SIMPLE VIRASORO MODULES WHICH ARE
LOCALLY FINITE OVER A POSITIVE PART

VOLODYMYR MAZORCHUK AND KAIMING ZHAO

ABSTRACT. We propose a very general construction of simple Vi-
rasoro modules generalizing and including both highest weight and
Whittaker modules. This reduces the problem of classification of
simple Virasoro modules which are locally finite over a positive part
to classification of simple modules over a family of finite dimen-
sional solvable Lie algebras. For one of these algebras all simple
modules are classified by R. Block and we extend this classification
to the next member of the family. As a result we recover many
known but also construct a lot of new simple Virasoro modules.
We also propose a revision of the setup for study of Whittaker
modules.

1. INTRODUCTION AND FORMULATION OF THE RESULTS

We denote by N the set of positive integers and by Z, the set of
all non-negative integers. For a Lie algebra a we denote by U(a) the
universal enveloping algebra of a.

Let ‘U denote the complex Virasoro algebra, that is the Lie algebra
with basis {c,1; : i € Z} and the Lie bracket defined (for i,j € Z) as
follows:

i3 —1

12
The algebra U is a very important object both in mathematics and in
mathematical physics, see for example [KR, IK] and references therein.
There are two classical families of simple 2U-modules: highest weight
modules (completely described in [FF]) and the so-called intermediate
series modules. In [Mt] it is shown that these two families exhaust all
simple weight Harish-Chandra modules, that is weight modules with
finite dimensional weight spaces with respect to the Cartan subalge-
bra spanned by 1y and c. In [MZ1] it is even shown that the above
modules exhaust all simple weight modules admitting a nonzero finite
dimensional weight space.

Various other families of simple U-modules were studied in [Zh,
OW1, LGZ, FJK, Ya, GLZ, OW2]. These include some simple weight
modules with infinite dimensional weight spaces, various versions of

[Li, 1] = (G — ) Livj + 0y ¢ [li,c]=0.
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Whittaker modules and some other modules constructed using differ-
ent tricks. Observe that simple highest weight modules and (all versions
of) Whittaker module have something in common: in both classes the
action of a Lie subalgebra of U generated by all elements 1;, where ¢
is big enough, is locally nilpotent. The class X of simple U-modules
described by the latter property is the principal object of study in the
present paper. Now we briefly describe the main results.

Denote by U, the Lie subalgebra of 20 spanned by all 1; with ¢ > 0.
Given N € 2U,-mod and 6 € C, consider the corresponding induced
module Ind(N) := U(U) @y, ) N and denote by Indy(N) the module
Ind(N)/(c — 8)Ind(N). The key result of this paper is:

Theorem 1. Assume that N € U -mod is simple and such that there
exists k € N satisfying the following two conditions:

(a) 1y acts injectively on N;

(b) L,N =0 for alli > k.

Then for any 0 € C the B-module Indg(N) is simple.

Theorem 1 is proved in Section 2. It gives a very general recipe for
construction of simple modules in X. But we go even further. In The-
orem 2 below we show that every simple module in X is either a simple
highest weight module or is obtained using the recipe from Theorem 1.
To formulate Theorem 2 we need to recall some terminology.

Recall that a module V' over a Lie algebra a is called locally finite
provided that any v € V belongs to a finite dimensional a-submodule.
The module is called locally nilpotent provided that for any v € V' there
exists an n € N such that ajas---a,(v) = 0 for all ay,as,...,a, € a.

For n € Z,, denote by ‘ITS:L) the Lie subalgebra of U generated by all
1i7 1> n.

Theorem 2. Let L be a simple UB-module. Then the following condi-

tions are equivalent:

(a) There exists k € N such that L is a locally finite ‘Zl(f)-module.

(b) There exists n € N such that L is a locally nilpotent ‘H(f)—module.

(¢) L is a highest weight module or there exists 6 € C, k € N and
a simple N € U -mod such that both conditions (a) and (b) of
Theorem 1 are satisfied and L = Indy(N).

