FLUCTUATIONS IN CRUMP-MODE-JAGERS
PROCESSES: THE LATTICE CASE

SVANTE JANSON

ABSTRACT. Consider a supercritical Crump—Mode—Jagers process such
that all births are at integer times (the lattice case). We showed in a
recent paper that under a certain condition on the generating function
of the intensity of the offspring process, the second-order fluctuations of
the age distribution are asymptotically normal.

In the present paper we study mainly the case when this condition
is not satisfied. There are two other cases; in one (boundary) case the
fluctuations are still asymptotically normal, but with a larger order of
the variance; in the last case, the fluctuations are even larger, but will
oscillate and (except in degenerate cases) not converge in distribution.
This trichotomy is similar to what has been seen in related situations,
e.g. for Pélya urns.

We also add some further results in the first case, including a symbolic
calculus.

1. INTRODUCTION

We consider a supercritical Crump—Mode—Jagers branching process, start-
ing with a single individual born at time 0, and where an individual has
N < oo children born at the times when the parent has age & < & < ....
Here N and (&;); are random, and different individuals have independent
copies of these random variables. Technically, it is convenient to regard
{&}Y as a point process = on [0,00), and give each individual = an inde-
pendent copy Z; of Z. For further details, see e.g. Jagers [7].

In the present paper, as in the companion paper [10], we consider for
simplicity only the lattice case, where all §; are multiples of some fixed real
number d; we may without loss of generality assume that d = 1 and that d is
maximal; thus the &; are integer-valued and all births occur at integer times
a.s., but there is no d > 1 such that all birth times a.s. are divisible by d. It
would be very interesting to extend the results below to the non-lattice case;
we expect similar results (under suitable assumptions), but this case seems
to present new technical challenges, and we leave this as an open problem.

It is well-known that in the supercritical case that we study, the popula-
tion grows to infinity, at least with positive probability; furthermore, under
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weak assumptions, the age distribution converges a.s. to some limit, see e.g.
[7, Theorems (6.3.3), (6.8.1), (6.10.1) and Corollary (6.10.4)].

The purpose of the present paper is to continue the study started in [10]
of the second-order fluctuations of the age distribution, or more generally, of
the distribution of some other property, described by a random characteris-
tic. Our main results (Theorems 2.1-2.3) show that there are three different
cases depending on properties of the intensity measure E = of the offspring
process: in one case (the case studied in [10]) fluctuations are, after proper
normalization, asymptotically normal, with only a short-range dependence
between different times; in another case, there is a long-range dependence
and, again after proper normalization (different this time), the fluctuations
are a.s. approximated by oscillating (almost periodic) random functions of
log n, which furthermore essentially are determined by the initial phase of
the branching process, and presumably non-normal; the third case is an
intermediate boundary case. See Section 2 for precise results.

A similar trichotomy has been found in several related situations. Similar
results are proved for multi-type Markov branching processes by Asmussen
and Hering [1, Section VIIL.3]. Their type space may be very general, so
this setting includes also the single-type non-Markov case studied here (also
in the non-lattice case [1, Section VIII.12]), since a Crump—Mode—Jagers
branching process may be seen as a Markov process where the type of an
individual is its entire life history until present. However, this will in general
be a large type space, and the assumptions of [1] will in general not be
satisfied; in particular, their “condition (M)” [1, p. 156] is typically not
satisfied, by the same argument as in [1, p. 173] for a related situation.
Hence, we can not obtain our results directly from the closely related results
in [1], although there is an overlap in some special cases (for example the
Galton-Watson case in Example 2.5).

Another related situation is given by multi-colour Pélya urn processes, see
e.g. [9] (which uses methods and results from branching process theory). The
same trichotomy appears there too, with a criterion formulated in terms of
eigenvalues of a matrix that can be seen as the (expected) “offspring matrix”
in that setting.

It would be interesting to find more general theorems that would include
these different but obviously related results together.

Remark 1.1. Our setup includes the Galton—Watson case, where all births
occur when the mother has age 1 (Example 2.5), but this case is much
simpler than the general case and can be treated by simpler methods; see
Jagers [7, Section 2.10], where results closely related to the ones below are
given.

In general, our setting can, for example, be considered as a model for
the (female) population of some animal that is fertile several years and gets
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one or several children once every year, with the numbers of children differ-
ent years random, and possibly dependent and with different distributions
depending on the age of the mother.

2. ASSUMPTIONS AND MAIN RESULTS

We repeat some notation and assumptions from [10].

Let p := E = be the intensity measure of the offspring process; thus p :=
Zi‘;o 10k, where py is the expected number of children that an individual
bears at age k (and dy is the Dirac delta, i.e., a point mass at k). Let
Ny, := E{k} be the number of children born to an individual at age k. Thus
N = 22021 Nk and M = ENk.

We make the following standing assumptions, valid throughout the paper.
The first assumption (supercriticality) is essential. The assumptions (A2)—
(A4) are simplifying and convenient but presumably not essential. (For
(A4), this is shown in Example 9.2.)

(A1) The process is supercritical, i.e., ([0,00]) = > 22 i =EN > 1.

(A2) No children are born instantaneously, i.e., pg = 0.

(A3) N >1 a.s. Thus the process a.s. survives.

(A4) There are no deaths.

Define, for all complex z such that either z > 0 or the sums or expectations
below converge absolutely,

00 00 N
w(z) = Z,ukzk = ZE[Nk]zk = EZ P (2.1)
k=0 k=0 i=1

and the complex-valued random variable

00 o0

E(z) = / 2" dE(z) = Z 25 = ZNkzk. (2.2)
0 i=1 =0

Thus fi(z) = EZ(2).

We make two other standing assumptions:

(A5) fi(m™!') =1 for some m > 1.

Thus « = logm satisfies > ro, ure " = fi(e™®) = 1, so logm is the
Malthusian parameter, and the population grows roughly with a factor e® =
m for each generation (see e.g. (2.7) and (2.8) below).

(A6) E[E(r)?] < oo for some 7 > m~1/2,

We fix in the sequel some r > m~'/2 satisfying (A6). We assume for
convenience r < 1. Note that (A6) implies

7i(r) =EE(r) < . (2.3)

Hence Ji(z) and Z(z) are defined, and analytic, at least for |z| < 7. Since Ji(2)
is a strictly increasing function on [0, 00), m~! in (A5) is the unique positive
root of fi(z) = 1. However, ji(z) = 1 may have other complex roots; we shall
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see that the asymptotic behaviour of the fluctuations depends crucially on
the position of these roots. We define, with D, := {|z| < r},

I''={z¢€ D, :u(z) =1}, I:=T\{m™ '}, (2.4)
Ve = 1inf{|z] : z € T, }, (2.5)
Foi={z €Ty |z] =W} (2.6)

with v, = oo if T'x = (). (These sets may depend on the choice of r, but
for our purposes this does not matter. Recall that we assume r > m~/ 2)
Since [i(z) is analytic, I' is discrete and thus, if v, < oo, then I'y, is a finite
non-empty set which we write as {y1,...,74}

Let Z, be the total number of individuals at time n. (Which by (A2)
equals the number of individuals born up to time n.) We define Z,, for all
integers n by letting Z,, := 0 for n < 0. By assumption, Zy = 1.

