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ABSTRACT. Time-dependent iterated function systems with time de-
pendent probabilities are introduced, generalizing the concept of it-
erated function systems by Barnsley and Demko (1985). A distribu-
tional ergodic theorem including rates of convergence and a law of
large numbers are obtained under the assumptions that the system is
asymptotically average-contractive.

1. Introduction

Let (X,d) be a complete metric space, S a measurable space, and P a
probability measure defined on the measurable subsets of S. Consider a
measurable function w : X x S — X. For each fixed s € S, we write
wg(x) := w(z, s). Following the terminology introduced by Barnsley and
Demko (1985) we call the set {X; ws, s € S, P} an iterated function
system (IFS) with probabilities. Let {I,}5°, be a sequence of independent
identically distributed (i.i.d.) random variables with values in S. We
assume that P(-) = P(I, € -). Specify a starting point x € X. The
stochastic sequence {I,} then controls the stochastic dynamical system
{Z,(2)}2,, where

Zn(z) :==wy, ,owr, ,0---owp(x), n>1  Zy(z)==x. (1.1)

We call this particular type of stochastic dynamical system an IFS con-
trolled by {I,}. The sequence {Z,(z)}5°, forms a homogeneous Markov
chain.

Key words: Ergodic theorems, Iterated Function Systems (IFS), Markov chains.
1991 Mathematics Subject Classification: Primary 60B10, 60J05, 60F05; Sec-
ondary 60F15.



Denote by v*(-) = P(Z,(xz) € -). For Borel probability measures pq
and ps9, let d denote the Kantorovich distance defined by

/ fd(pr — p2)
X

di(p1, p2) = sup
feLipy

b

where
Lipi ={f: X =R, |f(z) — f(y)] <d(z,y) for all z,y € X}.
In Stenflo (1998) the following theorem is proved:
Theorem 1.1. Assume that:

(A): There exists a constant ¢ < 1 such that
Ed(wry(v), wr, (y)) < cd(z,y)  for all z,y € X,

and
(B): Ed(zo,wr,(z0)) < 00, for some xp € X.

Then there exists a unique invariant probability measure p for the
Markov chain {Z,(x)} such that for any bounded set K C X there ex-
ists a positive constant v such that

sup di (v, p) < IIYK ", n>0. (1.2)

zeK —C
Remark 1. An explicit expression and upper bound for g is given by

vK = sup Ed(z,wr,(x)) < Ed(zo,wr,(z0)) + (¢ + 1) sup d(xo, z) < .
zeK zeK

The purpose of this paper is to generalize the above result to the class
of nonhomogeneous Markov chains that are generated by time-dependent
(asymptotically time-independent) iteration of functions. We are also go-
ing to prove a law of large numbers for such processes.

This result also generalizes Theorem 2.2 in Stenflo (1997) where time-
dependent random iteration of functions chosen from a countable family,
{w;}ien, of functions on a compact state space, K, is considered.

2. Main theorems

Formalizing the introduction, we define a time-dependent IFS with
time-dependent probabilities as a set of iterated function systems

(X; w,se 8, P},



Let {S,} be a (time-inhomogeneous) Markov chain arising from in-
dependent iteration of functions, choosing a function to iterate in the
(n+1):th iteration step from the family {wgn), s € S} of functions accord-

ing to the probability measure P,.
That is,

Sp(z) = w0 w6 0@ (x), n>1, Sp(x) ==, (2.1)
Infl In72 IO

where {I,} is an S-valued sequence of independent random variables, with

P(I, € -) = P,(-), for each n > 0.

For each n > 0, let u? denote the probability distribution of S, (z),
and let M, denote the set of probability measures (), on the measurable
subsets of S x S such that Q,(-,S) = P(:), and Q,(S,-) = P,(-). We may,
without loss of generality, consider {I,,} and {I,,} as being defined on the
same probability space with P((I,,,I,,) € -) = Qu(-) for some Q, € My,
with {(I,I,)} being a sequence of independent random vectors.

Define

0, = inf sup Eg d(w a:,w@:v , n>0.
o= ok, sup B, d(u, (@), 0 @), n>
(In Section 3 we give some upper bounds for d,.)

We can now state the main results of this paper. (See Example 3.1 in
Section 3 for an illustration of the theorem below.)

Theorem 2.1. Suppose the conditions (A) and (B) hold. Let K be a
bounded set in X, ¢ be a constant defined by Condition (A), and let
u denote the unique invariant probability measure for the Markov chain
{Z,(x)} (existing due to Theorem 1.1).

(i): Assume that

dn,
A(S = Z C—n < 0
n=0
Then
sSup dk(/‘za/‘) < asc”, n >0,
zeK
where ag 1= %A(s + % s a finite constant.

(it): Assume that there exists a log-convex sequence {qn}7>, of positive
real numbers with g, — 0, and g, > 0, for each n > 0, with the property



that

| o
S

< 0.