Theorem 2 is proved in Section 3. We also prove (in Subsection 3.5)
that the condition Theorem 2(a) is equivalent to the condition that 1;
acts on L locally finitely for all sufficiently large 7. In Section 4 we list
many examples to which Theorems 1 and 2 apply. These include all ver-
sions of Whittaker modules over U constructed in [OW1, LGZ, FJK].
We also construct several new families of simple U-modules. For n €
Z. denote by a, the finite dimensional Lie algebra U, / ‘BS?). Theo-
rem 2 reduces classification of simple modules in X to classification
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of simple modules over finite dimensional Lie algebras a,, (for all n).
For n = 0 the algebra ay is commutative and its simple modules are
one dimensional, which leads exactly to simple highest weight modules.
For n = 1, all simple a;-modules are constructed in [Bl]. These can be
used both to recover some classes of Whittaker modules over U and
to construct many new simple modules. We use the n = 1 case to
classify (see Proposition 10) all simple as-modules. This again recovers
some classes of Whittaker modules over U (in particular, all modules
constructed in [OW1]) and produces many new simple modules. As far
as we know, for n > 2 the classification problem for simple a,-modules
is still open.

We finish the paper with a revision of the general Whittaker setup
from [BM] in Section 5.
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2. PROOF OF THEOREM 1

2.1. An indexing set for a basis. Denote by M the set of all (infi-
nite) vectors of the form i := (..., dy,41) with coefficients in Z,, sat-
isfying the condition that the number of nonzero coefficients is finite.
Let O denote the element (...,0,0) € M and for i € N let ¢; denote
the element (...,0,0,1,0,0,...,0) € M, where 1 is in the ¢’th position
from the right. For i € M denote by d(i) the degree of i defined as
> .1 1s (note that the sum is finite). Denote also by w(i) the weight
of i defined as ) ., s -4, (which is again finite).

For i € M denote by 1 the element ...1%,1"%,1", € U(0) (note that
the product is, in fact, finite because of the definition of M). By the
PBW Theorem, every element of Indg(/N) can be uniquely written in
the form

(2.1) Z v,

where all v; € N and only finitely many of the v;’s are nonzero. For
v € Indy(N) written in the form (2.1), we denote by supp(v) the set of
all i € M such that v; # 0.

2.2. Reverse lexicographic and principal orders. Denote by <
the reverse lexicographic total order on M, defined recursively (with
respect to the degree) as follows: 0 is the minimum element; and for
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different nonzero i,j € M we have i < j if and only if one of the
following conditions is satisfied:
e min{s : iy # 0} > min{s : js; # 0};
e min{s:i; # 0} =min{s: j, #0} =k and i — ¢ < j — &.
Define the principal total order < on M as follows: for different

i,j € M set i < j if and only if one of the following conditions is
satisfied:

w(i) < w(j);
e w(i) = w(j) and d(i) < d(j);
e w(i) = w(j) and d(i) = d(j), but i < j.

2.3. The argument. For a nonzero v € Indy(N) let [(v) denote the
maximal (with respect to <) element of supp(v), called the leading term
of v. Let M be a nonzero submodule of Indg(NN). Denote by m the
minimal non-negative integer for which there exist a nonzero v € M
such that w(l(v)) = m. If m = 0, then v belongs to the canonical
copy 1 ® N of N in Indy(N), which implies M = Indyg(N) since N is
simple and generates Indg(/N). Our aim is to show that m > 0 leads
to a contradiction.

Assume that m > 0 and let v € M be a nonzero element such that
w(l(v)) = m. We assume that v is in the form (2.1). Let j := I(v) and
set p := min{s : j; # 0} > 0. Then the element 1,,,v belongs to M.
To write 1j4,v in the form (2.1) we have to move 1;., all the way to the
right using the commutation relations. Let us for the moment assume
that 1,0 # 0 (we will prove it later). By Theorem 1(b), we have
1p4,vi = 0 for all i € supp(v), which means that every i’ € supp(1y4,v)
is in the support of [1x4,, 1o for some i € supp(v). In particular,
w(i) < w(i) and thus w([(1x4,v)) < w(l(v)) = m, which contradicts
our choice of m.

It remains to show that 1;,,v # 0. To prove this, it is enough to show
that j’ := j — ¢, € supp(lg4pv). By Theorem 1(a), we have 1,v; # 0.
This implies that j' € supp([Lisp, 1]v;) (to get j' we simply commute
15+, with one of the 1_,’s appearing in 19). In fact, it is easy to see that
i’ = W[lksp, U]vs). So, it remains to show that j' & supp([Lisp, 1i]v1)
for any i € supp(v) \ {j}.

