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1 Survey

This are supplementary lecture notes, intended to give details where we do
not follow in our argumentation the textbook NZM or the LAL-notes.

We assume the reader to have some basic knowledge of commutative rings,
as for example presented in sections 3 - 7: They do not enter into the course,
whose main subjects are discussed in the chapters 8, 10 - 12, 14 - 19.

The first part of the course is devoted to the solution of a polynomial
equation

flz) =0,
in a residue class ring Z,,, where f € Z[X] is a polynomial in one variable.

By the chinese remainder theorem one can reduce that problem to prime
power moduli n = p* and there we may apply in certain favourable cases a
lifting procedure which creates a solution ay, € Z,+ for every p* from a given
solution in Z,. But such a chain of solutions in general does not correspond to
a solution in 7Z; nevertheless it turns out to be helpful to consider such chains
as a new sort of numbers, called p-adic integers, see the optional section 9.

On the other hand, the polynomial

f=X"—a

as the simplest polynomial of degree ¢ should be understood, i.e. one wants
to understand whether or not an element @ € Z, is an ¢-th power: We are
led to the notion of a primitive root for a modulus n, see section 10.

If ¢ = 2 there is a very convenient way to decide, whether some a € Z, is
a square or not: This is the famous law of quadratic reciprocity, see section
11.

There is a short section (12) dealing with arithmetic functions. For those
familiar with complex analysis, we mention the connection with Dirichlet
series (not part of the course) and discuss basic features of Riemann’s (-
function in the optional section 13.

The second part of the course deals with diophantine equations

f(x1,yzm) =0, fEZ[Xy,...,Xp], m>1
and one is interested in solutions (z1, ..., ,,) € Z™. We discuss in detail

1. linear ones: ayx1+....+a,x, —b = 0; we give a criterion for solvability
and a recipe, how to obtain all solutions,
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.22 +y* = n € N; we give a criterion for solvability and count the

solutions,

. 2% + y? = 2%, which one may regard as a special case of the previous

equation when fixing n := 22. All its solutions (z,y,2) € N3, called
pythagorean triples, are given explicitly,

. 2% +y* = z* is shown to be unsolvable following Fermat,
. 22 4+ y? + 22 + ¢ = n is shown to be solvable for any n € N,

. Pell’s equation 22 — dy? = £1 with d € N5, not a square. We see

that all its (infinitely many) solutions can be generated from one basic
solution. In order to assure the existence of solutions (z,y) # (£1,0)
we need continued fractions, section 19.

Distribution of primes: A short fairy tale

See also LAL, section 2, Th.2.5 - Th.2.10. By a result of Euclid we know
that there are infinitely many prime numbers:

holds

|P| = o0

for the set P C N of all prime numbers. Indeed, given py,...,p, € P

we find further prime numbers, namely the prime divisors of p; - ... - p, + 1.

Question: How dense are the prime numbers in N?

They are not too sparse, indeed:

while

1
ZE<OO’

neN

i.e. prime numbers are more dense in N than squares! We shall prove the
following estimate:



Proposition 2.1. For x > 3 we have

Zl > In(In(x)) — 1,

p<z p

PT’OOf. Let ng = PN Rgx = {pl = 2,p2 = 3, ...... ,pn} and

be the set of all natural numbers, which are a product of the p;,7i =1,...,n.

Then we find
Sy () (a)
kEF(n)k =0 \P1 =0 \Pn
1 1
:1_i.-o-‘1_L-
P1 Pn

Now we have [1,2] "N C F'(n), whence

[z]+1
> ixYgz [ F ol ey 2 e

keF(n) k<z

So

p<xm p

Hlllzln(m‘)

and thus, applying the logarithm, we obtain
1
Z —In (1 - —) > In(In(x)).
p<z p
Now with a Taylor-MacLaurin expansion we arrive at

<1, 217 ot<t 2 ) 21
—In(l1—t) S t+=t—o+.. < t+=(1+t+2+.)=t+= —0.
n(1l—t) totg e < 5 (+i+ 4. t5 T

For 0 <t < % this leads to
—In(1—t) <t+¢
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Hence, with t = %,p <z, we find

Finally

O

In order to get some more explicit information one introduces the prime
number function

m:Roo — Ny7(2) = |Peql,

counting the number of primes below the argument z € R.( and investigates
the prime number density function

7(x)

T

giving for x € N the percentage of prime numbers in [1, 2] N N. One expects
that prime numbers become more and more sparse.

Definition 2.2. For functions f, g : R., — R.y we write

With other words: Given any q < 1 for all sufficiently big v € R<o we have

q 7(x) 1
In(z) = x = qIn(z)’




It has been proven first by de la Vallée-Poussin and Hadamard with
complex-analytic methods (1896), see also the (optional) section about Rie-
mann’s (-function, and 50 years later with elementary tools by Erdos and
Selberg. A more detailed investigation of the prime number function 7 in-
volves Riemann’s (-function - a factorization of it leads to a (quite sophisti-
cated) formula for 7(x), where the factorization depends on the zeros of (.
Indeed, the above theorem is equivalent to a statement about the zeros of (.

Here we can show only a partial result, a lower bound for the occurrence
of prime numbers:

Proposition 2.4. Giwen any q < 1 there are arbitrarily big x € R<q, such
that
¢ _ m(z)

T
In(z) = =z

First we need a formula which relates the prime density function with the
sum we have just estimated:

Lemma 2.5.

1 7(x) /‘” 7(t)
= 2l

2
e D x t
Proof.
n—1
Tt Prtt (¢t Tr(t
/ iQ)alt: / @dt%—/ KQ)dt
5 g t o b
n—1 Pk+1 k x
=N [ i+ / >t
k=1 Y Pk t Pn t

I
3
N
| &
|
HM:
o
|
—_
| =
|
| 3

w1 Pk 5 Pk Pn X
1 ()
1 Pk x



Proof of Prop.2.4. Let ¢ < 1. Assume the contrary, i.e. there is some M > 0,

s.th. ()
(@) . _a
x = In(x)

holds for all x > M. We derive an estimate

Z E < gqIn(In(z)) + D

p<w
for x > M, which contradicts the estimate
1
In(ln(z)) 1<)~
p<w p
since lim,_, In(In(z)) = oco. Indeed, the assumption implies
1 T (t T (t Mot e
E:—:/ZKQHfgzg/ZiMH4g/m3Qﬁ+/—JLm+1
=D 5 12 x 5 12 5 12 a tIn(t)

=C+ 1+ ¢(In(In(x)) — In(In(M))).

Here is a further question related to the prime number theorem:

Question: How does the gaps g, := p, — p,_1 between two successive prime
numbers behave for n — oo? The prime number theorem tells us that the
sequence of their arithmetic means satisfies

n—1
=2
indeed: )
Dn Pn
sn=——(Pn—2) ~ pr n(pn)
In particular the sequence (g,),>2 is unbounded, but that can be seen as
well with an elementary argument: In the interval [m! + 2, .....m!+m|NN

there are obviously no prime numbers, so if p, 1 < m!+ 2 < p,, we have
gn > m. But from that we can not conclude that lim, .. g, = oo. The
following result is from 2013:



Theorem 2.6 (Zhang Yitang). There are arbitrarily big n € N with
Pn— Pn_1 < 7-10".
Last year the above estimate has been improved: The estimate
Pn — Pp—1 < 246
holds for infinitely many n € N. Finally one would like to show that even
Pn = Pn-1 =2

holds for infinitely many n € N, i.e. that there are infinitely many prime
twins (p,p + 2).

3 Rings

Number theory is concerned with the set Z of integers. It admits two binary
operations
7 X7 — 7,

addition and multiplication. But often it is quite useful also to admit other
auxiliary sets, where these operations are defined, either enlarging Z, e.g.
replacing it with the rationals Q D Z, or ”shrinking” it, e.g. replacing Z
with the set Z/ ~ of equivalence classes, where ~ is an equivalence relation
on Z compatible with the addition and multiplication of integers.

Hence, it turns out to be useful to introduce a general notion, that of a
ring:

Definition 3.1. A commutative ring is a triple (R, o, i), consisting of a set
R and two binary operations, i.e. maps,

a:RxR— R (v,y) =z +y:=ay) ,
the “addition”, and
p:RxR— R, (z,y) =y = pz,y) ,

the “multiplication”, such that



1. For all x,y € R we have
rt+y=y+zxry="yx.

2. For all x,y,z € R we have
(x+y)+z=a+(y+2),(xy)z = x(y2).

3. For all x,y,z € R we have

z(y +2) = xy + x2.

4. There are elements 0,1 € R, such that
r+0=z1-2==x
holds for all x € R.

5. For all x € R there is an element y € R with

r+y=0.

Example 3.2. 1. The set Z of all integers, Q of rational, R of real and
C of complex numbers are rings with the standard addition and multi-
plication of complex numbers.

2. There are further examples of the above type, i.e. subsets R C C,
which are additively and multiplicatively closed, contain 0,1 € C and
satisfy R = —R. We mention R = Z + Zz, the set of gauflian integers,
i.e. complex numbers with integer real and imaginary part. They form
a lattice in the complex plane. Another example is R := Z + Ze with
the third root of unity & := 1(—1 + iv/3). For example when dealing
with Fermat’s equation for n = 3 it can be useful to replace Z with R

since then

2t =20 =y’ = (2 —y)(z —ey)(z — %),

On the other hand the ring R is sufficiently close to Z in order to obtain
interesting information even for Z.

Here are some features all rings share:
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Remark 3.3. 1. The elements 0,1 € R are uniquely determined.
2. Assume r +y =0= 2+ y. Then
J=9+0=g+(+y)=@+z)+y=0+y=y.

Thus we may define
—r=y.

As an immediate consequence one obtains
—(—z) = =z.
3. We define subtraction as follows:
r—y =1+ (—y).

4. Next:
O-z2=0=2-0

holds, since x =1-2 = (14 0)z = 2+ 0 - 2. Furthermore

follows from 0 = (1 + (—1))z =z + (—1)x.

5. In general there is no cancellation rule for the multiplication, since
there may be nontrivial “zero divisors”, i.e. elements a € R\ {0}, such
that

ab=0

for some b # 0, and it can happen that

1+..4+1=0.

4 Divisibility revisited
Definition 4.1. A subset a C Z is called an ¢deal if
1. 0 € aq,

2. x,y €Ea=x+y € a, i.e. an ideal is closed w.r.t. addition,

11



3. x €a = —x € q, i.e. an ideal lies symmetric to the origin.
Remark 4.2. For an ideal a C Z we have
aca=—=kaca, VkeZ.
Example 4.3. 1. a =7Z is an ideal, the "unit ideal”.

2. a = {0} is an ideal, the "trivial” or "zero ideal”.

3. Let n € Z. Then
Zn = {kn;k € Z}

is an ideal.
4. Let a,b € Z. Then
(a,b) :=Za+7Zb={ka+ tb;k,l € Z}
is an ideal, it is called the ideal generated by a and b. Note that
(n,0) = Zn.
Theorem 4.4. Any ideal a C Z is a principal ideal:
a=127Zn
with a uniquely determined natural number n € N.
Proof. 1If a = {0}, take n = 0. Otherwise we have
aso:={a€a;a>0}#0
because of a = —a and choose
N 1= min asq.

Since n € a and a is closed under multiplication with arbitrary integers, we
get Zn C a. Take now any a € a and write

a=qn+r, 0<r <n.

Then there are two possibilities

12



1. r =0 and thus a € Zn, or
2. T =a— qn € asg. But then we find » > mina.y = n, a contradiction.

]

Finally we want to find explicitly the generator
n := min (a, b)o.

Obviously there is a problem, since one does not know all k,¢ € 7Z with
ka 4+ ¢b > 0. Instead we can use a reduction procedure for the generators a
och b. It is based on the following remark:

Remark 4.5. If a =gn+r or a = gn — r, then
(a,b) = (b,1).

The Euclidean algorithm is now an iteration of that reduction step:
1. We may asume a > b > 0.
2. If a=bor b=0, then (a,b) = Za.

3. If a>b>0, we write a = gb+ r or a = gn — r and the above remark
gives

(a,b) = (b,1).

4. Now we can repeat that step with (b,r) instead of (a,b). If we choose
r € Z according to the division algorithm, we have a > b > r > 0, and
arrive after finitely many steps at the situation, where (a,b) = (n,0) =
Zn. But when admitting negative remainders, we may even require
g > r > 0, thus making the algorithm a little bit faster.

Finally let us justify the title of this section:

Proposition 4.6. If
(a,b) = Zn,

where ab # 0 and n € N, we have

n = ged(a, b).

13



Proof. We have ¢ := ged(a,b) > n, since n divides both a and b. On the
other hand ¢ divides a and b, hence also n = ra + sb. But

gnAg>n=— q=n.

5 Residue class rings
We fix a natural number n € Ny, the "modulus”.

Definition 5.1. Two integers a,b € Z are said to be congruent modulo n,
written as:
a=b mod (n)

or

a= b,
I n divides the difference b — a.

n

Remark 5.2. 1. .. = .. is an equivalence relation.

2. The equivalence class
Rn(a) :={be Z;b=a}
of an integer a € Z is

R,(a) =a+Zn :={a+ kn;k € Z}.

3. Remember
R,(a) = R,(b) < a = b.

4. For 0 < r < n the equivalence class R,,(r) consists of all integers giving
remainder r after division with n, i.e. a = gn + r, this explains why
one often speaks of residue classes mod n. We thus obtain a partition

n—1

Z = | Ru(i).

1=0

14



5. The set of all residue classes mod n is denoted:

L, :={Ry(i);i=0,....,n—1}.

Making Z, a ring: We want to define addition and multiplication
Ly X Loy — Ly

for residue classes mod n. We start with the set theoretic sum of subsets
A, B C Z, namely
A+ B:={a+bac Abe B}

and
AB :={abja € A,b € B}.

Proposition 5.3. 1. R,(a) + R,(b) = R,(a +b),
2. Ru(a)- R,(b) C R,(ab),
3. R,(ab) = R,(a) - R,(b) + Zn.

