SUSCEPTIBILITY IN INHOMOGENEOUS RANDOM
GRAPHS

SVANTE JANSON AND OLIVER RIORDAN

ABSTRACT. We study the susceptibility, i.e., the mean size of the com-
ponent containing a random vertex, in a general model of inhomogeneous
random graphs. This is one of the fundamental quantities associated to
(percolation) phase transitions; in practice one of its main uses is that
it often gives a way of determining the critical point by solving certain
linear equations. Here we relate the susceptibility of suitable random
graphs to a quantity associated to the corresponding branching process,
and study both quantities in various natural examples.

1. INTRODUCTION

The susceptibility x(G) of a (deterministic or random) graph G is defined
as the mean size of the component containing a random vertex:

X(G)=1GI7" > [ew)], (1.1)
veV(Q)

where C(v) denotes the component of G containing the vertex v. Thus, if
G has n = |G| vertices and components C; = C;(G), i = 1,..., K, where
K = K(G) is the number of components, then

K |C’ 1 K
X(G) =D rlcl =~ > (Gl (12)
1=1 i=1

Later we shall order the components, assuming as usual that |[C1| > |Co| >

When the graph G is itself random, in some contexts (such as percolation)
it is usual to take the expectation over G as well as over v. Here we do not
do so: when G is random, x(G) is a random variable.

Remark 1.1. The term susceptibility comes from physics. (We therefore
use the notation x, which is standard in physics, although it usually means
something else in graph theory.) The connection with the graph version is
through (e.g.) the Ising model for magnetism and the corresponding random-
cluster model, which is a random graph where the susceptibility (1.2), or
rather its expectation, corresponds to the magnetic susceptibility.
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The susceptibility has been much studied for certain models in mathe-
matical physics. Similarly, in percolation theory, which deals with certain
random infinite graphs, the corresponding quantity is the (mean) size of the
open cluster containing a given vertex, and this has been extensively stud-
ied; see e.g. Bollobas and Riordan [7]. In contrast, not much rigorous work
has been done for finite random graphs. Some results for the Erdés—Rényi
random graphs G(n,p) and G(n,m) can be regarded as folk theorems that
have been known to experts for a long time. Durrett [17] proves that the
expectation E x(G(n,p)) = (1 —A)~L +0O(1/n) if p = A\/n with X < 1 fixed.
The susceptibility of G(n,p) and G(n,m) is studied in detail by Janson and
Luczak [22]. For other graphs, one rigorous treatment is by Spencer and
Wormald [31], who study a class of random graph processes (including the
Erdés—Rényi graph process) and use the susceptibility to study the phase
transition in them.

The purpose of the present paper is to study x(GY(n, x)) for the inhomo-
geneous random graph GV (n, k) introduced in Bollobés, Janson and Riordan
[4]; this is a rather general model that includes G(n,p) as a special case. In
fact, much of the time we shall consider the more general setting of [6]. We
review the fundamental definitions from [4; 6] in Section 2 below.

We consider asymptotics as n — oo and use standard notation such as oy,
see e.g. [4]. All unspecified limits are as n — oo.

Remark 1.2. We obtain results for G(n,p) as corollaries to our general
results, but note that these results are not (and cannot be, because of the
generality of the model GY (n, k)) as precise as the results obtained by Janson
and Luczak [22]. The proofs in the two papers are quite different; the proofs
in [22] are based on studying the evolution of the susceptibility for the
random graph process obtained by adding random edges one by one, using
methods from stochastic process theory, while the present paper is based on
the standard branching process approximation of the neighbourhood of a
given vertex. It seems likely that this method too can be used to give more
precise results in the special case of G(n,p), but we have not attempted
that. (Durrett [17] uses this method for the expectation E x(G(n,p)).)

The definition (1.2) is mainly interesting in the subcritical case, when all
components are rather small. In the supercritical case, there is typically one
giant component that is so large that it dominates the sum in (1.2), and
thus x(G) ~ |C1]?/n. In fact, in the supercritical case of [4, Theorem 3.1],
|C1| = ©p(n) and |C2| = op(n), and thus

K K
Solcl = el +o(leal Y- (6l) = 1ei? + O(ICaln) = (1+ op(1))IC1 2
i=1 i=2

(See also [22, Appendix A] for G(n,p).) In this case, it makes sense to
exclude the largest component from the definition; this is in analogy with
percolation theory, where one studies the mean size of the open cluster
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containing, say, vertex 0, given that this cluster is finite. We thus define the
modified susceptibility X(G) of a finite graph G by

1 K
X(G) =~ > lcil?. (1.3)
=2

Note that we divide by n rather than by n — |C;|, which would also make
sense.

In the uniform case, one interpretation of X(G) is that it gives the rate of
growth of the giant component above the critical point. More generally, if
we add a single new edge chosen uniformly at random to a graph G, then the
probability that C; becomes joined to C; is asymptotically 2|C;||C1|/n?, and
when this happens |C;| increases by |C;|. Thus (under suitable assumptions),
the expected increase in |C1] is asymptotically 2|C1| > |Ci[?/n = 2|C1|X(G).

The results in [4] on components of GY(n, k) are based on approximation
by a branching process X, see Section 2. We define (at least when p(S) = 1,
see Section 2)

x(k) :=E|X| € [0, 00], (1.4)
%) = E(|1Zls %] < 0) € [0, 0] (15)

Thus, x(k) = X(k) when the survival probability p(x) := P(|Xs| = 00) =0
(the subcritical or critical case), while x (k) = oo > Y (k) when p(k) > 0 (the
supercritical case).

Our main result is that under some extra conditions, the [modified] sus-
ceptibility of GY(n, k) converges to x(x) [X(k)], see Section 4 and in partic-
ular Theorems 4.7 and 4.8.

We also study the behaviour of x(Ax) and X(Ax) as functions of the
parameter A € (0,00), and in particular the behaviour at the threshold for
existence of a giant component, see Section 5; this provides a way to use
the susceptibility to find the threshold for the random graphs treated here.
(See, e.g., Durrett [17] and Spencer and Wormald [31] for earlier uses of this
method.)

Finally, we consider some explicit examples and counterexamples in Sec-
tion 6.

Remark 1.3. We believe that similar results hold for the ‘higher order
susceptibilities’

xm(G) = |é| 3

m 1 m
IC(v)[™ = @Z Ci™
veV(Q) 7
but we have not pursued this. (For G(n,p), see [22].)
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2. PRELIMINARIES

We review the fundamental definitions from [4; 6], but refer to those
papers for details, as well as for references to previous work. In terms of
motivation and applications, our main interest is the model G (n, k) of [4],
but for the proofs we sometimes need (or can handle) different generality.

2.1. The random graph models. In all variations we start with a measure
space (S, ) with 0 < u(S) < oo (usually, but not always, u is a probability
measure, i.e., u(S) = 1), and a kernel on it, i.e., a symmetric non-negative
measurable function £ : § x § — [0,00). We assume throughout that x is

integrable: [o, k(z,y) du(z) du(y) < co.

2.1.1. The general inhomogenous model. To define GY(n, k), we assume that
we are given, for each n > 1 (or perhaps for n in another suitable index set
7 C (0,00)), a random or deterministic finite sequence x,, = (1,2, ..., Ty, )

of points in S. (For simplicity we write x; instead of wl(n)) We denote the
triple (S, i, (Xn)n>1) by V and define the random graph G,, = G¥(n, x) by
first sampling x,, = (x1,x2,...,%,, ) and then, given x,, taking the graph
with vertex set {1,...,v,} and random edges, with edge ij present with
probability min(k(z;,2;)/n,1), independently of all other edges. (Alterna-
tively, and almost equivalently, see [4] and [20], we may use the probability
1 — exp(—~r(xj,xj)/n).) We interpret z; as the type of vertex i, and call
(S, i) the type space.

We need some technical conditions. In [4], we assume that S is a separable
metric space and p a Borel measure; we further assume that if v, is the
(random) measure n=' Y 0" 0, then v, 2, 4 (with weak convergence
of measures); in this case V is called a generalized vertex space. In the
standard special case when v, = n and u(S) = 1, V is called a vertex
space. Furthermore, in [4] it is assumed that the kernel s is graphical on V,
which means that k is integrable and a.e. continuous, and that the expected
number of edges is as expected, i.e., that Ee(GY(n, k))/n — 3 [s k.

Many of the results in [4] extend to sequences GY(n, k,), where (k,) is
a sequence of kernels on V that is graphical on V with limit k; see [4] for
the definition and note that this includes the case when all x,, = k for some
graphical kernel k.

As shown in [4, Section 8.1], if V is a generalized vertex space, we may
condition on (xy)n>1, and may thus assume that the x,, and, in particular,
vy, are deterministic. Replacing the index n by wv,, and renormalizing ap-
propriately (see Remark 2.1 below), we may reduce to the case of a vertex
space.
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2.1.2. The i.i.d. case. Another, often simpler, case of the general model is
when (S, u) is an arbitrary probability space and (z1,...,x,) are n ii.d.
points with distribution p; in this case k can be any integrable kernel.
This case was unfortunately not treated in [4], but corresponding results
are shown for this case (and in greater generality) in [5]. In this case we
call V = (S, i, (Xn)n>1) an i.i.d. vertexr space. In this case, to unify the
notation, a graphical kernel is thus any integrable kernel. Many results for
this case extend to suitable sequences of kernels, for example assuming that
|k, — K|l1 — 0, as then the general setting below applies.

2.1.3. Cut-convergent sequences. To define the final variant we shall con-
sider, we briefly recall some definitions. (A variant of) the Frieze-Kannan [19]
cut norm of an integrable function W : S? — R is simply

sup [ F@W (. )g(w) dila) duy).
I £lloos llglloo <1 JS2

Given an integrable kernel x and a measure-preserving bijection 7 : § — S,

let x(7) be the corresponding rearrangement of k, defined by

£ (@, y) = K(r(2), 7(y))-

We write k ~ & if k' is a rearrangement of x. Given two kernels x, ' on
[0,1], the cut metric of Borgs, Chayes, Lovész, Sés and Vesztergombi [10]
may be defined by

ook, k') = Hlilrifﬁl & — "o (2.1)

There is also an alternative definition via couplings, which also applies to
kernels defined on two different probability spaces; see [10; §].

Suppose that A, = (ai;) is an n-by-n symmetric matrix with non-negative
entries; from now on any matrix denoted A,, is assumed to be of this form.
Then there is a random graph G,, = G(A4,) naturally associated to A,: the
vertex set is {1,2,...,n}, edges are present independently, and the proba-
bility that ij is an edge is min{a;;/n,1}. Given A,, there is a corresponding
kernel k4, on [0,1] with Lebesgue measure: divide [0, 1]? into n? squares of
side 1/n in the obvious way, and take the value of k4, on the (i, j)th square
to be a;;. Identifying A,, and the corresponding kernel, as shown in [6],
many of the results of [4] apply to G,, = G(A,,) whenever dq(Ay, x) — 0 for
some kernel £ on [0, 1] (or, more generally, on some probability space S).

If A, is itself random, then G(A,,) is defined to have the conditional dis-
tribution just described, given A,. Any results stating that if 6g(A,, k) — 0
then G(A;) has some property with probability tending to 1 apply also if
(A,) is random with dq(A,, k) — 0. (One way to see this is to note that
there is a coupling of the distributions of the A, in which 6q(A,,x) — 0
a.s., and we may then condition on (A4,).)

Moreover, as shown in [6, Sections 1.2 and 1.3], such results apply to
the models described in the previous subsections, since in each case the
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(random) matrices of edge probabilities obtained after conditioning on the
vertex types converge in probability to s in d.

2.2. The corresponding branching process. Given an integrable kernel
k on a measure space (S,u), let X, (x), z € S, be the multi-type Galton—
Watson branching process defined as follows. We start with a single particle
of type = in generation 0. A particle in generation t of type y gives rise to
children in generation ¢ + 1 whose types form a Poisson process on S with
intensity (y, z) du(z). The children of different particles are independent
(given the types of their parents).

If 1 is a probability measure, we also consider the branching process X
defined as above but starting with a single particle whose type has the
distribution .

Let |X.(x)| denote the total population of X,(z), and let

pr(K;x) == P(| X, ()| = k), kE=1,2,...,00, (2.2)

and

pr(K) = /S,Ok(/i; x) dp(z), kE=1,2,...,00. (2.3)

Thus, when p(S) =1, pr(r) is the probability P(|X.| = k).
For convenience we assume that

/ k() dpa(y) < oo (2.4)
S

for all x € S; this implies that all sets of children are finite a.s. This is
no real restriction, since our assumption that [g, & < oo implies that (2.4)
holds for a.e. z, and we may impose (2.4) by changing x on a null set, which
will a.s. not affect X,. (Alternatively, we could work without (2.4), adding
the qualifier “for a.e. 2”7 at some places below.)

Since a.s. all generations of X, (x) are finite, it follows that poo(k;x), the
probability that the branching process is infinite, equals the survival proba-
bility of X, (x), i.e., the probability that all generations are non-empty. We
use the notation p(k; ) := poo(k; ); for typographical reasons we sometimes
also write px(z) = p(k;x). Similarly, we write p(k) := poo(k); if u(S) = 1,
this is the survival probability of X,.

We are interested in the analogue of the mean cluster size for the branch-
ing processes. For X (z), we define

x(k;x) = E(|Xx(z Z kpi(k; ) (2.5)
1<k<oo

X(r;2) = E(|Xe(2)]; | Xn(2)| <00) = D kpr(;z) (2.6)
1<k<oo
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thus x(k;z) = X(k;2) < o0 if p(k;x) = 0, and X(k;2) < x(k;2) = oo if
p(k;x) > 0. Further, let

X(k) == p(S)™! /S x2) du(@) = (S Y kpr(n),  27)

1<k<oco

W) = (S [ Rmia) du@) = ) Y kmle). (@28)

1<k<oo
Thus, if u(S) =1,

x(x) = E(|Xx]), (2.9)
X(k) = E(|Xxl]; [Xs] < 00). (2.10)

Remark 2.1. For a generalized vertex space, where u(S) may differ from
1, we may renormalize by replacing u and s by

po=u(S) . and K = p(S)k. (2.11)

This will not affect X, (), and thus not x(k; ) and X(k; x); further, because
of our choice of normalization in (2.7) and (2.8), x(x) and X (k) also remain
unchanged. Hence, results for generalized vertex spaces follow from the case
when p(S) = 1.

2.3. Integral operators. Given a kernel k on a measure space (S, i), let
T, be the integral operator on (S, 1) with kernel x, defined by

(Tof)(z) = /S sl 9) £ (0) dp(y), (2.12)

for any (measurable) function f such that this integral is defined (finite
or +00) for a.e. x. (As usual, we shall assume without comment that all
functions considered are measurable.) Note that Ty f is defined for every
f >0, with 0 <T,f < oo.