Assume first that w(i) < w(j). From Theorem 1(b) it then follows
that for any k € supp([Lg4p, 1']v;) we have

w(k) <w(i) —p<w(j) —p=w(),

which means that k # j'.
Assume now that w(i) = w(j) but d(i) < d(j). If the element
k € supp([Lisp, 11vs) is such that d(k) < d(i), then

d(k) <d(i) <d(j) — 1 =d(),
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which means that k # j'. If k € supp([1xp, 1'|vs) is such that d(k) =
d(i), then such k can only be obtained by commuting 1, with some
1, where s > k + p. Therefore
wk)=w(i)—k—p<w(i)—p=w(j) —p=w()
(note that here we used k > 0), which again means that k # j'.
Finally, consider the case w(i) = w(j) and d(i) = w(j). Then i < j.
Let ¢ := min{s : i5s # 0} > 0. We have either ¢ > p or ¢ = p. First
consider the case ¢ > p. In this case the same argument as in the
previous paragraph shows that for any k € supp([1zs,, 1']v;) we have
w(k) < w(j’). In the remaining case ¢ = p we get [([Lrip, 1i]v;) =
i—¢e4, =1—¢,. From the recursive definition of the lexicographic order
we also have i — ¢, < j —¢, = j' and the claim follows.

3. PROOF OF THEOREM 2

3.1. (b)=-(a). Similarly to [MZ2, Subsection 2.3] one shows that L

contains a non-zero v satisfying m(f) v =0. As L is generated by v and
has a central character, the PBW Theorem implies that L is spanned
by all elements of the form

i R In—24%n—191
l Vi= - ln_2 ln—l 1nn/U

(where only finitely many factors are different from 1). Hence it is
enough to show that each of these vectors generates a finite dimensional
sIIS:I)—submodule of V' (and then we can take k& = n). Let I denote
the annihilator of 1'v in U(Q]S:L)). Set m =} . [slis < co. Then [
contains all 1; for which ¢ > m-+n and any product of 1;, n < j < m+n,

with at least m + 1 factors. It follows that the codimension of I in
U (‘Il(f)) if finite, which implies the claim.

3.2. (¢)=-(b). Both highest weight modules and modules Indy(N) are
generated by elements annihilated by some ‘BS{C). Then the argument

from the previous subsection shows that this ‘Bf) acts on these modules
both locally finitely and locally nilpotently.

3.3. (a)=(b). Let V be a finite-dimensional ‘Bf)—module and i C Q?Sf )

be the kernel of the representation map. Then i is an ideal of ‘Z]Sf“) of
finite codimension. First we claim that i contains 1; for some 7. If not,
then there exists a minimal m € N such that i contains an element of
the form a,1ls+ asi11lsi1+ - -+ Gsimlsim for some s € N and complex
numbers ag, Gsy1, - . ., Usym satisfying ag, asi,, # 0. Then i contains

[137 asls + as+115+1 + -+ &s+mls+m] =
- as+1l2s+1 + 2a’8+2128+2 + -+ mas—i—ml?s-‘rm 7é 07

which contradicts our choice of m.
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Next observe that [‘Iigf),li] contains ‘l]fiﬂ) and thus Q]f”l) C i

This implies that L contains a nonzero v such that ‘Il(fiﬂ) v =0. Then
the argument from Subsection 3.1 shows that ‘IISEZH) acts on L locally

nilpotently.

3.4. (b)=(c). Let k € Z, be minimal such that the action of all 1,
i > k, on L is locally nilpotent. Similarly to [MZ2, Subsection 2.3| one
shows that there exists a nonzero v € L annihilated by all 1;, ¢ > k.
If k£ =0, then L is a highest weight module by [MZ2, Theorem 1(c)].
Assume k > 0. Consider the vector space

N:={veL:1lv=0forall i > k}.

We have N # 0 by the above agrument. As Q](f) is an ideal of U, the
space N is stable under the action of 2, . The central element c acts
on any simple module as a scalar ([Di, Proposition 2.6.8]), let 6 be the
corresponding scalar for L. As L is simple, it is generated by N and
hence the canonical map Indy(N) — L sending 1 ® x to x for every
x € N is surjective.

Lemma 3. The canonical map Indg(N) — L is an isomorphism.

