ANALYTIC NUMBER THEORY — LECTURE NOTES 1

SOLUTIONS TO THE PROBLEMS (NOT HOME ASSIGNMENTS)
2.1. (a). The function p is clearly multiplicative, and hence also the function f(n) = & T(L")
is multiplicative for every fixed s. Furthermore the series > | & T(L") is absolutely convergent

uin) | < Yoo, n~% < co. Hence by Proposition 2.7 we have

ns

when ¢ > 1, since )~ ,

ns
n=1 )

= pu(n) w(p)  p(?) | p(p®)
> _H<1+ . + . - +>

But for every prime p we have u(p) = —1 while u(p?) = u(p®) = ... = 0, hence we get

i p(n) _ H (1 _pfs) _ (H (1 _p,s)q) = ¢(s)L.

nS
n=1 p p
(b). The function f(n) = W is multiplicative for every fixed s, and the series
> W is absolutely convergent when o > 1, by the same argument as above. Hence

by Proposition 2.7 we have

o

5 u(n};:(n) 1] <1 LX) | nIX@?) | pOXE) >

=TI = (TT0- ><(p)p’s)71>f1 = L(s,x)"".

p

(Note that (a) is a special case of (b), obtained when taking x to be the trivial character
x=1)

2.2. It follows from the formula ¢(n) = anln(l — ]lj) that ¢(n) is a multiplicative

function. Hence also the function f(n) = ¢(n)n™° is multiplicative for any fixed s. Next
note that if ¢ > 2 then the series Y >, f(n) is absolutely convergent, since

(613) ST = ¢ <Y 07 < oo,
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Hence Proposition 2.7 applies when ¢ > 2 and we get

ifzﬁ(n)n“‘ =TI+ omp + 6> +...)

= H(l + g(l — —)pk p_ks>
- 1;[(1 + (1 - ]—1?) gp’““‘s))
0
_ 1;[ p(1 - p;;):rp(lzz —) Dp'~
1=
_G(s—1)

¢(s)

2.4. For any s with o > A + 1 the Dirichlet series >~ a,n~*® is absolutely convergent,
since > 07 a,n T < Y07, n=? < oo. Hence for every such s we have, by Proposition
2.7

(614) Zann H (1+app™ +apep > +...).
n=1 P

Here for each prime p the sum 1+ a,p* + a,2p~2* +. .. is absolutely convergent, and hence
we may multiply termwise with (1 — a,p™* + p“p~2%) to get

(1 +ap°+a 2p72s .. )(1 —app° + pap728)

_1—Gpp + app +Z Ayl — ApQpk— 1+papk2) 1+0+Zop—ks:
k=2 2

where we used our assumption about {a,}. Hence for each prime p (and our fixed s with
o> A+ 1) we have

1
1— app—s + pap—Qs’

(615) L4+ap *+apep *+...=
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and hence from (614) we get

00 . 1
(6]‘6) Z AnT = H 1— appfs + pap72s :

n=1 p

2.6. This is part of the Weierstrass Factorization Theorem, cf. [48, Thm. 15.10].
Let us write E(w) = (1 — w) exp(w + 3w? + ...+ fw*). This is an analytic function for
all w € C, and we have

1 1
(617) FE'(w) = {—1 +(1—w)(1+w+w*+...+ wkil)} exp(w + §w2 +...+ Ewk)
1 1
= —whexp(w + zw? + ...+ —wh).
2 k
From this we see that E'(0) = E”(0) = ... = E®(0) = 0 and hence the power series

expansion of E(w) at w = 0 gives E(w) = E(0) + O(|w[*™!) = 1+ O(Jw|**!) as |w| — 0.
This means that there are constants A,d > 0 such that

(618) |E(w) — 1| < Ajw[**" for all w with |w| < 4.

