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Abstract

We study the algebraic properties of the series K,, of semigroups,
which is inspired by [Ki] and has origins in convexity theory. In par-
ticular, we describe Green’s relations on K,,, prove that there exists
a faithful representation of K,, by n X n matrices with non-negative
integer coefficients (and even explicitly construct such a representa-
tion), and prove that K,, does not admit a faithful representation by
matrices of smaller size. We also describe the maximal nilpotent sub-
semigroups in K,,, all isolated and completely isolated subsemigroups,
all automorphisms and anti-automorphisms of K,,. Finally, we explic-
itly construct all irreducible representations of K,, over any field and
describe primitive idempotents in the semigroup algebra (which we
prove is basic).

1 Introduction

Let E be a real vector space and Func(FE) be the set of all functions on F
with values in the extended real line R U {—o00, +00}. In convexity theory
there appear three natural operators on Func(FE), namely the operator ¢ of
taking the convex hull of a function, the operator [ of taking the largest lower
semicontinuous minorant of the function, and the operator m defined via

f(x), if fis everywhere > —oo;

—00, otherwise.

The operators ¢, l,m generate a monoid, G(F), with repsect to the usual
composition. In [Ki] it was shown that this monoid consists of 18 elements
and has the following presentation (as a monoid):

GE)={c,lim:ct=c, =1, m*=m,

cle =lcl = le, eme = mem = me, Iml = mim =ml). (1.1)



Furthermore, the paper [Ki] also contains a detailed study of the algebraic
structure of G(E) and gives a faithful representation of G(E) by 3x3 matrices
with non-negative integer coefficients.

There is a fairly straightforward way to generalize (1.1). Let n be a posi-
tive integer. Denote by K,, the monoid defined via the following presentation:

a2 s .
K,={(a1,...,an: a; =a;,i=1,... n;

a;aja; = aja;a; = a;a;, 1 <i<j<n). (1.2)

We will call K,, Kiselman’s semigroup after the author of [Ki]. Obviously, we
have G(E) = Kj3. The generalization (1.2) was proposed by O. Ganyushkin
and the second author in 2002 (unpublished). In [Go| several results on
the structure of K, were announced. Unfortunately, the proofs have never
appeared. So, we have decided to study K, independently. In the present
paper we prove all the results announced in [Gol, in particular, we describe
Green’s relations on K,, (Section 7), prove that there exists a faithful repre-
sentation of K,, by n x n matrices with non-negative integer coefficients (and
even explicitly construct such a representation), and prove that K,, does not
admit a faithful representation by matrices of smaller size (Subsection 11.1).
We also obtain some additional results, in particular, we describe the max-
imal nilpotent subsemigroups in K,, (Section 8), all isolated and completely
isolated subsemigroups (Section 9), all automorphisms of K,, and all anti-
automorphisms of K,, (Section 6). We also explicitly construct all irreducible
representations of K,, over any field and describe the primitive idempotents in
the semigroup algebra (Subsection 11.2). We are convinced that K,, is a very
beautiful combinatorial objects and might have a lot of further interesting
combinatorial properties and applications.
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2 Finiteness of K,

We will denote by e the unit element in K,,. For a finite alphabet, A, we
denote by W(.A) the set of all finite words over this alphabet, including the
empty word (with respect to the usual operation of concatenation of words



this is the same as the free monoid, generated by A, which is sometimes
denoted by A*). Let [ : W(A) — NU {0} denote the length function.

Lemma 1. (i) Leti € {1,...,n} and w € W({ay,...,a;,_1}). Then we
have a;wa; = a;w n K,,.

(i) Let i € {1,...,n} and w € W({ait1,...,a,}). Then we have a;wa; =
wa; 1 K,.

Proof. We prove (i). The statement (ii) is proved by similar arguments. We
proceed by induction on [(w). If [(w) = 0 or [(w) = 1, the statement follows
directly from the presentation (1.2). Assume now that [(w) > 1 and write
w = w'a; for some j < i. Then w' € W({ay,...,a;—1}) and [(w') = [(w) — 1.
We have

awa; = aw'aja; = (a;w)aja; = (by the inductive assumption) =
= (a;w'a;)a;a; = a;w'aa5a; = (by (1.2)) = a;w'aa; = (a;w'a;)a; =

= (by the inductive assumption) = (a;w’)a; = a;w'a; = a;w.
[

Define the function L : N — N as follows:

k1 _ 9 = 2k;
L(n): ) n )
3-28 -2, n=2k+1.

Corollary 2. Let a € K,,, a # e, and let w € W({aq,...,a,}) be a word
of the shortest possible length such that o« = w in K,,. Then we have the
following:

(i) Fori < [%] the letter a; occurs in w at most 2~ times.
1

(i) Fori > [22] the letter a; occurs in w at most 2"~" times.

(7ii) W(w) < L(n).

Proof. We prove (i) by induction on 4. If the letter a; occurs in w more
than once, the word w can be reduced (shortened) using Lemma 1(ii). This
gives us the basis of the induction. Let 1 < i < (%1 From the in-
ductive assumption we obtain that the total number of occurrences of the

letters aq,...,a;,1 in w does not exceed 2! — 1. Hence we can write
w = wibjwabows . . . Woi-1_1bgi-1_jwei-1, where b; € {ay,...,a;_1} and w; €
W({a;,...,a,}) for all appropriate j. If a; occurs in some w; more than

once, the word w; and hence w can be reduced using Lemma 1(ii). Hence

3



the total number of occurrences of a; in w does not exceed 2=!. This proves
(). (ii) is proved by similar arguments. (iii) follows from (i) and (ii) since
for all n = 2k € N we have

k n
Lin)=) 214 ) 2
=1

i=k+1

and for all n = 2k + 1 € N we have

k+1 n
Ln) =) 2714+ ) " 2n,
=1 i=k+2

As an immediate corollary from the latter statement we have:

Theorem 3. The semigroup K,, is finite, moreover
IKn| <1+ ntm.

Proof. The semigroup K, is generated by n elements. By Corollary 2(iii),
every element of K,,, different from the unit element e, can be written as a
product of at most L(n) generators. Since all generators are idempotents,
repeating the last generator, occurring in such a product, we conclude that
every element of K,,, different from the unit element e, can be written as a
product of exactly L(n) generators. The statement follows. O

Question 4. Can one give an explicit formula for |K,|?

Remark 5. In [Go| a slightly more general family of semigroups is consid-
ered: let (I, <) be a partially ordered set. Define

K;=(a,i€1: al =a; i€ I; aa;0; = aja;a; = aja;, 1,7 € I, < j).

