, and we conclude that (IT2]) cannot hold, i.e. F(s)
is continuous for all s > 0.

12. VANISHING NEAR ZERO OF THE GAP DISTRIBUTION

The gap distribution obtained in Corollary [B] may sometimes vanish near zero. This phe-
nomenon was noted numerically in [I] in several examples. In the case when P is a lattice,
this vanishing is well understood; cf. [2], [5].

Let P = P(W, L) be a regular cut-and-project set. We define mg > 0 to be the supremum

of all o > 0 with the property that #(P® N Q(K;IJ)) <1 for (p-)almost all x € X. Then the
computation in (B.3]) (together with (5.2])) shows that

=1—0 when Ogagmﬁ
>1—0 when o> ms;.

(12.1) E(0,0,P) {
P

We note that if d > 3 then mz = 0, because of the SL(d, R)-invariance and the fact that
SL(d,R) acts transitively on pairs of non-proportional vectors in R?\ {0} when d > 3.

Let us now assume d = 2. Note that by (I2.]) and the discussion at the beginning of Sec.
[l the function F' in Corollary Bl satisfies

=1 if0<s<ms
F(s) { i O_S_mp

<1 1f5>m73.
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In other words, mz is the largest number with the property that the limiting gap distribution
obtained in Corollary [ is supported on the interval [mﬁ, 00). In particular, the support of
the limiting gap distribution is separated from 0 if and only if mz > 0.

Let us also note that if d = 2, m > 1, and £ is a “generic” lattice or affine lattice, so
that either H, = SL(n,R) or H; = G' = ASL(n,R), then we have mz = 0, again using the
transitivity of the action of SL(n,R) on pairs of non-proportional vectors in R\ {0} for n > 3.

On the other hand, we will now recall (for general d) a standard construction of cut-and-
project sets using algebraic number theory, which can be used to produce several of the most
well-known quasicrystals (cf., e.g., [9]; see also [, Ch. II, Prop. 6] and [8, Thm. 6]). We will
see that in special cases with d = 2, this construction leads to quasicrystals for which mz > 0.

We follow [6, Sec. 2.2]. Let K be a totally real number field of degree N > 2 over Q, let
Ok be its subring of algebraic integers, and let my,..., 75 be the distinct embeddings of K
into R. We will always view K as a subset of R via m; in other words we agree that m; is
the identity map. Fix d > 1 and set n = dN. By abuse of notation we write 7; also for the
coordinate-wise embedding of K¢ into R%, and for the entry-wise embedding of My(K) (the
algebra of d x d matrices with entries in K) into My(R). Let £ be the lattice in R" = (RH)V
given by

(12.2) L=rd = {(:c,ﬂg(a:),...,ﬂN(a:)) L xe o;i(}.

As usual we set m = n —d = (N — 1)d, let 7 and 7, be the projections of R* = (RH)N =
R? x R™ onto the first d and last m coordinates. It follows from [14, Cor. 2 in Ch. IV-2] that
it (L) is dense in R™, i.e. we have A = R™ and V = R" in the present situation. Hence
the window W should be taken as a subset of R, and we consider the cut-and-project set

POW, L) C Re
Choose 0 > 0 and g € SL(n,R) such that
(12.3) L=6""zny.
In fact
(12.4) § =Dy |2,

where Dy is the discriminant of K; cf., e.g., [3, Ch. V.2, Lemma 2]. As proved in [6, Sec.
2.2.1], in this situation we have

(12.5) Hy = gSL(d,R)Ng™;
where SL(d, R)" is embedded as a subgroup of G = ASL(n,R) through
(12.6) (A1,..., Ay) — <diag[A1, . ,AN],o),

where diag[Aq, ..., An] is the block matrix whose diagonal blocks are Aq, ..., Ay in this order,
and all other blocks vanish.

Lemma 12. Let P = P(W, L) be a regular cut-and-project set with L as in (I2Z2), and with
d= N =2 (thus K is a real quadratic number field). Let € > 1 be the fundamental unit of
Ok, and set R = sup{||w|| : w € W}. Then

kpCpd

Proof. Let 0 > 0 and z € X be given and assume that #(P® N ¢(kp'o)) > 2. It suffices

to prove that we must then have o > (ET’L:LEY%

ﬁ; hence there is some A € SL(2,R) which maps Qﬁ(/<;7_310 to the open triangle

The area of 6(57;10) equals 7% where
ro=

¢ ={x eR?: 0<x <r |12 < z1}. Take (A1, A42) € SL(2,R)? (embedded in G as
in (IZ6)) so that x = T'g(A;, A2)g~ L. Set A = (A14, As); then P*A = P(W, LA). We set
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v = diag[e ™%, e £¥, £¥] € SL(4,R), where k is an integer which we will choose below. Then

LA=[~yA= EA’y, by ([Z2) and since A is block diagonal. Hence
PTA=PW,LA) = POW, LAy) = e *P(e7*W, LA).

