RADEMACHER CHAOS: TAIL ESTIMATES VS LIMIT
THEOREMS

RON BLEI AND SVANTE JANSON

ABSTRACT. We study Rademacher chaos indexed by a sparse set which has
a fractional combinatorial dimension. We obtain tail estimates for finite
sums and a normal limit theorem as the size tends to infinity. The tails for
finite sums may be much larger that the tails of the limit.

1. INTRODUCTION AND RESULTS

A (homogeneous) Rademacher chaos is a random variable of the type

S = Z Ay eigTip Ty, (11)
1< <ig
where d > 1, a;,..;, are real or complex numbers and 1,79, ... is a sequence
of independent random variables with the symmetric two-point distribution
P(r; = 1) = P(r; = —1) = 1/2. (For example, r; could be the classical
Rademacher functions [13], defined on [0, 1] (with the usual Lebesgue measure)
by r;(z) = 1 — 2b; when x € [0, 1] has the binary expansion 0.b;b, ..., but it
is often more convenient to let r; be defined on the Cantor group Z35°. For
our purposes, the choice of r; does not matter.) Equivalently, S is a linear
combination of the Walsh functions of the type r;, - - y,.
We will consider only finite sums (1.1), so there is no problem of convergence,
and all moments of S are finite.
We are interested in two related properties of the random variables S: the
tail behaviour, i.e. the size of the probabilities P(|S| > z) for large =, and the

size of the L7 norms || 5], = (E |S|q)1/q for large ¢q. For convenience, we define
S = S/||S]|2; thus ES =0 and Var S = ES? = 1.
Bonami’s hypercontractive inequality [3] implies that every S in (1.1) satis-
fies
1/2

18y < @=10"20S 0 = (@ = D72 ( Y aeal?) . az2, (12)

i1 <-<ig

or, equivalently, [|S]|, < (¢ — 1)¥2, ¢ > 2. (See also [1, 2, 7, 9].)

In general, this estimate is best possible, up to a constant depending on d but
not on ¢q. For example, it is easily seen that a;,..,, = 1for1 <i; <--- < iz <n
(and 0 otherwise) yields an S = S, that after suitable normalization converges,
as n — 00, to a (Hermite) d-degree polynomial in a Gaussian random variable;
see Example 3.2. It thus follows that for some ¢(d) > 0 and every q > 2,
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1Sl > c(d)(qg — 1)¥?||S||2 provided n is large enough. (See e.g. [7, Chapter
XII1].)

In this paper we study Rademacher chaos (1.1) where most coefficients
a;,..;, = 0 so that we really only sum over an indexing set which is com-
binatorially sparse in the sense of [2, Chapters XII and XIII]. In this case,
Bonami’s hypercontractive inequality (1.2) can be improved, precisely reflect-
ing the sparsity of the indexing set.

We first recall some definitions [2, Chapters XIII|, which we modify and
adapt to our purposes in this paper.

For F C N% and a > 0, define

Up(s) =max{|FN (A x---xAg)|: A CN, |4 <s,j=1,...,m},
and

dr(a) =supVp(s)/s* = sup |[FN(A; x- - X Ad)]/(maX]AjDa.
s>1 Aq,..., Ag Jj<d

In [2, §XIIL.4], the combinatorial dimension of a set F' C N is defined to be
dim(F) = lim sup(log U r(s)/ log s)

S§—00

=sup{a:dp(a) = oo} = inf{a: dp(a) < co}. (1.3)

In this paper, we consider sequences of index sets Fiy C [N]¢, where [N] =
{1,..., N}, and we adopt the definition below. Since we only want to consider
non-empty index sets, we consider sequences starting at some index Ny > 1;
this allows for some empty Fy for smaller N that we ignore.

Definition. A sequence Fy C [N]¢, N = Ny, Ny + 1,..., has combinatorial
dimension « if there exist positive constants C, C5 such that for all N > N,

dpy (o) < Ch,

(ie. |[Fn N (A x -+ x Ag)] < Cy(maxj<q]4;])7), and
|Fn| > CoN“.

We write dim{Fx} = a.

Given a set F' C N% we define Fy = F' N [N]% In the present paper, we
define dim(F') = dim{Fx} when the latter exists (and leave the dimension
undefined otherwise).

Remark 1.1. Note that this is a stricter definition than (1.3); there are sets
F with no dimension in the present sense, but it is easily seen that when the
dimension exists in the present sense, it coincides with (1.3).