We define

[Tl == sup{||Tafll2 : f =0, [ fll2 < 1} < 0. (2.13)

When finite, || T, is the norm of T} as an operator in L?(S, ). We denote
the inner product in (real) L%(u) by (f,g) = (f,9)u := fs fgdu, and the

norm by || flla == (f, £)i/*.
One of the results of [4] is that the function p,(z) = p(k;x) is the unique

maximal solution to the non-linear functional equation
f=1—et/  f>o0. (2.14)

Moreover, if ||T|| < 1, then p, = 0 and thus p(k) = 0, while if ||T,|| > 1,
then p, > 0 on a set of positive measure and thus p(x) > 0. (This extends
to generalized vertex spaces by the renormalization in Remark 2.1; note
that p., T, and ||T,| are not changed by the renormalization.) The three
cases ||T,|| < 1, [|[Tk|| = 1 and [|Tk|| > 1, are called subcritical, critical and
supercritical, respectively.
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Given a kernel  on a type space (S, i), let iz be the measure on S defined

by
dii(z) :== (1 = p(k; x)) dpu(z). (2.15)

(This is interesting mainly when « is supercritical, since otherwise i = p.)
The dual kernel K is the kernel on (S, i) that is equal to x as a function. We
regard T; as an operator acting on the corresponding space L?(1). Then
|T%|| < 1; typically ||T%|| < 1 when & is supercritical, but equality is possible,
see [4, Theorem 6.7 and Example 12.4].

Note the explicit formula

(Taf)(x) == /S A y) f(y) dAly) = /S (e 9) () (L — pli: ) du(y),

ie, Taf = T.(f(1 — ps)). Note also that
() = [ (1= o)) dua) = ) = ol (2.17)
if 4(S) = 1, this is the extinction probability of X,.

2.4. Small components. Let N;(G) denote the number of vertices in com-
ponents of order k in a graph G. (Thus the number of such components is
Ni(G)/k.) We can write the definition (1.2) as

x(G) = ‘61:' > Ne(@) o > 1 NE(G) (2.18)
k=1 k=1

k |G|

By [4, Theorem 9.1], if (k,) is a graphical sequence of kernels on a vertex
space V with limit x and G,, = GY(n, k,,), then, for every fixed k > 1, with
N> =2 55 Nj and p>g = 3 oo pj, We have

N> (Gn)/n = psi(K), (2.19)

and thus
Ni(Gp)/n =2 pr(k). (2.20)

This extends to generalized vertex spaces by normalization (if necessary first
conditioning on (x,),>1) as discussed in [4, Subsection 8.1]. Furthermore,
(2.20) holds also on an i.i.d. vertex space for a constant sequence k,, = k,
with x integrable, by [5, Lemma 21].

Even more generally, by [6, Lemma 2.11], the same conclusions hold when
G, = G(A,) with 6q(4,,x) — 0, and hence when G, = G(A,) with
0o(An, k) 2, 0; this implies the two special cases above.

2.5. The giant component. If x is irreducible (see [4] for the definition),
then under any of our assumptions we have

CL(Gn)l/n = p(k) (2.21)

and
C2(Gn)| /== 0; (2.22)
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see [4, Theorems 3.1 and 3.6] or [6, Theorem 1.1].

2.6. Monotonicity. We note a simple monotonicity for y; there is no cor-
responding result for ¥.

Lemma 2.2. If H is a subgraph of G with the same vertex set, then xy(H) <
X(G).

Proof. Immediate from the definition (1.1). O

3. BRANCHING PROCESSES

For branching processes, as is well-known, the mean cluster size can be
expressed in terms of the operators T); and T;. We write 1 for the constant
function 1 on S.

Lemma 3.1. For any integrable kernel k on a type space (S, u) we have

o0

X(r;) =y Ti1(x), (3.1)

§=0

x(k i/ TI1( 1§: T91,1), (3.2)
=0 7=0

X(#;x) = (1= p(s; ))ZT%l( ); (3-3)

=0
1Z/Tj1 ) dfi(x ST (T, (3.4)
7=0

Proof. Let fj(x) be the expected size of generation j in X, (z). Then, for
every j > 0, by conditioning on the first generation,

fi(a / Fi ), y) dply) = Tof;(),

><>

and thus, by induction, f; = T2 fo = T21. Hence, (3.1) follows by summing.
Recalling the definition (2.7), relation (3.2) follows immediately.
It is easy to see that if we condition X, (x) on extinction, we obtain another

similar branching process X (z) with u replaced by . Hence, T} is replaced
by T%, and (3.3) follows from

E(|Xx(2)]; [Xn(2)] < 00) = (1= pls; 2)) E(|Xu(2)| | X ()] < 00)
= (1= p(r:2)) E(|Xu(x)])
and (3.1). Finally, (3.4) follows by (2.8) and integration, recalling (2.15). O

Often, it is convenient to assume for simplicity that u(S) = 1.
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Lemma 3.2. Let k be an integrable kernel on a type space (S, u) with u(S) =
1. Then

=D (T 1) = AS)X(R) = (1 — p(r)X(R)-
7=0

Proof. Use (3.4) for x and p and (3.2) for & and i, together with (2.17). O

Theorem 3.3. Let  be an integrable kernel on a type space (S, p) with
p(s) =1.
(i) If k is subcritical, i.e., | T| < 1, then x(k;x) = (I — Tx)~'1 a.e., and
\(5) = (T = T) 11, 1), < oo
(ii) Suppose that k is supercritical, i.e., ||T|| > 1, and also that || T%]| < 1.
Then X(r;2) = (1—pe)(I—T5) "1 ace., and X(r) = (I-T)"'1,1)5 <
0.
The conditions of (ii) hold whenever || Ty|| > 1,  is irreducible, and [5 K* <
00.

Proof. An immediate consequence of Lemma 3.1, since in these cases the
sums Y20 T = (I-T,) " and ) 22, T = (I-T;) ", respectively, converge
as operators on L2(p) and L?(fi). For the final statement we use [4, Theorem
6.7], which yields ||T3|| < 1. O

In fact, for the last part one can replace the assumption that |, S2 K2 < 00
by the weaker assumption that T, is compact; this is all that is used in the
proof of [4, Theorem 6.7].

In the critical case, when ||T| = 1, we have x(k) = X(k). We typi-
cally expect the common value to be infinite, but there are exceptions; see
Section 6.3.

Theorem 3.4. (i) If x is critical and Ty is a compact operator on L*(u),
then x(k) = oo. In particular, this applies if [go k(x,y)* du(z) du(y) < oo.
(ii) Ifﬁ; is supercritical, then x(k) = co.

Proof. (i): If | S2 k? < 00, then T} is a Hilbert-Schmidt operator and thus
compact

T, is always self-adjoint (when it is bounded), so if T}; is compact and crit-
ical, then it has an eigenfunction ¢ with eigenvalue ||Tx|| = 1; moreover, the
eigenspace has finite dimension and there is at least one such eigenfunction
1 > 0 (with [[tp1]]2 = 1, say), see Lemma 5.15 in [4] and its proof, where
only compactness is used. There may also be eigenfunctions with eigenvalue
—1, so we consider the positive compact operator T2 and let 91, ..., %, be
an orthonormal basis of the eigenspace for the eigenvalue 1 of T2. The or-
thogonal complement is also invariant, and T2 acts there with norm R < 1.

Hence,
m m

(T2, 1) =Y (L) + O(R") — Y (1,4:)%

i=1 i=1
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Since the terms in the sum are non-negative and (1,1) = fwl dp > 0, the
limit is strictly positive and thus Z;ﬁO(T,ﬁl, 1) cannot converge. Singe the
terms in this sum are non-negative, (3.2) yields y(x) = u(S)™* Z;”;(](T,%l, 1) =
00.

(ii): By [4, Theorem 6.1] we have P(|Xs| = o0) = p(k) > 0, so x(k) =
0. (]

In the subcritical case, we can find x(x) by finding (I — T})~'1, i.e., by
solving the integral equation f = T f + 1. Actually, we can do this for any
k, and can use this as a test of whether x(x) < co.

Theorem 3.5. Let k be a kernel on a type space (S, ). Then the following
are equivalent:

(i) x(k) < 0.
(ii) There exists a function f >0 in L'(u) such that (a.e.)
F=Tf+1. (3.5)
(iii) There exists a function f >0 in L*(u) such that (a.e.)
F>Tf+1. (3.6)

When the above conditions hold, there is a smallest non-negative solution f
o (3.5), that is also a smallest non- negatwe solutzon to (3.6); this minimal
solution f equals x(k;x), and thus x(k) = fs fdp.

Proof. Recalling (3.1), let g(x) := x(k;z) = Z;io TY1(z); this is a function
S — [0, 00] with Tyg = 3772, TI1 = g—1, so g satisfies both (3.5) and (3.6).
Further, [ggdu = pu(S)x ( ) by (3.2). Hence, if (i) holds, then g € L!(p);

consequently, g satisfies (ii) and (iii). (Note that then g is finite a.e.)
Conversely, if f > 0 solves (3.5) or (3.6), then, by induction,

n—1
f2> T+ T f
j=0

for every n > 1. Thus f > Z;‘:ol TZ1, and letting n — oo yields f > g.
Hence, if (ii) or (iii) holds, then g € L!(u), and (i) holds. Further, in this
case, f > g, which shows that g is the smallest solution in both (ii) and (iii),
completing the proof. O

Note that in the subecritical case, (3.5) always has a solution in L?(u);
cf. Theorem 3.3. In Section 6.3, we give an example where x is critical
and (3.5) has a solution that belongs to L!(u), but not to L?(u). (We do
not know whether there can be a non-negative solution in L?(u) with &
critical.) Moreover, in this example, both in subcritical and critical cases,
there is more than one non-negative solution in L'(u). However, we can
show that there is never more than one non-negative solution in L?(y).
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Corollary 3.6. Suppose that there exists a function f > 0 in L*(u) such
that (3.5) holds. Then f is the unique non-negative solution to (3.5) in

L2(p), x(k;x) = f(x) and x(k) = w(S)~" [5 fdp.

Proof. Let g be the smallest non-negative solution, guaranteed to exist by
Theorem 3.5, and let h = f —¢g > 0. Since 0 < h < f, h € L?*(u). Then
Th=Tf-Tg=(f-1)—(9g—1)=h, and

(fLh) =(Tf+1,h) =(Tf,h)+(1,h) = (f,Th) + (1, h) = (f,h) + (1, h).
Hence 0 = (1,h) = [ hdp, so h =0 a.e., and f = g. O

4. MAIN RESULTS

We begin with a general asymptotic lower bound for the susceptibility.
This bound depends only on convergence of the number of vertices in compo-
nents of each fixed size, so it applies under any of the assumptions described
above. More precisely, we state the results in the setting of Subsection 2.1.3;
as noted there they then apply (by conditioning) to GY(n, x,) under the as-
sumptions in Subsection 2.1.1 or Subsection 2.1.2. As usual, we say that G,
has a certain property with high probability, or whp, if the probability that
G, has this property tends to 1 as n — oo.

Recall that a matrix denoted A, is assumed to be symmetric, n-by-n and
to have non-negative entries.

Theorem 4.1. Let k be a kernel and (Ay,) a sequence of (random) matri-
ces with 60(An, k) —= 0, and set G, = G(A,). Alternatively, let G, =
GY(n, k) satisfy the assumptions of Subsection 2.1.1 or Subsection 2.1.2.
Then,

(i) for every b < x(k), whp x(Gy) > b, and

(ii) for every b < X(k), whp X(Gy) > b.
Moreover, liminf E x(G,,) > x(k) and liminf E X (G,) > X(k).
Proof. As noted in Subsection 2.1.3, after reducing to the vertex space case
if necessary (and so assuming without loss of generality that u(S) = 1) it

suffices to consider the case G,, = G(A4,).
(i): Let K be a fixed positive integer. Then, by (2.18), (2.19) and (2.20),

Nk(Gn)

n

X(Gn) = ) (kNK)

7 I

=

Nk(Gn) + KNEK(GH)

n

k

1
K-1

T

|=

kpe(R) + Kpz () = Y (kA K)pg().
k=1 1<k<o0
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As K — oo, the right-hand side tends to x(x) by monotone convergence
and (2.7); hence we can choose a finite K such that the right-hand side is
greater than b, and (i) follows.

(ii): By (1.2) and (1.3), if C; is the largest component of Gy, and |C1| > K,
then

A ikaEf”)
k=1

On the other hand, if |C;| < K, then
X(Gn) = x(Gp) — [C11*/n > x(Gy) — K?/n.

Hence, in both cases, using (2.20) again,
K

K 2
o(G) > ZkN’“S,LG”) _ % 20 S hpk(k). (4.1)
k=1 k=1

As K — oo, the right-hand side tends to X(x), and thus we can choose K
such that it exceeds b, and (ii) follows.
(iii): An immediate consequence of (i) and (ii). O
We continue with a simple general probability exercise.
Lemma 4.2. Let X, be a sequence of non-negative random variables and
suppose that a € [0, 00] is such that

(i) for every real b < a, whp X,, > b, and
(ii) limsupE X,, < a.
1
Then X, L, a and E X, — a. Furthermore, if a < oo, then X, L, a, i.e.,

E|X, —a| — 0.

Proof. If a = oo, (i) says that X, -2, o0; this implies liminf E X,, > b for
every b < oo, and thus E X,, — oo.
Assume now that a < oo, and let € > 0. Then, for every b < a, by (i),

E(X,—a)>eP(X,>a+¢e)—(a—b)Pla+e> X, >b) —aP(X, <b)
>eP(X, >a+¢e)—(a—b)—o(1).
Hence
limsupE(X,, —a) > elimsupP(X,, > a+¢) — (a — b)
and thus, since b < a is arbitrary,
limsup E(X,, —a) > elimsupP(X,, > a + ¢).

Since limsup E(X,, — a) < 0 by (ii), this yields limsupP(X,, > a+¢) =0
for every e > 0, which together with (i) yields X,, — a.

Moreover, the same argument yields, for every € > 0,

liminf E(X,, —a) > eliminf P(X,, > a +¢).

Taking € = 0 we obtain liminf E X,, > a, which together with (ii) yields
E X, — a. O
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The idea is to use Lemma 4.2 with X,, = x(G,) and a = x(k) or X,, =
X(Gp) and a = X(k); then condition (i) is satisfied by Theorem 4.1, and we
only have to verify the upper bound (ii) for the expected susceptibility. For
convenience, we state this explicitly.

Lemma 4.3. Let k and G, be as in Theorem 4.1.

(i) If limsupE x(Gy) < x(k), then x(Gy) L, x(k) and Ex(G,) —

X (k).

(ii) If limsupER(G,) < X(k), then X(Gn) == X(k) and EX(G,) —
X(K).

Proof. By Theorem 4.1 and Lemma 4.2 as discussed above. O

Sometimes we can control the expectation only after conditioning on some
(very likely) event. This still gives convergence in probablity.