Proof. Assume that this is not the case and let K # 0 be the kernel
of the canonical map. Choose nonzero v € K, written in the form
(2.1), such that w(l(v)) = m is minimal possible. Note that m > 0
as the canonical map is bijective for v satisfying w(l(v)) = 0. Since
K is a submodule, we have 1;,,v € K for all p € N. Choosing p as
in Subsection 2.3 and using the proof from there (which starts in the
second paragraph and does not use simplicity of N), we get that the
element 1;,,v from K is nonzero and its leading coefficient has strictly
smaller weight, a contradiction. U

Let us now show that N is simple. Assume that this is not the case
and let N’ C N be a proper submodule. Then Indy(N’) is a proper
submodule of Indg(N) by the PBW theorem, a contradiction.

To complete the proof of Theorem 2 it remains to show that 1 acts
injectively on N. Assume that this is not the case. Then there is a
nonzero v € N such that 1o = 0. As all 1;, ¢ > k, act on L locally
nilpotently and L is simple, it follows easily that the action of 1; on
L is locally nilpotent as well. This contradicts our choice of k£ and
completes the proof.

3.5. Reformulation of condition (a). As mentioned in the previous
subsection, condition (b) of Theorem 2 is equivalent to the condition
that there exist k € N such that for every ¢ > k the action of 1; on
L is locally nilpotent (confer [MZ2, Theorem 1.1(c)]). The aim of this
subsection is to prove the following similar reformulation for condition
Theorem 2(a):
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Proposition 4. Condition (a) of Theorem 2 is equivalent to:
(3.1) 3k € N such that Vi > k the action of 1; on L is locally finite.

That Theorem 2(a) implies (3.1) is obvious so we only have to es-
tablish the reverse inclusion. To do this we will need several lemmata.

Lemma 5. Let k € N and V' be a simple *UB-module containing a non-
zero finite dimensional Q?f)—submodule X. Then V s a locally finite
‘Bf)-module.

Proof. This is [BM, Theorem 6. O

Lemma 6. Let k € N. Assume that V' is a Q]S{C)—module on which 1y4q
acts locally finitely. Let further v € V and A € C be such that v # 0
and 1p1v = Av. Then dimc ‘Bf)v < 00.

Proof. As the action of 1.1 on V is locally finite, for any ¢ from the
set {k + 2,k + 3,...,2k + 2} there is some m; € N such that the
elements 1,0, (1x11 — N)1wv, (Ler — AL, .., (Iepr — N)™ L0 are
linearly dependent. By induction on s one shows that (1x11 — A)*1v
equals 1,4 4x+1)v up to a scalar, which implies existence of a relation of
the form

m;
E @ sliysryyv = 0,
s=0

where a; ¢ € C and not all of them are zero. Taking the commutator
with 1541 — A gives

m;+1

Z ag}s)1i+s(k+1)v =0,

s=1

where Oz&) € C and not all of them are zero. This can be continued
inductively. Let m := max{m; : i € {k+2,k+3,...,2k+2}}. It follows

that ‘Ilgf)v coincides with the linear span of 1;v, j < (m+3)(k+1). O

Proof of Proposition 4. Asthe action of 1,1 on L is locally finite, there
is A € C and a non-zero element v € L such that 1;,1v = Av. By
Lemma 6, there is m € N such that V., := iﬁf)v is spanned by v,
lpio¥, 1pysv,. .., 10, Fori € {k+2, k+3, ..., m} define now the finite
dimensional space V; and a positive integer d; inductively as follows: if
Vi_1 is defined, then d; is the degree of some nonzero polynomial f;(1;)
which annihilates V;_; (this is well-defined as V;_; is finite dimensional
and 1; acts on L locally finitely); if V;_; and d; are defined, then V;
is the linear span of V;_y, 1,Vi_y, 13Vi_4,..., lgi‘/;_l, which is finite
dimensional.

By Lemma 5, to prove Proposition 4 it is enough to show that L
contains a nonzero finite dimensional sl]gf)—submodule. For this it is
enough to show that the finite dimensional vector space V,,, defined in
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the previous paragraph is, in fact, a s1]55)—811bmodule. This vector space
is spanned over C by elements of the form

Uy = 1m1im=d 152y 0 <y < d, for all s € {k+2,k+3,...,m}.

We will show, by induction on the weight and the degree of i, that for
any 1, s > k, we have 1,1'v € V,,. The basis of the induction (i = 0)
follows from definitions and Lemma 6.