It is well-known that the number of individuals Z,, grows asymptotically
like m™ as n — oo. For example, see e.g. [7, Theorem (6.3.3)] (and remember
that we here consider the lattice case),

EZ, ~cm", n — oo, (2.7)
for some ¢; > 0. Moreover, if E[Z(m)logE(m~1)] < oo, and in partic-
ular if E[Z(m~1)?] < oo, which follows from our assumption (A6), then as

n — 0o,

Zn/m" 2% Z (2.8)
for some random variable Z > 0, see e.g. Nerman [11]. In particular, it
follows that for any fixed k£ > 1

Zn—ie)Zn 2= m™F, (2.9)

The number of individuals of age > k at time n is Z,,_j. For large n, we
expect this to be roughly m™*Z,, see (2.9), and to study the fluctuations,
we define, for K =0,1,...,

Xop:= g —m "2, (2.10)

Note that X,, 0 = 0.

The main result of [10] showed asymptotic normality of X, , suitably
normalized, if v, > m~Y2. We complement this in the present paper by
treating also the cases v = m~Y2 and v, < m~/2. We state the main
results as three separate theorems, showing different behaviours in the three
different cases. Proofs are given in later sections.

By (A6) and (2.2), EN? < oo for every k > 1. Let, for j,k > 1,
oji := Cov(Nj, Ni) (2.11)

and, at least for |z| < r,

£(z) =Y 0427 = Cov (Z N2 Y szj) —E|E(2) - A(x)]. (212)
1,3 ( J
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Also, for R > 0, let Z%—{ be the Hilbert space of infinite vectors
o
Gri= {0 I@)F I ==Y BHan? < oof.  (213)
k=0

For completeness, we begin with the case v, > m~/? treated in [10].

Theorem 2.1 ([10]). Assume (A1)~(A6) and~. > m~2. Then, asn — oo,

d
Xn,k/\/ Zn — Ck, (2.14)
jointly for all k = 0, for some jointly normal random variables x, with mean
(r = 0 and covariance matrixz given by, for any finite sequence ag, . ..,ax of
real numbers,
Var (Z aka> =
k
2
-1 a2’ — apm™F d
== 2 ~ L 5o Z_|1/2. (2.15)
m o Jy=m-z 1=z 1 = p(2)] 2Tm

Moreover, the convergence (2.14) holds also in the stronger sense that

(Z,;l/QXn’k)k 4, (k) in the Hilbert space f%, for any R < mi/2.

The limit variables (; are non-degenerate unless = is deterministic, i.e.,
Ny = pg a.s. for each k > 0.

Recall that joint convergence of an infinite number of variables means
joint convergence of any finite set. (This is convergence in the product
space R*, see [2].) Note that (o = 0 (trivial but included for completeness).

The variance formula (2.15) can be interpreted as a stochastic calculus,
where the limit variables are seen as stochastic integrals (in a general sense)
of certain functions on the circle |z| = m~1/2; these functions thus represent
the random variables (i, and therefore asymptotically X, r; moreover, they
can be used for convenient calculations. See Section 8 for details.

Theorem 2.1 is, as said above, proved in [10]. Nevertheless, we give a new
proof in Section 5. The main reason is that the new proof easily adapts to
give a proof of Theorem 2.2 below, see Section 6.

We consider next the cases v, < mt/2. Then Ty, = {M,...,7%} is a
non-empty finite set. For simplicity, we assume the condition
'(v) #0, v € Ty, (2.16)

i.e., that the points in I, are simple roots of ji(z) = 1; the modifications in
the case with a multiple root are left to the reader. (See Remark 3.8, and
note the related results for Pélya urns in [9, Theorems 3.23-3.24] and [12,
Theorems 3.5-3.6].)

Theorem 2.2. Assume (A1)~(A6) and v. = m~Y2. Suppose further that
(2.16) holds. Then, as n — oo,

Xk /170~ Ci, (2.17)
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jointly for all k = 0, for some jointly normal random variables i with mean
(. = 0 and covariance matriz given by, for any finite sequence ag, . ..,ax of
real numbers,

ey = Y agmF
V. =(m-1 P__=
(D) = m D T SO E

| 2

S(y).  (218)

Moreover, the convergence (2.14) holds also in the Hilbert space (%, for any
R <m'/2.

The limit variables ( are non-degenerate unless Z(v,) is deterministic
for each ~yp € T'ys.

Theorem 2.3. Assume (A1)~(A6) and v < m~Y2. Suppose further that
(2.16) holds. Then there exist complex random variables Uy,...,U; and
linearly independent vectors w; := (%k — m_k)k, i=1,...,q, such that

q

Ve Xn = (F/ 1) " Uit — 0 (2.19)

=1
a.s. and in LQ(E%), for any R < m'%. Furthermore, EU; = 0, and U; is
non-degenerate unless E(%) is degenerate.

Theorems 2.1-2.3 exhibit several differences between the cases v, < m~1/2,
e =m~ Y2 and 7, > m~Y2; ¢f. the similar results for Pélya urns in e.g. 9,

Theorems 3.22-3.24].
e The fluctuations X, 1, for a fixed k, are asymptotically normal when
Ve = m~Y2, but (presumably) not when v, < m~1/2,

e The fluctuations are typically of order Z,l/ > = m"/? when Ve >
m~1/2 slightly larger (by a power of n) when 7, = m~'/2, and of
the much larger order 7, ™ when 7, < m~1/2,

e When 7, < m~Y2, the fluctuations exhibit oscillations that are pe-
riodic or almost periodic (see [3]) in logn. (Note that ~;/|v;| # 1 in
(2.19), since m~! is the only positive root in T'.)

e When 7, < m~/2, there is the a.s. approximation result (2.19),
implying both long-range dependence as n — oo, and that the as-
ymptotic behaviour essentially is determined by what happens in
the first few generations. In contrast, the limits in (2.14) and (2.17)
are mixing (see the proofs), i.e., the results holds also conditioned
on the life histories of the first M individuals for any fixed M, and
thus also conditioned on Z1, ..., Zg for any fixed K; hence, when
v+ = m~1/2_ the initial behaviour is eventually forgotten. Moreover
for v, > m~2, there is only a short-range dependence, see Exam-
ple 8.1, while the case v, = m~1/2 shows an intermediate “medium-
range” dependence, see Subsection 8.2.

e When v, > m~2, the limit random variables (; in (2.14) are lin-
early independent, as a consequence of (2.15). When v, < m~ /2,
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the limits in (2.17), or the components of the sum in (2.19), span a
(typically) g-dimensional space of random variables, and any ¢ + 1
of them are linearly dependent; see also Section 8.