Lemma 4.4. Let k and G, be as in Theorem 4.1, and let &, be an event
(depending on Gy, ) such that &, holds whp.

(i) If limsup E(x(Gn); ) < x(k), then x(Gn) = x().
(ii) If limsup E(R(Gn); Ex) < X(%), then X(Gn) = R(k).

Proof. After conditioning on &,, we still have N(G,)/n —— py(k) for each
fixed k, which is all that was needed in the proof of Theorem 4.1. Letting
@ = x or X, since E(p(Gr) | &) ~ E(¢(Gr);&,), under the relevant as-
sumption Lemma 4.2 tells us that the distribution of ¢(Gy,) conditioned on
&y, converges in probability to ¢(x). But then the unconditional distribution
converges in probability. O

We begin with a trivial case, which follows immediately from Lemma 4.3.

Theorem 4.5. Let k and Gy, be as in Theorem 4.1.

(i) If x(k) = oo, then x(Gpn) == 0o and E x(Gp) — co. In particular,
this holds if k is critical and T, is compact, or if K is supercritical.
(i) If X(k) = 00, then Y(Gp) == 0o and ER(Gp) — .

Proof. The extra conditions in Lemma 4.3 are vacuous. For (i), we use also
Theorem 3.4. U

One way to obtain the required upper bound on the susceptibility is by
counting paths. Let P, = Py(G) denote the number of paths vgv; ... v, of
length ¢ in the graph G.

Lemma 4.6. Let G be a graph with n vertices. Then x(G) <>, Pi(G)/n.

Proof. For each ordered pair (v,v’) of vertices of G with v and v’ in the
same component, there is at least one path (of length > 0) starting at v and
ending at v'. Thus, counting all such pairs, Y, |C;|* < Y202, Pr. O
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So far our arguments relied only on convergence of the number of vertices
in components of a fixed size k, and so apply in very great generality. Unfor-
tunately, bounding x(G) from above, via Lemma 4.6 or otherwise, involves
proving bounds for all k£ simultaneously. These bounds do not hold in gen-
eral; we study two special cases where they do in the next two subsections.

4.1. Bounded kernels on general vertex spaces. In this section we
consider G,, = GY(n, k), where (k,) is any uniformly bounded graphical
sequence of kernels on a (generalized) vertex space V with limit . In fact,
we shall be consider the more general situation where G,, = G(4,,) for some

sequence (A,) of uniformly bounded (random) matrices with dg(Ay,, &) ——
0. From the remarks in [6], the graphs GY(n, k,) are of this form. Note that
this is the setting in which the component sizes were studied by Bollobas,
Borgs, Chayes and Riordan [2].

Theorem 4.7. Let k be a kernel and (A,,) a sequence of uniformly bounded
matrices with 60(An, k) —— 0, and set G, = G(Ay,). Alternatively, let G, =
GY(n, ky) satisfy the assumptions of Subsection 2.1.1 or Subsection 2.1.2,
with the kK, uniformly bounded.

(i) We have x(Gpn) = x(k).
(ii) If s is irreducible, then X(Grn) —= X (k).

The boundedness assumption is essential unless further conditions are
imposed; see Example 6.9. The extra assumption in (ii) is needed to rule
out the possibility that there are two or more giant components, living in
different parts of the type space.

Proof. As noted above, the case of a generalized vertex space V may be
reduced to the case of a vertex space by conditioning and renormalization,
see Subsection 2.1.1 and Remark 2.1, and the vertex space case in Subsec-
tion 2.1.1 or Subsection 2.1.2 is a special case of the version with matrices
Ay, so it suffices to consider the latter version. In particular, we may assume
that p(S) = 1.

Coupling appropriately, we may and shall assume that og(Ay, <) — 0. It
is easily seen that this and the uniform boundedness of the A, imply that
K is bounded.

For (i), suppose first that [|T,|| > 1. Then, since T}, is compact, by

Theorem 3.4 we have (k) = oo, and by Theorem 4.5 we have x(G,,) —— oo
as required.

Suppose then that | 7| < 1. Let s, = k4, denote the piecewise constant
kernel corresponding to A,. Then, letting 1 denote the vector (1,...,1),
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and writing A,, = (al(;l)), we have

)
EP)(G,) <E Z 1= S

J0seje=11=1
V4

:nE/ HHn i1, x;) dp(zg) - - - dp(xy)
S£+1

=n(T} 1, 1>M. (4.2)

Recall that x,, and x are uniformly bounded, and ég(ky, k) — 0. As noted
in [2], or by the Riesz—Thorin interpolation theorem [15, Theorem VI.10.11]
(for operators L™ — L! and L' — L), it is easy to check that this implies
|Ts, |l — IIT:|l- (In fact, the normalized spectra converge; see [11].) Since
| Tx|| < 1, it follows that for some § > 0 we have ||T,| < 1 — 0 for n large
enough, so > (T¢ 1,1}, <3, [|Tw, || converges geometrically.

For a fixed ¢, and kernels x, v bounded by M, say, it is easy to check that
(TE1,1),— (T, 1), < M YK — k||o (see, for example, [6, Lemma 2.7]).
Since (T%1,1),, is preserved by rearrangement, we may replace ||’ — x||g by
60(k’, k) in this bound. Hence, for each ¢, we have (T 1,1), — (Tt1,1),.
Combined with the geometric decay established above, it follows that

ZTfll —>ZT€11 X(K).
=0
By Lemma 4.6 and (4.2) we thus have

1 o0 o0
li Ex(Gy) < i N EPR(G,) <l T 1,1), = ,
imsupE x(G,) < lmsupn;; 1(Gn) < lmsup;;< wn b Ly = x(K)

which with Lemma 4.3(i) gives x(G,) —= x() as required.

We now turn to X, i.e., to the proof of (ii). If ||[T| < 1, then p(k) = 0
and X (k) = x(k). On the other hand, X(Gy) < x(Gr), so the bound above
gives limsup E X(G,) < x(k) = X(k), and Lemma 4.3(ii) gives the result.

Now suppose that ||| > 1. Let Gn be the graph obtained from G,, by
deleting all vertices in the largest component Cq, and let 72 be the number of
vertices of Gy,. By the duality result of [23] (see also [4, Theorem 12.1] for
the case G,, = GY(n, ky,)), there is a random sequence (B,,) of matrices (of

random size 71 X 71) with 65(Bp, %) —— 0, such that G,, may be coupled to
agree whp with G(By,); here k := K’ is K renormalized as in (2.11). (Recall
that ¥ is regarded as a kernel on (S, 1), where i1 defined by (2.15) is not a
probability measure.) By Remark 2.1, x(k) = x(&).

Note that

Gul _ n—1c4]

o - 21— p(k) (4.3)
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by (2.21). After conditioning on the number of vertices of G, and the
matrices B, we can apply part (i) to conclude that

X(Gn) = X(G(Bn)) + 0p(1) == x(F) = x(R). (4.4)
Finally, if {C;};>1 are the components of G,,, then {C;};>2 are the compo-
nents of Gy, and thus by (1.3), (1.2), (4.3), (4.4) and Lemma 3.2
D=2 G |Gulx(Gh) b
= —
n n
4.2. The i.i.d. case.

X\(Gn) =

(1= p(r))x(R) = X(x). O

Theorem 4.8. Let xk be an integrable kernel on an i.i.d. vertex space V.
Then X(GY (n, k) == x(r) and Ex(GY(n,r)) = x(r).

Proof. Similarly to the estimate in the proof of Theorem 4.7, for any ¢, the
expected number E P, of paths of length £ is

n---(n—4~) /Sf-’+1 lfllmin(w, 1) dp(zo) -+ dp(ay)

n

L
< n/sul H ki1, i) dp(zo) - - dp(xg) = n(TEL, 1),
=1

Summing over all £ > 0, we see by (3.2) that the expected total number of
paths is at most ny(x). Hence, by Lemma 4.6,

Ex(GY(n,k) <EY  Pp/n < x(k). (4.5)
=0
The result follows by Lemma 4.3. O

Our next aim is to prove a similar result for Y. Unfortunately, we need
an extra assumption. We shall assume that T is compact, though any
condition guaranteeing (4.23) below will do.

Theorem 4.9. Let x be an irreducible, integrable kernel on an i.i.d. vertex
space V with ||Ty|| > 1, and let G, = GY(n,k). If Ty is compact, then
X(Grn) == X(k).

We do not know whether compactness, or some similar assumption, is
necessary for this result.

The main idea of the proof is to count the expected number of paths P
such that P is not joined to a large component of G, — P. We start with
a few preparatory lemmas that hold under more general conditions than
Theorem 4.9 itself.

Recall that C; = C1(G,,) C [n] denotes the (vertex set of) the largest com-
ponent of G,,. As in [4], given Gy, let v} denote the empirical distribution
of the types of the vertices in C1(G),), so for A C S we have

vi(A) = n_l‘{i € C1(Gy) : w; € A}|.
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Lemma 4.10. Let k be an irreducible, integrable kernel on an i.i.d. vertex
space V = (S, pt, (Xn)n>1), and let A be a measurable subset of S. Then

1 L’ = K. T x).
VL(A) P pn(A) JC/* &) du(a)

More precisely, the convergence is uniform in A: given any € > 0 there is
an ng such that for all n > ng and all measurable A we have

B(vh(A) — pw(4)] > ) <.

Note that the first statement corresponds to Theorem 9.10 of [4], but, due
to the different conditions, is not implied by it.

Proof. It suffices to prove the second statement. Fix ¢ > 0 once and for all,
and choose kg so that p>g, (k) < p(k) + €/6; this is possible since p>x (k) N\,
p(k) as k — oo.

We start by considering components of a fixed size. Let Ni(A) denote
the number of vertices ¢ of GG, such that 7 is in a component of order k
and x; € A. If k is bounded, then using the local coupling argument in [5,
Section 3] it is easy to check that for each k we have Nj(A)/n = pp(A) =
/ 4 Pr(w) dp(z), uniformly in A. Using the fact that adding or deleting an
edge from a graph G changes the set of vertices in components of size k in
at most 2k places, and arguing as in [4], the same statement for general x
follows easily.

Summing over k < kg, we thus have N<y, (A)/n —= p<g,(A). In partic-
ular,

P(|N<ko(A)/n — p<io (A)| > €/5) < /3 (4.6)
for all large enough n and all measurable A.

By a medium component of G, we mean any component of size greater
than ko other than C1(G,,). Let M denote the number of vertices in medium
components, and M(A) the number with types in A. Since Nj(Gn)/n —= pp

for each k and |C1(Gy)|/n == p(k), we have M(Gy)/n —= pspor1(r) —
p(k) < /6. Hence, whp

sup M (A) = M(G,,) <en/5. (4.7)
A

Let #(A) denote the number of vertices with types in A. Then #(A) has
a binomial distribution with parameters n and u(A), so for n large enough
we have

P(|#(A)/n — u(A)| = ¢/5) < /3 (4.8)
for all A. Finally, let C1(A) = nvl(A4) d
C1(G,,) with types in A. Then

Ci(A) = #(A) — N<py (A) — M(A) + O(1), (4.9)

with the final O(1) correction term accounting for the possibility that |C1(G,)| <
ko, so the ‘giant’ component is ‘small’.

enote the number of vertices in
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Combining equations (4.6)—(4.9), we see that
P(|C1(A)/n — (1(A) = p<ko(A))| = 4e/5) < e
for all large enough n and all A. But
1(A) = p<ry(A) = pe(A) + D pi(A).
k=ko+1

The sum above is at least 0 but, by choice of kg, at most £/6, so u(A) —
p<k,(A) is within /6 of u,(A) and the result follows. O

In [6, Theorem 1.4], it was shown (in a slightly different setting) that
stability of the giant component under deletion of vertices implies that the
distribution of the size of the giant component has an exponential tail. Parts
of this argument adapt easily to the present setting.

First, Lemma 1.7 of [6] shows that if x is a kernel, then the n-by-n matrices
obtained by sampling « at i.i.d. points x1, ..., x, converge in probability to
k, with respect to the cut norm. This implies that all results of [6] asserting
that a certain conclusion holds whp apply to the corresponding random
graphs (see [6, Remark 1.5]). In particular, Theorem 1.3 of [6] implies the
following result.

Theorem 4.11. Let k be an irreducible, integrable kernel on an i.i.d. vertex
space V, and let G, = GY(n, k). For every e > 0 there is a § > 0 such that
whp we have

plk) — & < [CL(GL)|/m < plk) +
for every graph G), that may be obtained from Gy, by deleting at most dn

vertices and their incident edges, and then adding or deleting at most én
edges. ([

Using this result, it is easy to get our exponential lower tail bound. Un-
fortunately, there is a minor complication, due to the possible (but very
unlikely) non-uniqueness of the giant component.

Let C1(A) = C1(A;G,) denote the maximum over components C of Gy,
of the number of vertices of C with types in A, so C1(A) is within |C2(G,,)|
of C1(A) = nv}(A).

Lemma 4.12. Let k be an irreducible, integrable kernel on an i.i.d. vertex
space V = (S, i, (Xp)n>1) with || T|| > 1, and let € > 0. Then there is a
¢ = c(k,e) > 0 such that for all large enough n, for every subset A of S we
have

P(C’l(A; Gn) < (ux(A) —e)n) < e, (4.10)

Proof. Fix A. Given a graph G on [n] where each vertex has a type in S, let
D(G) = D4(G) be the minimum number of vertices that must be deleted
from G so that in the resulting graph G’ we have

C1(A;G") < (ux(A) — e)n, (4.11)
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so our aim is to bound P(D(G,) = 0). By Lemma 4.10, whp C1(G,,) has at
least (ux(A) —e/2)n vertices with types in A. Also, by Theorem 4.11, there
is some 0 > 0 such that whp deleting at most dn vertices of (G, removes less
than en/2 vertices from the (whp unique) giant component. It follows that
E D(G,,) > dn/2 for n large; moreover, this bound is uniform in A.

Since the condition (4.11) is preserved by deleting vertices, if G” is ob-
tained from G by adding and deleting edges all of which are incident with one
vertex 4, and also perhaps changing the type of i, then |D(G) — D(G")| < 1.
We may construct Gy, by taking independent variables x1, ..., z, and {y;; :
1 <i < j < n} all of which are uniform on [0, 1], and joining i to j if and
only if y;; < k(x;, x;)/n. Modifying the variables in S; = {z;}U{y;; : i < j}
affects only edges incident with vertex j. Con51der1ng the values of all vari-
ables in S; as a single random variable X, we see that D(G),) is a Lipschitz
function of n independent variables, so by McDiarmid’s inequality [26] we
have

]P;(D(Gn) _ O) < e*Q(ED(Gn)P/n < 6—5271/2,

completing the proof. O

It would be nice to have an exponential bound on the upper tail of the
number of vertices in ‘large’ components. Unfortunately, the argument in [6]
does not seem to go through. Indeed, the corresponding result is false in this
setting without an additional assumption: it is easy to find a s for which
there is a small, but only polynomially small, chance that some vertex v has
degree of order n. In this way one can even arrange that P(|C1(Gy)| = n) is
only polynomially small in n.