)

A; = Z "
n=1
Then

sup d.(pn, 1) < ByGn, m >0,
zeK

— QA VK <y ;
where B, = DA, + {£ sup,,> o s a finite constant.

Remark 2. If ¢ = 0, and thus A; = 0, then 3, should be interpreted as
By = g—‘; + 'ZI—IS, and if also d,, = 0, for each n > 0, we should interpret as
as ag = Yk -

Remark 3. Note that Theorem 1.1 corresponds to the case when §,, = 0,
for each n > 0.

Remark 4. We stress that if §,, — 0 essentially faster than ¢® we may use
Theorem 2.1(i) and if é,, — 0 with slower rates we use Theorem 2.1(ii).

Theorem 2.2. Suppose conditions (A) and (B) hold and that

o
Z Op, < 00.
n=0

Then for any uniformly continuous function f : X — R, with [ |f|dp <
oo, and any x € X we have that,

SISO . [ 4y g

n

Proofs. Let {€,} be an arbitrary fixed sequence of positive real numbers.
Since we are only interested in distributional questions, we may consider
{I,} and {I,} as being defined on the same probability space such that
{(I,,I)} is an independent sequence with the property that,

™) (2)) < 8n + €n, (2.2)

zeX n

for all n > 0. (All expectations with which we will be concerned, will be
with respect to the, by the Ionescu Tulcea’s Theorem, unique probabil-
ity measure () generated on the space of infinite sequences of S x S, by
{(In, 1,)}.)

Let x and y be arbitrary points in X. By using the triangle inequality,
Condition (A) and (2.2) we see that



Ed(Zn(@), Su(y)) = Bd(wr, _, (Zn-1(@)), 0™ (S,1(9)))

n—1

< Ed(wLHl (Zn_1(l‘)), Wy, _1 (Sn—l(y)))
+Ed(wr,  (Sa-1(), 0" (Su1 (1))

Infl

< BE(BE(d(wr, , (Zn-1(2)), wr,_y (Sn-1(9)))|Zn-1(2), Sn-1(y)))
+(0p—1+ €n—1)
< cEd(Zn—1(2), Sn-1(y)) + (dn-1 + €n—1), (2.3)
and using (2.3) recursively we obtain the inequality

n—1

Ed(Zn(z), Sn(y)) < d(w,y) + > "7 (0 + €). (2.4)
=0

Now observe that

A (v, in) = sup | [ fd(vy — )l = sup |E(f(Zn(2)) = f(Sn(2)))]

f€Lipx f€Lipx
< S E|f(Zn(x)) — f(Sn(®))| < Ed(Zn(z), Sn(2)), (2.5)

and combining this with (2.4) (with z = y) we find that

n—1
di (v, i) <Y G+ €).

]

Il
o

Since {¢,} is arbitrary we obtain

|
—

dp(VZ,u) <) s, (2.6)

7

I
o

From Theorem 1.1, condition (A) and (B) implies the existence of a
probability measure p (invariant for {Z,(z)}) such that

sup di (v, p) < RS ", n>0. (2.7)
zeK 1-c

By the triangle inequality (2.6) and (2.7) we obtain that
sup di (1% 1) < sup di(u, vZ) + sup di (7, 1)
zeK zeK zeK

n—1

<N e+ chc". (2.8)
=0




Consequently, if Ay = 370 % < oo, (¢ > 0)

’LO(;z

Supexc At 1) _ }i S
cr? T c P c
where a5 := 2A; + £ is (by assumption) a finite constant. (If ¢ = 0

we see from (2.8) that sup,cp dip(pn,p) < dp—1, for n > 1, and
sup,ex di(py, ) = vx). This completes the proof of Theorem 2.1 (i).

To prove Theorem 2.1 (ii), let {g,}>2, be the positive sequence with
gn > 0y, for each n > 0 existing by assumption. Using (2.8) we obtain that

n—1

SUPge i i (Hny 1) _ Dy c
qn o

n—1—1

4 K il
dn 1—-caqy

(2.9)
=0

Since gy, is log-convex, i.e. gnt11gn_1 — g2 > 0 for each n > 1, it follows
that % < qz‘ii for each n >4 > 0. Substituting this in (2.9) we obtain

SUP,ere di (M, 1) _ N~ €0 Lok
qn o =0 qn—i l—cagn
n—1
d c"
<y Sy K C (2.10)
=0 qj+1 1-c¢c qn
Thus, if ¢ > 0,
D, dy i) _
dn o
where 3, = %A + £ supn>0 <" is a finite constant since by assumption
C

A; =D i1 o <oo. (Ifec= 0, we see from (2.10) that we may choose
By = & + &) This completes the proof of Theorem 2.1 (ii).

q0
In order to prove Theorem 2.2, let x and y be two arbitrary points in

X. From (2.4) it follows that

[e'¢) o0 n—1
> Ed(Zn(x),S Z (d(z,y) + Y "6 + @)
n=0 n=0 =0



n

1 .
1= od®,y) + lim > (it e)