If the cardinalities of Fyy are uniformly bounded, then dim{Fy} = 0; oth-
erwise 1 < dim{Fy} < d (if dim{Fy} exists at all). We are mainly interested
in the case 1 < dim{Fy} < d.

Let AY = {(iy,...,iq) : 1 < iy < -+ < iy < oo} and A% = AN [N]4. We
will in the sequel consider only F' C A% and Fy C A4; This is not essential,
but restriction to ordered sets of indices is convenient when we study sums

(1.6).
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It is proved in [2, Chapter XIII| that for every o € [1,d], there exist sets
F C A? of combinatorial dimension « (also in the stricter sense used here).
Such sets can always be constructed by a random procedure; for rational o >
1 and d such that da is an integer, it is also possible to use the following
deterministic construction.

Example 1.2. (Minimal fractional Cartesian products [2, §XIII.1 and p. 493].)
Fix arbitrary integers d > 3 and 1 < m < d, and let {S,...,S;} be a cover
of [d] consisting of m-subsets of [d], such that every i € [d] appears in exactly
m elements of Sy,...,Sg; i.e., U;lzl S; = [d], |S;| = m, and for every i € [d],
{j:i€ S} =m.

We employ the following notation: if X is a set, y = (y1,...,yq4) € X¢ and
S C [d], then

sy = (yi:1 € 9).

For an integer N > d™, let n be the greatest integer such that n < N'/™. Fix
a one-one map ¢ from [n]™ into [N], and consider

Fy = {(p(rs,k), ..., p(rs,k)) : k € [n]}. (1.4)

In order to obtain a subset of A4, for the purposes of this paper, we modify
this set to

Fy = {(i1,...,i0) € AY : (ip1,...,ipa) € F for some permutation p}.
(1.5)
We call the sequence {Fy} a fractional Cartesian product.

We further say the the fractional Cartesian product is disconnected if [d] can
be partitioned into two disjoint nonempty subsets T} and 75 such that each .S;
is a subset of either 17 or T5, and connected otherwise.

The archetypal case is d = 3, m = 2, S; = {1,2}, S, = {1,3} and S5 =
{2,3}. This gives a connected fractional Cartesian product.

Claim. dim{Fy} = dim{F}} = d/m.

We verify the claim in the archetypal case d = 3, m = 2 only. The general
case is similar; see [2, Corollary XIII.16].

Let 1 < s < N be an integer, and let A, B, C' be arbitrary subsets of [N].
Then,

[Fxn(AxBx )= Y Lalp(ki ka))Lp(p(kr, ks) Lo (o, ks)).

kl,kg,kgé[n]

A three-fold application of the Cauchy—Schwarz inequality yields

FnxBx0) < (Y el k) (X talelhi k)
k1,k2€[n] k1,k3€[n]
(X telethak)
ko2,k3€[n]

< A2 B0,
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which implies Wp: (s) < 532 and thus Up, (s) < 6s%2. In the opposite direc-
tion,

il = 18] = () = can® 2 can

Remark 1.3. Again, the definition differs slightly from [2]; there the fractional
Cartesian product is defined on an infinite set (n = oo in (1.4)).

Remark 1.4. Note that the function ¢ appears in the definition of a fractional
Cartesian product, only because we let the indices be integers in this paper. We
might avoid ¢ by changing the notation slightly; for example, for the case d =
3, m = 2, we could equivalently write (1.9) below as Sy = Zi<j<k§n TiiTikT ik,
where 745, ¢ < j are independent Rademacher variables.

It is shown in [2] (e.g., Corollary XII1.8.29) that if F C A? (finite or infinite),
and S is a Rademacher chaos

= Z ail.‘.idﬁl ce Tid, (16)

then
IS]ly < Kdp(a)' ¢S], ¢>1, (L.7)

where K < oo depends only on the ambient dimension d. (See Section 5
below.) In particular, if dim{Fy} < d, the exponent in (1.2) can be improved,
with d replaced by the combinatorial dimension.

These norm estimates lead to tail estimates by the customary procedure:
If (1.7) holds and dp(«) < oo, then for any x > 0 and ¢ > 1, by Markov’s
inequality,

P(1S| > ) < e *E|S|" = 27|52 < (7' Cq*?)",
where C' = Kdp(a)'/?. Taking q = (v/C)* et (if x > Ce*/?), we obtain
P(|S| > z) < e 9/ = exp(—cx2/a), (1.8)

for a constant ¢ > 0 depending on d, o and dp(«) only.