The next lemma is the combinatorial heart of the proof of Theorem 4.9.
Unfortunately, we cannot bound the expectation of X directly, only the con-
tribution from components up to size some small constant times n. Formally,
given a graph G with n vertices and a § > 0, let

~ 1
WO=t Y ewi=l Y ek e
veV(Q) :|C(v)|<dn i:]C;|<én

Note that if |Co| < dn < |Cy|, then X;5(G) = X(G).
Given a kernel x and an M > 0, we write ™ for the pointwise minimum
of Kk and M.

Lemma 4.13. Let k be an irreducible, integrable kernel on an i.i.d. vertex
space V with || Tx|| > 1, and let ¢ > 0 and M > 0. Then there is a § =
d(e, M, k) > 0 such that

Exs(GY (n, k) < Z (T?1,1); + o(1),
where [i is the measure on S defined by d,a( ) = f(x)dp with

fl@) = (1—p((1 —e)r™;z) + 5e) A1, (4.13)
and Ty, is the integral operator on (S, fi) with kernel k.
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Proof. As usual, we may and shall assume that u(S) = 1.

Note that the statement becomes stronger if we increase M and/or de-
crease e. Thus we may assume that (1 — ¢)x™ is supercritical, and that
p((1 —&)xM) > 2¢. We also assume that M > 1 and e** < 14 5e.

Let 0 < § < ¢/M be a small constant to be chosen later, depending only
on k, ¢ and M, and let N = ny;s(G,) denote the number of ordered pairs
(v,w) of vertices of G, = GY(n,k) such that v and w are in a common
component of size at most dn. Also, let IV; denote the number of such pairs
joined by a path of length j. Since N < Z?ZBl Nj, it suffices to show that
for 0 < j < én we have

EN;/n < (T!1,1); + o(1/n), (4.14)

with the error bound uniform in j.

We may bound NN; by the number of paths of length j in G, lying in
components with at most dn vertices. Thus E INV; is at most nI*1 times the
probability that 12---(j 4+ 1) forms such a path. Let V'’ consist of the last
(1 —¢&/M)n vertices of G,,. Coupling G,, and GM = GY(n, kM) in the usual
way so that GM C G,,, let G’ be the subgraph of GM induced by V', noting
that G’ C G,,. Let A = A; be the event that 12---(j + 1) forms a path in
Gy, and let B = B; be the event that some vertex in [j + 1] is joined by an
edge of GM to some component of G’ of order at least én. Then

EN; <n/ T P(ANBY).

Unfortunately, we cannot quite prove the estimate we need for the right
hand side above, so instead we use the less natural but stronger bound

n

ENjS(.
j+1

> E(Njlse), (4.15)
where N} is the number of ordered pairs (v, w) of vertices in Vo = [j + 1]
such that v and w are joined in G,, by a path of length j lying in Vj (and
thus visiting all vertices of Vj).

Roughly speaking, the idea is to show that with very high probability
C1(G") will contain almost the ‘right” number of vertices of each type, so that
given the type y of one of the first j + 1 vertices, its probability of sending
an edge to C1(G’) is almost what it should be, namely p((1 — &/M)xM;y).
Unfortunately we cannot achieve this for all ¢y, but we can achieve it for
{z1,...,xj41}, which is all we need. Also, rather than working with C;(G"),
we work with the union of all components of order at least dn.

Let n" = (1 —¢&/M)n. Ignoring the irrelevant rounding to integers, G’ has
the distribution of GY(n/, (1—¢/M)xM), which dominates that of GY (n’, (1—
e)xM).

Recall that (1—¢)x™ is supercritical and that p((1—¢)x™) > 2¢. Applying
Lemma 4.12 to G’ = GY(n/, (1 — ¢)k™) we find that there is some ¢ > 0
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such that for any measurable A C S we have

IP)(él(A; G') < (/' (A)—2e/M)n) < P(C’l(A; G') < (W (A)—e/M)n') < e,

(4.16)
where 11 = 11 _.y,m
Let
o = min{e/M,1/10} > 0,
and fix 0 < § < g chosen small enough that
(e/8)° < 2 (4.17)

Let L denote the union of all components of G’ of order at least dn, and let
L(A) be the number of vertices in L with types in A. If y/(A) > 3e/M and
C1(A;G") > (i (A) —2e/M)n, then since the final quantity is at least on we
have L(A) > Cy(A;G"). Using (4.16), it follows that

P(L(A) < (1/(A) — 3e/M)n) < e " (4.18)

for any A; the condition is vacuous if y'(A) < 3¢/M.

Giveny € S and i > 0, let A,; = {zx € S: kM (z,y) > ci}. Let &, be the
event that L(Ay;)/n > p/(Ay:) — 3¢/M holds for all ¢ with 1 < ¢ < M/e.
Applying (4.18) M /e = O(1) times, we see that

IP’(E;) < (M/e)e™ ™ =0O(e™"). (4.19)
If £, holds, then
M/e M/e M/e
S M y) 2 30 LAy)e > 3 elu (Ay)=3e/M)n > 0> ey (Ay ) ~3en.
veL i=1 i=1 i=1

Now A, ; is empty for ¢ > M /e, so we have

M/e

S e () = Dot ¥ (o) 2 ei) = [ el (wp)/e) du'(a)
i=1 i=1 S

> [ W@y an @) —e = [ 2ol - o) dpte) -

M

Putting these bounds together, writing ' for (1 — ¢)x™, we have

KMy, xp)/n > kM (z, Kz T) —
S M (y, )/ >/S (2, )p(s'; ) du(z) — de

veL
= (THMPK’)(y> —de > (Tn’pn’)(y> —de.

Recalling that £’ is supercritical, from (2.14) we have T,/ pr = —log(1—pu),
so when &, holds we have

Y &My, x,)/n > —log(1 — p('sy)) — 4e,
veEL
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and hence
[T =5 (g, m)/m) < (1= plK'5y))e™ < 1= p(s'sy) + Be.
veL

Since kM is bounded by M, and the product is always at most 1, it follows
that if £, holds and n > M, then

[T = My, 20)/n A1) < fly). (4.20)
veL
Let &€ =&, N---N&,,,. Note that G’ is independent of x1,...,x;q1.

Given these types, from (4.19) we have P(£) = 1-0(je™ ") = 1 -0 (ne™ "),
with the implicit constant independent of the types. Hence, we have P(£) =
1 — O(ne~“") unconditionally. Then, for j < in,

n n N C n C
(1) E@e < (7)) 6+ 02 RE < e/ PE) = o),
(4.21)
using (4.17) in the last step.
Estimating IV ; by the number of paths of length j lying in Vj,

" " e n ] | C Jj+1 C
(j+1) E(Njlpeng) < <j+1>(j+1).]P(AﬂB NE) < T'PANBNE).

(4.22)
To estimate the final probability let us condition on G’ and also on the vertex
types 1,...,%j41, assuming as we may that £ holds. Note that we have

not yet ‘looked at’ edges within Vj, or edges from Vj to V’. The conditional
probability of A is then exactly
j J

H(/ﬁ;(ﬂsi,a}iﬂ)/n ANl) <n™/ H K(Ti, Tit1)-

i=1 i=1
For each i < j + 1, since &;, holds we have from (4.20) that the probability
that 7 sends no edge to L is at most f(x;). These events are (conditionally)
independent for different 4, so

J Jj+1
PANB NE | x1,...,x541) <n”’ H’i(xivl’i—s—l) Hf(x,)
i=1 i=1

Integrating out we find that

A j j+1
nHPANBNE) < n/ » H k(i Tig1) H flag)dp(zr) - - dp(xj41)
ST =1 i=1

= n(TI1,1),.

From (4.22) it follows that (jzl) E(Njlpeng) < n(T71, 1);. Combined with
(4.21) and (4.15) this establishes (4.14); as noted earlier, the result follows.
O
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Taking, say, M = 1/e and defining f.(z) by (4.13), as ¢ — 0 we have
(1 —¢)s™ ' k pointwise, and hence p((1 — e)x™;x) / p(k;z) pointwise.
Thus f.(z) \, 1—p(; z) pointwise. If we know that (171, 1) < oo for some
€ > 0, then by dominated convergence it follows that <Tgl, D\ <Tgl7 .
Furthermore, if we have

oo
D (T2, 1), < o0 (4.23)
7=0
for some € > 0, then by dominated convergence, as € — 0 we have
i . i .
DTN\ (T21, 1) = (k).
j=0 Jj=0

Unfortunately we need some assumption on s to establish (4.23).

Proof of Theorem 4.9. Suppose for the moment that (4.23) holds for some
e > 0, where f is defined using f.(x), which is in turn given by (4.13) with
M =1/e, say.

By the comments above, it follows that, given any 1 > 0, choosing & small
enough and M large enough we have Z;";O(T,% 1,1); < X(k)+n. Lemma 4.13
then gives E \5(G,) < X(k) + 27 if n is large enough, for some § = §(n) > 0.
Hence, if 6 = §(n) tends to zero, we have

limsup E Xs(Gp) < X(K). (4.24)

Since k is supercritical we have p(x) > 0, and by (2.21) we have |C;(Gy,)| >
p(k)n/2 whp. For any fixed § > 0, by (2.22) we have |C2(G,,)| < én whp; this
also holds if § = d(n) tends to zero sufficiently slowly. Given a function 6(n),
let &, be the event that |Ca(Gy)| < nd(n) < |C1(Gr)|. Then, provided 6(n)
tends to zero slowly enough, &, holds whp. When &,, holds we have \5(G,,) =
X(Gp), so E(X(Gr); En) < Exs(Gr), and (4.24) gives limsup E(X (G, ); &) <
R(k). By Lemma 4.4 this implies that Y(G,) —— (), which is our goal.
It thus suffices to establish that (4.23) holds for some & > 0.

Recall that f.(z) <1 and f. \, fo =1— p. as € — 0. Recall also that T%
is defined as the integral operator

gH/Fé(w,y)g(y) dii(y) Z/ﬁ(x,y)fa(y)g(y) dp(y)

on L?(j1). The map g(z) — g(z) f-(2)"/? is an isometry of L?(j1) onto L? (1),
and thus Ty is unitarily equivalent to the integral operator T. on L?(p)
with kernel f.(z)Y?k(z,y)f-(y)"/?. In particular, | Tx|| = ||T%||, and for the
special case ¢ = 0, when Ty = Tx, ||T%]| = || To]l-

Fix § > 0. Since T} is compact, there is a finite rank operator F' with
|A]] < 3, where A =T, — F. Let F. and A, denote the operators obtained
by multiplying the kernels of F' and A by f.(z)Y?f.(y)"/?. Since f. < 1
holds pointwise, we have

[Acll < [[A]l < 0.
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For any ¢g € L? the pointwise product f.g converges to fog in L?. Since F
has finite rank, it follows that ||F. — Fy|| — 0, and hence that

limsup ||T: — To|| < limsup || F: — Fo|| +d = 0.
e—0 e—0
Since § > 0 was arbitrary, we have ||T; — Tp|| — 0, and in particular ||Tx|| =
|T-|| — ITol| = |ITz]| < 1. Hence, there exists ¢ > 0 such that ||Tx|| < 1.
But then (4.23) holds, because (T71,1), < || Tx|. O

Remark 4.14. Chayes and Smith [13] have recently proved a result related
to Theorem 4.7(i) or Theorem 4.8, for the special case where the type space
S is finite. Their model has a fixed number of vertices of each type, which
makes essentially no difference in this finite-type case. Chayes and Smith
consider (in effect) the number of ordered pairs (v, w) of vertices with v
of type i, w of type j, and v and w in the same component, normalized
by dividing by n, showing convergence to the relevant branching process
quantity. These numbers sum to give the susceptibility, so such a result is
more refined than the corresponding result for the susceptibility itself.

In our setting, the analogue is to fix arbitrary measurable subsets S and
T of the type space, and consider xg7(Gy), which is 1/n times the number
of pairs (v, w) in the same component with the type of v lying in S and that
of w in T'. The corresponding branching process quantity is just xsr(k),
i.e., the integral over x € S of the expected number of particles in X, (z)
with types in 7. In analogy with Theorem 3.3, in the subcritical case this
quantity may be expressed as xs(x) = (I — T,)"'1g,17), < co. It is not
hard to see that the proof of Theorem 4.8 in fact shows that

X8.7(Gn) = xs,7(K), (4.25)

where G,, = GY(n, k) is defined on an i.i.d. vertex space. The key point
is that, in the light of Theorem 4.1 and its proof, it suffices to prove a
convergence result for the contribution to xg7(Gy) from components of a
fixed size k. For all the models we consider here, this may be proved by
adapting the methods used to prove convergence of Ni(G,,)/n; we omit the
details. Once we have such convergence, we also obtain the analogue of
(4.25) for ¥, so all our results in this section may be extended in this way,
with the proviso that when considering GY (n, x) with a general vertex space
V as in [4], we must assume that S and T are p-continuity sets.

Remark 4.15. We believe that all the results in this section extend, with
suitable modifications, to the random graphs with clustering introduced
by Bollobés, Janson and Riordan [5], and generalized (to a form analogous
to G(Ay)) in [6]; these may be seen as the simple graphs obtained from an
appropriate random hypergraph by replacing each hyperedge by a complete
graph on its vertex set. Note that in this case the appropriate limiting object
is a hyperkernel (for the defintions see [5]), and the corresponding branching
process is now a (multi-type, of course) compound Poisson one.
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A key observation is that in such a graph, which is the union of cer-
tain complete graphs, two vertices are in the same component if and only if
they are joined by a path which uses at most one edge from each of these
complete graphs. Roughly speaking, this means that we need consider only
the individual edge probabilities, and not their correlations, and then ar-
guments such as the proof of Theorem 4.8 and (at least the first part of)
Theorem 4.7 go through with little change. It also tells us that the suscepti-
bility of a hyperkernel is simply that of the corresponding edge kernel; this
is no surprise, since for the expected total size of the branching process all
that matters is (informally) the expected number of type y children of each
type = individual, not the details of the distribution. This does not extend
to the modified susceptibility ¥, since this depends on the (type-dependent)
survival probability p(k;z), which certainly is sensitive to the details of the
offspring distribution.

Adapting the proof of Theorem 4.9 needs more work, but we believe it
should be possible. Most of the time, one can work with bounded hyper-
kernels, where not only are the individual (hyper)matrix entries uniformly
bounded, but there is a maximum edge cardinality. Taking the r-uniform
case for simplicity, one needs to show that the number of (r — 1)-tuples of
vertices in the giant component in some subset of S™~! is typically close to
what it should be, since, in the proof of Lemma 4.13, the sets A, ; should
(presumably) be replaced by corresponding subsets of S"~!. For strong
concentration, one argues as here but using the appropriate stability result
from [6] in place of Theorem 4.11. Needless to say, since we have not checked
the details, there is always the possibility of unseen complications!