[Go, Theorem 2] states that K; is finite if and only if I is finite and < is linear.
This is an immediate consequence of Theorem 3. Indeed, Theorem 3 gives
us the sufficiency. The necessity follows from the trivial observation that
for incomparable 4,5 € I the elements (a;a;)* € K;, k € N, are obviously
different since there is no relation involving both a; and a;.



3 The canonical form for elements of K,

Let ¢ : W({ay,...,a,}) — K, denote the canonical epimorphism. For w €
W({ai,...,a,}) set w = {x € W({ay,...,a,}) : ¢(x) = p(w)}. If w =
iy Gy - - - a;, € W({ay,...,a,}), then by a subword of w we will mean an
element of W({a1,...,a,}) of the form a;,a; _, a; ., ...a; for some 1 < s <
t < k. By a quasi-subword of w we will mean an element of W({ay, ..., a,}) of
the form Wiy, Wiy, Wiy, - - - Qi for some 1 <[} <ly <l3 < --- <y <k (including
the empty quasi-subword). Each subword is, by definition, a quasi-subword.
The main result of this section is the following statement:

Theorem 6. Let w € W({ay,...,a,}).
(i) The set w contains a unique element of the minimal possible length.

(i) v € W has the minimal possible length if and only if the for each i €
{1,2,...,n} the following condition is satisfied: if a;ua; is a subword
of v then u contains some a; with j > 1 and some a;, with k < 4.

The words v € W({ay, . ..,a,}), satisfying the condition of Theorem 6(ii),
will be called canonical. If w € W({ay,...,a,}) and v € W is canonical, we
will say that v is the canonical form of w. By Theorem 6(i) the homo-
morphism ¢ induces a bijection between the set of all canonical words in
W({ai,...,a,}) and the elements of K,. In particular, it makes sense to
speak about the canonical form of an element from K,.

Remark 7. The statement of Theorem 6(i) was announced in [Go, Theo-
rem 1].

Proof. Define the binary relation — on W({ai,...,a,}) in the following
way: for w,v € W({ay,...,a,}) we set w — v if and only if there ex-
ists i € {1,...,n} such that w = wja;ua;ws and either v = wya;uw, and
u e W({ay,...,a;_1}), or v = wyua;wy and v € W({a;11,...,a,}). From
Lemma 1 we obtain that w — v implies v € w. Obv1ous1y, w — v im-
plies [(v) = [(w) — 1, in particular, any chain v; — vy — v3 — ... in

W({ai,...,a,}) terminates in a finite number of steps. Denote by — the
reflexive-transitive closure of —.

Lemma 8. For all u,v,w € W({a,...,a,}), such that u # v, w — u and



w — v, there exists v € W({ay,...,a,}) such that

w

U v
X /

x
Proof. Both u and v are quasi-subwords of w by the definition of —. w is
obtained from w by deleting some a;, and v is obtained from w by deleting
some a;. If ¢ # j, from Lemma 1 we obtain that we are allowed to delete
the corresponding occurrence of a; in v obtaining some x such that v — x.
Moreover, again applying Lemma 1 we have that we are allowed to delete
the corresponding occurrence of a; in u. Since these operations obviously
commute we will get the same result z and v — x, as required.

Now assume that ¢ = j. By the definition of —, the deletion of a; involves
two occurrences of a; in a word. If the corresponding two pairs of a;’s in w
do not intersect, then the same argument as above works, implying that our
deletion operations commute.

Without loss of generality, in the remaining cases we may assume w =

a;aaq;fa;, where o, € W({ay,...,a;_1,a;41,...,a,}). If u = v, we can
obviously take x = u = v. Hence we are left to deal with the following cases:

1. u = aa;fa;, v = a;afa;. Because of (1.2) this is possible if and only if
a = e, which gives us u = v. This case was considered above.

2. u = aa;fBa;, v = a;aa;5. In this case we can take z = aa;06 and
obviously have u — z, v — .

3. u = a;aa;f3, v = a;afa;. Because of (1.2) this is possible if and only if
(8 = e, which gives us u = v. This case was considered above.

The statement of the lemma follows. O

The statement (i) follows now from Lemma 8 and the Diamond Lemma
(see e.g. [Ne]). The statement (ii) follows from the statement (i) and the
definition of the relation —. This completes the proof. n

From Corollary 2(i) we know that for any w € W({ay,...,a,}) the length
of the minimal representative in w does not exceed L(n). Now we can show
that this bound is sharp.

Corollary 9. There exists w € W({ai,...,a,}) such that the length of the
minimal representative in W equals L(n).
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Proof. Let k = [§] and set w1 = a1Gn, Wy = A20p_1,. .., Wp_1 = Qp_10p_jt2,

AkGn—k+1, N 1S even;
Wg =

ag, n is odd.
Define the words v;, i = 1,...,k, recursively as follows: v; = wy; if v; =
Wi Wiy -+« - Wy, then Vit1 = Wip1Wj, Wi 1Wjp Wiy 1 -+« - Wi W5, Wi41- It follows
immediately that [(vy) = L(n) and it is easy to see from the construction
that v; is canonical for every 7. The claim follows. n

4 Idempotents in K,

Let w € W({ay,...,a,}). Define the content ¢(w) of w as the set of all those
i € {1,...,n} such that the letter a; appears in w. In particular, ¢(e) = &
and c(a;) = {i} for all i = 1,...,n. From (1.2) it follows immediately that
¢(v) = ¢(w) for every v € W, in particular, one can speak of the content
of an element from K,,. Furthermore, obviously ¢(wv) = ¢(w) U ¢(v) for all
v,w e W({ay,...,a,}), which implies the following statement:

Lemma 10. ¢ is an epimorphism from the semigroup W({aq,...,a,}) to
the semigroup (21127} U). ¢ also induces an epimorphism from K, to the
Semigroup (2{1’2""’"}, U) (abusing notation we will denote this epimorphism
also by ¢).

Let X C{l,....,n}. f X =2 seteg=c. f X # &, let X = {iy,... 0}

such that i; > iy > -+ > 4. Set ex = a;, a4, - - - a;,, .

Proposition 11. Fach ex is an idempotent in K,, and every idempotent in
K,, has the form ex for some X C {1,...,n}. In particular, the semigroup
K, contains 2™ idempotents.