To prove the induction step we have to move 1, in 1,1 all the way
to the right using the commutation relations. Consider first the case
s > m. In this case any new element 1, which appears as the result
of commutation satisfies p > m and any commutation decreases the
degree of the monomial. When such 1, is moved all the way to the
right and applied to v, we use Lemma 6 which expresses 1,v as a linear
combination of 1,0 with ¢ < p. The keeps the degree but decreases the
weight. Therefore in both cases we may apply the inductive assump-
tion.

If s < m, then two types of new elements 1, may appear. Those for
which p > m are dealt with as described in the previous paragraph.
Those for which p < m should be commuted to their natural place in
the monomial. If this results in the fact that the corresponding degree
of 1, will exceed d,, then we use that f,(1,) annihilates V,,_; which
allows us to write this element as a linear combination of elements
both of smaller weight and degree. This justifies the induction and
completes the proof. O

4. OLD AND NEW SIMPLE VIRASORO MODULES

4.1. Highest weight modules. Let h be the Cartan subalgebra of
0, spanned by 1g and c. For A € h* we have the Verma module
M(X) = U(D) ®uptu,) Cx, where 1,Cy = 0 for ¢ > 0, while 1y and ¢
act on C, via scalars A(1g) and A(c), respectively. The module M())
has the unique simple top L()), the unique (up to isomorphism) simple
highest weight module with highest weight A. In general, M (\) % L(\),
see e.g. [IK] for details. These modules correspond to the case k = 0
in Theorem 2.

4.2. Whittaker modules of Ondrus and Wiesner. Consider a
nonzero A := (A1, A2) € C?. Denote by Ny the U, -module U(U,)/I,
where [ is the left ideal generated by 17 — Ay, 1o — A9, 13, 14,.... By
the PBW Theorem, Ny = C[1] as a C[1o]-module, 1; Ny = 0 for i > 2,
and for i = 1,2 we have 1, f(19) = f(1o—i)\;, f(10) € C[1o]. As A # 0,
taking linear combinations of f(1o) and f(1g —i)A; over C one can al-
ways reduce the degree, which implies that V) is simple. The module
N, obviously satisfies the conditions of Theorem 1 (with & € {1,2}).
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Hence, by Theorem 1, we obtain the corresponding simple induced -
module Indy(N,). These are exactly the Whittaker modules over U
constructed in [OW1].

4.3. Whittaker modules of Lii, Guo and Zhao. Consider some
k € N and set r := [%W — 1. Choose A = (A\py1, Arjo, ..., Ap) € CF7
such that \; # 0. Denote by K the U -module U(U,)/I, where [ is
the left ideal generated by

1T+1 — >\r+1; 1T+2 — )\r+2, ceey lk - )\k, 1k+17 1k+27 e
Lemma 7. The U, -module Ky is simple.

Proof. By the PBW Theorem, a basis of K, is given by the images
of 1919 ... 1% =: 11, where i := (ig,i1,...,4,) € Z'. Let < be the
lexicographic order on Z*!, that is 0 = (0,0,...,0) is the minimum
element and i < j provided that

e min{s :is # 0} > min{s: j; # 0} or

e min{s:iz;#0} =min{s: j; #0} =mandi—¢, <j—en.
Let v € K, be a nonzero linear combination of basis elements and i be
the highest term in supp(v) with respect to <. Set p := min{s : i5 # 0}.
Similarly to Subsection 2.3 one shows that (1;_, — Ay—p)v is nonzero
with highest term i — ¢,. Repeating this process inductively (with
respect to the degree of i) we get that the submodule in K, generated by
v contains an element with support {0}. Any such element is the image
of a nonzero constant and hence generates K. The claim follows. [

The module K obviously satisfies the conditions of Theorem 1 (with
the same k). Hence, by Theorem 1, we obtain the corresponding simple
induced U-module Indy(K). These are exactly the Whittaker modules
over U constructed in [LGZ, Theorem 6.

4.4. Whittaker modules of Felinska, Jaskolski and Kosztolow-
icz. Consider some k € N, k > 1, and choose A = (A1, ;) € C? such
that Ay # 0. Denote by G the U -module U(U,)/I, where I is the
left ideal generated by 1; — Ay, 1p — Ak, Leo1, Leio,. ..

Lemma 8. The U, -module G is simple.