5. BEHAVIOUR NEAR THE THRESHOLD

In this section we consider the behaviour of x and X for a family Ax of
kernels, with « fixed and A ranging from 0 to co. Since ||Thx|| = A||T%]|, then,
as discussed in [4], Ak is subcritical, critical and supercritical for A < A,
A= Ag and X > A, respectively, where \e; = ||T||~!. Note that if ||T}|| <
00, then Ay > 0, while if ||Tx|| = oo, then Ae; = 0, so Ak is supercritical for
any A > 0.

Note also that Theorem 3.5 provides an alternative way of finding A, (and
thus || T ||): we can try to solve the integral equation f = 1+T\.f = 1+ AT, f
and see whether there exists any integrable positive solution. This tells us
whether x(\k) is finite; since (by Theorems 3.3 and 3.4) the susceptibility
is finite in the subcritical case and infinite in the supercritical case, this
information determines A.;. The advantage of this approach over attempting
to solve (2.14) itself is that the equation is linear; this is one of the main
motivations for studying x. (Another is that it tends to evolve very simply
in time in suitably parameterized models.)

In the subcritical case, A < A, we have the following simple result.
(When we say that a function f defined on the reals is analytic at a point x,
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we mean that there is a neighbourhood of x in which f is given by the sum
of a convergent power series; equivalently, f extends to a complex analytic
function in a complex neighbourhood of z.)

Theorem 5.1. Let k be a kernel. Then A\ — x(Ax) = X(Ak) is an increas-
ing, analytic function on (0, Aer), with a singularity at Aey. Furthermore,
X(AK) 7 X(Aerk) = X(Aexk) < 00 as A 7 Aer, and x(Ak;2) /7 X(Aerk; T)
pointwise.

Proof. By (3.2),
x(Ak Z (T71,1) (5.1)

which converges for 0 < A < A by Theorem 3.3. Hence, x(Ak) is increasing
and analytic on (0, Aer). Moreover, by Theorem 3.4(ii), the sum in (5.1)
diverges for A > A; hence the radius of convergence of this power series is
Acr- Since the coefficients are non-negative, this implies that x(Ax) is not
analytic at Ac;.

Finally, x(A&) /" x(Aerk) as A /" Aer by (5.1) and monotone convergence.
Similarly, x(Ak;z) /" x(Acrk; z) by (3.1) and monotone convergence. O

We shall see in Section 6.3 that it is possible to have x(Aaqk) < co. As
we shall now show, if T, is compact, then x(A;k) = oo, and the critical
exponent of y is —1, as A 7 A

Theorem 5.2. Suppose that T,, is compact (for ezample, that [ K? < 00).
Then for some constant a, 0 < a < 1, we have

aAer
Aer — A

X(Ak) = X(Ak) = +0(1), 0 <A< Aar
and X(Aerk) = X(Aerk) = 00.

If, in addition, k is irreducible, then a = ([ w)Q/ [s ¥?, where 1 is any
non-negative eigenfunction of Tj;.

Proof. Since a compact operator is bounded, A, > 0. We may assume that
1(S) =1 by Remark 2.1. Furthermore, we may replace £ by Ak and may
thus assume, for convenience, that ||T,|| =1 and A, = 1.

Let E; be the eigenspace {f € L?(u) : Tuf = f} of Ty, and P; the
orthogonal projection onto F;. Since T} is compact and self-adjoint, F; and
its orthogonal complement are invariant, 1 does not belong to the spectrum
of T}, restricted to Ej-, and, for A < 1, ||(I — AT})~'(I — Py)|| = O(1), while
(I — \T,,)"'P, = (1 — A\)~!'Py. Consequently, by Theorem 3.3,

x(Aw) = (1= N)"HPi1,1) 4+ O(1).
Let a := (P11,1) = |P1||2 > 0; then a < ||[1]|2 = 1,50 0 < a < 1. If
a = 0, then P;1 = 0, so the constant function 1 is orthogonal to E;. But

this contradicts the fact that E; always contains a non-zero eigenfunction
1 > 0, see the proof of Theorem 3.4 and [4, Lemma 5.15]. Hence, a > 0.
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The fact that x(Arx) = 0o now follows from Theorem 5.1.

Furthermore, if k is irreducible, then Fj is one-dimensional, see again [4,
Lemma 5.15 and its proof], so Pif = ||#||5*(f, ), and the formula for a
follows, noting that every non-negative eigenfunction is a multiple of this

Y. O

In the supercritical case, only Y is of interest. If we allow reducible s, we
can have several singularities, coming from different parts of the type space,
see Example 6.8. We therefore assume that x is irreducible. Even in that
case, it is possible that the dual kernel & is critical, see [4, Example 12.4];
in this example it is not hard to check that X(x) is infinite.

We conjecture that when k is irreducible, X(\x) is analytic for all A\ #
Aer under very weak conditions, but we have only been able to show this
under the rather stringent condition (5.2) below. (See also the examples in
Section 6.) Under this condition, we can also show that the behaviour of
X is symmetric at Ae; to the first order: the asymptotic behaviour is the
same at the subcritical and supercritical sides. As seen in Examples 6.2
and 6.3, this does not hold for all x, even if we assume the Hilbert—Schmidt
condition [ k? < co. (Furthermore, we shall see in Sections 6.1 and 6.2 that
the second order terms generally differ between the two sides.)

Theorem 5.3. Suppose that k is irreducible, and that

sup | w9 du(y) < oc. (52)
T JS
(i) The function \ — X(\k) is analytic except at ey := || Ty || 7.
(ii) As A — Agp,
bA
YOr) = —=— +0(1
X( K/) |)\_)\Cr|+ ( )7
with b= ([ w)2/ Js¥* >0, where v is any non-negative eigenfunc-
tion of Tj.

Proof. The subcritical case A < A follows from Theorem 5.2, so we assume
A > Ao. (Note that (5.2) implies that 7, is Hilbert-Schmidt and thus
compact.) We may further assume that u(S) = 1.

(i): Let Ao > Aer- By [4, Section 15], there exists an analytic function
z +— p7 defined in a complex neighbourhood U of Ay and with values in the
Banach space L?(u) such that p} = p,,. when z is real, and (2.14) extends
to

pr=1- e #Twpi (5.3)

We may further (by shrinking U) assume that ||p} |2 is bounded in U. Then,
by (5.2) and Cauchy-Schwartz, ||T(p} )|l = O(1) in U, and thus, by (5.3),
|1 — pF] is bounded above and below, uniformly for z € U. In particular, for
every Ak with real A € U, L?(fi) = L?(u), with uniformly equivalent norms.
We can therefore regard 75 as an operator in L3(p).
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We define, for z € U, T, f 1= 2T ((1—pF) f); thus Ty = T~ forreal A €U
by (2.16). Note that z — T, is an analytic map of U into the Banach space
of bounded operators on L?(u).

By Theorem 3.3, I — T: Som is invertible. By continuity, we may assume
that I — 7} is invertible in U. Then f(z) := ((I — T,)~'1,1 — pF)yu is an
analytic function in U, and f(\) = X(Ax) for real A € U by Theorem 3.3(ii).
Hence X(Ak) is analytic at Ag.

(ii): We use a result from perturbation theory, for convenience stated as
Lemma 5.4 below in a form adapted to our purposes; see [15, Section VII.6]
or [24] for similar arguments and many related results.

We may rescale and assume that A, = || 7| = 1, i.e., & is critical.

It will be convenient to use the fixed Hilbert space L?(u) rather than
L?(fi); recall that 7i depends on . Define a self-adjoint operator T in
L?(p) by R

Taf = (1= pan) VPAT(f(1 = pa)2), (5-4)
and note that if Uy is the unitary mapping f — (1 — px.)"/2f of L(fi)
onto L?(p), then T\ = UpT5:Uy ' by (2.16). Hence, T in L?(p) is unitarily
equivalent to T~ in L?(11). Further, by Theorem 3.3(ii),

XOK) = (I = T5) 7', 1) = (T = Ta) T'UAL Un1)y. (5.5)

Note that p, = 0, and thus T, =T, x, which has a simple eigenvalue 1,
with a positive eigenfunction ¢ [4, Lemma 5.15], and all other eigenvalues
strictly smaller. We may assume that [[¢[/2 = 1.

We apply Lemma 5.4 with T = T) and T' = TV,\, with A =1 + ¢ for small
e > 0. By [4, Section 15], ||paxllcc = O(€), and more precisely, px. = a0+ p:
with ||p%|l2 = O(?) and

e+ 0(?). (5.6)

Qe

_ 2
- Js¥Pdp
It follows (recalling that ¢ is bounded because ¢ = Ty¢ and (5.2)) that
(1 = poe) 2 = 9 — $acyp? + 1, with [|re]2 = O(e2). Consequently, (5.4)
implies that | T) —T1|| = O(¢) and, using (T,9%,9) = (¥2, Tpy)) = (2, ¢) =
Js¢*dp and (5.6),
(T, 1) = MT (1= pag) 20, (1 — pan)20)

= M{Teth, ¥) = 3ac(Teth, %) — 50e(Tev®, ) + O(e?))

= (1+¢e)(1-2c+0(?)

=1—¢c+0(?).
Further, Ux1 = (1 — pxx)'/? = 1+ O(e). Hence, (5.5) and (5.7) yield

(L)% +0(e) (1, )

X((1+e)k) = -1 0 +0(1) = — + O(1),
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which is the desired result. O

Lemma 5.4. Let T be a compact self-adjoint operator in a Hilbert space H,
such that T' has a largest eigenvalue 1 that is simple, with a corresponding
normalized eigenvector 1. Then there exists n > 0 such that if T' is any
self-adjoint operator with |T" — T|| < n such that I —T" is invertible, then

{(f, )@, 9) + O(IT" - T))
1= (T, ¢) + O(||T" = T|?)

for any f,g € H with ||f]], |lg]] < 1.

(I=T)""f,9) =

+0(1).  (5.7)

Proof. The spectrum o(T") C (—o0,1—9]U{1} for some ¢ > 0. Let v be the

circle {z : |z — 1| = §/2}. Then, as is well known, the spectral projection
1

Pyi=——¢(zI-T)""d 5.8

b= g L =T d (5.8)

is the orthogonal projection onto the one-dimensional eigenspace spanned

by ¢. Let A =T —T. If Ais any self-adjoint operator with ||A]| < 7, for

some sufficiently small 7 > 0, then zI — T — A is invertible for z € ~, and

we define
1
Pyi=-— ¢zl —T—A) dz 5.9

4= g P s (59)
Thus Py is the spectral projection for T+ A associated to the interior of +.
It follows from (5.8) and (5.9) that ||[Pa — Pyl = O(||A]), so if n is small
enough, ||P4 — Ppl|] < 1, and it follows [15, Lemma VIL.6.7] that P4 too
has rank 1; this must be the orthogonal projection onto a one-dimensional
space spanned by an eigenfunction 4 of T + A with eigenvalue A4, with
|Aa — 1| < /2. Moreover, if Ay # 1, then since all other eigenvalues of
T + A then lie outside -,

(I — (T—I—A))_l =(1 —)\A)_IPA—FRA, (5.10)

with [|[Ral| <2/6 = O(1).

Since ||Pav— o[ = [[(Pa—Fo)y|| = O([[Al]), Pay # 0 (provided 7 is small
enough), and thus we can take 1v4 = Pav. Hence [[1p4 — || = || Payy — ¢ =
O(||A[]) and

(a,¥) = (b, ¥) + O([|All) = 1+ O([|A]),
(Ta, ) = (ha, T) = (Ya,¥) = 1+ O([|A]),
(Apa,¢) = (Ap, ) + O(||A|P),
and thus

AT AWaY) _y (AVaY) :
M= T ey LT AR+ 04 (5.1)

The result follows from (5.10) and (5.11), using Pyf = (f, ). O
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6. EXAMPLES

In this section we give several examples illustrating the results above and
their limits. We sometimes drop x from the notation; we let p; denote the
function py(z) = pi(k;z). (But we continue to denote the number [q py dp
by pr(k), in order to distinguish it from the function py.)

Note first that the probabilities pi(x) can in principle be calculated by
recursion and integration. The number of children of an individual of type
z in the branching process is Poisson with mean [ x(z,y)du(y) = Tx1l(z),
and thus (in somewhat informal language)

p1(z) = P(x has no child) = e~ 7<), (6.1)

Next, |X.(x)| = 2 if and only if = has a single child, which is childless.
Hence, by conditioning on the offspring of z,

pa(z) = e~ Tx1) /Sfi(wjy) P(|Xk(y)| = 1) dp(y) = e T, (p1) ()

= p1(@)T(o1)(@). (6.2)
Similarly, considering the two ways to get |X,(z)| = 3,

pa() = ¢ T+1) /S w(z, 0)p2(y) du(y)

0% | o) duty) [ 2o dul2)

— (@) Tulp2)(@) + 3o1(@) (Tulpr) @)’ (63)
and the three ways to get |X,(x)| = 4,

pa = p1T(p3) + p1T(p1)T(p2) + épl(Tpl)Sa (6.4)

and so on. In general, for py, k > 2, we get one term py [[; T'(p;)™7 /m;! for
each partition 1™12™2 ... of k — 1.

The numbers pg (k) are then obtained by integration.

Alternatively, a similar recursion can be given for the probability that
X, (x) has the shape of a given tree; this can then be summed over all trees
of a given size.

6.1. The Erdés—Rényi case. Let S consist of a single point, with ;(S) =
1. Thus, k is a positive number. (More generally, a constant x on any
probability space (S, p) yields the same results.) We keep to more traditional
notation by letting kK = A > 0; then G(n, k) = G(n,p) with p = A/n. See [4,
Example 4.1].

Since T is just multiplication by A, || Tx|| = A, and, as is well-known, k
is subcritical if A < 1, critical if A = 1, and supercritical if A > 1.

In the subcritical case, by (3.2) or Theorem 3.3(i),

xX(k) = — A<l (6.5)
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Theorem 4.7 or Theorem 4.8 shows that y(G(n,\/n)) == (1 — \)~! for
every constant A < 1. (This and more detailed results are shown by Janson
and Luczak [22] by another method. See also Durrett [17], Section 2.2 for
the expectation E x(G(n,A\/n)).)

Similarly, if A > 1 then y(G(n,\/n)) == x(x) = co by Theorem 3.4 and
any of Theorems 4.5, 4.7 or 4.8.