Proof. We consider the sum and the product of arbitrary integers a + kn €
R, (a) and b+ ¢n € R, (b) and see that

(a+kn)+ (b+tn)=(a+b)+ (k+nec R,(a+D)

and
(a+kn)(b+ tn) = ab+ (kb+ la + kln)n € R,(ab).

Since all the products lie in the residue class R, (ab), we can simply add Zn
and obtain the entire residue class R,,(ab). O

Remark 5.4. The set theoretic product of residue classes is not necessarily
again a residue class, e.g.

R,(0) - R,(0) = Zn - Zn = Zn* G Zn = R,(0).

15



So the addition is set theoretic
Ly X Ly — Ly, (Ry(a), Ry(b)) = Ry(a+0b) = R,(a) + R, (b),
while the set theoretic product has to be completed to a residue class

(02 Ly X Ly — Doy, (Ru(a), Ru(D)) =+ Ro(ab) = Ro(a) - Rn(b) + Zn.

A more convenient notation: If the modulus n is understood, we simply
write
a:= R,(a) =a+ Zn.

We then have
Z,=1{0,1,....n — 1}

and addition and multiplication is as easy as possible:

a+b=a+b

and
@-b=ab.

Note: From now on we use the standard notation for the product of residue
classes
a@-b=R,(a)- R,(b) + Zn = ab,

so it is not any longer the set theoretic product!

6 Further properties of rings

Definition 6.1. 1. An element a € R in a commutative ring R is called
a non-zero divisor iff ab=0= b= 0.

2. A non-trivial ring (i.e. s.th. 1 # 0), where all elements a # 0 are
non-zero-divisors is called an integral domain.

Example 6.2. 1. The rings Z,Q, R, C are integral domains.

16



2. Non-zero-divisors a € R can be cancelled in an equation:

ar =ay = T =Y.

3. A residue class a € Z, is a non-zero-divisor iff ged(a,n) = 1. We have
G-b=ab=0<=3k€Z: ab=kn.

If gcd(a,n) = 1 that implies n|b, i.e. b = 0. On the other hand, if
ged(a,n) = d > 1, we have n = nod and nlany, i.e.

a-my=0,
though my # 0.

4. The residue class ring 7Z, is an integral domain iff n = p is a prime
number, since a natural number is prime iff any number k,1 < k <n
and n are relatively prime.

Definition 6.3. 1. Anelement a € R in a nontrivial commutative ring R
is called invertible or a unit iff there is an element b € R with ab = 1.

2. The set
R :={a€eR;FIbe R: ab=1}

of all invertible elements is called the group of units of the ring R.

Remark 6.4. 1. The number b with ab = 1 is uniquely determined if it
exists, we write a=! := b.

2. The group of units is closed w.r.t. multiplication and inversion. Indeed

(ab) ' =btat (o) =a.

3. Units are non-zero-divisors: If a« € R* and ab = 0, we find 0 =
at(ab) = (a"ta)b = 1b = b.

4. In a finite (commutative) ring non-zero-divisors are already units, since
for a non-zero-divisor a € R the map pu, : R — R,z — azx, is injective,
and an injective map from a finite set to itself is even bijective. In
particular there is some b € R with p,(b) = 1.

17



5. Z*F = {£1}.

6. Z: ={a € Z,; ged(a,n) = 1}.
Example 6.5. In order to invert a unit @ € Z; we have to find integers
r,s € Z, such that ra + sn = 1. Then we obtain

a'l=T.
Let us compute 70 e Z1p1- The Euclidean algoritm gives
101=1-70+31, 70=2-31+8, 31=4-8—-1
and thus
1=4-8-31=4-(710-2-31)—31=4-70-9-31
=4-70-9-(101 —70) =13-70 -9 - 101.

Hence 70 =13 € Z1o1.

Definition 6.6. An integral domain R is called a field (kropp pa svenska),
if all nonzero elements are units, i.e.

R* =R\ {0}.
Example 6.7. The rings Q,R, C and Z, with a prime number p are fields.
There are further interesting elements in a commutative ring:
Definition 6.8. Let R be a commutative ring.

1. Anelement a € R is called nilpotent if we have ™ = 0 for some n € Ny.

2. An element e € R is called idempotent if we have e? = e.

Remark 6.9. 1. The elements 0,1 € R are idempotent. If R is an inte-

gral domain, there are no further idempotents: The equation e = e

may also be rewritten as 0 = e? — e = e(e — 1).
2. An element @ € Z,, is nilpotent iff @ and n have the same prime divisors.
3. In Z,» an element is either a unit or nilpotent.

4. In Zy» there are no idempotents except 0,1. An idempotent element
e # 0,1 would be a zero divisor, hence nilpotent, and thus necessarily
0. Contradiction!

5. If n is not a prime power, then there are always idempotent elements,
as we shall see later on in the chinese remainder theorem.

18



7 Groups of units

Definition 7.1. The function ¢ : Nyg — N defined by

(n) = 1 , ifn=1
PAVE= 0z, i > 2
is called Fulers @-function.

Lemma 7.2. For a prime power n = p* k > 1, we have:

(") =" —-1).
Proof. The complement of Z;k consists of the zero divisors

0,5,2p, ..., (pF~1 — 1)p.
Thus
|Zoyi | = |Zpr| — number of zero divisors = pP =Pt =p 1 (p - 1).
[

In order to compute p(n) for arbitrary n € N we regard the prime fac-
torization

k k
n=mp'-...-pr

and compare the residue class ring Z, with the residue class rings sz_ci,z' =

1,...,7. The set Z, has as many elements as the cartesian product Zpkl X
1

o X Zpkr, in particular there is a bijection

¢:Zn—>Zk1X...XZkT.
P Dr

We ask, if we can choose 1) = (¢4, ....,1,) in such a way, that we may deter-
mine (7). First of all the target can be made a ring:

Definition 7.3. Let Ry, ..., Rs be rings. The direct product R; X .... X Ry is
the cartesian product of the sets Ry, ..., Ry endowed with the componentwise
addition and multplication..

19



Remark 7.4.
(Ry X ... x Rg)* = R} X ... X R%.

Now if we could choose ¥ as a ring homomorphism, i.e. compatible with
the ring operations on both sides:

bz +y) =v(x) +0(y), v(ey) = Y(@)v(y), v(1) = 1,
we would find that ¢ induces a bijection

Z: 25 T X o X Ty
Pq p

T

Definition 7.5. Let R, S be rings. We write R = S and say " R s isomorphic
to S”, if there is a bijective ring homomorphism (= a ring isomorphism)

Y:R— S
So what could we take as the component maps
Vil — Lyyi=1,..,77
Remark 7.6. Let m be a divisor of n. Then
Ly — Lpnya+Zn— (a+Zn) +Zm = a+ Zm

defines a ring homomorphism.

Finally we arrive at
Theorem 7.7 (Chinese Remainder Theorem). Let

n=p. . . .ph

Then
Vi Ly = L X oo X L, T (a+ Zph', ..., a + Zpkr)

1S a ring isomorphism.

20



Proof. Since the domain of definition and the target of i) have the same
number of elements, it suffices to show that 1 is injective. Now a ring ho-
momorphism is injective iff ¥(z) = 0 implies z = 0, since

Y(x) =9Y(y) <= Y(x—y) =0.

Take z = a@ € Z,. Now 9(a) = 0 means (p;)¥|a for i = 1, ...,r resp. nla resp.
a=0. [

Corollary 7.8. Let n=pt" - ... pf. Then
p(n) = o(m') - p(pr).

Let us come back to commutative rings! Given a unit z € R* we want to
study the sequence

of its powers. Then either
1. 28 £ 2 for k# 4, or

2. there are ¢,k with ¢ > k, such that 2z = 2z* resp. 2™ = 1 for m =
{—Fk>0.

Obviously the second case applies for a finite group of units. Indeed
m = |R*| does the job for any z € R*:

Theorem 7.9 (Lagrange). Let R be a commutative ring, |R*| = ¢ < oo.
Then we have
21=1

for all z € R*.

Proof. The map u, : R* — R*, x — zx, is bijective, hence

H:E: Huz(x): H(zx):zqnx.

rER* reR* reR* TER*
Since units are non-zero divisors, we conclude 2?7 = 1. O

Corollary 7.10. 1. Euler: If gcd(a,n) = 1, we have

a?™ =1 mod (n).

21



2. Little Fermat: If p is prime and does not divide a, then

a®'=1 mod (p).

Proof. Little Fermat is a special case of Euler, take n = p, while Euler follows
from Lagrange with R = Z,,. [

Public Key Cryptography: We shall explain here how one can encode
messages using a public key, such that only receivers with an additional
private key can decode them.

1.

Take a number n = pq € N, which is the product of two different prime
numbers p, q.

. Messages, both plain text and encoded, are represented as elements

x € L,

I k=1+4r(p—1)(g—1), we have

=
for all x € Z,: Since Z,, = Z, X Z,, it is sufficient to prove ¥ = x for
x € Zy and x € Zy. For x = 0, it is clear, and if, say x € Z, \ {0} = Z,
we find

ab =g (ar ) = g 17 = g

. Encoding is described by the map

Ly — Loy, x — Yy = €,

with an exponent e relatively prime to ¢(n) = (p —1)(¢ — 1).

. The pair (n,e) is public knowledge, but not the factors p, q. The point

here is, that for great n an effective factorization - at least nowadays -
is impossible.

. In order to decode one needs an additonal private key, a number d € N,

such that ed =1 mod (p — 1)(¢ — 1). An encoded message y € Z, is

decoded applying the map

y =yl

22



7. In order to obtain d from the public key (n, e) one needs the factoriza-
tion n = pq.

Example 7.11. We take n = 77,e = 23, and want to decode y = 4 € Z.
Luckily we know 77 =7 - 11 and ¢(77) = 60 and compute

Thus we obtain the decoded message
x 2147 € Ly = Uq X L1

In order to avoid tedious computations, we use the chinese remainder theorem
(of course, in a realistic situation, that is not possible, since the factorization
n = pq is. presumably, unknown to the receiver)

Ly | Lg X L,
52 | (1,0)
5 | (0,1)
4 (4,4) ’
747 (15’ 17)
16 | (2,5)

so we get finally 16.

8 Polynomial equations over Z,

Any polynomial f =" a, X" € Z[X] induces a function

R— R&m [(§) =) al

for any (commutative) ring R. We want to investigate what can be said
about the zeros of that function in the case, where

R=7,=1{0,1,..—n—1}

is the residue class ring Z, := Z/Zn. Then we have for £ := T € Z, the
following equivalence

f(&) =0 <= n|f(x) <= f(z) =0 mod (n).
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Furthermore remember that
Z; — (@ ged(a,n) = 1}
is the group of units of Z,.

1.) Linear polynomials: The first case we study is that of a linear poly-
nomial

f=aX +0b.

The solutions & € Z,, are the residue classes & = 7, such that there is some
y € Z with
axr +b=yn.

Such a pair (z,y) exists, iff d := ged(a,n) divides the constant term b. The
condition is obviously necessary, but also sufficient: Writing ag = a/d, by =
b/d,ny = n/d we have

ar+b=0 mod (n) <= apx+by =0 mod (no).
Furthermore @g € Z; and for ¢ € Z,, and fo := agX + by we obtain :

fo(€) =0 <= ¢ =—(ao) ™" bo.

It follows that
fl)=0= = (=7,

where — denotes the natural map Z,, — Z,,,, x + Zn — x + Zny. Hence
E=z+vng € Zp,v=0,....,d—1

are the zeros of f = aX + b in Z,. In order to find ( = Z we may either
invert @y € Z;, or solve directly the congruence

apz = —b mod (ng).
For an explicit calculation we refer to LAL, Ex.5.1.
2.) Reduction to prime power moduli: Assume
kr

_ k1
’I’L—pl '....'p,r,,
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and denote
w:Zn—>Zk1 X...XZk7.,
Pq Dr

5 =T+ (51, "'767‘)7 gz =T+ przv
the chinese remainder isomorphism. Then we have
f§) =0« f(&)=0,i=1,..,r.

Hence we have to look for &; € Zp;;i with f(&;) = 0 and may take

f = w_l(fla --'757“)-
Remark 8.1. Here we discuss how to evaluate

VT X X Dy — Dy
Py Dr

or, equivalently, how to find a simultaneous representative z for £, = 7y, ..., &, =
7,. Denote
e, = (0, ..,0,1,0, ...,0) S Zpk1 X ... X szﬁr
4]

the 7i-th unit vector” e; := (0;1,...... ,0;r). Since

we have

VTN ) =) wa (e)

i=1
and it suffices to find b; = ¢ ~'(e;) € Z, for i = 1,...,7 as follows: Writing
n = n(p;)"

we have
bi = cin,,

where t = ¢; is a solution of the congruence
nit =1 mod ((p;)*).

Or simply guess the correct value by checking all integer multiples cn;, ¢ € Z.
For an explicit calculation we refer to LAL, Ex.6.1.
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3.) Raising the exponent of a prime power modulus: We consider
the cmmutative diagram

5 - Zpk+1 L} Zpk+1

Q(f ) € Zpk L) Zpk

where the vertical arrows are the natural map ¢ : Z,r+1 — Z,e. Obviously,
if £ € Zyer1 is a zero of f, then o(§) € Zy is a zero of f as well. On the
other hand, if o(§) is a zero of f, then

o o)) ={& =€+t P t=0,...,p—1}

holds for the set 07! (o(£)) of residue classes above o(£). We want to know,
for which ¢,0 <t < p, the element & € o7 '(0(€)) is a zero of f.

We remark that for £ = @ the assumption f(o(£)) = 0 means that p*| f(a).
Indeed a straight forward argument shows:

Proposition 8.2. Let § =a € Zy+1. If f(0(&)) = 0, then we have

f(&) =0« fla)t = —% mod (p).

In particular,
1. ifp Jf'(a), there is evactly one t with f(&) =0,
2. if p|f'(a) and p"*1|f(a), we have f(&) =0 for all ¢,
3. and finally, if p|f'(a) and p**1 ff(a), we have f(&) # 0 for all t.
Proof. We have
fla+Y) = fa) + f(a)Y +Y?g(Y)

with a polynomial g € Z[Y]. Hence, substituting tp* for Y and passing from
7 t0 Lkt yields

L1 30 = fE+17") = f(§) +tf' ()" <= ™[ f(a) + tf (@),

the latter being equivalent to p|f(a) + tf(a). O
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Theorem 8.3 (Hensel’s lemma). Let f € Z[X], p a prime and £ € Z, with
f(&) =0and f'(§) # 0. Then for any k € Nxq there is a unique zero & € Zy
of f lying above § € Z,,.