For fixed z the product which we wish to study is f(z) = [[ 2, E(z/pn) = [[—, (1 + uy)
where u, = FE(z/p,) — 1. Now (618) says that |u,| < Alz/p,|F** for all n such that
|z/pn] < 8. But note that our assumption > o |p,| 77" < oo implies that lim,, .« |pn| =
00; hence there is some N such that |z/p,| < § holds for all n > N, and thus

(o] N N
(619) Dl € D7 Jual + 30 Als/pal = 3 Jual + Alz] 3 Ipul 7 < 00
n=1 n=1 n=1

n>N n>N

Hence the product f(z) = [[,2, E(z/pn) is indeed absolutely convergent (cf. Theorem 2.2
and Definition 2.2).

Next we prove that the sum Y > | |u,| actually converges uniformly over z in any compact
subset. This is clear by inspection in the above proof: It suffices to prove that for any given
R > 0 the sum Y7, |u,| converges uniformly over |z| < R. Now there is some N such
that R/|p,| < 6 holds for all n > N, and hence for every z with |2| < R we have |z/p,| <6
for all n > N, and hence

9] N N
(620) >l < fual + > Alz/palFT <= sup fun| + AR [l
n=1 n=1 n>N n=1 lz|I<R n>N

The last expression is a finite positive number, and this concludes the proof that > >~ | |u,]
converges uniformly on compacta. It now follows from Corollary 2.3 that the product
f(z) =112, E(/pn) converges uniformly on compacta, and hence by Weierstrass Theorem
(cf. footnote 1 on p. 5) f(z) is an analytic function of z € C.

Finally we prove the statement about zeros: First assume that « ¢ {p1, p2,...}. Then
E(a/pn) # 0 for all n and hence f(a) # 0 by Theorem 2.2. Next assume that a €
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{p1,p2,...}, and let M be the set of indices j for which p; = a. Note that M is finite, since
> a7t F < 0o. We now have, for all z € C:

(621) 1) = 1 BG/o) TT E/o)

n>1 neM

n¢M
Here the first product is infinite, but the same argument as above shows that it defines an
analytic function in the whole plane which is non-zero at z = a. The second product is
a finite product of analytic functions, and each factor has a zero of order one at z = «.
(Proof: After a simple rescaling our task is to prove that F(w) has a zero of order one at
w = 1. This follows from E(1) = 0 and E'(1) = —exp(1 + 1 4+ ...+ 1) # 0.) Hence f(2)
has a zero of order m (exactly) at z = a. O

Remark. In fact the following precise version of (618) holds: ’E(w) - 1| < Jw|**! for all

w with |w| < 1. This is not too difficult to prove. Cf. [48, Lemma 15.8].

3.1. Theorem 3.3: See (e.g.) [39, Appendix A, Thm. 1].

Proof of Lemma 3.4, “first part”: Suppose that g is continuous on [A, B] and that f
is locally constant on [A, B]. Take A = X\g < A\; < A2 < ... <\, = B so that f is constant
on each open interval (A;,A\j11), j = 0,1,...,n — 1. Let ¢ > 0 be given. Then since g
is continuous at each point A; there is some § > 0 such that, for each j € {0,1,...,n},
lg(z) — g(\;)| < € holds for each x € [A, B] with |z — X;| < §. We also take ¢ so small
that A\j;1 —A; > 60 for all j € {0,1,...,n}. Nowlet A =2y <z <...<ay =B be
an arbitrary partition with mesh{z,} < §, and take arbitrary numbers & € [zy_1, z}] for
k=1,2,...,N. Now there is a unique choice of indices

(622) 0<ko<hki<ki<kiy<hke<...<k,_ <k, 1<k, <N

such that x;, < Aj < ap;41 for each j € {0,1,...,n — 1} and Ty < Aj < Thi41 for each
j € {1,2,...,n}. [Proof: It follows from A = Ny < A} < XAy < ... < A\, = B and
A=uxy <z <...< ay = B that for each 57 € {0,1,...,n — 1} there is a unique
kj € {0,1,...,N — 1} with z, < A\; < x4,41, and for each j € {1,2,...,n} there is a
unique £ € {0,1,..., N — 1} with Tk, < Aj < 41 Then to see that (622) holds, note
that for each j € {1,2,...,n — 1} it follows from Try < Aj < Tp41 that &} < k; + 1, thus
K < kj. Furthermore, for each j € {0,1,...,n — 1} it follows from @y, < \; < z,41 that
0< Tg;41 — )\j < |5L‘kj+1 — Ik].| < mesh{xn} < 0 < >‘j+1 — >\j; thus Thj+1 < )‘j+l < $k3+1+1,
and hence k; +1 < ki, + 1, ie. kj < K),,. Hence (622) holds.]