Remark 2.4. We consider above X, ;. for k > 0, i.e., the age distribution
of the population at time n. We can define X, ;, by (2.10) also for k£ < 0;
this means looking into the future and can be interpreted as predicting the
future population. As shown in Section 8, (2.14)-(2.15) and (2.17)—(2.18)
extend to all k € Z (still jointly), and, similarly, taking the kth component
in (2.19) yields a result that extends to all k € Z.

This enables us, for example, to obtain (by standard linear algebra) the
best linear predictor of Z,+; based on the observed Z,,...,Z,_k for any
fixed K.

Example 2.5 (Galton—Watson). The simplest example is a Galton—Watson
process, where all children are born in a single litter at age 1 of the parent,
so N, = 0 for £ > 2. (Recall that all individuals live for ever in our
setting. In the traditional setting, one considers the last generation, i.e.,
Zp — Zp—1.) Then, as noted in [10], N = N1, m = p; and [i(z) = mz; hence
I={m 1}, T,=0and v, = 0o > m~Y2. We assume EN? < oo, N > 1
a.s. and P(N > 1) > 0; then (A1)—-(A6) hold (with any r in (A6)). Thus
Theorem 2.1 applies. We obtain, for example, with 02 := Var(N) = o011,

2
m—1 pmm T o ldd
Var(¢) = 2= 8
ar(G1) m o Jpem-2 1= 221 = mz|20 2 2mm—1/2
om—1 f 1 |dz|
=0 —
mt Jjmmo2 |1 = 2]? 2rm—1/2
=o*m™>. (2.20)

This can be shown directly in a much simpler way; see [7, Theorem (2.10.1)],
which is essentially equivalent to our Theorem 2.1 in the Galton—Watson case
(but without our assumption (A3)).

Example 2.6. Suppose that all children are born when the mother has age
one or two, i.e., Ny = 0 for k > 2. Then ji(z) = p1z + 222, where by
assumption p1 + po > 1 and p3 > 0. (A5) yields m? = pym + po, and thus

V12 +4
m:M1+ gﬁ H2 (2.21)

The equation ji(z) = 1 has one other root, viz. v, with

2
_ pi +4pe —
=YL 5 . (2.22)

The condition v, > m~/2 is thus equivalent to v 2 < m, which after some
elementary algebra is equivalent to, for example,

u‘;’ + 3uqug + ug — u% > 0. (2.23)
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Thus, Theorem 2.1 applies when (2.23) holds, Theorem 2.2 when there is
equality in (2.23), and Theorem 2.3 when the left-hand side of (2.23) is
negative. (In this example, (2.16) is trivial.)

For a simple numerical example with v, = m~/2, take p1 = 2 and py = 8.
Then (2.21)-(2.22) yield m = 4 and 73 = —3. We obtain by (2.18), for
example,

Xoa /V/nZn 5 G~ N (0, %

Suppose now instead that (2.23) holds, so Theorem 2.1 applies. Let \ :=
v; ! be given by (2.22). Then 1 — i(z) = (1 — mz)(1 — A2), and thus (2.15)
yields, for example,

Var(Ny — 2N1)>. (2.24)

2
m—1 |z —m™! |dz|
V. i — — DM
) =T e T AR 2 172
- m—1 o11]2)? + o12(2 + 2)|2|? + o222t |dz|
T I [E——F 1— 2|21 —\z? 2mm—1/2"

(2.25)

This integral can be evaluated by expanding (1 —z)~!(1 —Az)~! in a Taylor
series; this yields after some calculations

(m+A)(o11 + o22/m) +2(1 + Aoz
m2(m — \)(m — \?) '

Remark 2.7. The limit in (2.14) is by Theorem 2.1 degenerate only when
the entire process is, and thus each X, , is degenerate. In contrast, the limit
in (2.17) or the approximation in (2.19) may be degenerate even in other
(special) situations. For example, let N be non-degenerate with E Nj = 2,
let No :=2N; + 4, and let N := 0 for £k > 2. Then p; = 2 and ps = 8, and

Example 2.6 shows that v, = % = m~Y/2; furthermore, (2.24) applies and

vields X,, x/v/nZn — 0.
We conjecture that in this case (and similar ones with {; = 0 in Theo-
rem 2.2), X, 1/v/Zy, has a non-trivial normal limit in distribution; we leave

Var(¢1) = (2.26)

this as an open problem. Simliarly, we conjecture that when each é(%) is
degenerate in Theorem 2.3, the distribution of X, 1, is asymptotically deter-
mined by the next smallest roots in I',.

2.1. More notation. For a random variable X in a Banach space B, we
define || X|[2(5) = (E | X||%)'/2, when B = R or C abbreviated to || X||2.

For infinite vectors @ = ()52, and § = (y;)52, let (Z,7) :== 22720 55,
assuming that the sum converges absolutely.

C denotes different constants that may depend on the distribution of the
branching process (i.e., on the distribution of N and (&;)), but not on n and
similar parameters; the constant may change from one occurrence to the
next.
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O,.s.(1) means a quantity that is bounded by a random constant that
does not depend on n.
All unspecified limits are as n — oo.

3. PRELIMINARIES

We give some further definitions and results. These are partly taken from
[10]; we repeat some definitions and statements here for convenience, but
refer to [10] for further details.

Let

B, =7, —Z,1 (3.1)
be the number of individuals born at time n (with By = Zy). Also, let
By, . be the number of individuals born at time n + k by parents that are
themselves born at time n, and thus are of age k. Thus, recalling (A2),

Bn = Bn gk, n>1. (3.2)
k=1
Let F,, be the o-field generated by the life histories of all individuals born

up to time n. Then B, ; is F,-measurable, and B,, is F,_i-measurable by
(3.2). (With F_; trivial.) Furthermore,

E(Bn | Fn-1) = piBn, n > 0. (3.3)
For k > 1, let
Wn,k = Bn,k - E(Bn,k ‘ Fn—l) = Bn,k — By (34)
(Thus W, =0 if n < 0.) Then W, is F,-measurable with
E(Wpk | Fae1) = 0. (3.5)
Let further
Wy =Bn— 3 fiBn=DBn—>  jBn_p (3.6)
k=1 k=1

Thus Wy = By = Zp, and for n > 1, by (3.6), (3.2) and (3.4),

W= W (3.7)
k=1

Lemma 3.1 ([10]). Assume (A1)=(A6). Then, for alln > 1 and k > 1,
E[Wik} < Or~2km™ and E[W?] < Om™.

Proof. See [10]. O
We use vector notation. Let X,, := (Xnk)5o- Furthermore, let
7= (0,mt,m 2 ...) = (m*1{k > 0})2020 (3.8)
and let

U((r)3) =Y me(yr — yr—1), (3.9)
k=1
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for vectors ()3 such that the sum converges; finally, let S be the shift op-
erator S((yk)go) = (yk—1) with y_1 := 0, and let T" be the linear operator

T(y) :== S(y) + ¥(y)v. (3.10)
Then elementary calculations yield, see [10],
X1 = S(X,) + (U(X,) = Wii1)T = T(X,,) — Wiiad, (3.11)

which leads to the following formula.