Remark 8.4. Hensel’s lemma provides a sequence &, € Zyx, s.th. f(&) =0
and (&) = &k—1, but that does not imply that there is some simultaneous
representative x € Z, i.e. such that £ = 7 holds for all £ € N. If so, we
would have f(z) = 0 as well. In order to understand what is happening here,
we write &, = T, with 0 < z, < p* and look at its p-adic expansion: We have

k—1

T, :Ztyp”, 0<t, <p
v=0

with the digits ¢, being independent of £ € N. In particular a global repre-
sentative exists iff the increasing sequence (xy)g>1 is bounded or equivalently
t, = 0 for v > 0. But that need not be the case in general: Take f = X2 +1
and p = 5. Then we have f(2) = 0 and f'(2) = 4 # 0, so Hensel’s lemma
applies. But f has obviously no zero in Z.

Indeed, there are uncountably many sequences &, reap. xy, so the over-
whelming majority has no global representative.

In the optional section 10 we describe, how one can, analogous to the
creation of real numbers from rational ones, produce p-adic integers, which
admit infinite expansions

[o.¢]
x:Ztl,p”, 0<t, <p.
v=0

Proof of Th.8.3. We use induction on k£ € Nyy. For k = 1 the claim is true
by assumption. Assume @, € Z, has been found. Since a; = a mod (p),
we have as well f'(ar) = f'(a) mod (p) resp. p ff'(ar). So we may apply
Prop. 8.2. O]

Example 8.5. We take p = 3 and look for zeros of f = 7X% +4X + 12 in
L.

1. For £ € Zs we have f(§) = 8 +& =&+ & =£(€+1) and find the zeros
£ =0, =—1. We have f’ = 42X° + 4, hence f'(¢) =1 for all £ € Zs.
Hence we may apply Hensel’s lemma and find that there are two zeros
of f in Zo.
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2. Now let us look for the zeros of f in Zg. One is of the form ¢3 with

o0 2,
3 3

hence t = —1 is possible and —3 € Zq is the zero of f above 0 € Zs.
The other one is of the form —1 + ¢3, where

hence t = 1 is possible and —1 + 3 = 2 € Zg is the zero of f above
—1 € Zs.

3. Finally we have to lift the zeros —3,2 € Zgy. The first zero is —3 +19 €
Z27 with 6
9 9

hence t = 0 is possible and —3 € Zy7 is the zero of f above —3 € Zq.
The other one is of the form 2 + t9, where

® _f@) _ 9% _

= L2 o

9 9

t

~10,

hence t = —1 is possible and 2 — 9 = —7 € Zyy is the zero of f above
2 € Zy.

4.) Prime moduli: There is no general recipe how to solve f(£) = 0 over
a field Z,. In any case we may assume that deg f < p: The polynomial

h:=XP—-X
satisfies h(§) = 0 for all £ € Z, according to Th.7.9, so if we write
f=gh+r

with degr < p, the remainder polynomial 7 and f have the same zeros in Z,,.
The polynomial h € Z,[X] induced by h € Z[X] satisfies

h= H(X—a).

a€ly
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After division with X we obtain

in particular

Thus we have found

Theorem 8.6 (Wilson’s theorem). For a prime number p we have
(p—1!'=-1 mod (p).

Proof. Indeed

Ha:(p—l)!.

aEZ;

9 The ring of p-adic integers (optional)

Hensel’s lemma provides solutions of polynomial congruences with arbitrarily
high prime powers as moduli. In order to express this fact in a more concise
and satisfactory way, one introduces new numbers, the p-adic integers, which
play relative to usual integers a role analogous to that one of real numbers
in relation to rational numbers. But there are also a lot of strange features.

Definition 9.1. Let p be a prime number. A p-adic integer is a sequence
(or family)

o
a— (al/)VEN E HZPV+17
v=0
such that the immediate successor a,.1 € Zy+2 of a, € Z,+1 lies above (or

is a lift of) a,, i.e.
Zpu+2 € ayi1— ay, € Zpu+1
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holds for all v € Nyy. We denote

Z(10) - H Lpyr+1
v=0

the set of all p-adic integers. We add and multiply p-adic integers compo-
nentwise.

Remark 9.2. 1. There is a natural injection

2.
3.

Z — Ly, n = n = (n+Zp"™),en,

i.e. usual integers are also p-adic integers. From now on we treat the
above injection as an inclusion and write n for n.

The set Z,) forms a commutative ring.
We want to define an absolute value
| | Zg) — Rxo.

To do so we start with a valuation

v Zgy — NU {oo}.
Namely, for a := (a,),en let

v(a) := min{v;a, # 0}.
Then the following holds

(a) v(a+b) > min(v(a),v(b))
(b) v(ab) =wv(a) + v(b)
(¢) v(a) =00 <= a=0.

Now the absolute value of a p-adic integer is
[af :=p~*®
(with p~>° :=0). It satisfies

(a) |a+b| < max(|al,[b])

30



(b) [ab| = |a] - [b]
(¢) |a| =0<«=a=0.

In particular the rule (b) shows that Z,) is an integral domain.

. We note that always
jal <1

and that for m = ap" € Z C Z,) with a not divisible with p we have

Im| =p™".

. Using the absolute we may define the convergence of a sequence of
p-adic integers:
a, » a:<la, —al —0.

We see that
p"—0
and that any series

oo
n
E anp
n=0

converges. Indeed any p-adic integer has such an expansion with coef-
ficients
a, =t, €[0,p—1NN.

Namely if a = (£,),en with 0 < ¢, < p**!, then

a= lim ¢,.
V—r00

Now we expand ¢, w.r.t. the basis p and obtain

gl/ = Xy: tnpna
n=0

where the digits ¢, satisfy 0 < ¢, < p and do not depend on v due to
l,11 =0, mod (p*!). Finally we arrive at an infinite p-adic expansion

[e.@]
a= Z t.p"
n=0

with unique digits t,,,0 < t, < p.
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6. In order to expand a real number we can also work with the prime p
as basis (instead of 10), but get series in the opposite direction

R>z= itnp".
n=~{

*

7. Let us return to p-adic integers: We have 1 — p € Z(p) and

(1 _p)il = ana
n=0

so a negative rational number is the infinite sum of positive numbers:
This shows that p-adic integers do not admit an order relation compat-
ible with ring operations.

8. p-adic numbers vs. real and complex numbers: If p =1 mod (4), the
polynomial X? + 1 has a zero in Z,, e.g. for p = 5 we could take
2 € Zs. Now Hensel’s lemma tells us that there is a p-adic integer
a € Zy) with a? = —1. Hence it is not possible to find an embedding
Zpy — R such that the addition and multiplication of real numbers
coincides with the p-adic operations. One can show that there exists
such an embedding Z,, — C, but can’t describe it explicitly, so that
result is not particularly helpful.

Theorem 9.3 (Hensel’s lemma). Let f € Z[X]. Then any simple zero a € Z,
of f (ie. f'(a) #0 € Zy) can be lifted to a unique zero a := (a,)yen € Zp),
1.e. Qg = a.

We conclude this section with some ”geometric” considerations:

Proposition 9.4. 1. The group of units of the ring of p-adic integers is
the p-adic unit sphere:

= {a=(a)20;00 # 0} = {a € Zg); [a] = 1}.
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2. Any a= (a,) € Zg) \ {0} can uniquely be written as a product
a=p'®e, ec L.

In particular Z,) resembles an onion: The set

L) = {0} u U anz(p)’

n=0

is the countable union of the spheres (or shells?) p"ZZ‘p) of radius p~"
and their common center 0 € Zy,).

Remark 9.5. Let p > 2. Though Z,. is cyclic for every m € N, the group

of units Z?p) is not. Indeed it is uncountable!

Proof. The first part is obvious. Let n := wv(a), so a, = 0 for v < n and
a, # 0, then, writing a, = k, + Zp**!, we have k,, = p"{, for v > 0, and
may take e = ({51, + Zp"™),en. O

p-adic number fields: Finally one wants to enlarge Z,) to a field by adding
new shells to the onion Z,): One takes

Qp = {%;aGZ(p),nEN},

where fractions with a p-adic integer as numerator and a p-power as denom-
inator are added and multiplied in the usual way. We thus get a field, whose
elements are called p-adic numbers; it is an onion

Q, = {0}V U P Ly

of infinite radius. (The absolute value for p-adic integers extends in a unique
way to Q,.)

10 Primitive roots

In this section we discuss for a prime power modulus n = p" the zeros of the
two term polynomial

f:XZ_av
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i.e. we have to decide, whether @ € Z, is an /-th power or not. First of all
we may reduce everything to the case where @ € Z; is a unit. In order to see
that we observe that Z,- is a sort of onion: It is the disjoint union

r—1
Zy =]z, - 7" U {0},
k=0

of the shells Z7, - p* and the center {0} (the group of units being the outer
shell). The k-th shell of the onion admits a bijection:

Ly P — Ly, ep” — o(e),

where ¢ : Z, — Z,»—x denotes as usual the natural map. In particular the
shells are shrinking with increasing k. We find:

1. If @ = 0, the elements & = ep®, £s > r, are the solutions of the equation

f&) =0

2. On the other hand, if @ = ¢p*, k < r, there is a zero in Z,, iff k =
ls,s € N, and o(c) = € with some e € Zy, . The solutions are then
of the form

§=¢ep’, Zy2derre€ Ly

Thus we are left with the problem to determine how many ¢-th roots a given
unit admits. A possible strategy could be to apply Hensels lemma. Indeed:

Proposition 10.1. Let f = X* — a with ged(p,a) = 1..

1. If p does not divide £ the zeros of f in Z, correspond one-to-one to the

zeros of f in the field Z,.

2. Ifged(l,p—1) = 1 the map Z, — 75, & — €4 is bijective. In particular
there is a unique zero of f in Z,.

Proof. We have f = ¢X*7! hence f'(€) =0 for all zeros of f in Z,. For the
second part, choose r,s € Z with 70 + s(p — 1) = 1. Then £ — £ is the map
Ly, — Z,, inverse to § — £ because of (P71 =1 for € € /8 m

For a more detailed study we need a sort of logarithm for units: A primi-
tive element is an element a € Z}, such that any unit b is a power b = a” with
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some v € 7Z, the "logarithm of b with basis a”. Indeed the exponent v € Z
is unique only up to a multiple of ¢(n) = |Z|. Hence, a power equation

=0
is, writing = a', b = a”, transformed into the linear congruence:

(t=v mod (p(n)).

In the following we consider a commutative ring R with finite group of units
R*, denote
q:=|R"|

its order. We are hunting for an element a € R* with
R =ad”:={a";v € 7},
and we are obviously done, if we find some a € R* with
|a”| = q.

Let a € R* be any element. Since there are only finitely many units, we
have a* = a" for suitable exponents p > v > 0, in particular k =y —v > 0
satisfies a* = 1. The least such exponent deserves a name:

Definition 10.2. The order ord(a) € N5 of an element a € R* is defined
as
ord(a) := min{k € Nyg;a* = 1}.

Example 10.3. 1. The elements 3,5,7 € Z; have order 2.

2. The element 2 € Z}; has order 10, its sucessive powers being

2,4,8510=-1,-2=9,-4=7,-8=3,-5=6,1.
Furthermore ord(4) = 5 and ord(10) = 2.

Lemma 10.4. For an element a € R* of order d := ord(a) we have:

d—1

1. a% = {1,a,......,a%" '}, where the powers 1,a,...,a®' are pairwise dif-

ferent, and
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2. a* =1 <= d|k. In particular d|q.

Proof. We have a* = a", if k = sd +r with 0 < r < d. This gives the
nontrivial inclusion in the first part of the statement as well as the second
part: If a* = 1, we have as well a” = 1 and that is possible only for r = 0,
since d = ord(a). Furthermore k = ¢ is possible, since a? = 1 holds according
to Th. 7.9. Finally a* = a” with 0 < p < v < d would give a"* = 1 with
0 < v —p < d, a contradiction. O]

We are looking for exponents ¢, that 7kill” all elements in R* simultane-
ously:
a* =1, Ya € R".

We know that ¢ = ¢ is such an exponent. Indeed, the least possible choice of
such an exponent is £ = n with

n :=lem {ord(a);a € R*} .
Proposition 10.5. For an integral domain R with ¢ = |R*| < oo we have
q =lem{ord(a);a € R*}.

Proof. The polynomial f = X™ — 1 € R[X]| with n := lem {ord(a);a € R*}
vanishes on R* and has at most n zeros, hence ¢ < n. Since by Th. 7.9 we
have n|q it follows ¢ = n. ]

Example 10.6. For a non-integral domain the statement does not hold:
1. For R = Zg we have
R = {1357},

hence ¢ =4 and n = 2.

2. Let p,r be two different odd primes. The group of units
Ly = Ly X Ly,
has ¢ = (p — 1)(r — 1) elements, but
at =1

holds already for £ = (p — 1)(r — 1)/2, since ¢ is divisible both with
p—1and r — 1. Thus n|.
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Proposition 10.7. 1. Let ord(a) = m. Then

m
d(a*) = ———.
ord(&) ged(k, m)

2. If m = ord(a) and n = ord(b) are relatively prime, we have
ord(ab) = mn.

Proof. We have

k¢ ke m
1=(a")=a <:>m|k€<:>m|€.
Let
1= (ab) = a* =b* = ord(a’) = ord(b™")
n
— ged(C,m)  ged(f,n)’
ie. 1=1and

ged(d,m) = m,ged(l,n) =n = { € Z - mn.

O
Theorem 10.8. Assume that the group of units R* of the integral domain
R is finite: q := |R*|. Then there is a primitive root, i.e. an element a € R*
with
ord(a) = q.
resp.