The norm and tail estimates above are in fact sharp, in a sense made precise
below. (Cf. [2, Corollary XII1.8.29].) For simplicity, we will consider only the
case where a;,..;, = 1 or 0. Specifically, we consider a sequence of non-empty
sets 'y C Aﬁl\, and Rademacher chaos

SN: Z Tip o Tig- (19)
(il,‘..,id)GFN
Clearly, [|Sxl> = [Fy|/?, and thus Sy = | Fy|~"/2Sy.
Theorem 1.5. Suppose dim{Fx} =« > 1, where Fy C Aﬁl\,. Let Sy be given

by (1.9). Then there exist positive constants c¢1, ¢z, c3, ¢4 such that for every
q=1,

c1q°* < sup 1Snlly < 22, (1.10)
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and for all x > 2,

exp(—c3z?/®) < supP(|Sy| > ) < exp(—caz®®). (1.11)
N

A natural question arises: can supy in (1.10) and (1.11) be replaced by
limy_o? (See Remark ii in [2, p.524].) In the standard integer-dimensional
case Fiy = A% the answer is affirmative (by a d-fold application of the usual
Central Limit theorem). But in many fractional-dimensional cases, the answer
is negative: the precise relation between tail estimates and combinatorial di-
mension, as per (1.11), is completely wiped out in the limit. We illustrate this
in two important cases.

Theorem 1.6. Let Fy C A%, N = 1,..., and let Sy be given by (1.9).
Suppose either (i) d = 2 and 1 < dim{Fy} < 2, or (ii) Fxn is a connected

fractional Cartesian product as in Example 1.2. Then Sy KN N(0,1) with
convergence of all moments. In particular, if &€ ~ N(0,1), then, for all ¢ > 1,

Jim Sl = lllly < 62
and for all x > 2,

Aim P(|Sy| > z) = P(|g] > 2) < exp(—2?/2).

Case (ii) with m = 2 can be translated (using Remark 1.4) into a result for
random graphs, which is a special case (with p = 1/2) of [5, Theorem 1]; see
also [6] and [7, Chapter XIJ.

Theorems 1.5 and 1.6 complement one another in the following (heuristic)
sense. Let us agree that tail probabilities of sums of uncorrelated symmetric
variables provide a gauge of interdependence between the variables: larger
tail probabilities (smaller likelihood of cancellations) convey higher degree of
interdependence, and conversely. In this light, Theorem 1.5 provides a precise
assessment of interdependence of the random variables 7y, - - - 75, (i1,...,14) €
Fy. As a counterpoint, reflecting increasing sparsity of Fly relative to the full
product set Ay (%), Theorem 1.6 asserts that Fy in the limit, as N — oo, is
asymptotically independent.

Theorems 1.5 and 1.6 show that, for large ¢ or x, the limits as N — oo
are much smaller than the largest values for finite N. If we fix a large ¢ and
study ||Sx||, as N grows, we begin with rather small values (at most |Fy|'/?)
that grow to a maximum of the order ¢®/? (when N is about ¢, see Section 2),
but then the norms decrease again towards a limit of the order ¢'/2. (We do
not know whether the increase and decrease are monotone; there might be
several local maxima.) A similar story holds for P(|Sy| > ) for a fixed large
z. Consequently, the limit results in Theorem 1.6 are misleading when we
consider Sy for finite V.

A central limit theorem in fact holds generally under a condition of sparsity
in Fy that is milder than the sparsity implied by non-integer combinatorial
dimension. The condition is in effect that Fy is not “too close” to a product
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set. To express this precisely we use the following terminology. For j € [N],
define

F;/vj == {(’il,...,id) € FNIjE {il,...,’id}}.
Further, let F # be the subset of Fy x Fy defined as follows: a pair of d-
tuples ((il, coyta), (Ja - ,jd)) S F]?}é if {i1,...,9q}N{Jj1,-..,7a} = 0 and there
exist (ki,...,kq) € Fn, (l1,...,lq) € Fy such that {ki,... kg, l1,...,la} =
{i1,. . ia, 71, -, ja} but (kq,..., kq) does not equal (i1, ...,iq) or (ji,--.,Ja)-
(In other words, the 2d indices iy,...,44,7j1,--.,ja can be partitioned in at
least two ways into elements of Fy.)

Theorem 1.7. Suppose
lim max |F,|/|Fy| =0 (1.12)
N—oo j

and
: # 2\
Tim (IFE)/IEP) = o (113
Then Sy > N(0,1), with convergence of all moments.

We have the following partial converse. (The trivial example F' = {(1,7) :
j > 2} shows that (1.12) is not necessary; we do not know whether it is needed
at all in Theorem 1.7.)