Proof. By the PBW Theorem, a basis of G is given by the images of
1015 .. 1) =11 where i := (ig,4a,...,ix1) € ZE'. Let < be the
lexicographic order on Zi defined as in the proof of Lemma 7. Let

v € (G be a nonzero linear combination of basis elements and 1 be the
highest term in supp(v) with respect to <. Set

p:=min{s > 0: i, # 0}.
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Similarly to Subsection 2.3 one shows that (1; — A)v is nonzero with
highest term

{i_€p+‘€p+l7 pFk—1

i—ep_1, otherwise.

Repeating this process inductively (with respect to both the degree
and the weight of i) we get that the submodule in G generated by v
contains an element with support {mey} for some m € Z,. The linear
span of such elements is a simple module over the subalgebra generated
by 1o and 1x (as A\x # 0), see Subsection 4.2. Moreover, it contains

the image of a nonzero constant and hence generates G). The claim
follows. O

The module G, obviously satisfies the conditions of Theorem 1 (with
the same k). Hence, by Theorem 1, we obtain the corresponding simple
induced U-module Indy(G)). These are exactly the Whittaker modules
over U constructed in [FJK, Section III].

4.5. Other Whittaker modules. Fix k£ € N. Choose a pair (S, \),
where S C {1,2,...,k} and A = (\)ies € CIl, such that the following
conditions are satisfied:

(I) k€ S and A\, # 0;

(IT) for all distinct ¢, j € S such that i + j € S we have A\;; = 0;
(III) for all j € {1,2,...,k} \ S there exists ¢ € S such that either

l—f‘j S {1,2,,]§}\SOIZ+] - Sand )‘i+j 7é0

One example is S = {1,k} and any A with Ay # 0 (confer Subsec-
tion 4.4), another example is S = {[4],[£]+1,...,k} and any X with
Ak # 0 (confer Subsection 4.3). Yet another example is S = {2,4,5}
for k = 5 and any A with A5 # 0. Our final example is S = {3,4,6,7,8}
for k = 8 and any A with Ag # 0 and A7 = 0 (note that here we have
344 € S). Denote by @, the U, -module U(U)/I, where I is the left
ideal generated by 1, — \;, ¢ € S, and 141, 1gyo,.... Condition (II)
guarantees that the module (), is nonzero.

Lemma 9. The U -module Q) is simple.

P’f’OOf. Let {0,1,,k}\5= {plap%"'vpm},pl <p2<-<Pm (We
have p; = 0). By the PBW Theorem, a basis of @), is given by the
images of 1;1112722 . 1;;;1 =: 11, where i := (i1,42,...,in) € 77, Let <
be the lexicographic order on Z7' defined as above. Let v € @ be a
nonzero linear combination of basis elements and i be the highest term

in supp(v) with respect to <. Set
q :=min{s > 0 : i, # 0}.

Let S’ be the set of all j € S such that g+ < k. We claim that S" # @.
In fact, S’ contains the minimal element s of S, for if ¢ + s > k, then
q+ i > k for any ¢ € S by minimality of s. This, however, violates
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condition (III). Another application of condition (III) implies that
there is a minimal ¢t € S” such that either ¢ +¢ & S or A4y # 0.

Now, similarly to Subsection 2.3 one shows that (1, — A;)v is nonzero
with highest term

{i—5q+eq+t, q+tegs;

i—eq, otherwise.

Repeating this process inductively (with respect to both the degree
and the weight of i) we get that the submodule in @) generated by v
contains an element with support {me;} for some m € Z,. The linear
span of such elements is a simple module over the subalgebra generated
by 1o and 1 (as Ay # 0 by condition (I)), see Subsection 4.2. Moreover,
it contains the image of a nonzero constant and hence generates @),.
The claim follows. u

The module Q) obviously satisfies the conditions of Theorem 1 (with
the same k because of condition (I)). Hence, by Theorem 1, we obtain
the corresponding simple induced B-module Indy(Qy). As far as we
can judge, if S is not of the form {1,k} or S = {[57],[£] +1,... Kk},
then the simple U-module Indy(Q),) is new.