R =d*={1,a,..,a7"}.
Proof. We have to find an element a € R* with ord(a) = ¢q. Let
¢=p Py

be the prime factorization of ¢q. For each i = 1, ..., s we construct an element
a; € R* of order ord(a;) = p¥ and set

a=ay-...-0as.
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Now for any c € R* write
ord(c) = p @ . . pF©) with 0 < ki(c) < ki
As a consequence of Prop. 10.5 we see, that
k; = max {k;(c);c€e R}, i=1,.....,s.

In particular there is an element c¢;, whose order is divisible with pf", say
ord(¢;) = Eipfi. We now take a; := cf O
Corollary 10.9. Let p be a prime number. Then the group of units Z, of
2y, admits a primitive root.

Let us now consider prime power moduli p”, r > 2. We have to investigate
certain subgroups G C Z;, of the group of units Z,.

Definition 10.10. A non-empty subset G C R* is called a subgroup, if it is
closed w.r.t. multiplication, i.e.

r,ye G = xy € G.
It is called cyclic if it admits a primitive element a € G, i.e. such that
G =a”.

Remark 10.11. Since R* consists only of elements of finite order, a subgroup
G C R* is even closed w.r.t. inversion:

afl _ aord(a)fl

and contains the neutral element 1 = aa~!.

Example 10.12. For R = Z,- and n > 1 we find the subgroups
G?’L = T + anpT C Z;r.

We have
G DGy D..DG, = {1}

and
|G| =p" 7" for n <.

For p = 2 we find Gy = Zs,.
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In the next proposition we study the action of the Frobenius map
Liyr — L, > 2P,
on those subgroups:
Proposition 10.13. We have
a€ G, = deG.

More precisely:

(Gn \ Gni1)? C Gryr \ Gy
holds for

I.n=1,....,mr—2 and p > 2,
2.n=2,...,r—2andp=2.
Hence, for p > 2 and a € G, we have
ord(a) =p" ' = |G| <= a & Gy,
while for p =2 and a € G5 we get
ord(a) = p" % = |Gy| <= a & Gs.
Proof. We have
(1+p"t)P =1+p "t + zp: (p) (pt)* =1 mod (p"™).
=
If p>2orp=2andn > 2, the sum is even divisible with p"*2, hence for

p [t the RHS is not congruent 1 mod (p"2). O

Corollary 10.14. 1. For p > 2 the subgroup Gy is cyclic, indeed the set
G1\ Gy consists of the possible primitive roots.

2. Forp = 2 the subgroup G5 is cyclic, and the set Gy \ G5 consists of the
possible primitive roots for the subgroup Go. In particular 5 satisfies

Gy =5".
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Finally we obtain:

Theorem 10.15. 1. For a prime p > 2 and r > 1 the group of units Z,
of Zyn s cyclic. Indeed, of v > 2 and o : Zy — Z,2 denotes the
natural map, we have

Lt =a" <=7} = o(a)”.

2. Forr >1 we have
Zi = +5".

Proof. Let p > 2. We consider the diagram

L — Zp

U U
o N L) = T = T
U U U
o'(1) = G — {1}

where the map o is the natural map. Now, given a primitive root b € Z7,
there is a unique element c € Zy, lying above b with ord(c) = p—1 = ord(b).
Uniqueness follows from the fact that any other element above b is of the
form ¢(1 + pt) and thus has order p — 1 iff the second factor (whose order is
a prime power p°) equals 1.

In order to see that there is such an element, take any d € Z,» above
b € Z,. Its order is a multiple of p — 1 (since ord(b) = p — 1) and divides the
order p"~!(p—1) of the group of units Z,», hence of the form p*(p —1). Now
we choose ¢ := d?". Indeed c lies above bP" = b.

Now it follows from Prop.10.13 that a = ¢(1+pt) € Zj, is a primitive root
iff p does not divide ¢ - and the same criterion applies to o(a) = o(c)(1+ pt).

Finally the second part follows also immediately from Prop.10.13 since

and

Example 10.16. We determine a primitive root for Z3,, = 7Zz2;.
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1. First we look for a primitive root in Z%. The possible orders of a unit

# 1 are 2,3,6. The residue class 2 is not because of 2 = 1, but 3 is,
since both 3° =9 # 1 and 3 =-1 # 1.
2. Let us now take 3 as a candidate for a primitive root in Zsy. We have
to check that 3° # 1 - indeed
4053 —81.0=—17-0= —T53 = —6 #1.
Now 3 € Z},; is a primitive root as well.

Finally we come back to our original problem, the computation of ¢-th
roots:

Theorem 10.17. Let R be a ring with finite cyclic group of units, |R*| = q,
and a € R*, ¢ € Nvg. The following conditions are equivalent:

1. There is an element b € R* with a = b°.

2.
a® =1 holds for k := L
ged (4, q)
Proof. 7"=>": We have
lq l
lk = =q- )
ged(?, ) ged(?, q)

hence a = b* gives
ak — bﬁk’ — (bq) — 1’
since b? = 1 according to Th.7.9.

"¢=": Assume R* = ¢ and write a = c¢". The condition a* = 1 is equivalent

to
ng

ged(l, q)

the condition equivalent to the solvability of the congruence

ql > ged(l, q)In,

t=n mod (q).
Take now a = ¢! with a solution of that congruence. ]
Corollary 10.18. The residue class —1 € Zy is a square iff p=1 mod (4).
Proof. Take ¢ = p —1,£ = 2. Then —1 € Zy is a square iff 2|p%1 iffp=1
mod (4). O
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11 Quadratic reciprocity

For a quadratic polynomial f € Z[X] there is a straight forward procedure to
check whether it has zeros in Z, or not. The case p = 2 is easy: If we denote
f € Zy[X] the induced polynomial, we have no solution for f = X? + X + 1,
while in the remaining cases they are obvious. If p is odd, we may write

F=X2+2X +c=(X+b02— (b —7)
and thus are left with the question, whether or not b —cisa square.

Remark 11.1. A residue class @ € Z, is a square iff @?~Y/2 = —1. This is
an immediate consequence of Th.10.17.

But to compute the (p — 1)/2-th power of a residue class might require
a lot of time. Indeed, there is a considerably simpler algorithm. In order to
formulate it we need the following notation:

Definition 11.2. Denote P-5 the set of all odd primes. The Legendre symbol
is the map

<_> 1 Z X Py — {0, £1}, (a,p) = <%>

where
4 1 , if @ € Zy is a square
(_) =4 —1 , ifa€Zjisnot a square
p 0 , ifplainZ,

Remark 11.3. 1. We define

for k € Z,.

2. If ¢ € Z; is a generator of the (cyclic) multiplicative group Z;, i.e.,

Ly = ¢, we have
CU
S ——"
()=



3. If K is a field s.th. 1+ 1 # 0, we may regard the Legendre symbol as a
function taking values in K, since then the elements 0,1, —1 € K are
pairwise different.

4. With that convention we may write

for all a € Z,.

5. The Legendre symbol is multiplicative in the "numerator”:

(5)-G)G)

for a,b € Z as well as a,b € Z,. In particular it is sufficient to compute
the Legendre symbol for a being a prime as well.

Theorem 11.4. Let p € P~y be an odd prime.
1. We have

(2)_{1 . ifp=+1 mod (8)

» ~1 , ifp=43 mod (8)

or, more briefly

2. Furthermore
-1 _(_1)%1_ 1 , ifp=1 mod (4)
p ) 1l -1 , ifp=3 mod (4)
3. The law of quadratic reciprocity: For a prime q € P~ different from p

)
()=

43

With other words



ifp=q=3 mod (4), and

p q

Example 11.5. We compute

5 @EE- @
-0 (YF) R

In the proof of Th.11.4 we take for granted the existence of a field K D Z,,
such that there is an element ( € K* of order 8 resp. an element n € K*
of order q. In problem 2.4 we have constructed a field K D Z, of order p?.
Hence ¢ := a® /8 where a € K* is a primitive root, is a possible choice.
For the second case see the explanations at the end of this section. For the
proof itself we need only to know that the Frobenius map

K — K,z + P,
is compatible with addition and multiplication:
(@ +y)’ =2 + o, (xy)’ = 2"y,
and that Z, C K is its fixed point set:
Z, ={x € K;aP = z}.

The inclusion ”C” follows from the little Fermat theorem, while the right
hand side is the zero set in K of the polynomial X? — X € K|[X], hence has
at most p elements.
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Proof of Th.11.4. 1.) For 8 := ( + (= we have
B=C+2+("=C+2-¢ =2,

since ¢(* = —1. As a consequence 2 is a square in Z, iff 8 € Z,, iff 8 = j37.
Now

pPr=F+P =0+,
where p = 8d 4+ r. Thus for r = +1 we find P = 3, while r = £3 yields

=5
2.): Follows from Rem.11.3.4.
3.): In order to simplify notation we write

- (3)

We need the following auxiliary lemma:

Lemma 11.6. Let K be a field containing an element n € K \ {1} with
n? = 1. Then the square of the Gaufy’ sum

—_

q—

vi=> x(i)n' e K

i

Il
=)

satisfies
7 =x(-1)g € K.

Remark 11.7. We add without (the demanding) proof: If K = C,n = €>7/9,

we have
Ve , ifg=1 mod (4)
TTV\iva 5 ifg=3 mod (4) -

Let us first finish the proof of the Th.11.4: We take a field K D Z,
containing an element n # 1 with n? = 1 and apply the Frobenius map
K — K,x +— 2P, to our Gaufy’ sum:

q—1 q—1
V=Y X = x(in”
1=0 =0



—_

q—

= x(*i)n” = x(p) 2_: x(ip)n™ = x(p)7,

%

Il
=)

using x(i)? = x(i) = x(p*i) and the fact that Z, — Z,, i — ip, is a bijection.
Since v # 0, we may conclude

(2) = =97 = (007

q
a=1,p=1 p-1 a=1p=1 (¢
=((—1)2 2 g2 =(— 2 2 <—>7
((=1)~>") (1) )
where we have used Remark 11.3.1 with respect to a = —1 and the prime ¢
as well as a = ¢ and the prime p. O

Proof of the lemma. First of all we may understand the exponents of n as
well as the argument of x as elements in Z,. Using that convention we
remark the following identities:

Zx(i):O, Zni:O.

i€Zq i€Zq

The first one follows from the fact that x(0) = 0 and there are 4 quadratic
residues as well as % quadratic non-residues in Z,, for the second one notes
that the sum not changing when multiplied by 7 has to be = 0.

Now

Yo=Y x@xGm

(i7j)e(Z(1)2

= Y (X o)

0€Ty N itj=t

Let us now compute the inner sums. The case ¢ = 0 yields

D x(OxG) =Y x(Ox(=i) = Y x(=*) = x(=1)(g = 1),

i+j=0 i€Zq 1€2Zq
Since X(—ZQ) = X(Z2)X(—1) = X(—1> fOI' Z 7£ 0, Whlle X(_02) = O
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Finally we treat the case £ # 0 and get
> x@xG) = Y x@)xC—i)
irj=¢ i€

DGR

i€l

= ) xitt—1)

=

- Y x()=—x(-D),

i€Zq\{—1}

since x(0) = 0,x(¢7') = x(4) and {€i~' — 1;i € Z}} = Z, \ {—1}. Hence

PV =x(=D(g—1) —x(=1) ) _n

tez;

]

Construction of extension fields K D Z, admitting a primitive ¢-th
root of unity n € K: If ¢/(p — 1) we may take K = Z, and n = cP~1/4,
where ¢ € Z, is a primitive root. Otherwise there is no g-th root of unity in
Z,, except 1, the situation we have to deal with.

We consider a finite dimensional Z,-vector space V' and realize

K C End(V)

as a subring of the endomorphism ring of V. Namely we take some linear
operator (or endomorphism) A : V' — V and consider the set

K :=17,[A] = {f(A) € End(V); f € Zp[X]}
of all polynomials

FA) = A A" 4+ MA+ NE, f =D a,X" € Z,[X]

pn=0
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in A. Here F denotes the identity operator
E = ldV

Since A"A® = A" = A" = A®A", the ring Z,[A] is even commutative.
Furthermore we want that it is a field and that A plays the role of n, i.e.
that

AT=FE A#E.

Since our first choice does not match our expectations we write W instead
of V and B instead of A. We choose

W= (Z)
with the cyclic shift operator B : W — W satistying
B(e;)) =ei41,i=1,...,q — 1, B(e,) = e.

Here ey, ...,e, € (Z,)? denotes the standard basis. Unfortunately Z,[B] is
not yet a field: We have to replace W with a minimal B-invariant subspace
V Cc W, s.th.

A:= Bly #idy

and may apply the below proposition 11.8. In particular, we obtain a surjec-
tive, but in general not injective ring homomorphism

Zy|B] — Z,[A],C — C|y.

It remains to show that the condition Bl # idy can be realized: First of all
we note that
Zpy(1,...,1)

is the eigenspace of B for the eigenvalue 1. It admits the complementary
B-invariant subspace

WO = {(J}l, ...,I’n);l'l + ...tz = 0}7

where we need ¢ # p in order to exclude the possibility (1,...,1) € Wy. Now
we choose V' C W, as a minimal nontrivial B-invariant subspace. Since Bu #
u for all uw € Wy \ {0}, we are done. We remark that we have dim V' > 1, since
otherwise it would consist of eigenvectors of B belonging to an eigenvalue
A\ € Z, \ {1} satisfying A7 # 1.
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Proposition 11.8. Let F' be a field and V a finite dimensional F-vector
space. If the linear operator A : V. — V does not admit nontrivial proper
nvariant subspaces, the ring

K := F[A] C End(V)
s a field.

Example 11.9. If V = R? and A : R? — R? is the counterclockwise
rotation with an angle of 90 degrees, then we obtain R[A] = C.

Proof of Prop. 11.8. We have to show that any operator f(A) # 0 is in-
vertible and f(A)™" € F[A]. Indeed, its kernel ker(f(A)) & V is a proper
A-invariant subspace, since

F(A)u =0 = f(A)Au = Af(A)u = A(0) =0,
hence trivial. So f(A) is invertible. In particular
FIA] — FIALC — f(A)C,

is an injective endomorphism of the finite dimensional vector space F[A],
hence an isomorphism and E € f(A)F[A]. O

12 Arithmetic functions
Definition 12.1. An arithmetic function is a complex-valued function
f:Nyg — C.
It is called multiplicative iff f(1) =1 and
f(ab) = f(a)f(b),
whenever a,b € Ny are relatively prime.