Theorem 1.8. Suppose that Sy N(u,0?) for some p and o* > 0. Then
p=0,0%=1 and (1.13) holds.

The proof of Theorem 1.5 is given in Section 2, and the proofs of Theorems
1.6, 1.7, 1.8 are given in Section 3. Some simple examples of nonnormal lim-
its when (1.13) is not satisfied are given also in Section 3. Further remarks
and open problems are presented in Section 4. Finally, Section 5 contains
corrections to arguments in [2] that are relevant to this paper.

2. PROOF OF THEOREM 1.5

The upper bounds follow by (1.7) and (1.8) (for x > z, say; the case
2 <z < ¢ follows by Chebyshev’s inequality if ¢4 is small enough).

To verify the lower bounds, let £y be the event r; = --- = ry = 1; thus
P(Ex) =27V, On &y, we have Sy = |Fy| and thus Sy = | Fiv|'/2. Hence, for
every q > 1,

1S llg > [Fn|/>B(Ex)e > eN/227M,
To verify the left inequality in (1.10), in the line above choose N = max(Ny, | ¢]).

Similarly, given z (large enough), let N = [Cz2/*] for a constant C > Cy’“.
Then, on £

Sy = |[Fy|[V2 > CY2N2 > o,
and thus
P(Sy >z) > P(Ex) =2"" > exp(—c3m2/a), 0
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3. ASYMPTOTIC NORMALITY

Lemma 3.1. If d = 2, then for any o and any finite subsets A and B of N
such that |A] < |B|,
|[F N (Ax B)| <2dp(a)|A* B,
|FN (B x A)| <2dp(a)|A|* Y B.
Proof. We may assume |A| > 1. Partition B into [|B|/|A|] < 2|B|/|A| subsets
B; with |B;| < |A|. For each j, |[FFN (A x Bj)| < ¥p(JA]) < dp(a)|A]*, and
similarly for [F'N (B; x A)|. The result follows by summing over j. O
Proof of Theorem 1.6. We verify the conditions of Theorem 1.7. Let a =
First consider case (i), i.e., suppose that d = 2 and 1 < a < 2. Then,
|Fy;| < N = o(|Fy/|), which verifies (1.12).
Next, choose ey > 0 such that ey — 0 and Na%(%a) — 00. (For example,
en=N7for0<d<2—a.) Let A=Ay = {i:|F%;| >enN}. Then,
[Fx N (A IND|+ [Fv 0 ([N] x A)| = Y |Fiy| = enNJA,
i€A
and thus, by Lemma 3.1
enN|A| < 4dp, (a)|A]*7'N,
which implies
Al < (4dpy (0)/en) "7 = o(N). (3.1)
By definition, F§ is the set of all ((i,5),(k,1)) € Fx x Fy, all of which
entries are distinct, such that either ((z, k), (7, l)) € Fyx Fy or ((z, D), (4, k:)) €
Fy x Fy (or both). We let F7, be the subset of F¥ where i € A, and F{, the
subset where i ¢ A.
The number of possible (i, j) € Fyy with i € A is |[Fy N (A x [N])[, and thus,
by Lemma 3.1 and (3.1),
[Ffl < [Py 0 (A X [N])] - [Fx| < 2dpy (a)|A[* N|Fy|
= o(N®|Fy]|) = o(|Fn[?). (3.2)
On the other hand, let F3: = {k : (i,k) € Fy, or (k,i) € Fy,;}. Thus
\E3il = | Fral I ((,5), (k1)) € F¥, then either k or [ is in F3%, and thus
the number of possible (k,l) € Fy for a given i ¢ A is at most, again by
Lemma 3.1,

|En N (Ey; < [N])| +1En N ([N] x FR;)| < ddp()|FY* 7N < ddp(a)efy "N
Summing over all possible (7, j) we find
|Fiy| < ddp(a)el ' N Ey| = o [Fn[?). (3.3)

Combining (3.2) and (3.3), we obtain (1.13) and the result follows in this case.
In case (ii), we first observe that fixing an index j in Fy means that the
corresponding k in (1.4) is such that 75k = ¢7'(j) for some i; for each i
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this means that m of the d coordinates of k have given values, so the number
of choices of k is at most dn® ™. Consequently, |Fy;| < dn®™™ = o(|Fy]),
proving (1.12).