Proof. As the word a;,a;, - - - a;, is canonical we have ex # ey if X # Y.
That exex = ex follows immediately from Lemma 1(i). Hence we have only
to show that any idempotent in K,, has the form ey for some X C {1,...,n}.
Let z € K,, be an idempotent. Then z¥ = z for all kK € N and the necessary
statement follows from the following lemma:

Lemma 12. Let w € W({ay,...,a,}). Then w* = ey, for all k > |c(w)|.
Proof. Set N = |e(w)|. Let X C {1,...,n}. From Lemma 1(i) and the

definition of ex it follows that exa; = ex for every ¢« € X. Hence it is enough
to show that w™ = ey,). Fori € {1,...,n} denote by 9; : W({ay,...,a,}) —



W({a1,...,a;_1,a;:1,...,a,}) the operation of deleting all occurrences of the
letter a; in a word. Let ¢(w) = {i1,...,in} and 43 > is > .-+ > iy. Using
Lemma 1(i) we inductively compute:

w = wwww ... w = wd;, (w)0;, (w)d;, (W) ... 0 (w) =
N times
= w@,-l (w)azzazl (w)@?&m@“ (w) e (@Nfl C 8120“)(11)) (41)

For j =1,...,N —1set w; = 0y, ...0:,0; (w). Again, from the computation
(4.1) and Lemma 1(ii) we inductively derive:

UJN = vy ... WN_1 = &N(w)aw(wl)am(wg) 8ZN<’U)N Q)wN 1=

== 8”\, 18 (w)(?mflam(wl) . az 8 (wN_3)(9ZN(w )U}N 1= =

N—-17IN

= (812 . 81']\,71811\,)(11))(31'3 R 01-1\,7101-1\,)(11)1) c.. &-N (wN72)wN71. (42)

Now it is left to observe that

¢((Diy -+ Oin_, Oy )(w)) = {in}, ¢((Oiy - - Oiyy_, Oiy ) (w1)) = {in}, .
c(wn- 1) {ZN}

Hence the product in the formula (4.2) results in the product a; a;, ... a;y,
which is equal to e (). Therefore wh = €c(w) and the statement is proved. [l

The statement of Proposition 11 follows immediately from Lemma 12. [J

Remark 13. It is easy to see that different idempotents in K,, do not com-
mute. Furthermore, the set of all idempotents in K,, is not a subsemigroup
of K,,, as it follows from the next statement.

Proposition 14. Let X,Y C {1,2,...,n}. Then the following conditions
are equivalent:

(a) exey is an idempotent.
(b) Exey — Exyy-
(¢) For everyie X \Y and every j € Y \ X we have i > j.

Proof. The implication (b)=-(a) is obvious. By Lemma 10 we have ¢(exey) =
X UY. At the same time ex_y is the only idempotent of K, with content
X UY. The implication (a)=-(b) follows.



If |X| = 0, the implication (c¢)=-(b) is trivial. Hence we may assume
| X'| > 0. We prove the implication (c)=-(b) by induction on |Y|]. If |Y| =0,
we have ey = e and the claim is obvious. Let |Y| > 0 and y be the minimal
element of Y. Let x be the minimal element of X. If z =y, we have

EXCy = EX\{x}AyCy\{y} Oy = EX\{z}EY\{y} Oy

by Lemma 1(ii). The sets X \ {z} and Y\ {y} still satisfy (c¢) and hence by
induction we get

EX\{y}EY\{y} by = E(xUY)\{y}dy = EXUY -

If x # y, then > y by (c). Hence the sets X and Y\ {y} satisfy (c) and
hence by induction we get

EXCy = EXCEy\{y}ly = E(xUY)\{y}dy = EXUY-

This proves the implication (c¢)=(b).

Finally, assume that (c) is not satisfied. Let i € X \ Y and j € Y\ X be
such that ¢ < j. Then the letter a; occurs in exey to the left of the letter a;.
Moreover, both a; and a; occur only once. Hence, applying Lemma 1 we will
not be able to switch the occurrences of these letters. This and Proposition 11
imply that exey is not an idempotent. This proves the implication (a)=-(c)
and completes the proof. ]

Corollary 15. All mazimal subgroups of K,, are trivial (that is consist of
one element).

Proof. Let f € K, be an idempotent and z € K,, be an element, which
belongs to the maximal subgroup of K,,, corresponding to f. Then z¥ = f
for some kK € N and fzr = 2" = 2. Now Lemma 12 implies x = f,
completing the proof. O

Remark 16. The idempotent ey
from Lemma, 1.