Remark 12.2. A multiplicative arithmetic function f is uniquely deter-
mined by its values f(p") at prime power arguments, and those values can
be prescribed arbitrarily.

Example 12.3. We list here some multiplicative arithmetic functions:
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1. the power functions pg(n) = n”,

2. the Dirac function

3. Eulers p-function,

4. the sum

or(n) == de

din

of the k-th powers of all positive divisors of n € N, in particular
(a) T(n) := o¢(n) is the number of positive divisors of n and
(b) o(n) := o1(n) their sum,

5. the Mobius function

Y

[ (=1)#®)if n s square free
pln) = { 0 , otherwise

where w(n) denotes the number of different prime divisors of n (i.e.
without multiplicities!).

The following remark is optional, it is intended for readers familiar with
complex analysis:

Remark 12.4. Given an arithmetic function f : Ny — C. one considers

the Dirichlet series
— f(n)
() =D T
n=1

with the entire functions
Since
In~

is a decreasing function of R(z), we easily deduce: If
3 )l _
n=1 ne
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holds for some a € R, then ®;(z) converges uniformly in the right half
plane R>, := {z € C;R(2) > a}, hence defines there a continuous function,
holomorphic in R.,. But we can do even better: If for some zy € R>
the series ®(zp) converges (not necessarily absolutely), then ®; converges
uniformly in any angular segment

20 +R206Xp (Z [g —5,—g +€]) , €>0,

with vertex 2. In particular it defines a holomorphic function in Rsg(.)-

So there is a unique minimal number a € RU{=£o0}, such that ®; defines
a holomorphic function in R-,, called the abscissa of convergence of ®;. Let
us note that this does not imply absolute convergence in R~,. Instead one
can assure absolute convergence a priori only in R~,1, e.g. for f(n) = (—1)"
one has a = 0 (take zp = ¢ € Ry and note that n=7 is a strictly decreasing
sequence tending to 0), while absolute convergence requires R~;. The most
famous example is the series

@1:R>1—)C

belonging to f = 1. It provides a partial definition of Riemann’s (-function,
see the next (optional) section. It has abscissa of convergence a = 1 and it
converges even absolutely in R~;. The latter is also true for ®,, indeed its
abscissa a of convergence satisfies

N | =
VAN
Q
VAN
[a—y

but its exact value is not known.
For a multiplicative arithmetic function f we may factorize ®;(z) as an
infinite product

Op(2) = [[ F(2)

peP
with
= f(p")
Fy(2) ::Z e
v=0 p

valid in the right half plane, where ®; converges absolutely. E.g. for f = u
we have



and for f = 1 we obtain

1 1
FP(’Z) = sz/z = 1 _p*Z.

v=0

We obtain thus factorizations

peEP
and
13.1 oi(2) =] ! 2€R
. 1 - 1 — piz ) >1-
peP
Obviously we have
P+ Py = Oy

The convolution f * g of two arithmetic functions f, g is defined in order to
make the equality
Py Dy = Py

hold in the open half plane, where both ®; and ®, converge absolutely.

Definition 12.5. The convolution f % g of two arithmetic functions f,g is
defined by

(fg)(m) =" fldyg (%) = D Fk)g(0).
dln kl=n
Remark 12.6. 1. fxg=gxf
2. fx(gxh)=(f*xg)xh
3.oxf=f
4. If f,g: Nog — C are multiplicative, so is f * g.

Proof. For ged(a,b) =1 we find

(f *g9)(ab) = Y _ f(d)g (%) = 2 Skt <% | 2>

dlab kla,l|b
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= > s (7)(7)

k|a,e|b
=S5 (7) - S 00 (7) = 0@ (7 2010
kla b

O

5. The following identities for multiplicative arithmetic functions hold,
since they hold for prime power arguments.

(a) 1xpu=24.
(b) pr*x1 = 0oy.
(¢) ¢ *x1=p;. (Remember that p;(n) =n.)
Definition 12.7. R 3
f=f*x1f:=fx*xpu.
Proposition 12.8. 1. If f is multiplicative, so are f and f.

2. The transformations f — f and f — f are inverse one to the other.

Proof.
(fxD)sxp=fx1sxp)=fxdo=f

and

(fxp)x1l=fx(uxl)=fxo=f

Example 12.9. 1. px = o%.
2. ()5 =pP1 = idN>0.
3. 1=29.

Remark 12.10. Obviously the set of all arithmetic functions together with
argumentwise addition and the convolution as multiplication becomes a com-
mutative ring. We have interpreted it using formal Dirichlet series, but we
can instead also look at formal power series in countably many indetermi-
nates X, indexed for convenience by prime numbers p € P. The elements
in the ring

Cl[Xp,p € P]]
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are formal sums with complex coefficients of finite monomials

X =),

peEP

where the exponent is a function a : P — N with finite support a™(Nsg).
An arithmetic function f : Nyy — C corresponds to the series

> fpM)Xe,

where

p* = [[*? € Nop.

peP

13 Riemann’s zeta function (optional)

Riemann’s (-function

¢(:C\{1} —C

is a holomorphic extension of the Dirichlet series ®; : R~y — C, i.e.

<|R>1 = ;.

Before we discuss how to find an expression for ¢ outside the right half plane
R4, we note that ¢ is unique if it exists and that {(z) # 0 for all z € R+;.
This is obvious for z € R.; and follows in general from the factorization
(13.1) and the fact that the locally uniform limit f : G — C of a sequence
of nowhere vanishing holomorphic functions f, : G — C on a domain G is
either f = 0 or has itself no zeros.

The expressions for ( involve parameter dependent integrals, either an
improper "real” integral or a path integral in the complex plane:
1.) For every n € N there is an expression of the first type on the right half
plane R~ _,,. We discuss only the case n = 0. Indeed, on R~; we may write

14.1 @1(2):L—z/mt_[t]dt

z—1 tz—f—l

with the Gauf§ bracket [t] = maxZ<; and

= ezlnt'
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Now the integral defines a holomorphic function even in R~y and thus the
RHS of 14.1 a meromorphic extension of ®; to R~g. The proof is an easy

exercise: Write N
Nt Nt
L tz—i—l - ; n tz+1 :

2.) The second approach requires complex integration. We start with the

entire function . -y
1(2) ;:—,/ Enfdn e
2mi Joe"—1n

where for fixed z € C the integrand is regarded as a holomorphic function in
non C\ (Rso U 27iZ) in the following way: Take

(_77>z - elog(fn)z

with the principal branch log : C \ R<y — C of the logarithm, such that
there are upper and lower limits along R>,. The path of integration is

C = (00,e] UID.(0) U [e,00)

with € < 2. Along the first part (0o, €] we take the upper limit

(=n)* := iD=z

while along the third part [e, 00) we take the lower limit

(=p)* 1= ez,
Since the integrand is holomorphic in Dy, (0) \ [0, 27), we see that I(z) does
not depend on the choice of ¢.

Note that I is an entire function and that for z € R- the circle integral
tends to 0 for ¢ — 0, hence

I(z) = L Nim exp(z(In(n) + mi)) — exp(z(In(n) — m>>d77
2wy e—0 J, (e” — 1)”
_sin(wz) oyl
B ™ ll—rf(l)/e en — 1d77
— Sin(ﬂ-z) li > i z—1_—nn d
B ™ al—I>rll) e — U € n
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Sln
_ —nn
> [ ey
. .
_ s ) Z . / Lo tdt
s e—0 — n?  Jom

14.2 = T D) - @y (2)

with .
[(z) := / t*le7tdt, z € Ry,
0

an expression defining a holomorphic function I' : R~y — C. One easily
checks I'(1) = 1, and partial integration leads to the functional equation

[(z+1) =zI(2).
It gives a successive meromorphic extension

I'(z+n)
2(z4+1)- .- (z+(n—1))

I'(z) =

to any right half plane R~_,. So eventually I' is a meromorphic function
on the entire plane with simple poles in —N. Now it would be good to
have a formula for I' valid simultaneously for all z € C. Unfortunately the
products in the denominator do not form a convergent sequence. Instead we
normalize the constant terms and add to each factor an exponential in order
to guarantee convergence of the infinite product

A(z) =z ﬁ (1 + %) e 2/,

n=1

The remaining numerator is an exponential as well: We finally get

with the Euler-Mascheroni constant

1
= nlbl_r)réo <ZE In m—l—l)) =0,57721....
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needed in order to compensate the exponential factors in the infinite product.

The auxiliary function A(z) has the points in —N as simple zeros, while
A(1 — 2) has its zeros in N5g; so A(2)A(1 — z) has the integers as its set of
(simple) zeros. The same is true for the function

sin(rz) = 7z ﬁ (1 = Z—Z) :

n=1
and indeed
A(2)A(1 - 2) = 7 'e Vsin(nz),
or equivalently

™

14.3 L)1 -2z =

sin(mz)

Solving 14.3 for ['(z) and substituting the RHS into the expression 14.2 for
I(z),z € R+, leads us to the following definition of Riemann’s (-function

144 C(z) =T —2)I(2).

Note that at integer arguments z = ¢ € Z the integrals in the expression
for I(z) over the straight parts of C' cancel and thus

¢ nt!
14.5 I1({)=(-1)"-R )
(0= (1) Reso 1)
In particular I(¢) = 0 for £ > 2 (as it should be, since ¢ is holomorphic in
R and I'(1 — 2) has poles at the points in N5;) and for £ = —2k, k € N,
as well. The latter fact follows, since

—2k—1

N _ o —2k—2 (_Q >
il 5 +9(n)

with an even function g(n). Furthermore ((0) = —3 because of I'(1) = 1.
Finally we try to evaluate (z) for #(z) < 0. In that case we have

im L (=n)* dn

: — =0,
nreo 27TZ 8D(2n+1)7\'(0) em — 1 n

and we may regard the integral over C' as the limit of the integrals over the
loops

Cp = [(2n+ 1)1, €] UID.(0) U [g, (2n + 1)7] U D241y, (0)
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to be understood as the negatively oriented boundary G~ of the domain
G :={ne <|n| < 2n+1)7}\ (e, (2n+1)m). With other words, for £(z) < 0

we have . -y
I(z) = lim — (=n)” dn

n—oo 210 Jo €M —11n’

and, according to the residue theorem

L[ (m)Edn Z Resy., < (—n)* )
. n_1 TV n_ 1
21 Jg, € n O<lvlant n(e )
(=2miv)® . ., . (72— 1
T Z omiv 2 sin (7) Z pl-z’
0<|v|<n+3 v=l1

So we obtain
z_z—1 _: Tz
I(z) = 2°71" " sin <7> ®y(1—2),z € L.

If we multiply with I'(1 — 2), we get the following functional equation for the
(-function:

C(2) = 20 (1 — 2)(27)* ' sin (%) C(1—2).

It follows that there are no further zeros of ¢ in L_g U R~ than the points
in —2N., also called the trivial zeros of (.

On the other hand we obtain new interesting information about special
values of ®,. Taking z = 1 — 2k, k € N, and using the above residue formula
14.3, we obtain explicit formulae for the infinite series

[e.e]

Oy (2k) = Z%

n=1

In the previous section we have established a factorization

() =11 (1 _1p_z> ,2 € Ray.

peP

One could now try to look for a global factorization of {, hoping that it might
contain some information about prime numbers as well. For this one has to
know all zeros of (, i.e. also those ones in the gap

[0,1] +iR =C\ (L<o U R>1)
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between the two half planes L.y and R~, usually called the critical strip
Though one has up to now not really succeeded with that, there are
estimates for the number of zeros in the rectangles [0, 1] + ¢[—7,T], which
allow to assure the convergence of a product with factors corresponding to
pairs of nontrivial zeros of ¢ and to prove that it is the missing part needed
for a factorization.
In order to describe how this works we denote

Z C[0,1] +iR

the set of zeros of ( in the critical strip [0, 1] +iR. We use the auxiliary entire
function p

§2) =T (5+1) (= Dr*/%(2)

with zero set Z and functional equation

§z) = €(1 - 2).

Since furthermore £(Z) = £(z), it follows that its zero set Z is symmetric

w.r.t. both the real line and the line (z) = 1.
Now taking Z, = Z N ([0, 1] + iR~g) - there are no zeros of ¢ on [0,1) -

and pairing the linear factors belonging to o € Z, and 1 — p together, we

find
w0 m) 2 I0-2) (5]

0€Zy 0€Zy

with an absolutely convergent infinite product. Here points in Z, have to
be counted with multiplicities - just to be on the safe side: It is conjectured
that all zeros are simple ones.

Finally the formula

7r B z 1 22—z
()= e s () L (12 222)

gives a factorization of (.
Here are some comments on the set Z = Z, U (1 — Z;):

1. There are infinitely many zeros p,, = % + 47, on the line R(z2) = % The
first 20 approximative values are given in the following table:
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Tn
14,1347251417346937...
21,022039638771554993...
25,010857580145688763...
30,424876125859513210...
32,935061587739189690...
37,586178158825671257...
40,918719012147495187 ...
43,327073280914999519...
48,005150881167159727...
49,773832477672302181
52,970321477714460644. ..
56,446247697063394804. ..
99,347044002602353079...
60,831778524609809844. ..
15 | 65,112544048081606660...
16 | 67,079810529494173714...
17 | 69,546401711173979252...
18 | 72,067157674481907582...
19 | 75,704690699083933168...
20 | 77,144840068874805372...

2| B ©| oo | o] o | wo| bo| =[S

—
N}

—
w

—_
H~

2. There are no zeros on the boundary lines ®(z) = 0, 1. This statement
is equivalent to the prime number theorem Th.2.3.

3. For a number a € [%, 1) the following statements are equivalent:

(a) Z C [l —a,al,

(b) The Dirichlet series ®,(z) belonging to the Md&bius p-function
converges in R,

(c) For all £ > 0 we have 7(z) — li(z) = O(z'/?*9)
The implication 7 (b) = (a)” is easy: We have
(), (2) = By (2) B, (2) = Drop(2) = Ds(2) = 1
for z € R~1, hence by analytic continuation
((2)0,(2) =1
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for z € R-, \ {1}, in particular {(z) # 0. But, unfortunately, it is not clear
at all whether there is some a € [%, 1) satisfying the above three equivalent
conditions.