Next, suppose that ((z’l, ceyta), (G, - - ,jd)) S Fﬁ, and that (i1,...,iq)
and (ji,...,Jq) are generated by (1.4) and (1.5) by some vectors i and j in
[n]?, respectively. By the definition of Fﬁ , there exists also (ki,...,kq) €
Fy, generated in the same way by, say, k € [n]¢, such that {ki,..., kq} C
{i1,. . ia,J1,-- -, ja} but (kq,..., kq) does not equal (i1, ...,iq) or (ji,--.,Jd)-

Hence, each 7g,k, 1 < v < d, coincides with some 7g,i or 7g,j, 1 < u < d.
Define

Jy ={veld:ng,k =mg,i for some j};
Jo ={v e [d] : ng k = 7mg,j for some p};
T.=JS, s=12

I/EJS

Then J; U Jy = [d] and Ty N'Ty # (), because otherwise the fractional Cartesian
product would be disconnected.

If ¢ € Ty, then q € S, for some v € Ji, and thus 7, k = 7g,i for some p. In
particular, the ¢th coordinate of k is one of the coordinates of i. Similarly, if
q € Ty, then the gth coordinate of k is one of the coordinates of j.

Since Ty N T, # (), this means that i and j have at least one coordinate in
common (not necessarily in the same position). Consequently, the number of
possible pairs (i,j) is O(n?1), and

\Fﬁ\ _ O(n2d71) _ O(Nz(d/m)q) _ O(NQa) _ O(IFle)a
verifying (1.13). O
Proof of Theorem 1.7. All limits in the proof are as N — oo. We begin by
observing that the assumption (1.12) implies

N N
Z |FJ>:/j|2 < m]aX|th/j| Z |FK/]| < m;.i“X|F;\(fj| ~d|Fy| = 0(|FN|2)- (3.4)
j=1

J=1

We use the martingale central limit theorem, as stated in [11, Corollary

(2.13)]. We let
Frj={(i1,...,ia) € Fy tia =35} C Fi;,
and let

Xnj = § , Tiy 0 Tig =75 § : Tig = Ty -

(il,.‘.,id)EFNj (il,...,id)EFNj

Then

N
SN - ZXNj
j=1
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and, with )?Nj = ’FN’—1/2XN]',
~ N ~
Sy = ZXNj-

EV1dently, (X NJ) ", is a martingale difference sequence, and we have ES2 =

By [11, Corollary (2.13)], to prove Sy 4 N(0,1) it suffices to verify the
Lindeberg condition

N
ZE()N(IZ\,jl[|)N(Nj| >¢e]) -0 for every € > 0, (3.5)
j=1

together with

limsup Y "E(XR,X3;) < L. (3.6)
N—oo /.
7]

Since every moment of Sy stays bounded by (1.2), moment convergence will
follow as well.
To prove (3.5) it suffices to show

N
Y EXy; —0. (3.7)
7=1
In our case, by (1.2) we note H)N(Nszl < 3d/2HjZNjH2 and therefore
N
ZEXNJ < 32dZ||XNJ||2 3%2 < R 7Y [
7j=1

which by (3.4) 1mp11es (3.7).
It remains to verify (3.6). For simplicity we treat first the case d = 2, and
will describe later the modifications needed in the general case. If d = 2, then

E(XJQ\MX?V]) - Z E 1FN (kv i)lFN (l’ i)lFN (m7 j)lFN (n, j)rleTan.
k,lomm
We have, Eryrir,,r, = 0 unless the indices k,[, m,n coincide in pairs, and
obtain (overcounting the case when all four indices coincide)

E(X3,X%,) <> gy (ki) 1py (ki) 1p, (m, j)1p, (m, j)

k,m
+2) 1p (k)1 (L i) Lpy (K, )1y (1 ).
k,l

Summing the first term on the right over all i and j, we obtain | Fy|?. Therefore,
to show (3.6), it suffices to verify

Z 1FN(k7 Z)lFN<l7Z)lFN(k7j)1FN(l7.]) = O(|FN|2)' (38>
k,l
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The sum above equals the number of pairs ((k, i), (l,j)) € Fy x Fy such that
also ((l,i), (k,j)) € Fy x Fy. The number of such pairs with distinct 7, j, k, [
is at most |F|. Further, the number of pairs ((k,i),(l,5)) € Fy x Fy where
two indices are equal to some r is at most |Fy,|?>. Consequently, the sum in
(3.8) is at most

N
IFEI+ D 1%
r=1
and (3.8) follows by (1.13) and (3.4).

In the case d > 2, we similarly find that E X3, X%, equals the number of
quadruples I, I, I3, I, of d-tuples in Fy wherein the 4d indices coincide in
pairs, and the last index is ¢ in [y and I, and j in I3 and Iy. We group
such quadruples according to the positions of the pairs of coinciding elements
(again overcounting in the cases with less than 2d distinct indices, when there
are several possibilities of pairing).