4.6. Block modules. Denote by b the two-dimensional Lie algebra
0. /0. Let N be a simple infinite dimensional b-module. Then
N has the induced structure of a simple 20 -module, which obviously
satisfies the conditions of Theorem 1 (with £ = 1). Hence, by Theo-
rem 1, we obtain the corresponding simple induced B-module Indg(N).
A classification of simple b-modules is obtained by Block in [Bl, Sec-
tion 6] (this includes a very explicit family of simple modules proposed
by Arnal and Pinczon in [AP, Section 5]). As far as we can judge,
if we leave out weight and Whittaker modules (a “negligible” set in
Block’s classification), all other simple B-modules obtained in this way
are new.

4.7. Block modules for k£ = 2. Denote by ¢ the three-dimensional Lie

algebra U, / %f). Note that the algebra b from the previous subsection
is a subalgebra of ¢. Abusing notation, we identify 1;, ¢ = 0, 1,2, with
their images in both b and ¢. For any A € C, mapping

1o —>1p, 1, —1;, 15— )\1%
extends to an epimorphism ¢, : U(c) — U(b). Let
Py 1 b-mod — ¢-mod

denote the induced pullback functor. As ¢ is an epimorphism, P,
maps simple modules to simple modules. Let L be a simple b-module
(from [Bl, Section 6]) and N = $,(L), where A # 0 (it is easy to
see that different A give non-isomorphism modules). Then N has the
induced structure of a simple 20, -module, which obviously satisfies the
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conditions of Theorem 1 (with & = 2). Hence, by Theorem 1, we obtain
the corresponding simple induced U-module Indy(N). As far as we can
judge, most of these simple U-modules are new.

Let ¥ : ¢ — b be the unique Lie algebra epimorphism which sends

1
1o — 510, 1, — 0, 1, — 1;.

Let 1 : b-mod — ¢-mod be the induced pullback functor, which again
sends simple modules to simple modules. Similarly to the previous
paragraph, for any simple b-module L and any 6 € C we get the simple

module Indg(¢)(L)). Moreover, we have the following:

Proposition 10. Every simple ¢-module N is isomorphic either to
Py\(L) for some X € C and some simple b-module L or to (L) for
some simple b-module L.

Proof. First we assume that N contains a nonzero v such that 1,v = 0.
Then every element in N can be written in the form >, ., a; 15190
where «; ; € C and we have

12 (Z ai7jlélj1v> = Z Ozm(lo - Q)iljllgl) = O,
4,520 4,520

which means that 1, N = 0. It follows that the restriction L of N to b

is simple and N = ,(L).

Assume now that N contains a nonzero v such that 1;,v = 0. The
same arguments as in the previous paragraph show that 1;N = 0,
which implies that N = (L) for some simple b-module L.

Finally, assume that both 1, and 1; act injectively on N. Let A
denote the localization of U(c) with respect to powers of 1. The el-
ement 121;' belongs to the center of A and is nonzero. If N is a
simple ¢-module on which 15 acts injectively, then N localizes to a sim-
ple A-module N’. As A is finitely generated (it is generated by 1o,
11, 1, and 1, '), the central element 1215 must act as some scalar, say
A € C\{0}, on N’ (confer the proof of [Mz, Theorem 4.7]). This means
that 12 — A1, annihilates N. Again, it follows that the restriction L of
N to b is simple and N = 3, (L), where p = A~". O

5. REVISION OF THE WHITTAKER SETUP

In this section we would like to take the opportunity to extend and
correct the Whittaker setup proposed in [BM].

5.1. Whittaker pairs and Whittaker modules. Let n be a Lie

algebra. Set ny := n and define recursively n; := [n;_1,n|, i € N.
We will call the algebra n quasi-nilpotent provided that the descending
chain ng D ny O ... of ideal has zero intersection and each n; has finite

codimension in n (confer [BM, 3.1] where the last condition is missing).



SIMPLE VIRASORO MODULES 13

Denote by §, the category of all finite dimensional n-modules and by
20, the full subcategory of §, consisting of all modules V' for which
there is ¢ € N such that n;V' = 0. In [BM, Proposition 3] it is claimed
that every simple finite dimensional n-module belongs to 2J,. This is
wrong as shown by the following example:

Example 11. Let a be any simple finite dimensional Lie algebra and
A :=tCJt] be the associative algebra of polynomials without constant
term. Then the Lie algebra n := A ® a with the Lie bracket given by
[f ®a,g®b] := fg ® [a,b] is quasi-nilpotent with n; = t"*!'C[t] @ a.
Any simple a-module V' becomes a simple n-module via the evaluation
map sending ¢ to 1.