The famous Riemann hypothesis now states that a = % is possible or
equivalently

1
ZC§+Z'R.

Finally, for those interested in more details we state the formula for the
(at the jumps modified) prime number function

Fa) = 5 - ([P<el + [Peal)

N| —

which Riemann derives from the factorization of (. Actually we give a formula
for the step function
1=

n=1

S|

which has a jump of height 1/n at every prime power p”, and can then apply
the inversion formula

Here it is:

1o = [ 5 - 3 Billelne) + Ei(1 - ) n)

o dt
—ln(2)+/x m, x> 1.

The sum is not absolutely convergent: It has to be evaluated with increasing
(o). Furthermore

Ei:C \ Rzo — C
is the exponential integral function, characterized by

z

Ei'(z) = <, lim Ei(z)=0.

z T—r—00
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Remark 13.1. The following "universality result” by Voronin shows that it
definitely is not easy to control the behaviour of the (-function in the critical
strip. Namely, given

1. a compact set K C (3,1) + iR with connected complement C \ K,
2. a continuous function g : K — C holomorphic in the interior of K,
3. and some € > 0,
there is some t € R, such that
l9(2) =C(z+it)| <e

holds for all z € K.

14 Linear Diophantine Equations
Theorem 14.1. The diophantine equation
Ty + ... + apxr, =b
is solvable in Z™ iff ged(ay, ..., an)|b.
Proof. Indeed, solvability means nothing but
b€ Zay+ ... + Za, = Zgcd(ay, ..., a,).
O

Remark 14.2. Here is a recipe how to find all solutions: Consider the
(n+ 1) x n-matrix
L Ay, ...,0n n+1,n
A ( ; ) ez

transform it with column operations over Z (addition of a multiple of a col-
umn to some other column, multiplication of a column with +1 and exchange
of two columns) to a matrix

_ d7 07 i 0 n+1,n
C = < & ) e ,
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where d := ged(ay, ..., a,,). Then the solutions of our equation are of the form

el b/d
ZN c S9
T Sn,
where so, ..., s, € Z.
Proof. We note first that
C7" = AzZ",

since column operations correspond to multiplication from the right hand
side with elementary matrices and on Z" such matrices act as isomorphisms.
Let

a1
S = : eZ" a1x1+ ... +a,x, =0

Tn

Then we have
{b} xS =AZ"Nn({b} xZ") = CZ"N({b} x Z") = {b} x Cy - ({b/d} x Z”_l).
H

If n = 2, we may use the euclidean algorithm in order to find integers
$1, 89 € Z with sjaq + sqae = d, write a; = dc; and obtain with

(o) =a() () ez
To d \ $2 —C1

all solutions.

15 Sums of two squares and pythagorean triples

In this section we discuss our first non-linear diophantine equation: We con-
sider the equation

?+y =neN
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and ask for which n € N there is a solution (z,y) € Z?. Our strategy is the
following: We rewrite our equation in the form

(z +iy)(x —iy) = n,

write the RHS n € Z C Z[i] as a product of prime factors in the ring of
gaussian integers
Zi)| =Z+7ZicCC

and then check how the factors can be arranged in order to form a pair z,Z
of conjugate complex numbers. So let us first investigate ”gaussian prime
factorization”.

First of all, the group of units consists of the shortest gaussian integers
# 0, indeed

Z[i|* ={z € Z[i];|z| = 1} = {£1, £i}.

Definition 15.1. A non-zero gaussian integer z € Z[i] is called (a) "g-
prime”, if it satisfies

1. |z| > 1, i.e. z is not a unit,

2. and z = uwv = |u| = 1V |v| = 1, i.e. one of the factors is a unit.
Remark 15.2. 1. If |2]? = p is prime, z is a g-prime.

2. A prime p € N need not be a g-prime, e.g.

2= (1+14)(1—1d),5=(2+i)(2—1).

3. 1+1,1—14,2+1,2—1 are gaussian primes.

4. A prime p = 4k+3 is even a gaussian prime. Assume p = zw, |z|, |w| >
1. That implies p = |2|? = |w|?. Let 2 = z+1iy and consider the residue
classes

a:=1T,b:=y €L,
They satisfy a® + b* = 0 resp. ¢ = —1 holds for ¢ := ab™", i.e. ¢ € Z
has order 4 and thus 4 divides p — 1 or, equivalently, p =1 mod (4).

Definition 15.3. Two gaussian integers z,w # 0 are called associated iff
they differ only by a unit, or equivalently if |z| = |w| > 0 and angle(z, w)
equals 0, /2 or 7.
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Example 15.4. (1 —i) = (—i)(1 + i), while 2 44,2 — ¢ are not associated.

Question: Does the FTA (Fundamental Theorem of Arithmetics) hold for
gaussian integers?

Answer: Obviously any gaussian integer is a finite product of gaussian
primes, since in any nontrivial factorization the lengths decrease. For unique-
ness up to order and association we need that for a gaussian prime z the
implication

zluv = z|u V z|v

holds.
Idea: Create a ged in R = Z[i], more technically, given u,v € R, find d € R
with

Ru+ Rv = Rd.

Then we define the greatest common divisor of u and v as
ged(u, v) = d.

Here d, if it exists, is determined up to association. Sets of the form Ru-+ Rv
are ideals:

Definition 15.5. A non-empty subset a C R of a ring R is called an ideal if
l.a+aCaie baca=—b+aca.
2. R-aCa,ie.be Riaea— ba € a.

Example 15.6. Let u,v € R.

a = Ru, a principal ideal, in particular a = {0}, the trivial or zero ideal, and
a = R, the unit ideal.

a = Ru+ Rv.
Proposition 15.7. Any ideal a C Z[i] is a principal ideal:
a=7Z[ild

with a gaussian integer d unique up to multiplication with a unait.
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Proof. 1If a = {0}, take d = 0. Otherwise take d € a\ {0} of minimal length.
Now
dea=Z[ild C a.

On the other hand given some element v € a, approximate the complex
number ud~! € C by a gaussian integer b € Z[i], such that

lud™' — b < 1.

That is possible, since any complex number lies in a unit square spanned by
lattice points. Then the distance of any point in that square to the (or rather
a) nearest lattice point is < 1/v/2 < 1. In particular

lu —bd| < |d].
Since u — bd € a, that means u — bd = 0 resp. u = bd. O]
Theorem 15.8. For a gaussian prime z we have
zluw = z|u V z|v.
Proof. 1If z fu, we remember Prop.15.7 and write
a:= Zlilz + Zlilu = Z][i]d.

*

Since z is prime and d|z, we have either z = ed with a unit e € Z[i]* or d
itself is a unit, then w.l.o.g. d = 1. The first case implies z|u, contrary to
our assumption. So the second case applies and we may write

1=az+bu
resp.
v = vaz + b(uv),
where both summands are divisible with z. Hence so is their sum v. O

Theorem 15.9. Let p =1 mod (4) with a prime p.

1. There is a unique g-prime z, = a + ib € Z[i] with |z,|* = p,0 < b < a.
Up to association z, and Z, are the only g-primes z with |z|* = p.

2. The equation x>+y* = p, (z,y) € N2, has exactly two solutions (a,b), (b, a).
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Proof. First we look for a solution (z,y) € N?. We know that there is a
residue class j € Z, with j2 = —1 and consider the map

VL — Zp,x + yi — T + 7.

It is a ring homomorphism, i.e. respects both addition and multiplication.
We consider its kernel

ker(vp) := {u € Z[i]; ¢ (uv) = 0} 2 Z[i]p,
the inclusion being proper, since otherwise the p? elements
Zp 3> Y(r+yi),0 <z,y<p

would be pairwise different: Two elements with the same i-image differ by
an element in the kernel. Now ker(¢) C Z[i] is an ideal, hence according to
Prop. 15.7

ker(v) = Zli]z.

In particular
P = zw.

and p* = |z|* - Jw]?. Since Zli]p & Z[i]z G Z[i], we have z, w ¢ Z[i]*, hence
|2|* = p = w]”.

In particular 22 + y? = p for 2 = 2 + yi and w = Z, furthermore x # y, since
p is odd. Uniqueness follows with Th.15.8. O

Theorem 15.10. The gaussian primes are, up to multiplication with +1, +1,
as follows:

1. 1414,

2. for each prime number p = 4k + 1 there are two gaussian primes z =
a+bi with0<b<a,a®+b%=p, and Z,

3. ordinary prime numbers p = 4k + 3.

The given gaussian primes are pairwise non-associated, i.e. two different do
not only differ by a factor +1,+1; the first ones are

144,3,244,2—4,7,11,34+2i,3—2i,4+i,4—14,19,23,5+4i,5—4i, 31, .o......
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Denoting the above sequence (z,),en any gaussian integer can uniquely be

factorized

z=e. .. 2k

with e € {£1,+i} and exponents ki, ...,k, > 0,k. > 0.

Proof. The given gaussian integers z, are prime, since either |z,| = p is
prime or |z,| = p? and there is no gaussian integer z with |z|?> = p. That
any gaussian integer z € Z actually is a product of the given ones, follows by
first factorizing 2z € N and then identifying z with a partial product, using
Th.15.8. O

Remark 15.11. Here are some hints how to find the prime factorization of
gaussian integers: Let z = z + iy € Z[i]. We start writing

Z = ng(l’, y)207
factorize ged(x,y) € N in the usual way and then the prime divisors p = 1
mod (4) as p = 77 och 2 = —i(1 +14)%. —
From now on we assume ged(z,y) = 1, in particular no prime number
p =3 mod (4) divides z. Then we know

T
z=lP=2]]wr
v=1

with prime numbers p, = 1 mod (4). The factorization of z in gaussian
primes now takes the form

c=e(l+0) [T,
v=1

where e € {+1, i} and, depending on v, we have p, = 7, or p, = T, - since
ged(z,y) = 1, the g-primes 7, and 7, can not both divide z.

Example 15.12. We factorize z = 201 + 43:;. We have ged(201,43) = 1 and
2z = |a|* = 42250 = 2 - 5% . 137,

Hence
a=e-(1+i)(p1)*(p2)?,
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where p; € {2 £} and po € {3 £ 2i}. We start the factorization with
a=(1+1)(122 — 79:).

We check that 122 — 797 is divisible with 3 4 2¢ and factorize
a=—(1+14)(2+ 113)(3 + 24)>.

We check that 2 + 113 is divisible with (2 + 4); and obtain the factorization
a=—(1+14)(2+1)33+ 2>

Finally:
Theorem 15.13. Let n € Ny be a natural number.

1. The equation
2> =n

can be solved with a gaussian integer z € Z[i] iff all prime divisors
p =3 mod (4) of n have even multiplicity.

2. Ifn = a®>m, where all prime divisors of a are of the form p = 4k+3 and
all prime divisors of m are of the form p =2 or p =4k + 1, then any
solution of the equation |z|?> = n is of the form z = aw with |w|* = m.

3. 1If all prime divisors of n are of the form p = 2 or p = 4k + 1, any
solution of the equation

2P =n=pi .. pr
can be written as a product
Z2=21 .. 2
of solutions z; € Z[i| of the equation |z|*> = p;,i = 1,...,7. Here the

primes pi, ..., pr are not assumed to be pairwise different.

Proof of Th.15.13. Take z € Z[i] with |z|*> = n and compare the prime fac-
torizations of z and n. O

Eventually we want to determine pythagorean triples:
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Definition 15.14. A triple (a,b,c) € (Nsg)? is called a pythagorean triple
if a® + 0% = . Tt is called primitive if ged(a,b,c) = 1.

So pythagorean triples correspond to right angled triangles with integer
side lengths.

Remark 15.15. 1. Obviously any pythagorean triple can be written
(Cl, ba C) = )\(Clo, b07 CO)
with a primitive pythagorean triple (ag, by, ¢o).

2. For a primitive pythagorean triple the first two components a and b
have different parity, and in particular c is odd. Clearly, they can not
be both even, while odd a and b are impossible as well: This is easily
seen by passing from Z to Z,: The only squares in Z, are the residue
classes 0, 1. Hence

=4 =T14+1=2,

a contradiction!

Here is a recipe how to create all primitive pythagorean triples:
Theorem 15.16. Let p,q € Nyg be natural numbers such that

1. ged(p,q) =1,

2. p>gq,

3. p and q have different parity.
Then the triple (a,b, c) € N® with

a=p’—q¢b=2pqc=p"+¢,

or, equivalently
a+bi=(p+ig)? c=|p+igl,

15 a primitive pythagorean triple with even b, and every such triple can be
written in that way with uniquely determined numbers p, q.
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Proof. Obviously, given p,q as above, the triple (a,b,c) is primitive and
pythagorean.

Uniqueness: The equation a+bi = w? has w = £(p+iq) as its only solutions.
Existence: We show that z = a + bi admits a square root in Z[], i.e.

a+bi = (p+iq)?,

where we may assume p > 0. The remaining properties for p, ¢ now follow
easily from a,b > 0 and ged(a, b) = 1.
Since ged(a, b) = 1, we see that ged(z,Z) = 1 holds in Z[i]. Indeed

1. If (1 +14)|z, then 2|27 = %, a contradiction.

2. If u is a gaussian prime, s.th. u is not associated to u and it divides
both z and Z, then @|z and thus uu|z, i.e. uu € N divides both a and
b, a contradiction.

So
27 = ¢
implies that all prime divisors of z have even multiplicity. As a consequence,

z or iz is a square in Z[i] - but the latter is not possible, since S(w?) is even
for w € Z[i], while J(iz) = a is odd. O

16 Fermat’s Equation for n > 2

Theorem 15.16 describes all the solutions of the pythagorean equation

2 + y2 =22
Now given an arbitrary exponent n € N, we wonder what can be said about
the solutions (x,vy, z) € (Nxg)® of Fermat’s equation

xn _|_ yn — Z'ﬂ'
Unfortunately for n > 2 we do not find any solutions by inspection. The
following theorem, conjectured by Fermat in 1637, has finally been proved in
1993:

Theorem 16.1 (Wiles). For n € Nwo there are no triples (z,vy,z) € (Nsg)?
satisfying

n

"yt =2"
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Of course it suffices to consider the exponent n = 4 or n = p, an odd
prime number. The case n = 3 has already been settled by Euler, and for
"regular prime numbers” the above theorem has been shown by Kummer in
1846 (Here are some of them: p =3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 41, 43,
47,53, 61, 71, 73, 79, 83, 89, 97, 107, 109, 113, 127, 137, 139, 151, 163, 167,
173, 179, 181, 191, 193, 197, 199, ... — it is not known, whether there are
infinitely many regular prime numbers or not.)