ny 1s the zero element of K,,. This follows

~~~~~

Recall the following natural order on the idempotents: f; < fs if and only
if fifo= fofi = fi. We have:

Proposition 17. Let fi, fo € K,, be idempotents. Then fi < fo if and only
if e(fo) Ce(fr)-

Proof. 1f ¢(f2) C c¢(f1) then fifs = fofi = fi follows from Remark 16.
Assume that f1f, = fofi = fi. Then, by Lemma 10, we have ¢(fif2) =
c(f1) Ue(f2) =c¢(f1). Hence ¢(f2) C ¢(f1). The statement is proved. O



5 Kiselman’s linear representation of K,

For i = 1,...,n denote by A; the following (0, 1)-matrix of size n x n:
1 O ... 0 1 0O ... O
0 1 ... 0 1 0O ... O
0 0 1 1 0 0
A=t 0 o 0 0 0 0 |’
0 0 0 0 1 0
0 O ... 0 0 0o ... 1

where the i-th row is zero and the i-th column equals (1,...,1,0,...,0)" (the
first i — 1 elements are equal to 1). The following proposition is inspired by
[Ki, Theorem 3.3].

Proposition 18. The assignment a; — A, _;+1 extends uniquely to a homo-
morphism, ¥y, : K, — Maty, <, (Z). Moreover, we have (e, ) = 0.

Proof. Because of (1.2) it is enough to check that A? = A; foralli =1,..., n;
and A;A;jA; = A;AA; = AjA,; for all ¢, j such that 1 <¢ < j <n. Thisis a

.....

calculation. N

Remark 19. In [Ki, Theorem 3.3] it is proved that 5 is faithful. Unfor-
tunately, already 14 is not faithful. For example, both, azasasaiasas and
azasasasaias, are different canonical words and hence represent different el-
ements from Ky. However, one easily computes that ¢,(asasasaiazas) =

Yy(asasasasarasy).

6 (Anti)automorphisms of K,

Proposition 20. (a) The only automorphism of K,, is the identity.

(b) The map a; — a,_;11 extends uniquely to an antiautomorphism of K,.
This is the only antiautomorphism of K,,.

Proof. Let ¢ : K,, — K,, be an automorphism. Obviously o(e) = e. The

under U, and ¢! ({i}) = a;. This implies that ¢ must induce a permutation
on the generators ay,...,a,. Let us prove that o(a;) = a; by induction on
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n. For n = 1 the statement is obvious. By (1.2), the letter a, may be
characterized as the only letter a; among aq,...,a, such that there does
not exist any a;, j # ¢, with the property a;a; = a,a;a; = a;a;a;. Hence
o(a,) = a,. In particular, o induces a permutation of the remaining letters
ai,...,a,_1, that is an automorphism of K,,_;. By the inductive assumption,
this automorphism is trivial. Hence o is also trivial. This proves (a).

That a; — a,_;11 extends uniquely to an antiautomorphism of K,, fol-
lows from the fact that it preserves the defining relations (1.2). That this
antiautomorphism is unique is proved analogously to (a). This completes the
proof. O]

We will denote the unique antiautomorphism of K,, by 7.

Question 21. Is it possible to classify endomorphisms of K,, ¢

7 Green’s relations on K,

Theorem 22. Green’s relations L, R, D, H, and J for K,, are trivial (that
is all equivalence classes of these equivalence relations consist of one element
each).

To prove this theorem we will need the following notion: let A = (a; ;)
be an n X n matrix with coefficients from some ring. Define the height h(A)
of A as follows:

h(A) :Zy{j e{l,...,n}:a;, #0}| 2"

For z € K,, we define the height h(x) of x as h(1,(x)).
We will need the following property of the height:

Lemma 23. Let a € K,, and i € {1,...,n} be such that a;a # «. Then
h(a;a) < h(a). In particular, if o, € K, are such that o8 # 3, then

b(af) <b(3).

Proof. By the definition of h we have to show that h(1,(a;)Y (@) < h(¥,(a)).
Set j = n — i+ 1. Because of the definition of ,(a;) = A;, the matrix
n(ai)n(a) is obtained from the matrix v, («) by the following sequence
of elementary operations: the j-th row of ¥, («) is added to all rows with
numbers 1,2,...,j5 — 1, and then the j-th row of the resulting matrix is
multiplied with 0. Let m be the number of non-zero entries in the j-th
row of 1,(a). This contributes m2/ to h(a). Since ¥,(a) has only non-
negative coefficients, adding the j-th row of ¢, («) to the rows with numbers

11



1,2,...,7—1 we can create at most m new non-zero elements in all these rows.
These new elements will contribute at most m (2771 +2772 4. .. +2) < m27 to
h(a;a). Hence h(a;a) < h(ar) and the first statement of the lemma is proved.
The second statement follows immediately from the first one. ]

Now we are ready to prove Theorem 22:

Proof of Theorem 22. Let us prove the statement for the £ relation. Assume
that a,b € K,, are such that a # b and a£Lb. This means that there exists
x,y € K,, such that xa = b and yb = a. Hence from Lemma 23 we obtain
h(b) = h(za) < h(a) and h(a) = h(yb) < h(b). This implies h(a) < h(a), a
contradiction. Therefore, every L-class consists of exactly one element and
thus L is trivial.

Since the relation £ is trivial, applying 7 we obtain that the relation R
is trivial as well. From the definition of H and D it then follows that both
‘H and D are trivial. Since K,, is finite, we have D = 7, completing the
proof. O]

Remark 24. The statement of Theorem 22 was announced in [Go, Theo-
rem 3.

8 Maximal nilpotent subsemigroups of K,

Recall that a semigroup, S, with the zero element 0 is called nilpotent pro-
vided that there exists & € N such that S¥ = {0}. The minimal pos-
sible k with this property is called the nilpotency class of S. For every
X c{1,...,n} denote by Nil(X) the set {w € K,|c¢(w) = X}.

Theorem 25. (i) For each X C {1,...,n} the set Nil(X) is a mazimal
nilpotent subsemigroup of K,, (with the zero element ey ). Nil(X) has
nilpotency class | X| if | X| > 0, and nilpotency class 1 if | X| = 0.

(ii) Every maximal nilpotent subsemigroup of K,, has the form Nil(X) for
some X C{1,...,n}.

(ii) We have the following decomposition into a disjoint union of maximal

.....

Proof. That Nil(X) is a subsemigroup of K, follows from Lemma 10. That
ex is the zero element of Nil(X) and the only idempotent of Nil(X) follows
from Lemma 12. Hence Nil(X) is a nilpotent semigroup by [Ar, Fact2.30,
page 179]. If w € K,, \ Nil(X), then w!/“®)! is an idempotent, different from
ex. This means that the semigroup, generated by Nil(X) and such w, can

12



not be nilpotent. That Nil({@}) = {e} has nilpotency class 1 is obvious.
Let X # @. The same arguments as the ones used in Lemma 12 prove that
the nilpotency class of Nil(X) is at most |X|. Let X = {a;,,...,a; } and
1 <lg < - < 1.

Lemma 26. The element w = a;,a;, - - - a;, has order k.

Proof. From Lemma 12 we have that the order of w is at most k, so we have
to prove that w! is not an idempotent for any I < k. Observe that, obviously,
the subsemigroup of K,,, generated by a;,, a;,, ..., a;, is isomorphic to K, via
ai; — a;j. Hence, without loss of generality, we may assume X = {1,...,n}.