For Y, we have the same results for A < 1. In the supercritical case A > 1,
T is multiplication by A(1 — p(X\)) < 1, where 1 — p(A) = exp(—Ap(N)) by
(2.14). Hence, by Theorems 4.7 and 3.3, or (3.4), for A > 1,

- - 1i(S) 1—p(A)
X(G(n,A/n 2, X(k) = = .
(A =2 X = T30 500) T 1A - (V)

More generally, Theorem 4.7 shows that Y(G(n, A, /1)) —— X(A) for every
sequence A, — A > 0.
For A =1+¢, € > 0, we have the Taylor expansion

28 464
0.3 _ 20% 4

(6.6)

8
1 =2 — —¢? .
p(l+¢e)=2¢ 3¢ g 135° (6.7)
and thus
4 4 176
(1 —e 24 e %4, .
X1+e)=¢ s tae T qgss (6.8)

Combining (6.5) and (6.8), we see that, as shown by Theorem 5.3, X(A) ~
1/|A — 1| for X on both sides of 1, but the second order terms are different
for A /1 and A\, 1.

We can also obtain x(\) and Y(A) from pp and the formulae (2.7) and
(2.8). In this case, X, is an ordinary, single-type, Galton—Watson process
with Poisson distributed offspring, and it is well-known, see e.g. [9; 27; 33;
18; 32; 28], that |X,| has a Borel distribution (degenerate if A > 1), i.e.,

Lk—1 L
pr(K) = pr(x) = T)\k Le=kA, kE>1. (6.9)

Consequently, if 7(z) :=> 72, %zk is the tree function, then
T(Ae™?)

o =1- 3 il =1- TAT) (6.10)
1<k<oo
and, using the well-known identity 27'(z) = 7 (z)/(1 — 7 (2)), see e.g. [21],
— k" T(Xe™?)
X(k) = k =) Nl o L 6.11

In the subcritical case, when A\ < 1, we have 7 ()\e_A) = )\, and we recover
(6.5). In general, (6.10) and (6.11) yield (6.6).

Remark 6.1. Consider the random graph G(n,m) with a given number
m of edges. In the subcritical case m ~ An/2 with 0 < A < 1, we obtain
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x(G(n,m)) = x(r) = 1/(1=X) by comparison with G(n, p) with p = \,/n
for A\, = 2m/n + n=1/3, say, using Lemma 2.2. In the supercritical case
A > 1, one can use standard results on the numbers of vertices and edges in
the giant component; conditioning on the giant component assuming typical
values, the rest of the graph is essentially a subcritical instance of G(n,m)
with different parameters; this may be compared with G(n,p) as above.
Consequently, for m ~ An/2 with A > 1, Y(G(n,m)) = X(k), where (k)
is given by (6.6) and (6.11), just as for G(n,p) with p = \/n.

6.2. The rank 1 case. Suppose that k(z,y) = ¥ (x)¥(y) for some positive
integrable function ¢ on §. This is the rank I case studied in [4, Section
16.4]; note that T}, is the rank 1 operator f +— (f, )1, with ¢ as eigenfunc-
tion, provided 1 € L*(p).

We assume, for simplicity, that x(S) = 1. As in Section 5 we consider the
family of kernels Ax, A > 0. In this case, ||T| = [|¢[|3 = [5?, and thus

Acr = ||¢||52
In the subcritical case, A < ¢y = (f 1/)2)_1, which entails fs P? < 00, we
have by induction

, , i—1
@) =3 ([ van) " [vae v, gz
and thus by (3.2) (or by solving (3.5))

A(Jw)” A(J )

XOR) =X =1 gy = 1
2 2 2

In particular, this verifies the formula in Theorem 5.2.
In the supercritical case, we first note that the equation (2.14) for p = py.
becomes

p=1—e P =1 Aot (6.13)
We define £ € (0,00) by £ := A\(p, ), and thus have
p=1—e (6.14)

with £ given by the implicit equation

=) /S p(w)b(w) du(z) = A /S @) (1-e @) du@).  (615)

(See [4, Section 16.4], where the notation is somewhat different.) We know,

by results from [4], that (6.13) has a unique positive solution p for every

A > Agp; thus (6.15) has a unique solution € = £(X) > 0 for every A > A;.
It is easier to use § as a parameter; by (6.15) we have

§

T e

(6.16)
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The denominator is finite for every & > 0 since ¢ € L'; moreover, J(1 -
e )y < [&yY?, and thus (6.16) yields A > 1/ [¢? = A,. Consequently,
(6.15) and (6.16) give a bijection between A € (Aer,00) and & € [0,00).
Furthermore, differentiation of (6.16) shows that A = A({) is differentiable,
and it follows easily from [(1 — e %)y > [&yp2e ¥ that dA/d¢ > 0.
Hence, the function A(§) and its inverse £(A) are both strictly increasing and
continuous. In particular, A \, Ao <= £ \, 0. Moreover, the denominator
in (6.16) is an analytic function of complex & with Re§ > 0; hence A(§) and
its inverse {(\) are analytic, for £ > 0 and A > A, respectively.
We note also the following equivalent formula, provided | S P2 < o00:

;Cr—_g / W 14£9) . (6.17)

By (2.16) and (6.14),

Teof =T ((L=p)f) = M(L=p)f, )y = A /S ey () f(z) dp(z) .

(6.18)
Hence T~ too is a rank 1 operator, with eigenfunction ¢ and eigenvalue
(take f =1 in (6.18))

R
v [ s antn = 7L (6.19)

(1—et)¢

Since y?e™¥ < y(1 —e7Y) for y > 0, it follows that 0 < v < 1. (When
J 1? < oo, this follows also from the general result [4, Theorem 6.7], cf.
Theorem 3.3.) Hence I — Ty is invertible (in, for example, L?(fi)), and by
Theorem 3.3(ii),

RO ) = (1= p@))(T = T) 1(x) = 9@ (T — T ) 1(x). (6.20)
Let us write g := (I — T/@)*ll. Then, by (6.18), 1 = (I — T)g = g — (¥,
with ( = )‘fS e $V1)g. Hence, g = 1 + (¢ and, using (6.19),

c=n [espg=n [evping [ = [ euren
S S S S
Hence, using (6.16) and (6.19),

A [y £ ey
N [ (R0 Iy e

Finally, by (6.20),

/s (Ar;z)du(x) = /S —y / w-i-C/

& (fefwl/’)
/s A e o)) (6.21)

X
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We observe that (6.21) shows that X is an analytic function of £ € (0, 00),
and thus of A € (A, 00). (So in the rank 1 case, at least, the condition (5.2)
is not required for Theorem 5.3(i).)

Next, suppose that fs 1® < oco. In this case, we can differentiate twice
under the integral signs in (6.16) and (6.21) using dominated convergence
(comparing with |, S ¥?3), and taking Taylor expansions we see that as & — 0
we have

B 3 B Jv°
S R oy e R g(fw)

5 +0(§) (6.22)

and

. §([v+0©) 2([v)
= O ~Y
AR T2 TR M
where we used (6.22) in the last step.

Note that (6.12) and (6.23) show that the behaviour of X at the critical
point A is symmetrical to the first order:

X(Ak) ~ Y] Q’Z&_/(A{T/} ) = (f;fz\a/_fﬁ : A= Aers (6.24)

g—l

at least when [ 1)® < oo. (This is the same first order asymptotics as given
by Theorem 5.3(ii), but note that the latter applies only when 1 is bounded,
since (5.2) fails otherwise.) The second order terms are different on the two
sides of A¢y, though: if [ 1* < 00, then carrying the Taylor expansions above
one step further leads to

Uw)'/[v? (Jv)® afefv  2(fv)’ [
Ma—1 T T T T gy
+o(1), AN A, (6.25)

X(Ak) =

in contrast to (6.12) for A < A;.
To see what may happen if | S Y = 00, we look at a few specific examples.

Example 6.2. Let 2 < ¢ < 3 and take S = [1,00) with du(z) = gz~ ! dz,
and take ¥ (z) = z; note that fS YP < oo if and only if p < ¢; in particular
fs % < oo but fs ¥ = 0o. By (6.17), and standard integration by parts of
Gamma integrals, as £ — 0 we have

11 o >
A—Azfﬂ/(a@_1+&wfﬂm:w$”/‘@ﬁ—1+wyﬂ®
cr 1 £

~ qé‘q‘Q/O (e7¥ —1+4y)y 9dy = g€ *T'(1 — q),
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or A — Aer ~ qI'(1 — q)A2,£972. Similarly, by another integration by parts,
/ (1- e V(1 + §Y))pdp = / (1- e 5% (1 + (x))gr~?dx
S 1

= q¢t! /é (I—e(14y))y 9dy ~ ¢! /0 (1—eY(1+y)y ‘dy

-1
B TB—0) = alg — 20" T(1— ),

and thus by (6.21),

. £(fv)° LR
(¢ = 2§ 'T(1-q)  (7—2)(A = Aer)’
which still has power —1, but differs by a factor (g—2)~! from the subcritical
asymptotics in (6.12) and Theorem 5.2. Hence, (6.24) does not hold in
general without assuming |, s Y3 < co. (Although this integral does not
appear in the formula.)

AN A,

Example 6.3. We see in Example 6.2 that Y is relatively large in the barely
supercritical phase when 1 is only a little more than square integrable.
We can pursue this further by taking the same S and v, and du(x) =
c(logz + 1) 9273dz with ¢ > 1 and a normalization constant c¢. Similar
calculations using (6.17) and (6.23) (we omit the details) show that, letting
¢ denote different positive constants (depending on ¢), as £ — 0 we have
A= Aa ~ c(log(1/€))~@1) and Y ~ ¢(log(1/€))9, and thus

SC\()‘H) ~ C()‘ - /\cr>_q/(q_1)7 AN Acr,
with an exponent —¢q/(q — 1), which can be any real number in (—oo, —1).

Taking instead du(z) = c(loglogx)~2(logz) tx~3dx, z > 3, we similarly
find A — Ae; ~ c(loglog(1/€))~1 and ¥ ~ c(log(1/€))(loglog(1/€))?, and thus

c+o(1)
A= Aar
with an even more dramatic singularity. Of course, this sequence of examples
can be continued to yield towers of exponents.

6.3. The CHKNS model. Consider the family of kernels Ax, A > 0, with

1
_:1:\/y

(W) = exp (— ) L AN

k(z,y) : -1 (6.26)

on S = (0, 1] with Lebesgue measure . We thus have

Bt @) =A(2=1) [ savea [ (3 -1) 10 ay
:i/oxf(y)dy—l—)\/xlfé‘y)dy—)\/olf(y)dy. (6.27)
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Remark 6.4. Equivalently, by a change of variable, we could consider the
kernel A(e*"Y —1) on S = [0, 00) with du = e~* dx; we leave it to the reader
to reformulate results in this setting.

This kernel arises in connection with the CHKNS model of a random
graph introduced by Callaway, Hopcroft, Kleinberg, Newman and Strogatz
[12]. This graph grows from a single vertex; vertices are added one by one,
and after each vertex is added, an edge is added with probability § € (0, 1);
the endpoints are chosen uniformly among all existing vertices. Following
Durrett [16; 17], we consider a modification where at each step a Poisson
Po(d) number of edges are added to the graph, again with endpoints chosen
uniformly at random. As discussed in detail in [4, Section 16.3], this yields
a random graph of the type GY(n,k,) for a graphical sequence of kernels
(kp) with limit Ak, where A\ = 24, on a suitable vertex space V (with S and
u as above).

Let us begin by solving (3.5). If f = Th.f + 1, then (6.27) implies first
that f € C(0,1) and then f € C1(0,1). Hence we can differentiate and find,
using (6.27) again, that

F@) = (D (@) =~ / fy (6.28)
With F(z) := [} f(y)dy, this yields F"(z) = —AF(z)/?, with the solution
F(z) = Cmﬁ‘” + C’gxo‘*, where oy are the roots of a(a — 1) = =, ie.,

ar = 3 +4/7— A if A = 1/4 we have a double root ay = a_ = 1/2

and the solution is F(x) = Ciz'/? + Cox'/?logxz. Hence any integrable
solution of (3.5) must be of the form f(z) = C, 2% '+ C_2% ~1 or f(z) =
Cox= V2 4+ C_z7'/?logx if X = 1/4. Any such f satisfies (6.28), and since
(6.27) yields Th.f(1) = 0, it solves (3.5) if and only if f(1) = 1, i.e., if
Ci+C_=1(Cyr=1iftA=1/4).

If0O< A< 1/4, then 0 < a- < 1/2 < ay < 1, so the solution f(z) =
2+~ is in L?(0,1) and non-negative; by Corollary 3.6, this is the unique
non-negative solution in L2, and

! 1 2 1—+v/1—4\
_ ap—1 - _
X(AK) /0 x dz PR Ry ) . (6.29)
(If we are lucky, or with hindsight, we may observe directly that z®+
is a solution of (3.5) by (6.31) below, and apply Corollary 3.6 directly,
eliminating most of the analysis above.)

For A < 1/4, we have shown that x(\k) is finite, so Ak is subcritical; thus
Aer > 1/4. Since the right-hand side in (6.29) has a singularity at A = 1/4,
Theorem 5.1 shows that A, > 1/4 is impossible, so we conclude that A\, =
1/4. (Equivalently, ||T,|| = 4.) This critical value for the CHKNS model has
earlier been found by Callaway, Hopcroft, Kleinberg, Newman and Strogatz
[12] by a non-rigorous method, also using (6.29) which they found in a
different way; another non-rigorous proof was given by Dorogovtsev, Mendes

-1
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and Samukhin [14], and the first rigorous proof was given by Durrett [16; 17].
See also Bollobés, Janson and Riordan [3; 4], where different methods were
used not involving the susceptibility. The argument above seems to be new.

By Theorem 5.1, we can let A " A\¢; in (6.29), and see that the equation
holds for A = A¢; = 1/4 too; i.e., x(Aak) = 2.

We see also that in the (sub)critical case A < 1/4, x(A\k;x) = 29+~ 1.

We have no need for the other solutions of (3.5), but note that our analysis
shows that for A < A, the other non-negative, integrable solutions of (3.5)
are given by 2%+ ~1 + C(z%~! — z2+~1), with C > 0. Similarly, although
we have no need for the solutions of (3.5) for A > A, let us note that
for the critical case A = A, the argument above shows that there is a
minimal non-negative solution z~1/2, which belongs to L' but not to L?;
there are further solutions z~1/2 — Cz=Y2logz, C > 0. For A\ > 1/4,
the roots a4 are complex, and the only real integrable solution to (3.5) is
L(z2+ 142971 = Rea®+ ! = =12 cos((/\—i)l/2 log ), which oscillates;
thus there is no finite non-negative solution at all.