To do this precisely, let I, = {1 oo dyx{k} k=1,2,3,4; thus, L, I, I, 1
are four disjoint copies of {1 .,d}. We define a pattern to be a complete
matching in [1 U [2 U 13 U [4, i.e. a partition of the 4d points into 2d pairs,
which are regarded as the edges of a graph.

For a pattern m, any assignment of indices in {1,..., N} to the 2d edges
defines 4 d-tuples Iy, I5, I3, I, in the obvious way. Let T (m) be the number
of quadruples (I, I, I3, I;) € Fy generated this way, i.e., the number of all
assignments such that I, € Fi, I, € Fy, I3 € Fy, 14 € Fy.

Finally, let IT" denote the set of all patterns that contain the two edges
{(d. 1), (d,2)} and {(d.3), (d, 4)}.

In this framework, we then observe

ZEXNZXNJ < Tw(w

mell’

We classify the patterns in IT" into three types: a pattern is of type I if all
its edges are inside I, U I, or .73 U I,; it is of type IT if it is not of type I and
there are no edges connecting I, and I5, and type III otherwise.

First, consider a pattern 7 of type I. Since the d-tuples in F)y are ordered,
it follows that Tn(m) = 0 unless 7 is the pattern with edges {(7,1), (7,2)}
and {(4,3),(i,4)}, ¢ = 1,...,d. In this case, I} = I, and I3 = I, which are
arbitrary elements of Fy, and thus Ty (7) = |Fy|?.

Because the set of patterns is finite, it suffices to show that Ty (7) = o(| Fx|?)
for every pattern 7 of type II or III.

If 7 is of type II, then I; and I, together determine I, and I3. As in the
case d = 2, the number of allowed pairs (I, I;) with distinct indices is at most
|F#|, and the number of pairs (I, I,) with at least one common index is at
most SN | |F%.|2. Therefore Ti(7) = o(|Fiy|? ) by (1 13) and (3. 4)

Finally, suppose that 7 is of type III. Let [L = [1 U [2 and IR = 13 U I4,
and call these the left and right sides of the pattern. We further say that the
points (i,k) € I and (i,k + 2) € I are the mirror images of one another.
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Suppose that there are r edges between I and I 1; call these r edges crossing,
and order them (in some way). Let t%(ki,..., k) be the number of ways to
assign indices to the edges inside I; such that, with kq, ... , k, assigned to the
crossing edges, Iy, [, € Fy. Similarly, let t§(ky,...,k,) be the corresponding
number of ways to assign indices in I r such that I3, I, € Fy. Then,
N
Tn(m)= Y tikr,. . k)t (k. k).

1y kr=1

Further, let 7’ be the pattern obtained by taking the edges inside I, in 7 to-
gether with their mirror images in I and the edges connecting each remaining
point to its mirror image. Define n” similarly, starting with the edges inside
Ir in 7. Note that both 7/ and 7" are patterns of type II. Then, by the
Cauchy—Schwarz inequality,

N
Tn(m)= Y th(kr,. o k)t (k. k)
k1 oo k=1
N 1/2 N 1/2
< ( S (k... k:r)2> ( S (k.. kr)2>
et o fip=1 k.. =1
_ TN(TI)1/2TN(7T//)1/2
= o|Fw])?,
where the final estimate holds because 7’ and 7" are of type II.
This completes the proof of (3.6) and thus of the theorem. O

Proof of Theorem 1.8. If Sy converges in distribution, then (1.2) implies that
all moments converge (as remarked in the proof of Theorem 1.7). In particular,

p=1limESy =0 and 02 = limE 512\1 = 1; further,
ESi — E&t = 3. (3.9)

Similarly, as in the proof above, E'S3 equals the number of quadruples (I3, I,
I3, 1) of d-tuples in Fyy such that the 4d indices in them coincide in pairs. To
estimate this number from above, we note that the number of possibilities that
Iy, I, I3, I, can coincide in two different pairs is 3| Fy|(|Fv| — 1), and that each
element in Fﬁ contributes (at least) one more to the count. Hence,

|FN[PESL =ESL > 3|Fy|? — 3|Ey| + |FZ). (3.10)

Obviously, |Fy| — oo if Sy < N(o, 1). Hence, (3.9) and (3.10) imply (1.13).
U

We end this section with some counterexamples where the set Fly is close to
a product set and asymptotic normality does not hold.