This suggests the following revision of the Whittaker setup from
[BM]: Let g be a Lie algebra and n a Lie subalgebra of g. Denote by
208 the full subcategory of the category of g-modules which consists
of all modules V' for which any v € V belongs to some n-submodule
X C V such that X € 20,. We will say that (g,n) is a Whittaker
pair provided that n is quasi-nilpotent and g/n € 209. Objects in the
category 209 are called Whittaker modules for the Whittaker pair (g, n).
All general results of [BM] are true if the definition of the category 208
is adjusted in this way (in [BM] this notation is used for the category
defined in the next paragraph).

It is also natural to consider the full subcategory §% of the category
of g-modules which consists of all modules V' for which any v € V
belongs to some n-submodule X C V such that X € §F,. Objects
in the category §2 are called generalized Whittaker modules for the
Whittaker pair (g, n).

There are many quasi-nilpotent algebras n for which §, = 23,. For
example, this is the case if n is finite dimensional (and hence nilpotent).
Two other important examples are described below in Subsection 5.2
and 5.3. The most important example of n for which §, # 20, is when
n is the positive part of the standard triangular decomposition of an
affine Lie algebra g. Generalized Whittaker modules in this case are

studied in [CGZ].

5.2. Whittaker setup for the Virasoro algebra. In the case of the
Virasoro algebra 2 we have:

Proposition 12. Let n be a Lie subalgebra of ‘Ef) such that n D ‘Z]Sf)
for some k € Z. Then:

(a) §n=W,.
(b) (U, n) is Whittaker pair.

Proof. Claim (a) follows from the first paragraph of Subsection 3.3.
Claim (b) follows from definitions. O
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From Proposition 12(a) it follows that for any n as in Proposition 12
any simple module in 20 is contained in the list provided by Theo-
rem 2.

5.3. Whittaker setup for the Witt algebras. For n € N denote
by to, the Lie algebra of all derivations of the polynomial algebra
Clxy, o, ..., x,] (the classical Witt algebra). Set N := {1,2,...,n}

and for 7 € N let 0; denote the derivation %. For ¢ € N and
m = (mi,ma,...,my) € Z7 the elements D;(m) = 27"y --- 27" 0;

form the standard basis of w,. The linear span of x;0;, i € N, is
the standard Cartan subalgebra b of tv,, and the linear span a of x;0;,
1,5 € N, is a copy of gl,. Let

a=n ohodnl

be some triangular decomposition of a. Denote by n, the linear span
of n§ and 0;, i € N. Denote by n the linear span of n? and all the
elements D;(m) which are contained in neither a nor n,.. Then we have
a decomposition

mn:n,@f)@‘mr

into a direct sum of subalgebras and both (tv,,n_) and (tv,,n,) are
Whittaker pairs (see [BM, 5.1]). The algebra n, is nilpotent finite
dimensional, while n_ is neither nor (but it is quasi-nilpotent).

Proposition 13. For n = n_ we have §, = 2W,.

Proof. Note that the claim of Proposition 12 in the case of the algebra
‘l]gf) is the claim of Proposition 13 in the case of the algebra tv;. Hence
we are left to consider the case n > 1.

Let V be a finite dimensional n-module and i C n be the kernel of
the representation map. To prove our proposition it is enough to show
that i contains all but finitely many elements of the standard basis. For
a fixed i € N, the elements x70;, s > 0, form a copy of ¥, inside tv,,.
Hence Proposition 12 implies that all but finitely many such elements
are in i. Commuting these elements with x?9;, where j # i, we get
that i contains all but finitely many elements of the form z30;. Hence
there is V € N such that i contains all xj& where s > N.

Now we claim that for any ¢ € N and any m such that m; > N
for some j we have D;(m) € i. Write m = m’ + m”, where m/ =
m; while m! = 0 for all s # j. Assume first that ¢ = j. Then we
have D;(m’ + ¢;) € i by the previous paragraph and the commutator
[D;(m’ + ¢;), D;(m")] equals D;(m) up to a nonzero scalar. In the
case ¢ # j we have D;(m’) € i by the previous paragraph and the
commutator [D;(m’), D;(m"+¢;)] equals D;(m) up to a nonzero scalar.
The claim of the proposition follows. O
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