Lemma 3.2 ([10]). For every n >0,
n
Xp==> Wn TH@). (3.12)
k=0

Proof. See [10]. O

Remark 3.3. It follows from the proofs below, that the sum in (3.12) is
dominated by the first few terms in the case v, > m~/2, and by the last
few terms in the case v, < m~'/2, while all terms are of about the same size
when v, = m~Y2, This explains much of the different behaviours seen in
Section 2.

We shall consider T' defined in (3.10) as an operator on the complex
Hilbert space (% defined in (2.13) for a suitable R > 0. Recall that the
spectrum o(T) of a linear operator in a complex Hilbert (or Banach) space
is the set of complex numbers A such that A — T is not invertible; see e.g.
[4, Section VIL.3].

Lemma 3.4 ([10]). Suppose that 1 < R < m and that [i(R~') < co. Then
¥ € (%, W is a bounded linear functional on @2 and T is a bounded linear
operator on {%. Furthermore, if A\ € C with |\| > R, then X € o(T) if and
only if A=t € Ty, i.e., if and only if X #m and p(\~1) = 1.

Proof. See [10]. O
Remark 3.5. It is easily seen that A € o(T") for every A with |A\| < R, e.g.

by taking h = v in (3.21)-(3.22) and noting that v(z)/(A — z) ¢ Hp. Thus
we have a complete description of the spectrum o(7') on E%.

Lemma 3.6 ([10]). Suppose that 1 < R < m and that i(R™') < co. Sup-

pose furthermore that i(z) # 1 for every complex z # m~! with |z| < R™1.
Then, for every Ry > R, there exists C' = C(Ry) such that

[Tz, < CRY,  n20. (3.13)
Proof. See [10]. O
We shall use Lemma 3.6 when v, > m~1/2. In the case Y < m_1/2, we

use instead the following lemma, based on a more careful spectral analysis
of T. Recall the definitions (2.4)—(2.6).
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Lemma 3.7. Assume that R = r~' > 1, where ji(r) < oo. Suppose fur—
thermore that Ty = {71, ... ,'yq} £ 0, and that (2.16) holds. Let \; :=~; ..
Then there exist eigenvectors v; with TU; = \U; and linear pm]ectwns PZ
with range R(P;) = {ct; : ¢ € C} (i.e., the span of v;), i = 1,...q, and
furthermore a bounded operator Ty in € and a constant R < ~; such that,
for anyn >0,

q
T"=T5 + Y AP, (3.14)
=1

and }

|75 o, < CR". (3.15)
Ezxplicitly,
1

¥ = Py(¥) = - A —mR) . 3.16
N SV TIe ( )i (310)

Proof. Since the points in I'y are isolated, there is a number 7 > ~, such
that |z| > 7 for any z € T, \ T'x.. We may assume 7 < 7. Let R:=7' > R.
By Lemma 3.4, \; = v, ' € o(T) with |[\;| = 7;%, and [\| < R < ~;! for
any A € o(T)\ {\1,..., A}

Since A1,...,Aq thus are isolated points in o(7"), by standard functional
calculus, see e.g. [4, Section VIL.3|, there exist commuting projections (not
necessarily orthogonal) Py, ..., P, in ¢4 such that Y% | P, = 1, T maps each
subspace Ej := P; (62 ) into 1tself and if T} is the restrlctlon of T to E;, then
T; has spectrum o(T;) = {\;} for 1 < i < g and o(Tp) = o(T) \ {N\}?. In
particular, the spectral radius T(T 0) < R, and thus, by the spectral radius
formula [4, Lemma VII.3.4],

177 < CR",  n>0. (3.17)

Let Ty :=TPFy. Then T} =T"Py = T(?Po, and (3.15) follows.

We use, as the proof of Lemma 3.4 in [10], the fact that the mapping
(ar)F = Yvoy axz” is an isometry of £2 onto the Hardy space H consisting
of all analytic funct10ns f(2) in the d1sc {z : |z| < R} such that

1 2m ;
1 = sup o [ 17 (re) P < oc. (3.1)

(See e.g. [5].) In particular, ¥ corresponds to the function

Zm 2/m S (3.19)

l—z/m m—z

We use the same notations \Il, S and T for the corresponding linear functional
and operators on H%, and note that then, on H%, Sf(z) = zf(z) and

Tf(z)=zf(z)+ ¥ (f)v(z). (3.20)
Consequently, for any h € H%, the equation (A — T)) f = h is equivalent to

(A= 2)f(2) = ¥(f)v(z) = h(z). (3.21)
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As in [10], we note that any solution to (3.21) has to be of the form

f(z) = c;’(Z)Z + Ah(z)z (3.22)
where h
c:q/(f)zc\y(;’(_zl)Jrqz(A(_z)z). (3.23)

It follows that if [A| > R, then (3.21) has a unique solution f € H% if and
only if ¥(v(z)/(A—z)) # 1. Furthermore, a calculation, see [10], shows that
if |IA| > R and X # m, then
\If(;(_z)z) S(a ) +m—1), (3.24)
which equals 1 if and only if u( 1y =1, i.e., if and only if A=! € T,.
For each \;, thus ¥ (v(z)/(A\i—2)) =1 by (3 24), and the kernel N'(\;—T)

is one-dimensional and spanned by v(z)/(\; — 2), see (3.21)—(3.23). Further-
more, see again (3.21)—(3.23), the range R(\; — T') is given by
h(z)
oy 2 _
R\ —T) {heﬁR.\If()\i_z) o}. (3.25)
By differentiating (3.24), we find for |\| > R with A=! € T, i.e., A # m and

() =1,
Vo) =t (o) = (- ()

dA-MNA-ah)  (1- ﬁ/(A Y
dA m— A o (m=A)A2
Thus, the assumption (2.16) implies that ¥(v(z)/(A; — 2)?) # 0, and thus
v(z)/(Ni —2) € R(\i —T) by (3.25). Hence, N(\; = T)NR(\, — T) = {0}.
Consequently, for every h € R(A\; —T'), (3.21) has a unique solution f €
R(Ni —T), i.e., the restriction of \; — T to R(\; —T') is invertible.

It follows that the projection P; is the projection onto N(\; — T) =
{cv(z)/(N\; — 2z)} that vanishes on R(\; — T'), which by (3.25) is given by

VIE/—2) o)
U(v(z)/(Ni —2)%) Ai—z

In particular, since ¥ (v(z)/(A; — 2)) = 1 # 0, Pi(v) is a non-zero multiple
of v(2)/(\i — 2). Let v; := P;(¥). Thus T0; = \;¥;, and, for n > 0,

(3.26)

Pi(f(2)) =

(3.27)

q q
T"=T'Py+ Y T'Pi=T5+> NP, (3.28)
=1 =1
showing (3.14).