We will now prove that the Riemann-Stieltjes sum

S{za} {63) = D 9(&0) (f () = flana))

is close to the sum with which we defined ff g(x)df () in (69). We will do this by splitting
25:1 9(&) (f(x)— f(x4_1)) into several parts determined by the numbers ko, k{, k1, . . ., k.
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First of all, note that for each j € {0,1,...,n — 1} we have

(623) S g (fan) — Flanm) = 0.

kjH1<k<k)

Indeed, we have seen above that A\; < xx, 41 < Aj41 and we also know k; + 1 < k;'+1 and
T, < Ajs1; hence \; < xp < Aj4q holds for all k£ with k; +1 < k < k;-H. Thus also
f(xr) = f(A+) = f(Aj41—) for all these k, and it follows that (623) holds.

Next, for each j € {1,2,...,n — 1} we have seen above that Ti;+1 < Ajp1, and similarly
we have \;_; < Tp!; hence \;_; < Ty < Aj < ZTp41 < Ajp1, and this implies that
flaw) = f(Aj—) and f(zk,11) = f(A;+). Hence if kj = k; then

k:j-i-l

(624) Y 9@ (far) = f(ar-1)) = g(&an) (FOG+) = F(N-))-

v
k—kj+1

On the other hand if /-c; < k; then k‘; +1 < kj and \; < Th! 41 < xy, < Aj, forcing
T4l = Ty = Aj; thus zp = A; for all £ with k:; +1 <k <kj, so that

kj+1

(625) > 9(&) (f () — flaxr))

= 9(&+0) (V) = F(N=)) + 0+ 4+ 0+ 9(8k,1) (F5 ) = F (V).

Also, regardless of whether £} = k; or kj < kj, for each k with £} +1 < k < k; + 1 we
have & € [xy_1,zx] as well as \; € [x_1, zg]; thus |§ — A;| < 0 and |g(&) — g(N))| < e. If
K’ = k; this means that

kj+1

9O (F ) = FO=) = D2 g€ (Flan) = flan))|

— !
ke=k/+1

g,

= [(900) = 9(& ) (FOG+) = FO)| < [FO+) = 1)
while if £} < k; we get

kj+1

9O (FOH) = F =) = 2 96 (f (@) = Flai)|

= ‘(g()\j) = 9 1)) (FOG) = FOG=)) + (9(N) = 9(&ky40)) (FON+) — f()‘j))’
< |FO0) = F) |+ [Fu+) = 1)

E.
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Note that | f(A+) — F(=)| < [f() = FOu=)] + ] f(A4) — f(A;)] and hence in all cases
we have

kj—‘rl

90D (FOH) = F =) = Y 96 (f(we) = Fai)
(626) < |10 = ru=)|e + £ = r )|

forall j € {1,2,...,n—1}.
Finally we have z;, = A\o(= A) for all k < kg and Ay < Tg,41 < A; so that f(zp,11) =
f(Xo+) and

ko+1

> &) (f(xr) = flar1)) = 9(&kor) (o) = F (o))

k=1
As above we have |g(&k,11) — g(Xo)| < &, and hence

ko+1

627)  [90) (F(hot) = FO0) = D 9l€) (Flan) — Flan)| < [FOo+) = FO0)|e.

k=1

Similarly we have x;, = \,(= B) for all k > k|, + 1 and \,_; < xp;, < A, so that f(zy) =
f(A\,—) and

N

> 96 (@) = f(re1)) = 9(Ek o) (Fn) = FOAn—)).

k=Fk/,+1

As above we have |g(&w 41) — g(An)| < e, and hence

(628) g0 (FOW) = Fu=)) = D 960 (F(aw) = Flan-))| < | £ = FO)|e.