Following Fermat, we treat the case n = 4. It follows from

Theorem 16.2 (Fermat). There are no triples (x,y,2) € (Nsq)? satisfying
zt + y4 = 22
Proof. The reasoning is as follows:

1. Assuming that there is a solution, we can even find a solution (z,y, z) €
(N-¢)? with minimal third component z.

2. Starting with a solution (z,y,z) € (Nxg)® we construct (or ”descend
to”) an other solution (Z,7, 2) € (Nsg)? with z < z.

The two points are contradictory, hence the assumption in the first point
is wrong.

Now let us explain the descent procedure: We apply twice the parametriza-
tion of primitive pythagorean triples.

1. If d = ged(z,y, z) > 1 we have d?|z and may take & = z/d, gy = y/d,zZ =
z/d>.

2. If ged(z,y, z) = 1, we obtain with (z%,y?, z) a primitive pythagorean
triple. Assuming that z is even, we may write it

2 =2pq,y’ =p* — .2 =p"+ ¢

3. Then (q,y,p) is an other primitive pythagorean triple, in particular p
is an odd number and ¢ even, y being odd. Thus we may write

q:2€k,y:€2—k2,p:€2—|—k2.

4. Since 2pq = x* and p is odd and ged(p, q) = 1, we find that p = £2,¢ =
2n% with suitable £, € Ny.
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5. We obtain a further primitive pythagorean triple (¢, k,&).

6. The equality 2n* = q = 20k together with ged(¢, k) = 1, yields that
0= I% k=K with L, K € Ny,

7. Finally 2 := L,y := K, Z := £ is the solution we are looking for. Indeed

=p+ =+ > >E=2

17 The Four Squares Theorem

Theorem 17.1. A natural number n € N is the sum of three squares
2+ y2 +22=n
if and only if it is not of the form n = 4%(8m + 7).
We show that the given condition is necessary:

1. The case k = 0 follows from the fact, that the only squares in Zg are
0,1, and that 7 obviously is not the sum of three residue classes which
either equal 0 or 1.

2. If n = 4/ is a sum of three squares, so is ¢ itself. It suffices to show
that © = 2a,y = 2b,z = 2c are even, so a® + b? + ¢> = (. But that is
obvious: In Z, a sum of three squares, not all = 0, never equals 0.

3. Son = 4¥(8m+T7) is never a sum of three square, since otherwise 8m-+7
would be as well.

If we even allow four squares there is no restriction anymore:
Theorem 17.2. Any natural number is the sum of 4 squares of integers.

Proof. As a consequence of the below four squares lemma we see that it
suffices to write every prime number as a sum of four squares. Since

2=124+12+0%+07%

we may concentrate on primes p > 2.
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Lemma 17.3 (Four squares lemma). Let (21, ...,24), (Y1, ..., y1) € R Then
we have
(@ + 2D+ ) = (@4 + QD)

with
Ql = Zi:l TvlYv,
Q2 = —T1Y2 + ToY1 — T3Ys + T4y3,
Q3 = —T1Y3 + T3Y1 — T4Y2 + TaYs,
Q4 = —T1Ys + Tuy1 — T2Y3 + T3Y2.

Proof. Check yourself or use the interpretation of four vectors as quaternions,
see the below remark. Then we have

(21 + @l + 23] + 24k) (Y1 — Yol — y3j — yak) = Q1 + Q21 + Qsj + Q4k

and use that the square of the euclidean norm
4
|21 + 220 + 23j + 24k]]* = in
v=1

is multiplicative. O

Remark 17.4. For those not familiar with quaternions we give here a short
introduction. We realize them as complex matrices: The set

]HI:—{( o Z_U);z,weC}C(CQ’2
—wW Z

forms a real vector subspace of the complex vector space C%?, it is multi-
plicatively closed and all nonzero matrices in H are invertible:

H\ {0} C GL,(C).

Furthermore the euclidean norm

satisfies




thus is obviously multiplicative:
IAB|| = [|A]l - || BI|

This is what we have used in the proof of Lemma 17.3. Let us explain that:
A basis of the real vector space H is given by the matrices

E I, J K,

with the unit matrix £ € C>2 and

() o) ()

The products of the matrices K, I, J are as follows
P=J];=K=-EI1J=K=-JI,JK=1=—-KJ,KI=J=-IK.
In classical notation one writes
1+ xol + x3) + x4k = 01 F + 2o + x3J + 124K,

and calls the expression on the LHS a quaternion, since it is determined by
four real parameters. The products are computed using the distributive law
and the analogues of the above relations:

2=i?=k’=-1,i-j=k=—-j-i,j-k=i=-k-jk-i=j=—i-k

This is the way how the ”creator” of the quaternions, the irish mathematician
William Rowan Hamilton, presented them. He was looking for some way how
to define a product with nice properties on R?, say, making it a field, but did
not succeed. Finally it worked for R* - one gets almost a field, abandoning
only the commutative law for the multiplication. Indeed, this is only possible
on R? - then one obtains C - and R*.

Though we do not really need it, we give some comments on the multi-
plicative structure of H. There is a conjugation of quaternions:

A A=A

satisfying
AA* =det(A)E.
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Since conjugation is involutive, H is the direct sum
H=H, ®H_,
of the eigenspaces to the eigenvalues +1. Indeed
H; =RE
and

H_; =RI+RJ+RK.

For A € H_; of length ||A|| = 1 we have A*> = —E, hence there are infinitely
many different possibilities to realize C in H, namely as RE & RA. Finally
there is also a relation to three dimensional geometry on H_; = R3: If we
denote

PIH:Hl@H_l—)H_l

the projection onto H_;, the map
H, xH_; — H—h (A, B) — P(AB)

describes the vector product.

Theorem 17.2 now follows from two lemmata, the first one being the start
point for a descent procedure leading after finitely many steps to the desired
decomposition of the prime p as a sum of 4 squares.

Lemma 17.5. Let p > 2 be a prime. Then there is a natural number h,1 <
h < p, such that hp is a sum of 4 squares.

Lemma 17.6. Let p > 2 be a prime. Given h € N, 1 < h < p, such that hp
is a sum of four squares, there is sone ¢ € N1 < q < h, such that qp is a
sum of four squares as well.

Proof of Lemma 17.5. We consider the set
. =2 . . p - 1
X =41 EZP,OSZST C Zy.
It contains ’%1 + 1 elements, since if 72 =7’ with 0 <i<j< 7%1, we obtain

pl(7* =) = (G +9)(j — )
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with
a contradiction. Now | X|+|—1— X| =2|X|=p+1 > |Z,| implies that X

and —1 — X have at least one common element, so there are 1 <i,5 < 7%1
with

@2:—1—52
resp.
p|1 + 4%+ 52
But
0<1+i2+j2§1+2-¥<1+%2<p2,
whence

0*+ 12+ 4+ =hp,1 <h<np.

Proof of Lemma 17.6. Let
4

hp = Z n?.
i=1

We distinguish two cases:

1. If the number A is even, we may replace h with ¢ = % as follows: Then
either none, two or all of the numbers nq, ..., ny are odd: In any case we
may assume that ni,ny as well as n3, ny have the same parity. Hence
the numbers

. ni + ng . ny — Ny
my = , Mo 1=
2 2
and
na + Ny ng — Ny
mg = my ‘=
2 2

are integers and satisfy for ¢ := % the desired equality

4
gp ="y _m;.
=1
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2. The number A is odd. In that case there are unique integers /1, ..., {4,
satisfying

l;=n; mod (h) , ——— <l < ——.

Since not all n; are divisible with h - otherwise hp would be divisible
with h% -, we have ¢; # 0 for some i. Hence

4
h—1)2
o<Z£3g4( 7 ) < k2,
i=1

and thus
4 4
Zf? = an =0 mod (h)
i=1 i=1

gives
4
Zﬁfzqh, 1<qg<h.
i=1

On the other hand, by Lemma 17.3 we have

4 4 4
ZQ?—( n?)-(Z@)—hmh,
1 i=1

i=1 1=

where all the @); are divisible with h: For (s, .., Q)4 that follows with
the formulae of 17.2 and the fact that ¢; = n; mod (h), then use that
the entire sum is divisible with A%, hence Q; is as well. Finally for m;
with @); = hm; we find

4
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18 Pell’s Equation

The second quadratic diophantine equation in two variables (z,y) € Z* we
shall study is Pell’s equation:

> —dy* =n €N,

where d € Nyg. If d = ¢® we can factorize its left hand side and get for any
factorization n = ab two linear equations

r+cy=a,xr—cy==o

easy to be solved or noticed to be unsolvable. From now on we shall assume
that d > 0 is not a square in N. The main emphasis is on the case n = +1,
le.

22 —dy® = +1.

We try the same strategy as in the previous section: We look at the ring
z|Vi|=z+ZVicR

of "d-quadratic integers’ (no standard terminology!) - indeed it lies dense on
the real line - and replace complex conjugation with the ring automorphism

J:Z[\/E] —>Z[\/3},x+y\/c_il—>x—y\/g.

Though looking quite harmless, it is not from the topological point of view:
It is nowhere continuous! E.g. if u, := x, + yn\/ZZ — 0 and u,, # 0 for all
n € N, we have |z,], |y,| = oo, and x,,y, have different sign for n > 0. It
follows |o(uy,)| — oo.

The function

N:Z [\/3} — Zyu > N(u) :=uo(u),

associates to u € Z [\/c_l} its "norm” N(u) € Z. It is multiplicative, i.e.
satisfies

N(uv) = N(u)N(v),
but in contrast to the ring of gaussian integers it may take both positive and
negative values. In general there is no unique prime factorization available;

indeed, we have to content ourselves with the computation of the group of
units of Z[v/d]. Here is a first observation:
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Proposition 18.1. The group of units Z [\/E] of the ring of d-quadratic
integers is

Z[\/E}*:{UGZ[\/@ s N(u) = +1}.

Proof. For a d-quadratic integer u € Z [\/E] its norm N(u) € Z is a unit
as well because of N(1) = 1, hence N(u) = £1. On the other hand, if
N(u) = +1, then u=! = N(a)o(u) € Z [\/E] O

So solving Pell’s equation with n = 41 turns out to be equivalent to
determining the group of units

z[vi| cz|Vi].
We want to appeal to geometric intuition and identify the lattice
Ag = {(z,yVd) e R% z,y € Z}
with the ring of d-quadratic integers: Consider the map
m:R* — R, (&n) =+,

the projection onto the x-axis along the lines parallel to R(1, —1). It induces
a bijection

7T|Ad ZAd — 7 [\/g] ,
since on any line parallel to R(1, —1) there is at most one lattice point.

Remark 18.2. We have
2[Vd] =60 )

with the set
H:={(&n);& —n* = +£1},

the union of two hyperbolas composed of a left and right branch H,, H,
resp. an upper and a lower branch H,, H_. The map 7 : R? — R induces
homeomorphisms

R0, Hy — Rg

lIIZ

H,
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and N N
H_ i> R<07 HZ i> IR<07

and the kernel 77(0) = R(1,—1) is one of the two asymptotic lines of the
hyperbolas. Thus, A; C R? being discrete, it follows that

Z[\/E]*cR*

is a discrete subset of the punctured line - the only possible point of accu-
mulation is the origin. In any case we have

(:l:l,O) eNgNH,

corresponding to +1 € Z [\/3} , but do not know yet whether there are more
lattice points on H than these two.

From the above geometric considerations we derive that the group of units

7 [\/E] admits up to sign a primitive root, also called the basic unit, as it

is the case with Z3, = :I:EZ, only here it has infinite order:

Lemma 18.3. IfZ [\/Er 2 {£1}, we have
ANZIEETE
with the "basic unit”
@ := min (Z [\/E]* N R>1) .
Indeed a = o + B\/d with positive integers o, 3 € Nsy.

Corollary 18.4. If a = a + 8V/d is the basic unit of Z [\/c_l}, any solution
(x,y) € N? of Pell’s equation

w2 —dy? = +1

s of the form

z+yVd = (a+ BVd)"

with some n € N.
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Proof. Given b € 7Z [\/E]* b # +1, one of the numbers +b*! lies in R+ ;.
(Note that in terms of the lattice that means taking reflections w.r.t. the
coordinate axes!) So the assumption implies that (Z [\/E} *)>1 is non-empty
and thus the basic unit is well defined. It remains to show that every unit
belZ [\/3]* is of the form b = +a" with some integer n € Z. Again we
may assume b > 1: Then choose n € N with a" < b < a""'. We have
a "b el [\/E] " ,1 <a b < a, hence a b =1 resp. b=a". O

Remark 18.5. For the basic unit a = a + $v/d we have a, f > 1. As a
consequence the sequences ay,, 3, with

a" =, + B,Vd
are strictly increasing;:
Qpi1 = @y + dﬁﬁn > ooy, 2 Oénaﬁn+1 = Oéﬁn + ﬁan > Oéﬁn > 571

So in order to show that some d-quadratic unit a = a 4+ 8v/d really is the
basic unit, it is sufficient to show that there is no solution (x,y) of Pell’s
equation with 1 <z < a,1 <y < .

Example 18.6. 1. "d=2": Wefind a = 1 + /2, N(a) = —1.
2. "d=3": We find a =2++3, N(a) = 1.
3. 7d="5": We find a = 2+ /5, N(a) = —1.

Remark 18.7. Note that N(a) = —1iff H, N Ay # 0.