By a direct calculation we have that the matrix v, (ajas - - - a,,) is an upper
triangular matrix with zero diagonal, whose all element above the diagonal
equal 1. Hence ¢, (ajas - - - a,) is nilpotent of nilpotency class exactly n. The
claim follows. O

From Lemma 26 we obtain that the nilpotency class of Nil(X) is exactly
| X'|. This proves (i).
Let S be a maximal nilpotent subsemigroup of K,, and f € S be the

corresponding zero element. Then f = ex for some X C {1,...,n} by

Proposition 11. Since for every element z from S we then should have z¥ =

ex for some k, from Lemma 12 we obtain S C Nil(X'), Now (ii) follows from
(). The statement (iii) is now obvious. O

9 Isolated and completely isolated subsemi-
groups of K,

Let S be a semigroup. Recall that a subsemigroup, 7' C S, is called isolated
provided that for all z € S the inclusion ! € T for some [ € N implies z € T..
A subsemigroup, T' C 5, is called completely isolated provided that xy € T
impliesz € T'or y € T for all z,y € S.

Proposition 27. (i) The map ¢ induces a bijection between isolated sub-

minimal isolated subsemigroups of K,, are Nil(X), X C {1,...,n}.

(i) The map ¢ induces a bijection between completely isolated subsemigroups

of idempotents. That S = ¢ !(T) follows from [MT, Proposition 4]. On

13



the other hand, for any subsemigroup T of (281"} U) the set ¢7(T) is a
subsemigroup of K,, and hence is isolated since T is isolated. This proves (i).
(ii) follows easily from (i). O

10 Deletion properties

In this section we establish two combinatorial properties of K,,, which will
be used later on during the study of linear representations of K,,. However,
we think that these properties are rather remarkable and interesting on their
own.

77777

is the following statement:

Proposition 28. Let v,w € W({ag,...,a,}) be canonical and different.
Then vay f # waq f.

Proof. Take the word va, f € W({as,...,a,}). This word does not have to
be canonical. However, we can use Lemma 1 (maybe several times) to reduce
it to the unique canonical form given by Theorem 6. Since v is assumed to
be canonical, on the first step we can apply Lemma 1 only to some subword,
a;aa;, of vay f, where the left a; is a letter of v and the right a; is a letter
of f. This means that a; is a letter of «, and therefore only Lemma 1(i)
can be applied. Thus the new word will have the form va;3, where [ is
obtained from f by the deletion of one of the letters. The main point is that
the left-hand side v remains the same. Now, applying the same argument
inductively, we obtain that the canonical form of va; f will by va;~y, where
is a quasi-subword of f.

The same argument shows that the canonical form of wa, f will have the
form way7y’, where +' is a quasi-subword of f. Since a; does not occur in
both v and w by assumption, and v # w, we obtain that va;y # wa,7y’. The
statement now follows from Theorem 6. O

The second deletion property is the following more tricky statement (and
is perhaps the deepest result of our paper):

Proposition 29. Let w,v,u € W({ag,...,a,}) be canonical. Assume that
v # u and both wa,v and wayu are canonical. Then wv # wu, wva; # wua,
and wvay f # wuay f.

Proof. We first prove that wv # wu. Assume this is not the case, that is
assume that wv = wu. To proceed we will need some preparation.

14



Lemma 30. Let a, 3 € W({as,...,a,}) be canonical and assume that a3
15 canonical as well. Then the canonical form of af is obtained from of
by deleting some letters of the word o using Lemma 1(ii). Moreover, the
reduction process can be organized such that on every step the new letter
which we delete is placed to the left with respect to the letter, deleted on the
previous step.

Proof. We proceed inductively on the number of deletions. Assume that
a;ya; is a subword of a3, to which we can apply Lemma 1. Since a3 was
canonical, we obtain that a;va; = a;y'v"a;, where a4 is a suffix of o and
~v"a; is a prefix of 3. Since a;v'a17"a;, as a subword of a canonical word,
was canonical itself, the word 7'7” must contain some a; with j > ¢. Hence
we can only apply Lemma 1(ii) to a;ya; and thus have to delete some letter
from a. We can of course always start with the rightmost letter of «, which
can be deleted.

Since we delete the rightmost possible letter, the rest of the word, which
is to the right of this letter, has to be canonical. This part is not affected by
our deletion, so it remains canonical. On the other hand, since we have used
Lemma 1(ii), the right neighbor of our letter should have bigger index. So, if
our deletion creates possibilities for new deletions, for these new possibilities
we can only use Lemma 1(ii) (this is the same argument as in the previous
paragraph). In particular, it follows that new letters which can be deleted
can appear only to the left. Moreover, the same argument as above shows
that if our deletion creates some new letters which can be deleted, it is again
only Lemma 1(ii) which can be used. Therefore, we can again always choose
the new rightmost letter and proceed inductively, completing the proof. [

From Lemma 30 we obtain that the canonical form can(wu) is obtained
from wu by deleting some letters from w, and the canonical form can(wv) is
obtained from wuv by deleting some letters from w. In particular, wu = wwv
implies can(wu) = can(wv). Without loss of generality we may assume
[(u) < I(v). Then the above observations imply that v = u'u (as a word) for
some word «'. In particular, if [(u) = [(v), we already get a contradiction,
proving that wv # wu in this case.

Hence now we can assume that [(u) < [(v) and that v = u'u for some
non-empty word u’. Now we are going to make some analysis of wu and
wv, which we tried to illustrate on Figure 1. It will be convenient for us
to distinguish the symbols {a1,...,a,} of our alphabet from the letters of
a given word (this word will, in fact, be the word w). So, in the rest of
the proof by a letter of some word we will mean a symbol of the alphabet
together with the position in the word (so different letters can correspond
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Figure 1: Analysis in the proof of Proposition 29.

to the same symbol). For example, the word ajasasa; is written using only
three different symbols, but it contains four different letters (the first letter is
the symbol a; staying in position one and the fourth letter is the the symbol
a; staying in position four). We will use a, x, y, v to denote the letters of the
words we will work with.

Let @’ be the leftmost letter of the non-empty word u’. Let a; be the
corresponding symbol. By Lemma 30, the letter ' survives in can(wv).
Since [(u) < [(v), the corresponding letter of can(wu) = can(wv) comes from