Finally, (3.27) and (3.26) yield
(N — D _ (m=2)N w(2)
vi(2) := Pi(v(z)) = T &z (3.29)
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and (3.16) follows because \; = 7; ' and by (3.19), for [\| > R,

oy A m :i()\_k—m_k)zk. (3.30)

Remark 3.8. It follows also that (2.16) implies that the points \; € o(T)
are simple poles of the resolvent (A — T)~!, and conversely. Lemma 3.7 can
be extended without assuming (2.16); the general result is similar but more
complicated, and is left to the reader. Cf. [4, Theorem VII.3.18].

‘We shall also use another similar calculation.

Lemma 3.9. Suppose that 1 < R < m and that i(R™') < co. If |A\| > R
and [i(A71) # 1, then
1

A= = TR A
Proof. Taking h = v in (3.21)—(3.23), we find

(AF—m™"),. (3.31)

A=T)"Y0(2) = f(2) = b;}(z)z (3.32)
for a constant b such that b = U(f) + 1. This yields by (3.24)
b =
b—l:\I/(f):m((l—)\)u(A H+m—1) (3.33)
with the solution \
b= U . 3.34
=X~ AOT) .
Hence, using (3.30), for |z| < R,
G S Sk
f(z)_b/\—z_(l—)\)l— ;:% . (3.35)
U

4. A MARTINGALE
1/2
1/2

In the remaining sections, we let R :=r"1 <m
(We may assume that R is arbitrarily close to m
consider as above the operator 7' on @z'

Fix a real vector @ € £%_, (for example any finite real vector), and write

o, = ap(@) == (T"(7),d). (4.1)
Then (3.12) and (3.7) yield

, where r is as in (A6).
by decreasing r.) We

n n—~{

ZZWn k—j,j %k = — ZZWe,]an —j—t (4.2)

k=0 j=1 (=0 j=1
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Define
n—~{
AMn,é = Z an—j—ﬁwf,j’ (43)
j=1
k
M, = Z AM,, . (4.4)
¢=0

Then (3.5) shows that E(AM,M ] ]—"g,l) =0, and thus (M, 1)}_, is a mar-
tingale with respect to (F)i. Furthermore, by (4.2),
(Xp,@) = —Myp. (4.5)

Conditioned on F;_1, the vector (Wg’j) j is the sum of By independent copies
of N—EN, where N = (N;)3°, and thus, recalling (2.11),

n—~_
Qn,l = H‘E((A]Wn’g)2 ’ ./."571) = Bg Var (Z Oénngj>
J=1
n—~_

=By Z 055 Qn—f—iOlp_g—j. (4.6)

ij=1
The conditional quadratic variation of the martingale (M, ;)i is thus

n

n n—~{
Vi = Z Qn,é = ZBK Z 0ijQn—f—iOp—¢—j
=0 £=0

i,j=1
n )4
= ZBn,g Z 00— Op—j. (47)
=0 1,7=1

By (2.2), Ni < r~*Z(r), and thus by (2.11) and the Cauchy-Schwarz
inequality,
|0l < rIEE(r)? = CR™. (4.8)

5. PROOF OoF THEOREM 2.1

Recall that Theorem 2.1 is proved in [10]. We give here another proof,
which unlike the proof in [10] is based on a martingale central limit theorem.
(The proof in [10] is based on the central limit theorem for sums of i.i.d.
variables, together with some approximations.) As said earlier, the main
reason is that the new proof with small modifications also applies to The-
orem 2.2, see Section 6, and we prefer to present it first for Theorem 2.1.
(The proof in [10] does not seem to extend easily to Theorem 2.2.)

In this section we assume v, > m~/2, in addition to (A1)-(A6). In other
words, see (2.5), each z € T, satisfies |z| > m~1/2. Hence, we may decrease
r so that the disc D, contains no roots of fi(z) = 1 except m~!, and still
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r > m~/2. Thus, with R := 1/r and assuming (A1)-(A6), we see that
v > m~ Y2 is equivalent to:
There exists R with 1 < R < m!'/? such that fi(R™!) < oo and,
furthermore, fi(z) # 1 for every complex z # m ™! with |z| < R (5.1)
We fix an R such that (5.1) holds, and (A6) holds with » = 1/R. Further-
more, we fix Ry with R < Ry < m'/2. Then (5.1) and Lemma 3.6 show that
(3.13) holds, i.e., [|T"]|;2 = O(RY).
Lemma 5.1. Assume (A1)~(A6) and v, > m'/2. If R < m"/?, then
E[I£.)% < Cm" (52)

and thus
EX2, < CR *m" (5.3)
for alln,k > 0.

Proof. By (3.12), Lemma 3.1, (3.13) and Minkowski’s inequality,

1Xnll 222 < Z Warkll 2|75 @)z, < € m™=/2RY

k=0
= Cm™/? Z Ri/mM*k < om™/?, (5.4)
This yields (5.2), and (5.3) follows by (2.13). O
Similarly, (4.1) and (3.13) show that, for a fixed @, with C' = C(d),
|| < CRY. (5.5)
Consequently, by (4.6), (4.8) and (5.5), since R/R; < 1,
Qne Z 030 ——iOp—¢—j < C Z RH'JR 2n—b)—i CRl(n 0, (5.6)
7] 1 7] 1
Hence, by (4.7), (4.6), (3.1) and (2.9), using dominated convergence justified
by (5. 6) and R?/m < 1,
Z Q _Z nf_nflzo_waelaej
/=0 n i,j=1
2% 0%(@) := Z(m_g - m_z_l) Z Tij0— Oy (5.7)
=0 ij=1

We cannot use a martingale central limit theorem directly for the mar-
tingale (M, 1), defined in (4.4), because the calculations above show that
most of the conditional quadratic variation V;, comes from a few terms (the
last ones), cf. Remark 3.3. We thus introduce another martingale.
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Number the individuals 1,2, ... in order of birth, with arbitrary order at
ties, and let Gy be the o-field generated by the life histories of individuals
1,...,¢. Each Z, is a stopping time with respect to (Gy)¢, and Gz, = F,.

We refine the martingale (M, ;) by adding the contribution from each
individual separately. Let 7; denote the birth time of 7, and IV; ; the copy
of Ni for i (i.e., the number of children i gets at age k). Let

n—r;
A]/\in,i = Z On—1;—j (Ni,j - Hj)7 (58)
j=1
— k —
Mg =Y AM,,;. (5.9)
=1

Then (M\n,k)k is a (G ) p-martingale with ]/\4\”700 = /\n,Zn =My, = —(Xn, a,
see (4.3)—(4.5), and the conditional quadratic variation

Vo= E((AM,:)? | Gica) = Vi (5.10)
given by (4.7). Moreover, by (5.8) and (5.5),
(AN, | < CY R (Nig + ) = CRY™ (Bi( Ry + A(R).
=0
(5.11)

Define the random variable U := é(Rfl) + A(RyY). Then EU? < oo by
(A6), since Ry < r. Tt follows from (5.11) that for some ¢ > 0 and every
e > 0, defining h(z) := E(U?1{U > cz}),

E(|AM, " 1{| AN, | > e} | Gi1) < CRI™ TV E(UP{U > ceR) "))
= CR:" T h(eRTT) < CRI ™ h(eR™), (5.12)
Thus,

STE(|AM "1 |AM, | > €} 1 Gio1) <O BRIV (eR™). (5.13)
7 k=0

Finally, we normalize ]/\4\,17k and define Mn,k = m_"/zl\/ka; this yields a

martingale (M, 1), with conditional quadratic variation

Vo= Y E((AM;)? | Gioa) = m "V, 25 0%(@) 2, (5.14)
by (5.10), (5.7) and (2.8). Furthermore, by (5.13),

STE(|AMui *1{|AM,| > €} | Gio1) < Ch(em™?Ry™ym ™™ > ByR{"™ ™,
% k=0

(5.15)
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which tends to 0 a.s. as n — oo, because (ml/QRfl)" — oo and consequently
h(am”/2R1_") — 0, and

m- Z B RQ(H k) =m " zn: ankR%k = zn: ﬁz:z (i%)k - Oa.s.(1)7
k= k=
0 ’ (5.16)

by (2.8) and R? < m.