19 Continued fractions
Here we describe a natural way to approximate an irrational number
o € R \ Q

by a sequence
(Cn)nEN - Q
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of rational numbers as follows: We construct a bijection
R\Q — Z x (N>O)N>07$0 = (@n)nen,

between the set of all irrational numbers and the set of all sequences (ay,)nen
of integers, s.th. a,, > 0 for n > 0, and obtain

cn = Ky (ag, ..., ap)

with a function K,, defined on the set of initial segments of length n 4 1 of
our sequences (a,). Furthermore we investigate for which zo € R\ Q the
corresponding sequence is ”preperiodic”, i.e. is periodic for n > 0.

Finally we find an answer to the question of the previous section: If we
take 2o = V/d and write

as a reduced fraction, the pair (x,y) = (h,, k,) is a solution of Pell’s equation
2% — dy? = £1 for infinitely many indices n € N.

So let us now start with our construction: Assume the irrational number
zo € R\ Q is given. We take

Co = ag = [xq]

with the integer part function
[z] ;== max Z<,.

In order to improve the approximation we consider the error
xo—co € (0,1),

take the part integer part

of its inverse ]
Ty = € R>1
o — Co

and replacing z; in the formula

Tog = Qg+ —
T
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with a; we obtain the second approximation

1
C1 = Qo + —.
a1
Now we improve the approximation a; € Z of x; € R\ Q by a better rational
one
1
a; + —
a3
as we did with xy and substitute it:

CQZCLO—I— -
a1+a

Now we continue with that procedure and hopefully get better and better

approximations of xy. But before we discuss that question we present a more
digestible description of the above algorithm:

Approximation of irrational numbers by finite continued fractions:
Let 25 € R\ Q be an irrational number.

1. We take z( as the first member in a sequence

(Tn)nen CR\Q
of irrational numbers z,, € R, defined by the recursion formula
1
T, — 2] '

Obviously we have z,, > 1 for all n € N.

Tpy1 =

2. We associate to it two further sequences,
(a) the sequence of integers (a,)nen defined by a, = [z,],
(b) and the sequence (c,),en of rational numbers satisfying
cn = Ky(ag, ..., ap),
where the functions
K, Rx (Rs)" — R
are defined by Ky(t) := ¢ and

1
Kot ty,.tn) = Ky (t,tl, bt + t—) .

n
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Remark 19.1. 1. In order to simplify notation we usually write

Kt ty, o tn) = Kn(t, t1, ..o ty).
2. We have

1
Kt t)=t+—, Kt t;,ty) =t + ——,....
(a 1) +t17 (7 1, 2) +t1—|—l’

3. The function K(t,ti,..,t,) is strictly increasing w.r.t. ¢ and ty; and
strictly decreasing w.r.t. f9;11.

4. By induction one proves
zo = K(ag, a1, ..., Gpn_1, Tp),
in particular we have
Cop = K(ao, ai,...,Aon_1, CLQn) < Tg < Copt1 = K(CL(), ai, ..., Aoy, a2n+1).
We shall prove

Theorem 19.2. Denote Z x (No)¥>0 the set of all sequences (a,),en of
integers with a, > 1 for v > 1. Then the limit

K(ag,ay,....) := lim K(ao,...,a,)
n—oo

N>o

exists for any sequence (a,),en € Z X (Nsg)">° and is an irrational number.

Indeed the map
K : 7 x (Nog)¥>0 — R\ Q, (ap)nen — K(ag,ay, ....)
1S a bijection.

Theorem 19.3. Denote Z x (N+)> with

o0

(N>o)™ = [ J(Ns)”

n=1

the set of all finite sequences ay, ..., a, € Z of integers with a,, > 1 for v > 1.
The map

K :7Z x (Nsg)*® — Q, (ag, ..., an) — K(ag,aq,....,a5,)
is two to one, i.e. it is onto and all its fibres have order 2. Indeed:

| K(ag,....,ap—1+1) , ifa,=1,n>0
Kf(ap, ..., an) = { K(ag,....an —1,1) , ifa,>1

85



Proof of Th.19.3. Assume
K(ag,...,a,) = K(bg, ..., b)), m > 1.

Choose ¢ < n maximal with a;, = b,. If £ = n, we have m = n, since m > n
would imply

1

K(ag,...,an,bn41, ..., ;) = K(ag, ...,an + —/————
(@0, y @ +1 ) (ao a +K(bn+1,.-,bm)

) # K(ag, .., ap).

If ¢ < n, we have
[a€+17 Qo1 + 1] > K(aeJrla ) an) = K(b€+17 ceey bm) € [b£+17 b£+1 + 1]7

with the intervals having exactly one boundary point in common. Since by
assumption n < m, we find with the below remark n = ¢+ 1,m =n+1 and
b, = a, + 1, as desired.

Surjectivity: Take zy = Z—‘; € Q and define the sequence x,. Then we have

zo = K(ag, ..., ap)
with a, = [z,]. O
Here are some preparatory results for the proof of Th.19.2:
Remark 19.4. For (zg,z1,...,2,) € R x (R>1)" we have
1. K(zg,...,xn) = xo + m,
2. K(xg,...,x,) > 1 for xzg > 1,
3. wo < K(xg, 21, .., Tn) < 9+ 1,
4. g = K(x9,21, ..., x,) <= n =0,

5. K(l’o,l’l,...,xn) =29+ 1< n= 1,.T1 =1.

For a € R let



Given (a,)yeny We define recursively a sequence of matrices (Q,,)nen by

10
QO‘:(O 1)

Qn—i—l - QnM(an)

We derive from it two sequences (h,),>_o and (k,),>_o as follows:
_ hn—l hn—2
Qn B ( kn—l kn—2 ) .

hn - anhn—l + hn—27 kn - ankn—l + kn—2

and

More explicitly

with
ho = Qo, ko =1.

Proposition 19.5. Forn > 1 and x € R, we have

o Q?hn,1 + h/nf2

K(ao,...,an_l,x)—xk TE

i particular

>

n

Cn = K(CL(), "-7an71;an) = k’_
n

Proof. A straight forward verification.
Remark 19.6. Here is a rough estimate for the denominators: We have
k, >mn,n>0.
Indeed kg = 1,k; = a1ko + k_1 = a1 > 1, while a,, > 1 for n > 1 yields
kyn=ankpn1+kio>n—1)+1=n
for n > 2.
Lemma 19.7. 1. hyk, 1 — hy 1k, = det Qnqq = (—1)"",
2. hpkn_o — hp_ok, = (—=1)"ay,,
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3. hence

1
Cp — Cp—1 = (_1)“*1k k .
4. and
Qa
n— Cpo = (—1 " -
¢ n=2 ( ) knkn—2

Corollary 19.8. The sequence (c,)nen converges, the subsequence (Cap)nen
is strictly increasing, while (Copt1)nen 1S strictly decreasing.

Proof. By Rem. 19.6 and Lemma 19.7.3 we have

1

N I
|Cn Cp, 1| =~ n(n_l)y

hence the series > _, ¢, — ¢,—1 converges even absolutely. This implies the
first part of the statement, while the second is nothing but 19.7.4. O

Proof of Lemma 19.7. 1. Follows from det M(a,) = —1 for v =0, ...., n.

h hn_g . Ay, 0
(k) =e (7)),

now take determinants.

2. We have

S

3. We compute

hn hn—l hnkn—l - hn—lkn (_1)n—1
Cn —Cp—1 = 7 — = =
kn kn—l knkn—l knkn—l
4. and
hn hn—Q hnkn—Q - hn—an (_1)nan
Cp —Cp—2 = 77— — = = .
kn knf2 knkan knkan

]

Proof of Th.19.2. The map K is well defined: Cor.19.8 assures convergence,
and the limit is an irrational number: Assume that

h
xD:thn:EGQ'

n—o0
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Then we have

h - ‘ | < 1
T — Cp Cn — Cp| >
k i K1k

because xg lies between ¢, and ¢, 1. Now we multiply

0<

h  hy,
0<'E—k—n <

1
kn—l—l kn

with kk, and obtain

<1

k
0 < |hky, — hpk| < :

n+1

for n > k and hk, — h,k € Z, a contradiction!
Surjectivity: Follows from Rem.19.1.4.
Injectivity: We assume K (aq, ....) = K(bo, ....) and show ag = by. Since

1 1

K(ag,...) = ap+ ———, K(by,...) =by+ ——,
(0, ) = ao K(ay,...) (bo ) = bo K (by,...)

that implies K(ay,...) = K(by,....) and thus we can obtain by induction
a, = b, for all n € N. An interval [¢, ¢ + 1] with ¢ € Z is determined by any
of its interior points, thus

ap < K(a(), ....,a2n> < K((lo, ) < K(ao, ..... ,a2n+1) <ap+1

as well as
bo < K(bo, ) < bo +1

implies ag = by. [l

Unfortunately we have no easy results relating the continued fraction
expansion of a sum resp. a product to those of the summands resp. factors,
but we can characterize the irrationals having an expansion, which becomes
after some initial segment periodic:

Theorem 19.9. An irrational number xo € R\Q has a preperiodic expansion

To = K(CLOJ ceeey Qp—1, Gy oeney ar—l—l—p)?

if and only if xqg € Q [\/ﬁ} = Q + QVD for some non-square D € N>;.
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Proof. 7=": For r =0, i.e.

x = K(ag, -, ap—1)
we have bk
Thp—1 -2
r=Kl(ag,...,ap_1,0) = —2— L=
( 0 p—1 ) Ik’p_l—f—k?p_g

i.e. x satisfies a quadratic equation with rational coefficients, hence belongs
to some field Q [\/ D} . In the general case we obtain that

yi= K(@ ) €Q VD]

and then
yhrfl + hr72
= K(ag, o, y_q,y) = 02— T2 ¢ [\/5]
.CE() (ao a 1 y) ykrfl +kr72 Q
as well.
?<=": We show that the set
{zn;n € N}

is finite: Then we have x;1, = ) for some k,p € N and thus z,,, = z,
for all n > k. Now, if g € Q [\/ﬁ}, we have as well z,, € Q [\/ﬁ} for

all n € N. We use that fact in order to write x,, = f(m,,¢,) with integers
My, ¢n. Furthermore, once again we need the conjugation

UZQ[\/E] —>@[\/5} ,a+ 8YDw— a—pVD.
Indeed, we verify the following three statements:

1. For a suitable d = (2D, every x, € Q [\/Ez] =Q [\/E} can be written

in the form

mn+\/c_l
dn

with integers m,,, q, € Z satisfying d — m? € Zq,. Indeed they can be
computed using the sequence (a,),en as follows:

Ty =

(a) Mp+1 = Apfn — My,
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(b) Gn+149n = d— mgH_l'
2. For some k € N>; we have
U(iL‘k) <0

and for n > k even
—1<o(z,) <0.

3. If 2.) holds for the index k, we have
(ma, ) € [0,Vd] x [0,2V4d]

for n > k+1. Hence there are only finitely many possible lattice points
(my, qn) resp. values x,,n € N.

The statement 1.): The case n = 0: We extend the fraction

bv' D
x():#; a,c € Z,b € Ny,

with |¢| and obtain

a-le| +vVb*c2D

To —

Y

¢ ||

i.e. we may take
d=b*cD, my=a-|c|, qo=c"|c|.

Indeed .
d—mi=b’c?D — a*c® = ﬂ (sz — ag) qo € Zqp.
c

Now let us consider the step from n to n+ 1, applying the recursion formula:

1 dn
:L'n = =
! Tn — [l’n] My, + \/a — (nQn
B n M+ Vd Mg+ Vd
Vd — Mp41 td - mi_H dn+1 ’

with ¢,41 € Z, since the assumption g,|(d — m?2) implies g, |(d —m2 ;).
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The statement 2.): With Prop.19.5 we may write

Tnhp_1 + Ry
xo = K(ag, ...... ,an,l,xn):xk 1—|—k 2
nvn—1 n—2
and " ,
O'(Io) _ O-(xn) n—1 + n—2

U(xn)kn—l + kn—2 '

Solving for o(z,) we arrive at

Fn—2 ) 0(900) — Cp—2
Fn—1 0(950) — Cno1’

o(zn) = —

and since k,,_1, kn—2 > 0 and the second fraction converges to 1 (note that
o(xg) — ¢y — o(xg) — x9 # 0), it follows that o(z,) < 0 for n > 0.
Finally, for n > 1 we have o(z,) < 0 = o(z,41) € (—1,0), since z,, > 1
for n > 1 implies
o(z,) — [xa] > =1

and
0>o0(Tp41) = ! > —1
nl) = N 7> T
0(xn) = [n]
The statement 3.): We substitute x,, = ... in 2.) and obtain
n—Vd
—1< M < O’
4n

while in any case
m,+Vd
Gn

1<z,

If we add, we get

2my,
0 < 2l
I

i.e. my,,q, have the same sign. On the other hand —o(z,) > 0 yields
Vd

1<z, —0(z,) =2—,
(@) "

so m,, and ¢, are positive and

0<qn<2\/3.
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Now by 1.(b) with n instead of n 4 1 we have
d— mi = GnQn-1 > 07

hence

m, < Vd.

We note without proof:

Theorem 19.10. The quadratic irrational vy € Q [\/Zl} \ Q has a periodic

continued fraction expansion
To = K(ao, ceeny ap,l)
if and only if vo > 1 and —1 < o(xg) < 0.

Example 19.11. We have

[\/E] +\/3:K<2 [\/g],al,...,apl),

where we usually assume the period p to be minimal. In particular

V=K ([Vi] @)

We come now back to Pell’s equation:

Proposition 19.12. For 2y = v/d we have
(hn)2 - d(kn>2 = (_1)n_IQn+1-
Proof of Prop.19.12. We have

xn—&-lhn + hn—l (mn+1 + \/C_l)hn + Qn-l—lhn—l
V= a0 - - ,
l’n+1kn + kn—l (mn+1 + \/E)kn + qn—l—lkn—l

multiply with the denominator and compare coefficients:

a+pBVd=a+pVd—= a=a8=2_0.
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Corollary 19.13. We have
(hep-1)* = d(kgy—1)* = (1)

Proof. The equality zo = v/d gives gy = 1, while for ¢ > 0 we have

whence ¢, = 1. [

Remark 19.14. Indeed, any solution of Pell’s equation x? — dy?> = #1 is
obtained as in Cor.19.13. In particular 22 — dy? = —1 is solvable if and only
if the minimal period of the continuous fraction expansion of v/d is odd.
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