w, say from some letter a (this should be one of the occurrences of a; in w).
Since wayv was canonical and a is the leftmost letter of v, there should exist
a symbol, a;, in w to the right of a such that j > 7. We can choose the
maximal possible j and let x be the rightmost occurrence of a; in w to the
right of our letter a. All letters in w to the right of = (if any) have smaller
indicies. In wv these letters are followed by @', which also has smaller index.
Hence it is not possible to delete this = using Lemma 1(ii). From Lemma 30
we obtain that x survives in can(wv).

Since can(wv) = can(wu), the letter x forces the existence of some letter
2’ (representing the same symbol a; as the letter z) to the left of a, which
survives in can(wu) and corresponds there to the letter = in can(wwv). Since
w was canonical, between ' and x in w there should exist some symbol ay,
such that & > j. Since j is the maximal possible index to the right of a, this
symbol a; appears in w between 2z’ and a. We again take k the maximal
possible and let y be the rightmost occurrence of a, between x’ and a. Then,
by definion, k is bigger than the index of all other symbols in w to the right
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of y. The letter a survives in can(wu), which implies that one can not use
Lemma 1(ii) to delete y in wu. Hence y survives in can(wu) between x’ and
a.

Since can(wv) = can(wu), this y should correspond to some occurrence
of ay to the right of x. However, this contradicts to the choice of x, which
was supposed to have the maximal possible index in w to the right of a. The
obtained contradiction proves that wv = wu is not possible, that is the first
inequality of our statement.

Since wv # wu, the canonical forms a and 3 of wv and wu respectively
are different. As wv,wu € W({as,...,a,}) we obtain that aa; and fa, are
both canonical and hence different. This proves the inequality wva; # wua;.
From Proposition 28 we also obtain aa; f # (a; f, which proves the inequality
wvay f # wuay f. This completes the proof. m

11 Linear representations of K,

For a commutative ring, R, we denote by RK,, the semigroup algebra of K,
over R and by RK,, the quotient of RK,, modulo the ideal, generated by the
zero element ey o 3.

11.1 Faithful representations of K,

We start with the following observation:

Proposition 31. Let p be a faithful linear representation of K,, over some
field. Then dim p > n.

Proof. In the proof of Theorem 25 we saw that the element ajas---a, is a
nilpotent element of nilpotency class exactly n. Since eg 2 . ) is the zero
element in K,,, factoring, if necessary, the image of p(ef12,..n}) out, we may
assume that p(eqio. ) = 0. If p is faithful, the matrix p(a; - - a,) must
then be a nilpotent matrix of nilpotency class exactly n. Obviously, such
matrix exists only if dim p > n. O]

As we have already mentioned in Remark 19, Kiselman’s representation
of K,, is not faithful for n = 4 (and hence for all n > 4 either). Let now K
be a field. From Proposition 18 we have v,,(ef12,..»1) = 0 and hence ¥, is a
representation of KK,, as well. We continue with the following observation
about faithfulness:

Proposition 32. The indecomposable projective cover of Kiselman’s repre-
sentation of KK,, in K" is faithful as a representation of K,.
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Proof. Set m; = e —a, € KK,, m = a, — aya,_1 € KK,,..., m,_1 =
plp_1 Q3 — Aplp_1---ay € KK,,, 7, = ana,_1---as. By a direct calcu-
lation using the formulae from Section 5 one obtains that for ¢ = 1,...,n
the matrix v, (m;) is the diagonal matrix D;, whose diagonal is the vector
(0,...,0,1,0,...,0), where the element 1 stays on the i-th place.

First we claim that the vector v = (0,0,...,0,1)" generates Kiselman’s
representation. Indeed, Ajv = (1,1,...,1,0)" and hence, acting on Ajv by
D;,i=1,...,n—1, we produce all elements from the standard basis of K".

From Proposition 11 we know that m, = ef23 . ») is an idempotent. Fur-
thermore, v, (m,)v = v and hence KK, 7, is a projective cover of Kiselman’s
representation.

Every element of K,, can be written as either w or wa,v, where w,v €
W({ay,...,a,}). From Remark 16 it follows that 7,w = wn, = m,v = vm, =
m,. Hence for any a € K,, we have

T, ai is not a letter of a;
TR, =

€{1,2,.n}, Otherwise.

Hence 7, KK, m, has dimension two and a monomial basis, consisting of 7,
and eg; 2. n). Factoring out the zero element ey o ., we get a copy of the
ground field since m, is an idempotent. Thus 7, KK,,m, is a local algebra.
Hence 7, is a primitive idempotent of KK,,, which implies that the KK,,-
module KK, 7, is indecomposable.

To complete the proof we have just to show that the corresponding repre-
sentation of K,, is faithful. By definition, the module KK, , has a monomial
basis, which consists of all non-zero elements from the left principal ideal of
K,, generated by m,. In particular, we have the basis elements 7, and a7,
(note that a7, is a canonical word).

Ifw,v € W({ay,...,a,}) are different and canonical, then wa,m, # va;m,
by Proposition 28. The elements wa;7, and va,7, are linearly independent
in KK, 7,, in particular, they are different. Therefore the elements w and v
from K,, are represented by different linear operators on KK, m,.

If u,v,w € W({ag, ...,a,}) are canonical, then ur, = w, and vaywn, =
vaim, # m,. Hence the elements v and va,w from K,, are represented by
different linear operators on KK,,7,,.

Let wyaiv; and weaqve be two different elements from K,,, written in
the canonical form. In particular, wy,ws,vi,v2 € W({as,...,a,}) and are
canonical. If wy # wy, we have wiav1m, = wia;m, and wea vy, = Weaim,
(since m, is the zero element with respect to aj, 7 > 1). Moreover, from
Proposition 28 we get wya,7m, # weaym,. Both wia;m, and wyaym, are basis
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elements of KK,,m,, which implies that the elements wyaiv; and wsaq vy are
represented by different linear operators on KK, m,,.

Assume now that w; = wy = w. Then v; # vy and we have wya,v1a1m, =
wyv1a1m, and weavea1 T, = WaUsaT, using Lemma 1(ii). From Proposi-
tion 29 we get wyvia1m, # wovsaim,. Both wiviaym, and wyvsa m, are basis
elements of KK,,m,, which implies that the elements wyaiv; and woa vy are
represented by different linear operators on KK, ,. Hence the representation
of K,, on KK,,,, is faithful. O

The ideas from the proof of Proposition 32 can be used to construct a
huge family of faithful n-dimensional representations of K,. Consider the
polynomial ring Z[¢; ; : 1 < i < j < n]. Define the following representation
of K,, by n x n-matrices over Z[§;; : 1 <1< j <n]:

1 0 ... 0 & O ... 0
r ... 0 &; 0 ... 0