The martingales (]\AJJM)Z thus satisfy a conditional Lindeberg condition,
which together with (5.14) implies, by [6, Corollary 3.2], that, using (5.10),

My /VM? = M, 4, JVM? = M, 4, /VM? -4 N(0,1) (5.17)

as n — oo; furthermore, the limit is mixing. (The fact that we here sum the
martingale differences to a stopping time Z,, instead of a deterministic k,
as in [6] makes no difference.) By (4.5) and (5.7), this yields

(Xn,@) /7% 5 N(0,6%(@)). (5.18)
We can evaluate the asymptotic variance o?(@) given in (5.7) by

¢
S Zm > oo

i,7=1

Z Z aijagapl{i+ k= j+pym =

k,p=014,j=1

itk oj+p_ 197]
= g ;i Q0 ZRNITP
J p% 27rm—1/2

k,pyisj |zl=m =t/
|dz|
= ?{Z|_m1/2 Zakz ‘ Zawz 7 e B m—yE (5.19)
- k

Furthermore, for |z| = m~/2 (and any z with |z| < R~! = r and [i(z) # 1),
by (4.1) and Lemma 3.9 with A = 271,

Zakzk = <Z szk(z_)'),d’> = ((1-21)"1(v),a)
k=0 k=0

1 —
= eona R 2 ) 62

By (5.19)-(5.20), 02(@) equals the right-hand side in (2.15). Thus, (5.18)

shows convergence as in (2.14) for any finite linear combination of Z,, L 2Xn,k,

and thus joint convergence in (2.14) by the Cramér—Wold device.
Convergence in L2(¢%) follows from this and Lemma 5.1 (with a slightly

increased R) by a standard truncation argument; we omit the details.
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By (2.15), the variable (} is degenerate only if ¥(z) = 0 for every z with
|z| = m~1/2, and thus, by (2.12), Z(z) = Ji(z) a.s. for every such z, which
by (2.1)—(2.2) implies Ny = uy a.s. for every k. O

6. PROOF OF THEOREM 2.2

We assume in this section that 7, = m~/2? and that (2.16) holds. By
Lemma 3.4, the spectral radius 7(T) = ;! = mY/2. Lemma 3.7 applies
with 7, = m~2, and thus R < m'/2; we may assume R > R.

Fix as in Section 4 a real vector a € EQR,l, and define, using (3.16),

o0

1

B = 5i(@) = (R).3) = 00 ) = S0 50 2

ag(vf—m~"). (6.1)

Then, by (4.1) and Lemma 3.7,

ap = O(RF) + > MN(P(v),d) =) BiM + O(RF) =0(m"?).  (6.2)
= i=1

Furthermore, the O’s in (6.2) hold uniformly in all @ with [|dll. <1, as
2

does every O in this section.
Define also, for p,t =1,...,q,

o= ) oAy A, (6.3)
ij=1

and note that, using (4.8), |\y| = m!/? and R < m'/2,

L
Z oiiA, N =0 + O( Z Ri+j(ml/2)_i_j> =0, + O((R/ml/Q)g).
ij=1 i>0,j>1 6
6.4
Let

S 1= Z Tij0—iOy_j. (6.5)
ij=1
Then, by (6.2) and symmetry, using again (4.8) and |\,| = m!/2, and (6.4),

q q )
o35 st om0 )

p=1t=1 ij=1

i
MN

.
y
Il

l
BB Y i\, AT+ O((m! 2 R)Y)
i,j=1

I
- 1
™=

3
Il
_
-
Il
_

I
M=
M=

BuBXiN an + O((m'*R)"). (6.6)

T
u
~+~
Il
=
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In particular,

Sp = O(mé). (6.7)
It follows by (4.7), (6.5), (2.8), (6.7) and (6.6) that, a.s.,
% = Bg_ZSg = m_g(l 4 0(1) + Oas.(1)1{n — £ < logn})s,
"o=0 7" (=0
a4 q
—Zm s¢+o(n Zm78225p5t)\£)‘f +o(n)
p=1 t=1
a q A
=33 Bubio tz( t) +o(n). (6.8)
p=11t=1

Recall that |\,| = |\ = m'/2, so [\yA;/m| = 1. Hence, if \;, = \,, then
S0 o (ApAe/m)’ = n 4 1, while if Ay # A, then S5 (\phe/m)" = O(1).
Consequently, (6.8) yields, since B,,/Z, =% 1 —m~" by (3.1) and (2.8),

Vo as, ’
nZ, - — ZZﬁpﬁt {0 = Ap}
p=1t=1
- Z |Bp|2 Z Oij _IS\;j
1,j=1
- S B0, (6.9)
p=1

We refine the martlngale (M, 1)k to (Mnk)k as in Section 5, but this time
we normalize it to Mn,k = (nm™)~ 1/2Mn,k~ It follows from (6.9) and (2.8)

that the conditional quadratic variation V,, = V,,/(nm") =% 02(@)Z, i.c.,
(5.14) holds also in the present case. Furthermore, if we now let Ry := m!/ 2

then (5.5) and (5.11)—(5.13) hold, and it follows that (5.15) is modified to
— — 1 &
D E(|AM,i[*1{|AMy] > e} | Gia) < Chen'?) ZBkmn_k

= Oas.(h(en'/?)) ﬁ> 0. (6.10)

Hence the conditional Lindeberg condition holds in the present case too,
and (5.17) follows again by [6, Corollary 3.2], which now by (6.9) and (4.5)
yields (mixing)
(X, @)/ (nZn)"? <45 N(0,02(@)). (6.11)
By (6.9) and (6.1), this proves (2.17)—(2.18).
By (2.18), the variable (j is degenerate only if ¥(v,) = 0 for every p, and
thus, by (2.12), Z(vp) = u(yp) as
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As in Section 5, convergence in L?(¢%) follows by a standard truncation
argument, now using the following lemma (with an increased R); we omit
the details. O