N
k=k!,+1
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The total difference which we are interested in is:

(O] = FO0Dg0a) + L (IO = FO,=)a0) + (£ = Fhn))al0n)

= S{zn}, {&})

=G0+ = P00 + ) = FO-D)a) + (0] = FAu))al0n)
B DY IIGES I EN) N S SENPTCAIV{ AR E)
XY @) - fon) - Y @) (an) - flan)

Using (623), (626), (627) and (628) and the triangle inequality we see that this is

< | 0ot) = Fo)|e + f(\f@) — FO)] + [T 50 = 1O )e + [70w) = 70w )|

Since f is fixed in our argument, the above can be made arbitrarily small by taking ¢ — 0.
Hence the value for ff g(x)df (x) given by Definition 3.3 (viz., the limit of S({z,},{&.})

as mesh{z,} — 0) agrees with the value for ff g(x)df(z) given by Definition 3.1 (viz.,
(fOot) = F(A0))g(ho) + X520 (FO+) = F=)g(A) + (f () = FRu=))g(An)). O

Proof of Lemma 3.4, “second part”. (Viz: Proof that if ¢ € C([A, B]) and f €
C1([A, B]) then the Riemann-Stieltjes integral ff g(x)df (x) as defined in Definition 3.3.)
See (e.g.) [39, Appendix A, Thm. 3].

Proof of the claims in Remark 3.2. Recall that we have defined

1 fo0<z<1 1 if0<ae<1
629 = - = -
(629) /() { 0 otherwise; 9(@) { 0 otherwise.

Proof that fflgdf exists: For every partition —1 = o0 < 27y < ... < zy = 0 and every
choice of & € [z;_1,z;] for j = 1,2,..., N, using f(z) = 0 for x < 0 and f(0) = 1
we find that we find that S({z,},{&.}) = Zgzlg(gn)(f(xn) — f(za-1)) = 9(&), where
k € {1,...,N} is the unique index for which zy_; < 2y = 2441 = ... = zy = 0. But
from the definition of g we see that g(&) = 0, since & € [xr_1,xx] and x; = 0. Hence
S({x,},{&}) = 0 for every admissible choice of {z,} and {&,}, and hence (by Def. 3.3)

%, g(z) df (z) = 0.
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<z < ... <zy =1 and every
choice of &; € [zj_1,x;] for j = 1,2,..., N, using f(z) = 1 for ll x > 0 we find that
9(x)

S({za} {&}) = 3001 9(6a) (f (@) — f(wn—l)) = 0. Hence [ g(x) df(z) =

Proof that fjlgdf does not exist: For an arbitrary partition —1 = xq g T < ... <
xy = 1 and an arbitrary choice of §; € [z;_1,;] for j = 1,2,..., N, using the formula
for f(x) we find that S({z,}, {62}) = S, 9(6) (7(w) — F(wa-)) = g(&). where k €
{1,..., N} is the unique index for which zy_; < 0 < 4. Hence (by the formula for g(x))
SHzn}, {&}) = 0if & < 0 and S({z,},{&}) = 1if & > 0. But clearly, for any given
d > 0, there exists a partition —1 = xg < 21 < ... < xy = 1 with mesh{z,} <4 such that
(for some k) zx_1 < 0 < x, and then there is an admissible choice of the ;’s for which
& = x—1 < 0 and thus S({z,},{&}) = 0, and there is another admissible choice of the
¢;’s for which &, = z; > 0 and thus S({z,,},{€,}) = 1. Hence [, gdf does not exist.

Proof that fo gdf emists: For every partition 0 = zy < z

Proof of the claim just below Remark 3.2. Assume that A < C' < B, g € C([A, B]),
that f is a bounded function on [A B], and that the two Riemann-Stieltjes integrals L =
fAC g(x)df(x) and I, = fC ) both exist. We then wish to prove that fA x) df (x)
also existe and equals I + 12

Let £ > 0 be given. By our assumptions there is some & such that |S({z,}, {&}) — 1| <e
holds for every partition A = 2 < 7 < ... < zy = C with mesh{z, } < ¢ and any numbers
& € lzjr,xj]for j=1,2,...,N, and also |S({zn}, {€}) — 2| < € holds for every partition
C =1 <2 <..<azy =B with mesh{z,} < § and any numbers ¢; € [r;_q,z;] for
Jj=1,2,...,N. Furthermore, since by assumption sup, z |f| < co and g is continuous,
we may also assume that 0 is so small that ’g(z) - g(C’)| -suppy g | f| < e forall z € [A, B
with |z — C| < 6.