Example 3.2. Take Fiy = A% with d > 2. It is easily seen that (1.13) does
not hold, so asymptotic normality fails by Theorem 1.8. Actually, it is easy to
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see that in this case, Sy converges to a Hermite polynomial of degree d in a
standard normal variable [14], see also [7, Section XI.1] and [2, Theorem X.26].

In particular, with d = 2, this example shows that Theorem 1.6(i) does not
extend to dim{Fy} = 2.

Example 3.3. Fix an integer ¢ > 1 and let, for N > ¢, Fiy be the product set
{1,....0} x{f+1,...,N}.

Clearly, Sy = Zi ;- Zﬁrl r; and it follows from the central limit theorem
that

Sy 5 V¢,

where Y and ¢ are independent, £ ~ N(0,1) and Y = ¢~/ Zﬁ Ti.

Hence, if £ = 1, the limit is normal, but not if £ > 2. For example, if { = 2,
the limit variable is 0 with probability 1/2. (The limit can be regarded as a
mixture of normal distributions with different variances.)

In particular, this example shows that Theorem 1.6(i) does not extend to

Example 3.4. Consider a disconnected fractional Cartesian product. For
example, take d = 6, m = 2 and let Sy, ..., Sg be the sets {1,2}, {1, 3}, {2, 3},
{4,5}, {4,6}, {5,6}. It is easily seen that (1.13) does not hold, so asymptotic
normality fails by Theorem 1.8.

This case is related to the case of disconnected G or H, respectively, in
[5, Theorem 1] or [6, Theorem 1]. We expect that, as in those results, Sy
converges to a polynomial in normal variables, but we have not checked the
details.

4. FURTHER REMARKS AND OPEN PROBLEMS

Remark 4.1. It would be interesting to know more about ||§N||q and P(|Sy| >
x) as functions of N. For example, how fast is the transition from the maxima
in Theorem 1.5 to the limits in Theorem 1.6 as N grows?

Remark 4.2. We considered for simplicity only a;,..;, = 1 in Theorems 1.5
and 1.6. The upper bounds in (1.7) and (1.8) are given for arbitrary a;,...,,
and, in particular, a;,..;, = £1, but the proof of the lower bounds uses the fact
that all coefficients have the same sign. In general, there will be cancellations
among the terms in (1.6), for any values of r1,...,ry, and it seems likely that
the lower bounds in Theorem 1.5 do not extend to general a;,...;,. What is the
correct result? Give an extension of Theorem 1.5 to arbitrary a;,...;,!

Certainly, the central limit theorems 1.6 and 1.7 extend to sums (1.6) with
suitable conditions on a;,...;,, but we have not worked out the details of such
extensions.

Remark 4.3. Note that if S is given by (1.6) and dp(«) < oo, then

[S][o0 > cH{ail”"id}H€2o‘/(a+1)7

where the exponent 2a/(« + 1) is the best possible; see [2, Section XIIL.7].
This generalizes a result for ' = A? (i.e. sums (1.1), with a = d) proved by
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Littlewood [10] for d = 2 and for general d by [4] and [8]. It would be interesting
to obtain lower bounds to the probability P(S > ¢[[{ai,..i, }|za/@n ).

Remark 4.4. The proofs above show that the tail estimates in Theorem 1.5
hold for the upper tails P(Sy > x) too. If d is odd, we obtain the same results
for P(Sy < —x) by symmetry, but if d is even this fails. It seems likely that

supy P(Sy < —x) is smaller than exp(—cxz?/®) for even d, for example for
d = 2. How small is it?

We can also replace the Rademacher system by other orthogonal systems.
(See e.g. [9, Chapter 6] for a general background.)

Remark 4.5. If we replace the Rademacher variables r; by Steinhaus functions
Xi, i.e. independent complex random variables that are uniformly distributed
on the unit circle, then Theorem 1.5 still holds.

Indeed, (1.7) is still valid [2, Corollary XII1.8.29], and thus (1.8) holds by the
same proof, so the upper bounds in Theorem 1.5 hold. For the lower bounds, we
use the same proof as above, now taking Ey = {Rexx > 1/2, k=1,...,N}.

For the upper bound in (1.7), we can alternatively introduce a Rademacher
system {r;} independent of {x;}, replace x; by x;r;, which has the same dis-
tribution, and use the Rademacher version above conditioning on {x;}. This
standard trick works for all i.i.d. sequences of bounded symmetric random
variables.

Are the central limit theorems 1.6 and 1.7 true for the Steinhaus system too,
now with complex Gaussian limits? (We believe so, but we have not checked
the details.)