s o o0 ... 1 &4, 0 ... O
e Sl o 0 ... 0 0 0 ... 0 |
o 0 ... 0 0 1 ... 0
o 0 ... 0 0 0o ... 1
where the i-th row is zero and the i-th column equals (&4, ..., &-14,0,...,0)".

Proposition 33. The representation k, is faithful.

Proof. We proceed by induction on n. For n = 1,2 the statement is easily
checked by a direct calculation.

Let w,u € W({ag,...,a,}) be different and canonical. The semigroup
generated by as,...,a, is obviously isomorphic to K, _; under the map
a; — a;_1. Let us denote this isomorphism by F. Then the first n —
1 rows and the first n — 1 columns of k,(w) and k,(u) are exactly the
matrices k,—1(F(w)) and k,—1(F(u)) respectively. By induction we have
En_1(F(w)) # kn_1(F(u)) and hence k,(w) # kn(u).

Let u,v,w € W({ag,...,a,}) be canonical. Then the last diagonal
element of w is 1 while the last diagonal element of va;w is 0. Hence
En(u) # Kn(vajw).

Let wy,wy,v1,v2 € W({ag,...,a,}) be canonical. Assume that w; # ws
and that wya,v; and weaqv, are also canonical. Recall that 7, = a,, - - - a9. As
in the proof of Proposition 32 we have wya,v1m, = wia1m, and wea v, =

19



WeaqT,. Further

0 O 0 &n
0 0 0 §2,n

Enlaamy) =1 | ... ...
0 0 0 gnfl,n
0 0 0 0

Since w; # wsy, by induction we, similarly to the arguments above, derive
that the matrices M; and Ms, formed by the first n—1 rows and the first n—1
columns of the matrices x,(w;) and k,(ws) respectively, are different. Since
wy,wy € W({asg,...,a,}), the coefficients of these matrices do not contain
& for all . Now observe that &, . ..,&,—1, are linearly independent (over
Z&j; 1 < i < j < n—1]) elements of R. From the definition of the
matrix multiplication we get that the last columns in the matrices &, (wya;,)
and K, (wya;m,) will be different. Hence k,(wia1v1m,) # kp(weaivim,) and
therefore k,(wia1v1) # Kn(weaivy).

Finally, let us assume that w,u,v € W({ag,...,a,}) are canonical and
such that waj;u and wajv are canonical and different. By Lemma 1(ii) we
have wa,ua,m, = wua,m, and wa,va,m, = wva;m,. Moreover, from Proposi-
tion 33 we have wu # wv. The same arguments as in the previous paragraph
show that the last columns in the matrices k,(wuaim,) and K, (wua;m,) will
be different. Hence k,,(waju) # k,(wayv). This completes the proof. O

As an immediate corollary we obtain the following statement, which,
together with Proposition 31, was announced in [Go, Theorem 4]:

Theorem 34. K,, has a faithful representation by n X n matrices with non-
negative integer coefficients.

Proof. By Proposition 33, the representation k, is faithful. For every pair
{a, B} of different elements from K,, we have x, () # k, (), hence there exist
i{a,3) and jia gy such that the (ifa gy, ja,8 )-entry of x,(a) is different from
the (iga,8), j{a,gy)-entry of £,(83). These entries are polynomials with integer
coefficients, so this condition can be written as the condition “some non-zero
polynomial in §; ; is not equal to zero”. Since K,, is finite by Theorem 3,
the faithfullness of k, gives us a finite number of polynomial inequalities.
Since the set N™»~1/2 i Zariski dense in Q""" 1/2 we will get that there
are infinitely many collections of n; ; € N, 1 < ¢ < j < n, such that after the
evaluation §; ; — n,; all our inequalities are still satisfied. This means that
there are infinitely many collections of n;; € N, 1 <14 < j < n, such that
after the evaluation §; ; — n, ; we obtain a faithful representation of K,, with
non-negative integer coefficients. This completes the proof. O
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Following the proof of Proposition 33 one can in fact explicitly present
a collection of n; ;, such that after the evaluation &;; — n;; one obtains a
faithful representation of K,, with non-negative integer coefficients. Define
two sequences, m; and 1;, i > 1, recursively as follows: m; =1, = 1, m; =
Lo +1, L =m? i>2.

Proposition 35. Denote by k!, the representation of K,, with non-negative
integer coefficients, obtained from k, via the evaluation &; ; — mz

(i) K. is faithfull.
(ii) For every w € K,, each entry of the matriz ), (w) is smaller than 1,.

Proof. We prove this by the simultaneous induction on n. For n = 2 both
statements are easily checked by a direct calculation. Since m!, > 1; for all
¢t > 1 and 7 < n by construction, the maximal possible entry appearing in
the matrix x},(a;), 1 < n, is m?~! < m”. From Corollary 2(iii) it follows that
every element from K,, can be written as a product of at most 2" generators.
It is easy to see that then the maximal possible entry of such product is
smaller than n?"(m”)*". The induction step for (ii) is now completed by
comparing this with the definition of 1,.

To prove (i) we just follow the proof of Proposition 33. It is easy to
see that the only thing we have to verify is that, given two different ma-
trices k], _;(F(w)) and &!,_,(F(v)), the rightmost columns of the matrices
Kn(waimy,) and k,(vaym,) are different. These columns are linear combina-
tions of m¢, i = 1,...,n — 1 with coefficients from the matrices !, ,(F(w))
and k], ;(F(u)). By induction, all such coefficients do not exceed 1,,_1, which
is strictly smaller than m,, by definition. It follows that two such linear com-
binations with different collections of such coefficients will be different. This

completes the proof. O

11.2 Irreducible representations and the structure of
KK,

Let K be a field. For any X C {1,2,...,n} we define the map px : K, — K

as follows:
1, c(w)C X;
w =
px(w) {0, otherwise.

Proposition 36. (i) For any X C {1,2,...,n} the map px gives an irre-
ducible representation of KK,,.
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(ii) Representations px, X C {1,2,...,n}, are pairwise non-equivalent and
constitute an exhaustive list of irreducible representations of KK,,. In
particular, KK,, has 2" non-equivalent irreducible representations.

(iii) px is a representation of KK, if and only if X # {1,2,...,n}. In
particular, KK,, has 2" — 1 non-equivalent irreducible representations.

Proof. Fix X C {1,2,...,n}. For i € {1,...,n} define py(a;) to be 1 if
¢ € X and 0 otherwise. It is straightforward to check that this assignment
satisfies the defining relations (1.2) of K,,. Hence it extends uniquely to a
representation of K,,. From the definition of ¢ one immediately obtains that
this extension is the map px. The representation px is irreducible since it is
one-dimensional. This proves (i).

Let X and Y be different subsets of {1,...,n}. Withour loss of gener-
ality we may assume that X \Y # @. Let i € X \ Y. Then px(a;) = 1
and py(a;) = 0. Hence px and py are not equivalent. In particular, we
have 2" non-equivalent irreducible representations of KK,,. However, from