Now let A = 29 < 27 < ... < xy = B be an arbitrary partition with mesh{z,} <
and assume §; € [zj_q,z;] for j = 1,2,...,N. Let k € {1,..., N} be the (unique) index
for which 2y < C < zp. Set 2 = x; for j = 1,2,... )k = 1; 23 = C; & = §; for
j=12...,k—1and & := C; then the sequence {z! } is a partition A < x < 2} <

. < aj, = C with mesh{z),} <4, and &} € [¢)_,, )] for all j = 1,2,...,k; hence by our
assumptions we have |S({z,},{¢,}) — I| <e, ie.

©30) [ a€)(F() ~ F@) +a(O)(F(O) ~ flain) - b <=

Similarly, set zg = C, 27 == x4 for j = 1,2,..., N =k +1; § = C and & = {141
for j = 2,. N —k+ 1 Then the sequence {2} is a partition C' < zfj < 3:” <...<
TN_p1 = B Wlth mesh{z)} < ¢§ and £ € [z}, 2] for all j = 1,2,. N k + 1; hence
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by our assumptions we have |S({z},{¢1}) — | <, i.e.

N

(631) 9(O) () = FC) + D 96 (fl@n) = flza)) = Bo| < =

n=k-+1
Let us also note that

960 (f (1) = f(z1-1)) = 9(CO)(F(C) = Flaamn) = 9(O) (F(an) = £(C))|
632) = [o(@) 9] [1n) = Soin)] < [o(6) — o) -2 5up 111 < 2=

[A,B

where the last inequality follows from our choice of § and the fact that both C, & € [xg_1, 2]
and xp — x,_1 < 9; thus |§ — C| < 6.
Finally we note that by the triangle inequality, the absolute difference

S} A6} = (h + )| = |3 96 (Flwn) = Flan0)) = (1 + B)

is less than or equal to the sum of the absolute differences in (630), (631), (632), and hence
< 4e.

Since this is true for all admissible {z,},{&,} with mesh{z,} < §, and e was arbitrarily

small, we conclude that ff g(x) df (x) exists and equals I; + I. O

3.3. Write A(z) =) 1«0 a,n"%; then the assumption says that A(z) ~ z as z — oo,
A(z)

ie. lim,_ = 1. Hence for any given € > 0 we can find X > 1 so that ‘@ — 1‘ <e€

forall z > X, i.e.
(633) )A(x) — x‘ < ex, Ve > X.

Now for N > 1 we have

(634) Zan = Zni(ann_i) = / r2 dA(x) = N2A(N) — 5/ r 2 A(z) dx.
n=1 n=1 1

Note that if A(z) = z then the last expression equals N2 N — %le z7ixdr = N2 —

12815 98 1
| 2x2 = £2N2 + z. Hence
2|3 o1 3 3

N

3
’E an—%]\h
n=1

1 1N TV O A 1
—‘NZA(N)—§/1 T A(x)d:v—(N N—§/1 x xdx)—l—g‘




10 ANALYTIC NUMBER THEORY — LECTURE NOTES

If N > X then this is

1 1 1N 1
<N2eN+ = [ a7 z|A(x) —z|de+ = | o Zewdr+ <
2/, 2 /s 3

b
zséN%—b— <1/1 l‘é}A(l‘)—{L"dI—éEXg"i‘%)

The expression in the big parenthesis does not depend on NV and hence is < 52]\7 : (say) for

all sufficiently large V. Hence for all sufficiently large N we have ‘Z L On— —N 2| < 2N %,

and thus, after division with %N %,

>

M_l < 3¢,
2N2

N q
. . . . ) . N 3
Since ¢ was arbitrarily small we conclude that limy_,., =2=1"" =1, i.e. _a, ~ N2 as
’ n=1 3
NZ =

N — oo. |

OOIM

3.4. (a). Note that A > 0, since N(r) > 1 for all sufficiently large r. If there is some
such that N(r) = co then A = oo and there is nothing to prove. Hence from now on we
may assume that A < oo, and thus N(r) < oo for all r; then N is an increasing function
N : R — Zzo with N(r) = 0 for all » < 0. Note that for every number A; > A there is
some R > 0 such that log N(T < A, for all » > R, hence by exponentiating: N(r) < r for
all » > R. This implies that N(r) < (1 +7)4 for all # > 0 (where the implied constant
may depend on A).