Now #(P*AN€,) > 2 and thus LA contains two points in (¢€,) x (e"¥W) which have
non-proportional images under 7 (the projection onto the physical space R?). In other words,
there exist x,z’ € O%( C R? which are linearly independent over R (thus also over K) such
that by = (x,Z)A and by = (x/,2')A lie in (F¢,) x (e7*W). Here we write  — T for the
nontrivial automorphism of K. It follows that also by = (ex, E:IZ)A and by = (ex',ex )A lie
in ("1¢,) x (e7*=1W). However the four vectors (z,Z), (x', '), (cx,Z%), (cz’,ex’) lie in L
and form a K-linear basis of K*. Hence by, bs, bs, by lie in LA and are linearly independent
over R. However ||b;|| <7’ for j = 1,2,3,4, where

r’ = max <\/(5kr)2 + (e7FR)2, \/(Ek“r)? + (EklR)2> ,

and thus §, the covolume of Eg, must be less than %, Now choose k so as to minimize

. Then r' < ve2 + e 2v/Rr, and combining this with § < r'* and r = 0 We obtain

o> ﬁ%, as desired. 0

Let us make some further observations in this vein. First, note the general relation
PW,q L) = ¢ "P(gW, L), V¥ q>0 (real).

Using this relation with g an appropriate positive integer, it is clear that if £ is any lattice in R™
such that the cut-and-project set P = P(W, L) satisfies mz > 0 for every admissible window
set W (for example this holds when £ is as in Lemma [I2]), then mz > 0 also holds for any
cut-and-project set obtained from P(W, £) by the “union of rational translates” construction
in [6, Sec. 2.3.1]. Furthermore, the property of having ms > 0 is also, obviously, preserved
under “passing to a sublattice” as in [0, Sec. 2.4]. In particular, by [6] Sec. 2.5], we have
mgz > 0 for any P associated with a Penrose tiling.

Remark 12.1. We do not expect the lower bound in Lemma[I2 to be sharp, and the argument
which we gave regarding the construction in [6, Sec. 2.3.1] certainly does not lead to a sharp
bound. It would be interesting to try to determine the ezact value of mz for the Penrose
tiling, and also for some of the cases discussed in [IJ.

It is interesting to note that for a large class of regular cut-and-project sets with mz > 0,
a corresponding lower bound on the gap length is present in the set of directions (m) not
only in the limit T — oo, but for any fixed T

Lemma 13. Let P = P(W, L) be a regular cut-and-project set in dimension d = 2 such that
either 0 ¢ P or 0 € P* for all x € X, and furthermore min(y) ¢ OW for ally € L (viz., there
are no “singular vertices”; cf. [1, p. 6]). Then for any non—pmportional vectors Py, Py € 7/5,
the triangle with vertices 0 +P1, P2 has area > (KPCP)_l . In particular, for any T > 0 and

1<j5< ]V(T) we have ET] {T] 1 > min(3, (repCp) ! 73T*2).

(Using the last bound of Lemma [[3] together with N (T) ~ 7kpCpT? as T — oo in the limit
relation (LI4) in Corollary Bl we immediately recover the fact that F(s) =1 for 0 < s < mgz.
We also remark that the condition 0 € P® for all x € X is fulfilled whenever 0 € W and L is
a lattice, since then H, C SL(n,R).)

Proof. Assume that p;,py € P are non-proportial vectors and that the triangle A(0, p,,py)
has area less than (KPCP)_lm,,’)\. Note that for any p),p, € R? such that A(0,p},p,) has
the same area and orientation as A(0,py,py), there exists A € SL(2,R) with pj = p; A and

P = pyA. In particular there are some A € SL(2,R) and og € (0,m5) such that p; A, pyA €
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@(57_310'0). Now there are y;,y, € £ such that 7(y;) = p,; and min(y;) € W for j = 1,2,
and by assumption neither 7y (y;) nor mint(yy) lie in OW; hence yj(‘g D) e @(/47;100) X We
for j = 1,2. It follows that #(P* N C(kp'ag)) > 2 for = T'py(A) € X. In fact, using our

assumptions on P and the fact that Q:(/ﬁ;lo'o) x W° is open, we have #(7333, N Q:(/<L7_310'0)) > 2
for all 2’ in some open neighbourhood of x = I'pg(A) (cf. the proof of Lemma [I0). However
this violates our definition of ms. We have thus proved the first part of the lemma.

To prove the second statement we merely have to note that gT,j - ETJ»,l = (27) " to(py, Py)
for some p; # py € Ppr. If p;,py are not proportional then since A(0,p;,p,) has area

slp1llllp2llsino(py, ps) < §T7sin (1, py), the first part of the lemma implies (py,py) >
sin p(py,py) > Q(ﬂpCp)*lmﬁT”; on the other hand if p,, p, are proportional then necessar-

ily p(py,ps) = . g
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