=0
00

1 1
< - - . ) .
< l_cd(:z:,y)+ l_Ci:EO(éz—i-eZ) (2.11)

1— Cn-l—l—i
1—c

IN

and thus, since by assumption Y ;o d; < oo, and since {e,} is arbitrary,
it follows that we may assume that

> Ed(Zn(x), Sn(y)) < o.
n=0

Thus d(Z,(z), Sn(y)) 3 0 by the Chebyshev inequality and the Borel-
Cantelli lemma, and consequently for any uniformly continuous f, we have

| (Zu(@)) = £(Su(®))] =5 0. (2.12)

From conditions (A) and (B) it follows by Theorem 1.1 (see Stenflo (1998)
for details) that the Markov Chain {Z,,(z)} has a unique invariant prob-
ability measure p.

Thus, if Zj is chosen to have probability distribution p and being in-
dependent of {I,}>%, then {Z,(Z)} will form a stationary ergodic (see
Elton (1987)) sequence and in particular, by Birkhoff’s theorem, there
exist a point yg € X such that

a.s.

Zz;éfizk(yo)) B / Fdul 3 0

Using (2.12) and the fact that convergence implies convergence in the
Cesaro sense, we see that, for any z € X,

koo f(Sk(@)) / fdu

n—1
2 k=0 f752k(y0)) B /fd,u ag

< Sonco £ (Sk(@) = £(Zi(wo))]

n

+

Thus, for any x € X,

Lizo /(5()) fs’“ /fdu,

and this completes the proof of Theorem 2.2. O



3. Upper bounds for J,

In this section we are going to give some upper bounds for é,,. Recall that

5n = 7 f E d (7;'/) , > 07
QneM, oR HOn (wr, (@), w;” (), n >

where M, denotes the set of probability measures (), on the measurable
subsets of S x S such that Q,(-,S) = P(:), and Q,(S,-) = P,(), and
(In,I,) are independent @, distributed random variables. In order to
separate distributional perturbations and perturbations in the functions,
define, for n > 0,

oL = Q’rligl{/-[n :2)3 Eq, d(wr, (m),wﬂl (x)),
02 = sup Ed(wy (z),w) (z)),
zeX " n
and
1 ._ (n) (n)
op’ = ingl{dn sup Eq,d(wy, (), w), " (2)),
62 = sup Ed(wln(x),wg)(x)).
zeX

By the triangle inequality, J,, < 5711 + 5,%, and 6, < 5,(11) + 57(12) .

Note also that §} = s = 0 if P, = P. (This is obvious since in this
case the infimum is attained for I,, = I,,, for each n > 0.)

It is known (see Dobrushin (1970)) that for each n > 0, there exists @Q),-
distributed random vectors (In,I,/l), with @, € M,, such that Q, (I, #
I') = |P, — P||, where ||[P, — P| denotes the total variation distance
between P, and P.

Suppose all maps have the boundedness property that

By, := sup sup d(ws(z), w(x)) < oo.
zeX stes
Note that By, < oo if X is bounded. From the result by Dobrushin (1970)
we see that 6 < Byl||P, — P|.

Define

daw, w™) := sup sup d(w,(z), wl" (2)).
seS zeX
It is evident that 62 < d(w,w™)) and 52 < d(w,w™).

We conclude this paper with an example illustrating the Theorems of

the previous section.



Example 3.1. Consider the time-dependent IFS with time-dependent
probabilities {R; wgn), ieS={1,2}, P}, with

(2

3z 1 : z 3 1
(n—1) _ 9tz ifrx <1 (n—1) _ Z+z+$lf1‘<l
wr (@) {\/E+%+$ifm>l’w2 () VL ifr >

P,1(1) =1/2+(1/2)", and P,_1(2) = 1/2 — (1/2)", for n > 1. This
system generates, see (2.1), a nonhomogeneous Markov chain {S,,(z)}.

Let p denote the unique invariant probability measure for the homo-
geneous Markov chain {Z,(z)}, defined in (1.1), generated by the IFS
{Ry; w;, i€ 8=1{1,2}, P}, with

L ifz <1 i+ %ifa<
w@) =\t lite>1 PO yr ite> 1
P(1) =1/2, and P(2) = 1/2. (The existence of this probability measure
follows from Theorem 1.1.)

It is evident that B,, = 2 and | P,— P|| = (1/2)" and thus §} < 3(1/2)",
and it also directly follows that 62 < # Thus 6, < 2(1/2)" + #, and
it follows from Theorem 2.1 that the distribution x, of S, (x), converges
in the Kantorovich distance (and thus weakly, see Shiryaev (1996)) to
uniformly on finite subsets of R, with a rate of order O(1/n?). From

Theorem 2.2 we also obtain (since ) d, < 00) a law of large numbers for

{Sn(z)}.
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