We have for every a > 0:

(635) i (1+|p;)~ :/io(1+:c)_ad]\7( ):)}gnoo X(1+x)_“dN(:1:)
:)}i_r)noo({(l—i-x) “N(z w_l—i-a/x 1+ ) O‘*N(x)d:v).

X
— lim ((1+X +a/ (1+2) a_lN(x)dx>.
0

—00
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Note that all terms in the last sum are non-negative. Now if a > A; then for all X > 0 we
have

(636) (1+ X)"N(X) +a / (1t 0 N () d

X
< (1+X) (14 X)M + a/ (14211 + 2)™ da
a ’ a

a— A a—A;

Since this is true for all X > 0 and also the left hand side in (636) is an increasing function
of X (being equal to fo)f(l +2)"*dN(x)), it follows that the limit as X — oo exists and is
finite. Thus: 3 7, (14 |p;])~* converges. We have proved this for every a > A; and every
Ay > A; hence Y272 (1 + |p;])~ converges for every a > A, and thus by (120) we have
T <A O
(b). Suppose that o > 7 and thus that > 72 (1 + [p;])™* converges, say to the number

C' > 0. Then by the identity (635) (and the fact that fo)f(l + )" “dN(x) is an increasing
function of X'), we have

= (14 X))t 4 (1 —(1+ X)‘“*Al) <

(637) (1+X)“N(X) +a / X(l +2) O IN(@z)de < C, VX > 0.

Hence (1 + X) *N(X) < C for all X > 0 and this implies N(X) < C(1+ X)* and (by
taking the logarithm) log N(X) < logC' + a'log(1 4+ X), for all X > 0. Hence for X > 1

we have

log N(X) < log C N alog(l +X)7
log X log X log X

and taking X — oo this implies

(638)

. log N(X)
639 | e
(639) I)I?jolip log X

i.e. A < . Since this is true for all & > 7 we conclude that A < 1. O

<0+ a,

Remark: The above solution was by “standard & routine but rather stupid use of the
Riemann-Stieltjes integral”. There are certainly alternative, shorter ways to solve the
problem. Here is an example:

If N(r) = oo for some r then clearly both A = oo and 7 = co. Hence from now on we may
assume that N (r) is finite for all 7. We may then re-order the p;’s so that |p;| < |pa| < ...
Now assume that A; > A; then there is some R > 0 such that N(r) < r for all r > R.

1
Hence for every integer j > R4, if we set r := j41 > R then |p;| < r cannot hold, since
then |py| < ... <|p;| <r and thus N(r) > j = r1, a contradiction. Hence:

1
lpj| > g% for every integer j > R
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Hence for any a > 0 we have » . pa, (1 + [p;])7 < Zj>RA1j_A%, and thus the sum
> (1+]ps]) = converges for every v > A;. Hence 7 < Ay, and since this is true for every
Ay > A we conclude 7 < A.

On the other hand, if A; < A then there is a sequence of r-values, 0 < ry < ry <...— 00

such that % > A for all k, and thus N(ry) > 7“,:‘1. Hence (for any given a > 0)
Do (L [pi)™ > N(r) (L +1) ™ > rit (14 )~ If o < Ay then 7" (1 4 74) ™ — o0
as k — oo, and thus Z;’;l(l + |p;])~* = oo. Since this is true for every a < A; it follows

that 7 > A;. Since this is true for every A; < A it follows that 7 > A.

3.6. Assume that ¥(z) ~ x as + — oco. Let £ > 0 be given. Then there is some X > 1
such that

(640) [9(z) — x| < ex, Vo > X.