Lemma 6.1. Assume (A1)~(A6), v« = m~ /2 and (2.16). If R < m'/?,
then

E||Xn||§% < Cnm™ (6.12)
and

EXZ; < Cnm"R™? (6.13)
for alln, k>0
Proof. By (4.5), (4.7), (6.5), (2.7) and (6.7),

E(X,,d)? EV,FEZB” ¢sp < Cnm™, (6.14)
=0

uniformly for [|@ll,2 <1. Taking d = R¥(8y;);, we obtain (6.13).
2
Finally, applying (6.13) with R replaced by some R’ with R < R’ < mt/2,

[e.e] o0
E ”X’nuﬁé =Y R¥EX2; <Cnm™) (R/R)* = Cnm™. (6.15)
k=0 =
O
7. PROOF OF THEOREM 2.3
Assume now that v, < m~'/2. By Lemma 3.4, the spectral radius r(T) =
ol > mi/2. We apply Lemma 3.7, assumlng as we may that R > m!'/2,
(Otherwise we increase R, keeping R < v, !.) Hence, by (3.14),
q
TH(D) = TH(D) + Y M Pi(0) = Ty (¥ +Z)\k (7.1)
i=1
Thus, by (3.12),
n q n
Xp ==Y Wi(TP)" @) = > > N W, (7.2)
k=0 i=1 k=0

Let, recalling (3.7),

vawk— ZA =SSN W, (1)

=0 j=1

~1/2

noting that by Lemma 3.1 and |y;| = v <m , the sum converges in L?

and
|

T, < kzn;10|A,-—kmk/2 <Clnm?)".  (14)
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Furthermore, by Lemma 3.1 and (3.15), since R > m!/2,

HZ Wi (T Po)"~*(9) o ZHWkH2 (TPo)" (@)l 2,
k=0

< sz’fﬂﬁzn*’“ < CR™ (7.5)
k=0

By (7.2), (7.5), (7.4), deﬁning Ui = ('yi(’yi - l)ﬁ/(’yi))ilUi SO [7117, = Uzﬁz

by (3.16),
(e §jwmy o, CRminAmmﬁml
i=1 k=0

< C(1R)™ + C(y.m'?)" < C(vR)™ (7.6)

L2(£2 )

Since v.R < 1, this shows convergence in (2.19) in L?(¢%); furthermore,
convergence a.s. follows by (7.6) and the Borel-Cantelli lemma.

We have EU; = EU; = 0 by (7.3) since EW, = 0 by (3.5)-(3.7). Fur-
thermore, Wy, = Bor — pr, = Ni — g, while E(Wnk | ]:0) =0forn>1
by (3.5); hence by (3.7), E(W, | Fo) = Won = Np — i, and thus

E(U; | Fo) = Z% Ni = ) = =Z(3) + A7) (7.7)

Hence, U; is degenerate only if E(%) is so. O

8. A STOCHASTIC INTEGRAL CALCULUS

The limit variables (; in Theorems 2.1 and 2.2 can be interpreted as
stochastic integrals of certain functions (“symbols”); which gives a useful
symbolic calculus. There are also some partial related results for Theo-
rem 2.3.

We consider the three cases in Theorems 2.1-2.3 separately.

8.1. The case v, > m~ /2

orem 2.1 applies; in particular that v, > m
Let v be the finite measure on the circle |z| = m~/2 given by

. Assume throughout this subsection that The-
—~1/2

m —

dv(z) = 7I1—Z| 21— A=) 7*5(z) (8.1)

2rm—1/2’
and consider an isomorphism Z : L?*(v) — H of the Hilbert space L?(v)
into a Gaussian Hilbert space H, i.e., a Hilbert space of Gaussian random
variables; Z can be interpreted as a stochastic integral, see [8, Section VII.2].
We let here L?(v) be the space of complex square-integrable functions, but
regard it as a real Hilbert space with the inner product (f, g),, :== Re [ fgdv.
Then (2.14)—(2.15) can be stated as

Z7V2 X -5 = T(F —m ), (8.2)
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jointly for all £ > 0. This yields a convenient calculus for joint limits.
Example 8.1. Let k,¢ > 0. Then, by (2.10),
Xoog = Xppre —m * X, (8.3)
and thus, recalling (2.9), jointly for all k,¢ > 0,
_ d _ —
2,17 Xoook = m? (G — m7RG) = mPT(M - m )
= Z((zm?) (2" —m™")). (8.4)

Denoting this limit by Clié), we have of course C,g) 4 Cx, which corresponds
to the fact that |zm!/2|* = 1 on the support of v. More interesting is the

joint convergence (Z;1/2Xn7k, Z len,g’k.) 4, (Ck» ,gé)), with covariance

n—

COV(Ck’ /EDE)) = <zk - mikv (Zml/Q)E(Zk — mik»u

= Re/ (zm )28 —m k)2 dw. (8.5)

|2[=m=1/2
The measure v is by (8.1) absolutely continuous on the circle |z| = m~1/2.
With the change of variables z = m~2¢, we have (2m!/?)! = ¢ and

the Riemann-Lebesgue lemma shows that Cov((k,cg)) — 0 as ¢ — oo,
for fixed every k. Roughly speaking, X,_,; and X, ; are thus essentially
uncorrelated when £ is large, which justifies the claim in Section 2 that there
is only a short-range dependence in this case.

Example 8.2. We can define X, by (2.10) also for £ < 0. Then, the
calculations in Example 8.1 apply to any £ > 0 and any k£ > —{. Hence,
replacing n by n + ¢ in (8.4), for any fixed ¢,

Z7V2 X, -5 T((zm ) (F —mh)) (8.6)

jointly for all £ > —£. Since the factor (zm1/2)z does not depend on k and
has absolute value 1, this means (by changing the isomorphism 7) that (8.2)
holds jointly for all k¥ > —¢. Since ¢ is arbitrary, this means that (8.2) holds
jointly for all k € Z. Hence, (2.14)—(2.15) extend to all k € Z, as claimed in
Remark 2.4.

Example 8.3. We have, by (2.10),
M Ly —m I i = m I Xy (8.7)
Hence, by Lemma 5.1, for 5 > 0,
m™ Zps —m ™I Z a2 < Cm 3T H+0/2 — oyn/2-3/2 . (8.8)
Summing (8.8) for j > ¢ we obtain, recalling (2.8),

|lm ™ Zpse — mZ|s < Cm™?*42 (8.9)
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for n > 1 and ¢ > 0. Hence, as ¢ — oo, m~"/2 (m_KZn_A'_( —m”Z) — 01in L?,
and thus in probability, uniformly in n. Since Z,,/m" 2% Z >0, and thus
sup,, m"/Z, < oo a.s., it follows that, still uniformly in n,

ZP(m ™ 2 —m2) 250, £ oo (8.10)
Define the random variables
Vo= 2y V2 (Zy —m™ Zys) = — 2, PmT X, e, 0200 (8.11)
Then, by (8.2) and Example 8.2, for every fixed ¢,

Yo N —m = Z(1- m_zz_g), n — oo. (8.12)

Furthermore, by (8.10), Y, ¢ LN Z;l/Q (Zn — m”Z) as £ — oo, uniformly in
n. Finally, |mz| = m!'/? > 1 on the support of v, and thus 1 — (mz)~f — 1
in L2(v) as £ — oo; hence Z(1 —m~27%) — Z(1) as £ — oo, in L? and thus
in distribution. It follows that we can let £ — oo in (8.12), see [2, Theorem
4.2], and obtain

ZV2( 7, —mm2) L T(1), n— oo (8.13)

n

This is jointly with all (8.2), and thus, jointly for all k£ € Z,
Z V2 (Zy =R Z) = 27V (X ptm M (Zy—m" Z)) L T(2F). (8.14)

Conversely, (8.2) follows immediately from (8.14).
In the Galton-Watson case (Example 2.5), (8.14) is equivalent to the case
q =0 of [7, Theorem (2.10.2)].

