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A — the associative algebra describing Oq

Theorem. [Soergel| A is Koszul, moreover, A' = A.
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G := GL(m|n) — the general linear supergroup
F(m|n) — the category of finite dimensional representations of G

B — a block of F(m|n)
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G := GL(m|n) — the general linear supergroup
F(m|n) — the category of finite dimensional representations of G
B — a block of F(m|n)

A — the full subcategory of B3 given by representatives of
indecomposable projectives
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G := GL(m|n) — the general linear supergroup
F(m|n) — the category of finite dimensional representations of G
B — a block of F(m|n)

A — the full subcategory of B3 given by representatives of
indecomposable projectives

Theorem. [Brundan-Stroppel] A is Koszul.

Note: Graded k-linear categories are defined similarly to algebras.
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A — the full subcategory of B3 given by representatives of
indecomposable projectives

Theorem. [Brundan-Stroppel] A is Koszul.

Note: Graded k-linear categories are defined similarly to algebras.

Note: Aj is not finite dimensional in general, so the above requires some
extension of the setup.
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g — simple finite dimensional complex Lie algebra
V — finite dimensional g-module

gv = g P V — generalized Takiff Lie algebra
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Generalized Takiff Lie algebras

g — simple finite dimensional complex Lie algebra
V — finite dimensional g-module

gv = g P V — generalized Takiff Lie algebra

[V,V]:=0
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Generalized Takiff Lie algebras

g — simple finite dimensional complex Lie algebra
V — finite dimensional g-module

gy := g ® V — generalized Takiff Lie algebra
[V,V]:=0

U(gv) is graded with deg(V) =1 and deg(g) =0
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Generalized Takiff Lie algebras

g — simple finite dimensional complex Lie algebra
V — finite dimensional g-module

gy := g ® V — generalized Takiff Lie algebra
[V,V]:=0

U(gv) is graded with deg(V) =1 and deg(g) =0

gv-gmod — the corresponding category of locally finite dimensional
graded modules
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Generalized Takiff Lie algebras

g — simple finite dimensional complex Lie algebra
V — finite dimensional g-module

gy := g ® V — generalized Takiff Lie algebra
[V,V]:=0

U(gv) is graded with deg(V) =1 and deg(g) =0

gv-gmod — the corresponding category of locally finite dimensional
graded modules
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Koszul algebra from generalized Takiff Lie algebras

B — a block of gy-gmod
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Koszul algebra from generalized Takiff Lie algebras

B — a block of gy-gmod

A — the full subcategory of B given by representatives of
indecomposable projectives
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Koszul algebra from generalized Takiff Lie algebras

B — a block of gy-gmod

A — the full subcategory of B given by representatives of
indecomposable projectives

Theorem. [Chari — Greenstein]
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Koszul algebra from generalized Takiff Lie algebras

B — a block of gy-gmod

A — the full subcategory of B given by representatives of
indecomposable projectives

Theorem. [Chari — Greenstein] A is Koszul.
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Koszul algebra from generalized Takiff Lie algebras

B — a block of gy-gmod

A — the full subcategory of B given by representatives of
indecomposable projectives

Theorem. [Chari — Greenstein] A is Koszul.

Note: again, Ag is not finite dimensional
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Koszul algebra from generalized Takiff Lie algebras

B — a block of gy-gmod

A — the full subcategory of B given by representatives of
indecomposable projectives

Theorem. [Chari — Greenstein] A is Koszul.
Note: again, Ag is not finite dimensional

Question: What is the Koszul dual of A?
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Koszul algebra from generalized Takiff Lie algebras

B — a block of gy-gmod

A — the full subcategory of B given by representatives of
indecomposable projectives
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Note: again, Ag is not finite dimensional
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Idea for the answer

Recall: k[t]' = k[t*]/((t*)?)

More generally: V — k-vector space
Sym(V) — the symmetric algebra of V
/\ V — the exterior algebra of V

Claim: Sym(V)' = A V and both are Koszul
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Idea for the answer

Recall: k[t]' = k[t*]/((t*)?)

More generally: V — k-vector space
Sym(V) — the symmetric algebra of V

/\ V — the exterior algebra of V

Claim: Sym(V)' = A V and both are Koszul

U(gv) = U(g) ® Sym(V)
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Sym(V) — the symmetric algebra of V

/\ V — the exterior algebra of V

Claim: Sym(V)' = A V and both are Koszul
U(gv) = U(g) @ Sym(V)

Expect: The “Koszul dual” should be U(g) ® A\ V
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Koszul algebra from generalized Takiff Lie superalgebras

s = s(g, V) — the generalized Takiff Lie superalgebra
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Koszul algebra from generalized Takiff Lie superalgebras

s = s(g, V) — the generalized Takiff Lie superalgebra

S0 = ¢, 51 = V, {V, V} =0.
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Koszul algebra from generalized Takiff Lie superalgebras

s = s(g, V) — the generalized Takiff Lie superalgebra
S0 = ¢, 51 = V, {V, V} =0.

B’ — a block of s-gmod, A’ — the full subcategory of B’ given by
representatives of indecomposable projectives
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B’ — a block of s-gmod, A’ — the full subcategory of B’ given by
representatives of indecomposable projectives

Main Result. [Greenstein — M.]
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S0 = ¢, 51 = V, {V, V} =0.

B’ — a block of s-gmod, A’ — the full subcategory of B’ given by
representatives of indecomposable projectives

Main Result. [Greenstein — M.]
For an appropriate B’ we have that A’ is the Koszul dual of A.
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Koszul algebra from generalized Takiff Lie superalgebras

s = s(g, V) — the generalized Takiff Lie superalgebra
S0 = ¢, 51 = V, {V, V} =0.

B’ — a block of s-gmod, A’ — the full subcategory of B’ given by
representatives of indecomposable projectives

Main Result. [Greenstein — M.]
For an appropriate B’ we have that A’ is the Koszul dual of A.

Corollary. There is an equivalence between the corresponding derived
categories of modules.
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s = s(g, V) — the generalized Takiff Lie superalgebra
S0 = ¢, 51 = V, {V, V} =0.

B’ — a block of s-gmod, A’ — the full subcategory of B’ given by
representatives of indecomposable projectives

Main Result. [Greenstein — M.]
For an appropriate B’ we have that A’ is the Koszul dual of A.

Corollary. There is an equivalence between the corresponding derived
categories of modules.

Note: Extends to “locally category O-modules” in the setup of T-Koszul
algebras of Madsen.

Volodymyr Mazorchuk Koszul duality for Takiff Lie (super)algebras



Koszul algebra from generalized Takiff Lie superalgebras

s = s(g, V) — the generalized Takiff Lie superalgebra
S0 = ¢, 51 = V, {V, V} =0.

B’ — a block of s-gmod, A’ — the full subcategory of B’ given by
representatives of indecomposable projectives

Main Result. [Greenstein — M.]
For an appropriate B’ we have that A’ is the Koszul dual of A.

Corollary. There is an equivalence between the corresponding derived
categories of modules.

Note: Extends to “locally category O-modules” in the setup of T-Koszul
algebras of Madsen.

Note: s-gmod is not all supermodules, but only those which are
extendable to Z-graded modules
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