Now for all x > 1 we have

(641) r(e) =3 1= /2 @dﬁ(y) _ i(gxi +/j L o) dy.

p<z Y IOgQ Yy

Here the integral turns out to be small compared with %: It follows from (640) that
Y(z) < z for all x > 1, and hence, for all x > 4:

T Tody Ve dy T dy N3 x
Iy) do < / < / A / < +
/2 ylog’y (@) o> log?y =)o log’2  Jzlog’(VE) log?2  log’(Vz)

< x
log? 2’
and thus for all sufficiently large = we have
o1 x
Hy)dr < e .
/2 ylog?y (y)dw < log x
It now follows that for all sufficiently large x we have
x I(x) e |0(z) — | x
7T(x)_logzz:“logac /2 ylog®y () y_logz‘ - logx +€logx
< 2e .
log x
Since ¢ is arbitrarily small this implies that
(x) ’ asx — 0o
™ ~ — — .
log

O

3.7. (a). Let o, be the abscissa of absolute convergence of a(s) = > 2 a,n™*. We

know o, < oo by Proposition 3.9. Now for ¢ > max(o,, 1) both the Dirichlet series
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a(s) = > po agk™ and ((s) = Y °_,m~* are absolutely convergent, and hence we may
multiply the two to get an absolutely convergent double sum:

(642) C(s)a(s) = Z Z agk™*m™° = Z Z ag(km)~>.

k=1 m=1 k=1 m=1

Substituting n = km we get

(643) =3 > an = bnt = 5(s).

n=1 k|n

In particular it follows that 3(s) has abscissa of absolute convergence < max(o,, 1). O

(b). For ¢ > max(o,, 1) we have both ((s)a(s) = £(s) and ((s) # 0, and hence a(s) =
C(s)7'B(s). Also for o > max(o,,1) both the Dirichlet series 3(s) = > ;- byk™* and
C(s)™t = Y0 u(m)m™* (cf. Problem 2.1 (a)) are absolutely convergent, and hence we
may multiply the two to get an absolutely convergent double sum:

(649)  als) = C(s)1B(s) = D ek ulmm* = 32 S bup(m) ()

k=1 m=1 k=1 m=1

Substituting n = km we get = >, (Zk‘n bt (%)) n~*, i.e. we conclude that

(645) i ayn”® =als) = i Z byt (%) n=*
kln

n=1 n=1

for all s with o > max(o,, 1). Hence by Proposition 3.10, a,, = ka b (%) for allm € Z*.
O
(c). Let {a,} be an arbitrary sequence of complex numbers, and set b, = Zd|n ag for
n=12...

Now fiz some m € Z*. We wish to prove a,, = >, p(m/d)bg for this m. Form new
sequences {a,} and {0} by letting

no if
(646) a;={§ tn|m b= dy.
d|

otherwise;

Then a], = 0 holds for all but finitely many n’s; hence the Dirichlet series >~ a/,n™* has
abscissa of convergence —oo, and hence by part (b) we have a;, = >_, pu(n/d)b; for all
n € Z*. In particular we have

(647) = 3wl )b

dlm



14 ANALYTIC NUMBER THEORY — LECTURE NOTES

Here, by the definition of {a],} we have a], = a4 for all d | m, and thus by the definition of
{0} we have b, =3, ay =3, aa = b, for all n | m. Hence (647) gives

(648) Ay = Z,u(m/d)bd.
dlm
0

Alternative: Let us apply part (b) to the sequence {a,} given by a; = 1 and a,, = 0 for all
n > 2. For this sequence we have b, = 1 for all n, and clearly ) >° , a,n~* has abscissa of
convergence —oo, so that (b) applies; hence we get:

(649) S uln/d) = {1 =1
din

0 ifn>2.