Before proceeding to X in the supercritical case, let us calculate py for
small k. We begin by observing, from (6.27), that Th,1(x) = —Alogz.
Hence (6.1) yields

p1(Ak; ) = eMos® = g, (6.30)
Further, by (6.27), for every non-zero v > —1,
A
The(z?) = ——(1 —27). 6.31
Hence (6.2) yields
1
pa(Asz) = Ty (%) = 37 (@7 — 2™, (6.32)

Similarly, (6.3) and (6.4) yield

S @430z — 41+ 20) 2% + (24 5N)2?
PS()\R, iC) = 2(1 i )\)2(1 + 2/\) s (6,33)

and a formula for ps(Ak; x) that we omit, and so on. By integration we then
obtain

p1O) = — (6.34)
A
PN = AP ) (6:35)
3)2
P3R) = A oA 130 (6.36)
pa() = 2X3(7 + 15)) (637

(T+ N1+ 202(1+ 3N (1 +4N)
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It is obvious that each pj(\x;x) is a polynomial in z* with coefficients
that are rational functions in A, with only factors 1+ jA, j =1,...,k in the
denominator. Hence, each p(Ak) is a rational function of the same type.

There is no obvious general formula for the numbers pi(Ax), but, sur-
prisingly, they satisfy a simple quadratic recursion, given in the following
theorem. This recursion was found by Callaway, Hopcroft, Kleinberg, New-
man and Strogatz [12], using their recursive construction of the graph, see
also [17, Chapter 7.1]. (The argument in [12] is non-rigorous, but as pointed
out by Durrett [16; 17], it is not hard to make it rigorous.) We give here
a proof that instead uses the branching process, which gives more detailed
information about the distribution of the ‘locations’ of the components.

Theorem 6.5. For the CHKNS kernel (6.26), pr(Ax) satisfies the recursion

k—1
kA
_ - . > 9 .
pr(Ar) 2(1+_kA);§;pk]<Annn(Anx k> 2, (6.38)
with p1(Ak) = 1/(14X). Hence, for each k > 1, pr(Ak) is a rational function
of A, with poles only at —=1/j, j=1... k.
Moreover, each function px(x) = pr(Ak; x) is a polynomial in x*, with co-
efficients that are rational functions of X, which can be calculated recursively
by

A

k—1
d
mapk()\m;m) = kApp(AR;x) — Zj)\pk,j()\m)pj(/\/ﬁ; x), k>1, (6.39)
j=1

together with the boundary conditions p1(Ak;1) = 1 and pr(Ak;1) = 0,
k> 2.

Proof. Fix A > 0. To simplify the notation, throughout this proof we write
k for the kernel so far denoted Ax. Let € € (0,1/2), say, and let X/, be X,
with all points scaled by the factor (1 — ¢); this is the branching process
defined by S’ := (0,1 —¢], dy/ := (1 — &)"'dx and w'(z,y) := )\(;—;; - 1).
In X/, the offspring process of an individual of type x has intensity

W) du () = Ao~ ) dy = w(ey) dy—

zVy 1-¢ —€
This is less than the intensity in X,. We let '(z,y) =0if x > 1—¢ or
y > 1—¢, and define " (z,y) = k(z,y) — '(z,y) > 0. More precisely, for
0<z<l—cand 0<y <1,

EA

==, O<y<1-—c¢,

K (z,y) =9 1% A y=""c (6.40)
Ay -1 < l-e<y<L

dy, y<l-e.

Thus X, (x) and X/, () may be coupled in the natural way so that X/ (x) C
X (z) in the sense that an individual in X/ (z), of type z say, also belongs to
X (z), and its children in X, (z) are its children in X/ (x) plus some children
born according to an independent Poisson process with intensity «”(z,y) dy;
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we call the latter children (if any) adopted. An adopted child of type y gets
children and further descendants according to a copy of X, (y), independent
of everything else. Note that this adoption intensity k" (x,y) is independent
of x € &', and that the total adoption intensity is fo K" (x,y) dy = eA+0(?).

Fix k > 1. If |X,;(z)| = k, then either |X/.(z)| = k and there are no adop-
tions, or |X!.(z)| = j for some j < k and there are one or more adoptions,
with a total family size of k — j. If |X/.(x)| = k, then the probability of some
adoption is ke + O(g?), and thus

P(|Xx(z)| =k | |X.(z)] = k) = 1 — kxe + O(£?). (6.41)

Now, suppose that |¥/.(z)| = j < k. The probability of two or more adop-
tions is O(e2). Suppose that there is a single adoption. If the adopted child
has type y, the probability that this leads to an adopted branch of size
k — j, and thus to |X.(z)| = k, is pp—;j(k;y). By (6.40), the adoption inten-
sity £”(z,y) is independent of z as remarked above, and is almost uniform
on (0,1]; it follows that the probability that |X,(z)| = k, given |X/.(z)| = j
and that there is a single adoption, by some individual of type z in X/ (z),
equals

Jo "z )Py
Jo #'(2,y) dy
Since the probability of an adoption at all is je\ + O(e?), we obtain
P(|X.(2)| = k | | X (2)] = ) = jApr—j(r)e + O(e?). (6.43)
Consequently, for every k > 1 and z € (0,1 — ¢,

1
Jdy _ [ oreits) 0406 = s 406, (042

k—1
pr(k;x) = (1 — kXe)pr (K5 2) + Zj)\pk_j(/i)pj(n’; z)e + O(?).  (6.44)
j=1
(The implicit constant in O here and below may depend on k but not on x
or €.) Replace z by (1—¢)x and observe that, by definition, |X/ ((1—¢)x)] 4
|X ()| and thus p;(k’; (1 — €)x) = p;(k; x). This yields
k—1
pr(r (1= 2)2) = (1~ EAe)u (s 1)+ S JApi ()3 (13 2)e + O(e2). (6.45)
j=1
Letting € \, 0 we see first that py(r;z) is Lipschitz continuous in (0, 1), and
then that it is differentiable With

d
xd—pk(ﬁ; x) = kXpg(k; x) Z])\pk —j(k)pj(r;x), k>1, (6.46)

which is (6.39) in the present notation.

For k = 1, (6.46) gives p;i(x;z) = Cz?, for some constant C. For z = 1
we have k(1,y) = 0, so the branching process X, (x) dies immediately, and
p1(k;x) = 1. Thus p1(x;x) = 2 as shown in (6.30). For k > 2, we note that
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zpp(k;x) — 0as z — 0 or x — 1, because pp(r;x) <1 — p1(k;x) =1 — 22,
and thus, integrating by parts,
1 1
d 1
| o gomtin) = o]y~ [ putsi)de =0 = pu(e).
0 X 0
Hence, integration of (6.46) yields the recursion formula
k—1
L+ ko) = S idoes (s (), k=2 (6.47)
j=1

Replacing j by k — j in the right-hand side of (6.47) and summing the
two equations, we find that

k—1
2(1+kNpr(r) = Y (G +k = i)Aor—j(r)p(r), k=2, (6.48)
j=1
which is (6.38). O

The susceptibility ¥ was calculated for all A by Callaway, Hopcroft, Klein-
berg, Newman and Strogatz [12] using the recursion formula (6.38), see also
Durrett [16; 17]. We repeat their argument for completeness.

Let G(2) := Y22, pr(Ak)zF be the probability generating function of
| X x|, defined at least for |z| < 1. Note that in the supercritical case, |Xy,| is
a defective random variable which may be oo; we have G(1) = 1 —P(|X)x| =
o0) =1 — p(Ak). Further, G'(1) = Y(A\x) < oc.

The recursion (6.38) yields, most easily from the version (6.47),

G(2)+A2G'(2) = A2G'(2)G(2) + (1 + N)p1(Ak)z = A2G'(2)G(2) + z, (6.49)
and thus
 z2—G(z)
Cz(1-G(2)’
In the supercritical case, G(1) < 1, and we can let z /" 1 in (6.50), yielding
X(Ak) = G'(1) = 1/X\. (In the subcritical case, 'Hopital’s rule, or differ-
entiation of (6.49), yields a quadratic equation for G’(1), with (6.29) as a
solution; this is the method by which (6.29) was found in [12].)

Summarizing, we have rigorously verified the explicit formula by Callaway,
Hopcroft, Kleinberg, Newman and Strogatz [12]:

1—/1—4x <1
zumz{ T

G'(2) |z| < 1. (6.50)

6.51
+ A> 1 (6.51)
Note that there is a singularity at A = 1/4 with a finite jump from 2 to 4,
with infinite derivative on the left side and finite derivative on the right side.
It is striking that there is a simple explicit formula for X(Ax) = G’(1), while
no formula is known for G(1) = 1— p(Ax). This is presumably related to the
fact that x¥(Ax) may be found by solving the linear equation (3.5), whereas
p(Ak) is related to the non-linear equation (2.14). As A = 1/4 + ¢\, 1/4,
p(Ak) approaches 0 extremely rapidly, as exp(—(7r/2\/§)6_1/2 + O(log¢))
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[14; 4]; the behaviour at the singularity is thus very different for G(1) and
G'(1).

Note also that, by (2.8), the discontinuous function X(Ax) is the pointwise
sum of the analytic functions kpg (k).

Remark 6.6. We can obtain higher moments of the distribution (py(Ax))g>1
of |X,,| by repeatedly differentiating the differential equation (6.50) for its
probability generating function and then letting z 1. In the supercritical
case, this yields the moments of |X).|1[|X).| < oo] (or, equivalently, the
moments of |Xy.| conditioned on |X).| < 00); it follows that all these mo-
ments are finite, and we can obtain explicit formulae for them one by one.
For example, with p = p(\k),

1—p 1 1
E(| %% %0k =G"1)+G(1)= —+ - =—, 6.52
(1265 [ Xrs] < 00) (1) +G'(1) » Ta T (6.52)
2 1

E(| %l | Xax =G"(1)+3G"(1)+G' (1) = —— +~—. (653
(1%s]”; [Xrs] < 00) (1) +3G"(1) +G'(1) 2t (6.53)

It can be seen that for each m > 1, as A\, A¢, and thus p — 0, we have
E(|X0e]™; | Eax] < 00) ~ empt™ (6.54)

for some constant ¢p, > 0; we do not know any general formula for ¢,. For
any A > Ay = 1 and a,b > 0, writing X := |X).|1[|X | < oc], from (6.51)
and (6.52)—(6.53) we obtain

E(X%% <2) <2EX =250m) = -,

p) = p p p

NP b 0 4 2 1

E(X2;X > 7) <Prpx3s- 2 4 —

~p/ " b b/\2p+b)\

and hence

fo @ . b 1 a 2 1 1 2 p
IE(XQ;—<X<—>>———————:—(1— ———7).
Py Al AR AN 5 VP 5 WS VA N 5 W

Choosing, for example, a = 1/4 and b = 32, so bA > 8, the last quantity is
at least 1/(3Ap) > 1.3/p if A is close to A, and thus, for such A at least,

P(ip < % < ?’;) > 1;’('2)2 > .

I with probability about p, as

Hence, |X),| may be as large as about p~
suggested by (6.54).

Note that each pg(Ak) is a continuous function of A, so as A\ \, A, the
(defective) distribution of |X,| converges to the distribution of the critical
|X..x|, which has mean x(Aek) = 2 and P(|Xy..«| = k) ~ 2/(k®logk) as
k — oo, see [17, Section 7.3].

In the subcritical case, pi(Ar) decreases as a power of k, see [17, Section
7.3] for details.
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We have so far studied x(\x) and X(Ak), or, equivalently, the cluster size
in the branching process X).. Let us now return to the random graphs; we
then have to be careful with the precise definitions. The Poisson version
of the CHKNS model mentioned above can be described as the random
multigraph where the number of edges between vertices ¢ and j is Po(\;5)
with intensity \j; := A(1/(j — 1) —1/n), for 1 < i < j < n, independently
for all such pairs i, j, see [16; 17; 4]. For the moment, let us call this random
graph GL. Let GL! be defined similarly, but with \;; := A(1/j—1/n), and let
GHT be defined similarly with A\;; :== A(1/j —1/(n+ 1)), for 1 <i < j <n.
Since multiple edges do not matter for the components, we may as well
consider the corresponding simple graphs with multiple edges coalesced; then
the probability of an edge between ¢ and j, i < j, is p;j := 1 —exp(—A;). (If,
for simplicity, we consider A < 1 only, it is easy to see that the results below
hold also if we instead let the edges appear with probabilities p;; = A;;; this
follows by the same arguments or by contiguity and [20, Corollary 2.12(iii)].)

We first consider GLI; note that this is exactly (the Poisson version of)
GY (n, A\k) with x defined in (6.26) and the vertex space V given by S = (0, 1]
with p Lebesgue measure as above, and the deterministic sequence x,, =
(1, ...,2y) with x; = i/n. Arguing as in the proof of Theorem 4.7, summing
over distinct indices only, and using the fact that x is non-increasing in each
variable, we find that the expected number E P;(GZ) of paths of length ¢ is

E Py( G” Z 1—[)\"€ Ji—1,7Ji)

Jos--sJe=11=1
y4

Z / H )\/i(a?i_l, .CCZ) dl’o cee dxg

josege=1 Y IL(Gi=1)/n.gi/n] 524
< n/ H)‘” xi—1,x;)dxg- - doy = ”<T,\,{1, 1).
3€+1

Hence Lemmas 4.6 and 4.3 imply that (4.5) holds and y(GL) 25 y(Ak).
For GLIT| we observe that GII! can be seen as an induced subgraph of
GII |, and thus

EZP (GHT) <EZP€ GIL)) < (n+ 1)x(\k). (6.55)

Hence Lemma 4.3 implies that x(GL) 25 y(Ak).
Finally, it is easily checked that G, and GZI! satisfy the conditions of [20,

Corollary 2.12(iii)], and thus are contiguous. Hence x(G1) 5 x(Ak) too.
(One can also compare G and GI! as in [3, Lemma 11].)

It turns out that in probability bounds such as the one we have just proved
do not obviously transfer from G to the original CHKNS model. On the
other hand (as we shall see below), bounds on the expected number of paths



44 SVANTE JANSON AND OLIVER RIORDAN

do. Hence, in order to analyze the original CHKNS model, we shall need to
show that

limsupEn ! Z Py(GL) < x(\k). (6.56)

l

If A\ > 1/4, then Ak supercritical, so x(Ax) = oo and there is nothing to
prove. Suppose then that A < 1/4. We may regard G with the vertex 1
deleted as Gﬁlfl. Writing P(G) for the total number of paths in a graph G,
and P* for the number involving the vertex 1, by (6.55) we thus have

EP(Gy) —EP*(Gy) =EP(G,)) < nx(\w),

so to prove (6.56) it suffices to show that E P*(GL) = o(n).