Proposition 11 we know that K,, has 2" idempotents, and from Theorem 22
we know that all Green’s relations on K,, are trivial. Hence, Munn’s Theo-
rem (see for example [CP, Theorem 5.33]) gives us that KK,, has exactly 2"
non-equivalent irreducible representations. This proves (ii). (iii) follows im-
mediately from (i), (ii) and a direct calculation. This completes the proof. [

Corollary 37. The algebra KK,, is basic.

Proof. From Proposition 36(ii) we have that all simple KK,-modules are
one-dimensional. This implies the statement. O

Since we now know all irreducible representations of KK,,, it is a nat-
ural question to determine the decomposition of the regular module into a
direct sum of indecomposable projectives, that is to find a decomposition of
the unit element of KK,, into a direct sum of pairwise orthogonal primitive
idempotents.

Let X C {1,...,n}. Assume that X = {iy,...,is}, where i; > iy > .-+ >
is; and {1,...,n}\ X = {j1,..., 4}, where j; < jo < --- < j;. Set

eg?) — ai1a’i2 .. .ais<€ . ajl)(e — an) [P (6 — ajt) G KKn

Proposition 38. (i)

(9 xc{l,. .. n}=a{" VY c{l,. . . .n-1}U
U{el"™ Yy c{1,....n—1}}e —ay).
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n} the element e is a primitive idempotent of

(ii) For every X C {1,..., P

KK,,.
(iii) P =0 if X £Y.

(n)

(iv) e = ZXC{I, .} Ex -
Y =a,ef ) g X,

Proof. If n € X, from the definition of eg?) we have ex” = aney (-

from the definition of eg?) we have eg() = eg? 1)(6 — ay). This proves (i).

Now we prove the rest by a simultaneous induction on n. For n = 1 the
statements (ii), (iii) and (iv) are obvious.
Let Y C {1,...,n—1}. Then

anegf 1)ane§/ b= (by Lemma 1(i))
anegf 2 §/ D= (by inductive assumption)
anel ™.

Analogously, using Lemma 1(i) and the inductive assumption, we have

e (e —an)el ™ (e — an)
egffl)egffl) — egffl)anegffl) — egfhl)egf 1)an + e(n Danegf 1)an =
e$_1)6$_1) — egf’_l)anegf_l) — egl_l)egf 1)% + egf l)anegf 2 =
m=1) _ 1),

y Y n

(n—1)

Hence all eg?) are idempotents.

Let Y, Z C {1,...,n — 1}. Then, using Lemma 1(i) and the inductive

assumption, we compute:

aneg, )ane(Zn Y= anegf_l)e(zn_l) = 0;
anegf 1)6(;_1)(6 —a,) = 0;
e(Zn_l)(e - an)anegf_l) =0
Finally,
eV e —aney (e —an) =
= egf 2 ( b _ egf l)ane(Zn b _ eg/ 1 (n 1)an + e§/ )ane(Zn 1)an =
= —egf Dane(zn b + e§/ )ane(anl) =0.
Hence the idempotents eg?), X C {1,...,n}, are pairwise orthogonal.
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Further, using (i) and the inductive assumption we have

Y Wea| ¥ oa)e| T d)e-a-

Xc{1,..,n} Yc{1,..,n—1} Yc{1,...,n—1}
=an, + (e —a,) =e.
By the definition of eg?), the element eg?) is a linear combination of dif-
ferent canonical monomials. Hence eg?) # 0 in KK,,. Now since the number

of different eg?)’s is 2", the statement about the primitivity of eg?)’s follows
from Proposition 36(ii) and Corollary 37. This completes the proof. O

Corollary 39. Let X C {1,2,...,n}. Then KKneg?) is the projective cover
of px-

Proof. Tt is a straightforward calculation that pX(eg?)) = 1. The claim fol-
lows. O

Remark 40. One easily checks that the simple subquotients of Kiselman’s
representation of KK,, are py, where [{1,2,...,n} \ X| = 1, each occurring
with multiplicity one.

As one more immediate corollary we obtain the following very surprising
result, which once more emphasizes the importance of Kiselman’s represen-
tation and shows that Proposition 32 is fairly remarkable:

Corollary 41. Let X C {1,2,...,n} be such that X # {2,3,...,n}. Then

the projective module KKneg?) is not a faithful representation of K,,.

Proof. The statement is obvious in the case X = {1,2,...,n}, so we may
assume X # {1,2,...,n}. Set w =eq3  ny—€q2,..n € KK,. It is certainly
enough to show that wKKneg?) = 0 (which means that the different elements
€{2,3,..n} and eg1 2 ny are represented by the same linear transformations on

KKneg?)). For v € W({ay,...,a,}) we have

w, v does not contain ay;
wu = _
€{1,2,..n}, Otherwise.

Hence for any z € KK,, we have wr = aw + feji 2, ny for some o, 3 € K.
Therefore
) = wed + Betsz, e = eyl +Bely 1) =0

by Proposition 38(iii). The claim follows. O
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One can now say even more about the structure of KK,,, in particular,
giving an independent explanation for Corollary 41:

Proposition 42. The algebra KK,, is directed in the sense that there exists
a linear order, <, on the set {X : X C {1,2,...,n}} such that

Homgy, (KK,el), KK,e{”) =0

provided that Y < X. In particular, the algebra KK,, is quasi-hereditary with
respect to < with projective standard modules.

Proof. Let us prove directness by induction on n. For n = 1 the statement
is obvious. To prove the induction step we consider the projective modules
P, =KK,a, and P, = KK, (e — a,). Obviously KK,, = P, @ P,.

Observe that for any = € K,,, using Lemma 1(i), we have

apx(e — a,) = apt — apxa, = a,x — a,x = 0.

Hence Homgy, (P, P») = 0.

The endomorphism algebra of P is the opposite of the algebra B =
a, KK, a,. This algebra is the linear span of the set {a,za, : v € K,}. Using
Lemma 1(i), every element from the latter set can be written as a,y, where
y € K,,_1, moreover all such elements are obviously linearly independent. It
follows that a,y — y induces an isomorphism of B onto KK, _;. By the
inductive assumption we obtain that B is directed.

The endomorphism algebra of P, is the opposite of the algebra C' = (e —
a,)KK, (e —a,). This algebra is the linear span of the set {(e —a,)z(e—a,) :
x € K, }. Note that

(e —ay)x(e —a,) == — apx — xay, + a,ra, = — xa,

by Lemma 1(i). In particular, if x contains a,, then from Lemma 1(i) it
follows that (e — a,)z(e — a,) = ¢ — za, = x — x = 0. This means that C
has the following basis: {(e —a,)z(e —a,) : v € K,,_1} and one immediately
checks that (e — a,)z(e — a,) — z induces an isomorphism from C' onto
KK,_1. By the inductive assumption we obtain that C'is directed as well.

So, the endomorphism algebras of both P, and P, are directed and
Homgy, (P1, P») = 0. It follows that KK, is directed, as asserted.

That a directed algebra is quasi-hereditary with projective standard mod-
ules follows immediately from the definition of quasi-hereditary algebras, see
for example [DR]. This completes the proof. ]

We would like to finish with the following easy corollary from the above
results:

25



Corollary 43. |K,| = 2|K, 1| + dimk(e — a,)KK,a,.
Proof. Using the proof of Proposition 42 we have

|Kn‘ = dlIIlK KKn = dlmK CLnKKnCLn —+ dimK<€ — an)KKnan+

+ dimg a, KK, (e — a,) + dimg (e — a,) KK, (e — a,) =
dimg B + dimg (e — a,)KK,a, + 0 + dimg C' =

2dimg KK,,_; 4+ dimg (e — a,) KK, a,, = 2|K,,_1| + dimg(e — a,) KK, a,.

]
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