8.2. The case v, = m~Y2. Assume now that Theorem 2.2 applies; thus
Y. = m~Y? and (2.16) holds.
In this case, let v be the discrete measure , with support Iy,

q
vi=(m—=1)) 1= 7 () ?2()8,, (8.15)
p=1
and consider an isomorphism I of L?(v) into a Gaussian Hilbert space as
above. Then (2.17)—(2.18) can be stated as (8.2), with the normalizing factor
changed from Z7 Y% to (nZ,)~1/2.

With this change of normalization of X, s, all results in the preceding
subsection hold, with one exception: The measure v has finite support, and
thus there exists a sequence ¢; — oo such that (zm'/2)li — 1 as j — oo for
every z € supp(v) = I'i; hence (8.5) implies limsup,_, ., Corr (g, Cg)) = 1.
Hence, although the convergence in (2.18) is mixing, so there is no de-
pendence on the initial generations as in the case 7, < m~/2, there is a
dependence over longer ranges than in the case v, > m~1/2.

Furthermore, each (; now belongs to the (typically g-dimensional) space
spanned by (1, ...,(s, which yields the linear dependence of the limits (j
claimed in Section 2.
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Example 8.4. In the simplest case, I'w, = {—m!/2}. (See Example 2.6 for
an example.) Then (j = ((—1)km_k/2—m_k)( for some ¢ ~ N (0, V{—ml/Q})
and all k € Z.

Furthermore, zm'/? = —1 on supp v, and thus (8.4) yields C,g) = (=1’

in particular, Cg) = (} for every even /.

8.3. The case 7, < m~ /2. In this case, there is no limit, but we can argue
with the components of the approximating sum in (2.19) in the same way as
with (j in Examples 8.1-8.2, and draw the conclusion that (2.19), interpreted
component-wise, extends also to k < 0, as claimed in Remark 2.4. We omit
the details.

9. RANDOM CHARACTERISTICS

A random characteristic is a random function x(¢) : [0,00) — R defined
on the same probability space as the prototype offspring process =; we as-
sume that each individual x has an independent copy (Z,, x) of (£, x), and
interpret x,(t) as the characteristic of x at age t. We consider as above the
lattice case, and define, denoting the birth time of = by 7,

ZX = )" Xaln—1a), (9.1)
T:Te <N

the total characteristic of all individuals at time n. See further Jagers [7].
We assume in this section (A1)~(A6), and also that there exists Ry < m!/?
such that for some C' < 0o

E[x(k)’] < CR3,  k>0. (9.2)
We assume below that R is chosen with Ry < R < m~!. We define
)\% = E x(k), k>0, (9.3)

and AY := 0 for k£ < 0, and also

o0

AX = Z(m_k —m AL (9.4)
k=0

Note that the sum in (9.4) converges absolutely since (9.2) implies
¢ = |Ex(k)| < CR3. (9-5)

We split the characteristic into its mean AY = Ex(k) and the centered
part

X(k) := x(k) —Ex(k) = x(k) = A} (9.6)

Simple calculations, see [10], yield the decomposition

ZX = N Zy = ZX+ Y (N = X)) Xk = ZX + (X, AXY), (9.7)
k=1
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with AXX = (AF =AY )k Here AN € 3, by (9.5), and thus the asymp-
totic behaviour of (X,,, AXX) is given by Theorems 2.1-2.3.

In particular, if 7, > m /2, then Theorem 2.1 applies and (X,,, AXY) /v/Zy,
is asymptotically normal. Moreover, it is shown in [10] that in this case also
zZX //Zy, is asymptotically normal, and that the joint distribution is asymp-
totically normal, so (ZX — \XZ,)/v/Zn % N(0, 03), with 2 given by an
explicit but rather complicated formula in [10, Theorem 6.1].

The proof in [10] of asymptotic normality of ZX does not require Vi >
m~1/2; it gives the following result that is valid in all three cases. (Note
that the assumption E x(k) = 0 is equivalent to y = x.)

Theorem 9.1. Assume (A1l)—(A6) and (9.2). If Ex(k) = 0 for every
k>0, then as n — oo,

Z7Y27x 4 ox, (9.8)
for some normal random variable (X with mean E (X = 0 and variance
Var(¢X) = m=1 i m* Var(x(k)). (9.9)
m k=0
Proof. See [10, Section 6]. O

It remains to consider the case when AY = Ex(k) # 0 for some k. If
Y. > m~'/2 then, as said above, asymptotic normality of (ZX —\XZ,,)//Zn
is shown in [10]. If 7. = m~'/? and (2.16) holds, then Theorem 2.2 shows
that (X,,, AXX)/\/nZ, 4, N(0,02), where o is given by (2.18) and 02 > 0
except in degenerate cases. Since Theorem 9.1 implies that ZX /\/nZ, — 0,
it follows from (9.7) that (ZX — \XZ,)/v/nZ, —— N(0,02). Similarly, if
v, < m~Y/2, then Theorem 9.1 implies 77ZX - 0, and (9.7) shows that
ZX — \XZ, has the same (oscillating) asymptotic behaviour as (X,,, AXX),
given by Theorem 2.3.

Summarizing, if . < m~'/2, then the randomness in the characteristic x
only gives an effect of smaller order than the mean E x, and unless the mean
vanishes (or the limits degenerate), Zx has the same asymptotic behaviour

as if y is replaced by the deterministic E y, which is treated by Theorems
2.2 and 2.3.

Example 9.2. We have in the present paper for simplicity assumed (A4),
that there are no deaths. Suppose now, more generally, that each individual
has a random lifelength ¢ < oo, as usual with i.i.d. copies (Ez,¢;) for all
individuals x. The results in Section 2 apply if we ignore deaths and let Z,
denote the number of individuals born up to time n, living or dead. More-
over, the number of living individuals at time n is ZX, for the characteristic
x(k) = 1{¢ > k}.

Similarly, for example, the number of living individuals at time n — j
is Zy’ with x;(k) := 1{¢ > k —j > 0}. The analogue of X,,; in (2.10)
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but counting only living individuals is thus given by Zx’ 7m_]x, and results
extending Theorems 2.1-2.3 without assuming (A4) follow. We leave the
details to the reader.
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