Remark 4.6. Let us instead consider a Gaussian chaos, obtained by replacing
r; by independent Gaussian variables & ~ N(0,1).

The hypercontractive inequality (1.2) holds in this case too [12], see also
[1, 7, 9], but the combinatorial dimension version (1.7) fails in the Gaussian
case, as is seen by taking F' to be a set with a single element.

Hence Theorem 1.5 is not true in the Gaussian case. What is true? There
is no problem with the lower bounds in Theorem 1.5; the proof in Section 2
works if we take Ey ={¢ > 1, i =1,...,N}.

We believe that Theorems 1.6 and 1.7 hold for the Gaussian case too, but
we have not checked the details.

Remark 4.7. Are the results true if we replace r, by a lacunary sequence
exp(2mingt), where inf ny1/ng > 17

5. POLARIZATION IN [2]: CORRIGENDUM

In this section we correct an argument in the proofs of Theorem VII.32 and
Corollary XIII.29 in [2], results that are prominently used in the present paper.
We correct also the misstatement of Theorem VII.26 ii, which led to the flawed
argument.

References below are to [2]. We assume familiarity with the material in Ch.
VII §8, §9, and Ch. XIII §8, and, specifically, with the notation therein.
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The key error is statement (8.34) on p.165. To correct it, replace the product
of the ¢s on the right side of (8.34) by its symmetrization % S epor] ©0r1(j1) -
©rn(Jn); that is, replace (8.34) by

6]”(@17 e 7§0n - Z f T - Tjn Z 9071(].1) e @Tn(]n) (834>
J1<<Jn TEper(n]
Below we list the effects of this correction.
1. In Theorem VII.26 ii replace the projective tensor algebra V,, by the algebra
of the symmetric elements in V,, ; that is, replace V,, by
Vie 1= {(P eVy: (P(jla T 7Jn) = SO(j‘rl, T 7j7n> for all T € per[n]}.
2. In Lemma VIIL.29 (p.164) replace (8.32) by

. 1 . .
g i) = 5 > (i) ealin), 1y o1y, ER (8.32)

" reper[n]
In the proof of Lemma VII.29 (p.165), on the left side of (8.36) and the
left side of (8.38) replace the product of ¢s by its symmetrization % ZTeper[n]

©r1(J1) - orn(Jn) (as per (8.34) above).
3. In the proof of Theorem VII.32 (p.170), replace (9.15) by

Z Flrs - ( Z i, (Sr1) -~-7“in(sm)>7"i1 Cee Ty (9.15)

J1<<Jn TEper[n]
and the right side of (9.16) by & > repern) Tir (871) T4, (875). Accordingly,
replace (9.18) by
f:Es(Fs*fs> (918)

and replace (9.19), (9.20), and (9.21) with the following estimations: By (9.18),
Minkowski’s integral inequality, and interchange of integration,

115, = Bu | Bu(F 5 )P < (Bo(Ba By £7)7)”

p
< (BBl fsller) < (00l By By | lF < (07 ) B B | £

(We used || Fyl|z1 < n™/n!, which follows from the corrected estimate in (8.38)).
An application of the n-dimensional Khintchin inequalities (to E; | fs[? above)
implies

1120 < (n" /n)Pp e/t £ (9.21)
Replace (9.22) by

noai i\ /2
||f||m<2||f]||m<2u' Y2 £l (Zf jf’] ) 112
j=0

j=0 )
e"?n"/? ”/ZHfH 2. (9.22)

Following these corrections, on the right side of (9.12) replace 2e™p™? by
(en>n/2pn/2.
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Remark 5.1. The dependence of constants on n in (9.12) is a result of the sym-
metrization procedure that sets up passage from the n-dimensional Khintchin
inequalites to the Bonami inequalities. Bonami’s direct arguments in [3] yield
better constants; cf. (1.2). The same symmetrization argument is used again in
Chapter XIII to affect a passage from the Khintchin inequalities in fractional
dimensions to the Bonami inequalities in fractional dimensions.

4. In (12.16) on p.194, replace V,, by V,, (algebra of symmetric elements in
Vo).

5. On p.499, in (8.24) replace the right hand side by

> f@wl“'vn)( > ’h&xﬂ)'“vﬁ($wﬂ>7h"”ww

Vi1 Vin €F TEper[n]

In (8.25) replace the right side of the first line by & Y reperin) Vi (@r1) 75, (Ton),
and the right side of the second line by (2¢)". Continue as in 3 above, making
the appropriate numerical adjustments. In particular, in (8.26) replace 64" by

2n€2n(n!)1/2'
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