Let S(GZ) denote the number of paths in G, starting at vertex 1. Since a
path visiting vertex 1 may be viewed as the edge disjoint union of two paths
starting there, and edges are present independently, we have E P*(Gl) <
(ES(GL))2. Now ES(GL) is given by 1 plus the sum over i of 1/i times
the expected number of paths in Gfllfl starting at vertex i. Durrett [16,
Theorem 6] proved the upper bound

3 1 (logi+2)(logn —logj+ 2)

8./ij logn + 4
on the expected number of paths between vertices ¢ and j in the graph H
on [n] in which edges are present independently and the probability of an
edge ij, i < j, is 1/(4j) (a form of Dubin’s model; see the next section). In
fact, his result is stated for the probability that a path is present, but the
proof bounds the expected number of paths. (The factor 1/4/ij is omitted
in [16, Theorem 6]; this is simply a typographical error.) This bound carries
over to fo_ll, which we may regard as a subgraph of H. Multiplying by
1/i and summing, a little calculation shows that this bound implies that
ES(GL) = O(n'/?/logn) for A = 1/4, and hence for any A < 1/4. From the
comments above, (6.56) follows, and for any A > 0 we have x(GL) == x(A).

Recall that the original CHKNS model G,, has the same expected edge
densities as G, but the mode of addition is slightly different, with 0 or 1
edges added at each step, rather than a Poisson number; this introduces
some dependence between edges. However, as noted in [3], the form of this
dependence is such that conditioning on a certain set of edges being present
can only reduce the probability that another given edge is present. Thus,
any given path is at most as likely in G,, as in G, and (6.56) carries over to
the CHKNS model. On the other hand, the effect of this dependence is small
except for the first few vertices, and it is easy to see that Ni(G,,) has almost
the same distribution as Ni(GL). In particular, Ni(Gyn)/n —= pr(A&), so
the proof of Theorem 4.1 goes though. Using Lemma 4.2 it follows that
X(Gn) = x(Ar).

Turning to the supercritical case, let My (G) denote the number of com-
ponents of a graph G, other than C;i, that have order k. We claim that, in
all variants GL, GII, GITI or the original CHKNS model, for fixed A > Ac
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there is some sequence of events &, that holds whp, and some 1 > 0 such
that

n L E(My(Gp) | £,) < 100e™7 (6.57)
say, for all n,k > 1. Suppose for the moment that (6.57) holds. Then

EX(Gn | &) ="t S R E(Mi(Gy) | £) < Y 100%™ < 0o
E>1 k

For each fixed k we have n !Ek*My(G,) = n ' E(kNy(G,) — O(k)) —
kpr(Ak). Since &, holds whp and n~'k?My(G,) is bounded it follows
that n 'k2E(My(Gr) | €) — kpr(Ak). Hence, by dominated conver-
gence, E(X(Gp) | &) — D kpr(Ak) = X(Ak), and (which we know al-
ready in this case), X(Ax) is finite. By Lemma 4.4(ii), it then follows that
X(Gn) == X(AR).

To prove (6.57) we use an idea from [3]; with an eye to the next subsection,
in the proof we shall not rely on the exact values of the edge probabilities,
only on certain bounds. Fix A > A¢;. Choosing 7 small, in proving (6.57)
we may and shall assume that k is at least some constant that may depend
on A\. Set § = k~1/190  and let G, be the subgraph of G,, induced by
the first n’ = (1 — d)n vertices. (We ignore the irrelevant rounding to
integers.) In all variants GZ, GII, GLT  the distribution of G/, stochastically
dominates that of G,, so whp G, contains a component C' of order at least
3p(Ar)n'/4 > p(Ak)n/2. Let us condition on G}, assuming that this holds.
Note that whp the largest component of G, will contain C, so it suffices
to bound the expectation of M}, the number of k-vertex components of Gy,
not containing C'. To adapt what follows to the original CHKNS model, we
should instead condition on the edges added by time n’ as the graph grows;
we omit the details.

Suppose that C’ is a component of G} other than C. Consider some
vertex v, n’ < v < (1 —4/2)n. Then v has probability at least A(1/v —
1/n) > Xd/(2n) > 6/(8n) of sending an edge to any given vertex, and hence
probability at least 6|S|/(9n) of sending at least one edge to any given set
S of vertices. Hence with probability at least 62p(Ax)|C’|/(200n), v sends
an edge to both C' and C’. Since these events are independent for different
v, the probability that C is not part of the same component of G,, as C' is
at most

(1- (52p()\/€)\0/\/(200n))6n/2 < exp(—éSp()\n)\C/\/ZLOO) = exp(—ad®|C’)),

for some a > 0 independent of k.

Let A be the number of components of G, of size at least k'/* that are
not joined to C in G,. Then it follows that E A < ne—ak'/"

For any v < n/, the expected number of edges from ‘late’ vertices w > n’ to
v is at most 1/2, say. (We may assume § is small if \ is large.) Let B be the
number of vertices receiving at least k'/4 edges from late vertices. Then it is
easy to check (using a Chernoff bound or directly) that E B < ne=%""" for
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some b > 0. The subgraph of G, induced by the late vertices is dominated
by an Erdés—Rényi random graph with average degree at most 1/2. Let
N be the number of components of this subgraph with size at least k/4.
Then, since the component exploration process is dominated by a subcritical
branching process, we have E N < ne=*""" for some ¢ > 0.

Let M, be the number of k-vertex components of G, other than that
containing C' that do not contain any of the components/vertices counted
by A, Bor N. Since E(M],—M/") < E(A+B+N) < ne=%""" for some d > 0,
it suffices to bound E M. Condition on G, and explore from some vertex
not in C. To uncover a component counted by M,/ this exploration must
cross from late to early vertices at least k'/4 times — each time we reach a
component of size at most /4, and from each of these vertices we get back
to at most k/% late vertices, and from each of those to at most k4 other
late vertices before we next cross over to early vertices. However, every time
we find an edge from a late to an early vertex (conditioning on the presence
of such an edge but not its destination early vertex), we have probability at
least p(Ak)/2 of hitting C. It follows that E M < n(1 — p(Ak)/2)F"* and
(6.57) follows.

Note that since X(Ak) is a discontinuous function of A, we cannot obtain
convergence to Y(Ax) for an arbitrary sequence A, — A, as in Theorem 4.7
and Section 6.1. In fact, it follows easily from Theorem 4.1 that if A, \, Acr
slowly enough, then x(GY(n, Ank)) == 00 > X(Aerk) and X(GY(n, Ayk)) >
limy\ x., X(Ak) —e = 4—¢ > X(Aerk) whp for every € € (0, 2), for any vertex
space V (with S and p as above), and thus in particular for GLI.

6.4. Dubins’ model. A random graph closely related to the CHKNS model
is the graph GY(n, Ax) with kernel

1
= 6.58
K(z,y) Ve (6.58)
on § = (0,1], where the vertex space V is as in Section 6.3, so x,, =

(21,...,25). In this case, the probability p;; of an edge between i and j
is given (for A < 1) by p;; = Ak(i/n,j/n)/n = A/(iV j). Note that this is
independent of n, so we may regard G (n, Ax) as an induced subgraph of an
infinite random graph with vertex set N and these edge probabilities, with
independent edges.

This infinite random graph was introduced by Dubins, who asked when
it is a.s. connected. Shepp [30] proved that this holds if and only if A >
1/4. The finite random graph GY(n, Ax) was studied by Durrett [16, 17],
who showed that Ay = 1/4; thus the critical value for the emergence of a
giant component in the finite version coincides with the critical value for
connectedness of the infinite version. See also [3; 29; 4].

We have

T 1
n @ =2 [Crwaen [ 14, (6.59)
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We can solve (3.5) as in Section 6.3; we get the same equation (6.28)
and thus the same solutions f(z) = Cya%+ 1 + C_2* 1 (unless A = 1/4
when we also get a logarithmic term), and substitution into (6.59) shows
that this is a solution of (3.5) if and only if Ciay + C_a_ =1, see (6.62)
below. If 0 < A < 1/4, so oy > 1/2 > a_, there is thus a positive solution
flx) = a;lm‘“_l in L2. (This is the unique solution in L2, by a direct check
or by Corollary 3.6.) Hence, Corollary 3.6 yields

1 1—2X— V1 —4X
YO = / fa)de = aj® = - L 0<A<1/4 (6.60)
0

Since this function is analytic on (0,1/4) but has a singularity at A = 1/4
(although it remains finite there), Theorem 5.1 shows that A\¢; = 1/4, which
gives a new proof of this result by Durrett [16]. Note that x(Aeek) = 4 is
finite.

We can estimate the expected number of paths as in Section 6.3, and
show by Lemmas 4.6 and 4.3 that x(GY(n, Ak)) — x(Ak) for any A > 0.

In the supercritical case, the tail bound (6.57) goes through, showing
that for any A > A, we have Y(Ak) < oo, and X(GY(n, Ak)) == Y(Ak).
Unfortunately, while the argument gives a tail bound on the sum ), kpg(Ax)
for each fixed A > M., the dependence on A is rather bad, so it does not
seem to tell us anything about the behaviour of X(Ax) as A approaches the
critical point.

We can easily calculate pj for small k. First, by (6.59), Thx1(z) = X —
Alog x. Hence (6.1) yields

pr(Ak; ) = e MALBT — o= AgA (6.61)

Further, instead of (6.31) we now have, for every non-zero v > —1,

A A
The(z)) =2 — — 227, 6.62
<) =3 (v +1) (662
Hence (6.2) yields
A

pa(Ak; ) = e ATy (e Mat) = e Pt (1 - )\i 1). (6.63)

Similarly, by (6.3) and some calculations,

efSA

T+ V21420
((2 3023 — 4(1 4 20)(1 + N2 + (24 3N\)(1+ 2)0)(1 + A):ﬁ),

p3(AK;$):: 2(

and so on. By integration we then obtain

-
p1(Ak) = =

DY
2 e 2A

PO = N AT 2y (6.:65)

(6.64)
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(152 4 18X3)e =34
T+ N)2(14+20)(1+3)\)°
It is clear that each pj(Ax) is e ** times a rational funtion of A, but we

do not know any general formula or a recursion that enables us to calculate
X(Ak) in the supercritical case as in Section 6.3.

p3(Ak) = 2 (6.66)

6.5. Functions of max{z,y}. The examples in Sections 6.3 and 6.4 are
both of the type x(x,y) = p(zVy) for some function ¢ on (0, 1]. It is known
that if, for example, p(x) = O(1/x), then T} is bounded on L?, and thus
there exists a positive Aey > 0; see [25; 1] and [4, Section 16.6].

We have

x 1
Ty f(x) = Ap(2) /O £(y) dy + A / o)W dy.  (6.67)

If o € C*(0,1], then any integrable solution of (3.5) must be in C(0,1]
too, and differentiation yields f = A\¢'F, where F(z) := [ f(y)dy is the
primitive function of f; furthermore, we have f(1) = 1 4+ Th.f(1) = 1 +
Ap(1)F(1). Hence, solving (3.5) is equivalent to solving the Sturm-Liouville
problem

F'(z) = \¢'(z)F(2) (6.68)
with the boundary conditions
F(0)=0 and F'(1) = Mp(1)F(1) + 1. (6.69)

If there is a solution to (6.68) and (6.69) with F’ > 0 and F’ € L?, then
Corollary 3.6 shows that

1
X(Ak) = /0 F'(z)dx = F(1). (6.70)

The examples in Sections 6.3 and 6.4 are examples of this, as is the Erd6s—
Rényi case in Section 6.1 (¢ = 1). We consider one more simple explicit
example.

Example 6.7. Let o(z) = 1 — 2. Then (6.68) becomes F” = —\F, with

the solution, using (6.69), F(z) = Asin(v/Az) with Av/Acos(v/A) = 1. This

solution satisfies F/ > 0 if v/A < /2, so we find Ae; = 72/4 and, by (6.70),
_ tan(V/\)

X(\k) = I A< Aep = 72 /4. (6.71)

6.6. Further examples. We give also a couple of counterexamples.

Example 6.8. Let S = {1,2}, with u{1} = p{2} = 1/2, and let x.(1,1) =
2, ke(2,2) =1 and ke(1,2) = ke(2,1) =€ for £ > 0.

For € = 0, kg is reducible; given the numbers n; and no of vertices of the
two types, the random graph Gv(n, AKg) consists of two disjoint independent

random graphs G(n1,2\/n) and G(ng, A/n); since ny/n,ny/n —— 1/2, the
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first part has a threshold at A = 1 and the second a threshold at A = 2. Sim-
ilarly, the branching process X ., () is a single-type Galton-Watson process
with offspring distribution Po(\) if # = 1 and Po(\/2) if z = 2, so Xy, is
a mixture of these. Hence, if ¥1(\) denotes the (modified) susceptibility in
the Erdés—Rényi case, given by (6.5) for A < 1 and (6.6) for A > 1, then

X(Ako) = 5X1(A) + 5X1(A/2), (6.72)

s0 X(Ako) has two singularities, at A =1 and A = 2. Clearly, A, = 1.

Now consider ¢ > 0 and let £ \, 0. Then A (ke) < Aer(ko) = 1. Fur-
thermore, for any fixed A, p(Ake,z) — p(Ako,z) by [4, Theorem 6.4(ii)],
and hence T o T/ﬁ\o (we may regard the operators as 2 x 2 matri-
ces). Consequently, if A > 1 with A # 2 and thus HT)TEOH < 1, then
(I — T)T,;)*l — (I — T)Tfﬁ\o)*l, and thus Y(Ak:) — X(Ako) by Theorem 3.3.
This holds for A = 2 also, with the limit Y (2kg) = oo, for example by (3.4)
and Fatou’s lemma.

Since X (Akp) has singularities both at 1 and 2, we may choose ¢ € (0,1/2)
such that X((1+6)ro) > X(5k0) and X((2—68)ro) > X(3k0), and then choose
e > 0 such that Y((1 + 0)ke) > X(3kc) and (2 — 6)ke) > X(3ke). This
yields an example of an irreducible kernel x such that X(Ax) is not monotone
decreasing on (A, 00).

Example 6.9. Theorem 4.7 shows convergence of x(GY(n, x)) to x(k) for
any vertex space )V when k is bounded. For unbounded &, some restriction on
the vertex space is necessary. (Cf. Theorem 4.8 with a very strong condition
on V and none on «.) The reason is that our conditions on V are weak and
do not notice sets of vertices of order o(n), but such sets can mess up .

In fact, assume that  is unbounded. For each n > 16, find (a,,by,) € S?
with k(an,bn) > n. Define x, by taking |[n/*] points z; = a,, [n*/*]
points z; = by, and the remaining n — 2|n®*| points i.i.d. at random with
distribution p. It is easily seen that this yields a vertex space V, and that
we have created a component with at least 2Ln3/ 4] vertices. Consequently,
C1] > 0%, and by (1.2), x(G¥(n, k) > [C1]*/n > n'/?, s0 X(G¥ (n,K)) —
00, even if k is subcritical and thus x(k) < oo.

Using a similar construction (but this time for more specific kernels ),
it is easy to give examples of unbounded supercritical x with X (k) < oo but
X(GY(n, k) — oo for suitable vertex spaces V.
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