The same formula can also be written as (by substituting k£ = n/d)

650 = {; s

k|n

This is an important formula; note that (distilling the above proof) it follows directly from
the identity ((s)((s)™! = 1, using Proposition 3.10.
Using (650) we can easily solve the problem: Let {a,} be an arbitrary sequence of

complex numbers, and set b, = Zd‘n aq for n =1,2,.... We then have, for any n € Z*:
(651) S ulnfdybs =3 uln/d) Yo = S ax 3 /).
dln dln k|d k|n din
(k|d)

In the inner sum we substitute j = n/d; thus j runs through all divisors of n such that
k| %, or equivalently j | %. This gives:

(652) =Y a > ul)
T

Applying here (650) we get

1 ifn/k=1
653 - — a,.
(653) %Z‘ak{o ifn/k22} ¢
O

Remark: The formula (650) can also easily be proved directly from the definition of (k).
Namely, if n > 2 has the prime factorization n = p{* - - - p2* (with py, ..., p, distinct primes
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and all a; > 1, as usual), then

(654) Z“ i i Z p(ppl - pir) = i i . i(_l)j1+j2+-»-+jr
kln j1=042=0  j=0 j1=0j2=0  j=0
= <Zl_:(_1)j1> (Zl_:(—l)j2> R <Zl_:(_1)j7~) =0-0---0=0.

On the other hand for n = 1 we of course trivially have -, yu(k) = p(1) = 1, corresponding

to the case “r = 07 of the above computation. This proves the formula (650).

From this we see that the machinery with Dirichlet series is not at all needed to prove the
Mobius inversion formula. On the other hand the methods with Dirichlet series is useful
in many similar problems, and in particular when it comes to finding the correct inversion
formula. (Note that in the computation (651) we started with “_, p(n/d)by” without

hinting how one could come up with this formula in the first place.)

3.8. (a). Using Problem 2.2 and Problem 2.1 we see that, when o > 2,

(655) > o = o= 1t = (St (S utbrk )

Here both sums are absolutely convergent and hence we may multiply termwise to obtain
an absolutely convergent double sum:

(656) =30 um =k = 303wl

m=1 k=1 =1 k=1

Substituting n = mk we get = > "7 | <Zm|n ﬂ(n/m)m) n~*, i.e. we have proved that

(657) Z p(n)n™* = Z(Z u(n/m)m) n-* (0 >2).

n=1 m|n

Hence by Proposition 3.10 we have ¢(n) = 3_,,, p(n/m)m for all n € Z". O

(b). We give a combinatorial proof using the inclusion-exclusion principle.

We set M = {1,2,...,n} and let p1,po,...,p, be the distinct prime divisors of n. For
each j € {1,2,...,7} we let M; be the subset of those m € M which are divisible by p;.
Then an element m € M is coprime to n if and only if m ¢ M; for all j € {1,2,...,7}.
Thus

T

o) = # (U, =n—#(UM,)

=1 j=1
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By the inclusion-exclusion principle we get

=n=Y #Mj+ Y #MnM,)— > #(M;,0M,NM,)
Jj=1 1<j1<je<r 1<51<g2<gs<r

Fo (1) #(M N My N0 M),

Now for any 1 < j; < jo < ... < js < r, the intersection M; N M;, N...N M, is exactly
the set of those m € M which are divisible by d = p;,p;, - - - pj,, and thus #(M;, N M;, N
...NM;,) =n/d. Note that in the above sums of sums, each squarefree divisor d > 1 of n
arises exactly ones, and this happens in a sum with a minus sign if d has an odd number
of prime factors, but in a sum with a plus sign if d has an even number of prime factors.
Hence the contribution corresponding to d is u(d)n/d. Hence we get

o) =n+ > pld).

din
d>1 and squarefree

The requirement “d squarefree” can be omitted since p(d) = 0 whenever d is not squarefree.
Furthermore note that d = 1 gives pu(d)n/d = n. Hence

o(n) = Y u(d)=.
din

This is seen to agree with the desired formula, if we substitute d = n/d;e- ]

3.9. (a). Note that d(n) = og(n); hence (a) follows as a special case of (b).
(b). When o > max(1, 1+Rea) we have ((s) = > ,o k™* and ((s—a) = > -~ m*5, with
both sums being absolutely convergent. Hence we may multiply the two sums termwise to
get an absolutely convergent double sum:

(658) C(s)((s—a)= Z Z E™*me° = Z Z m®(km)~".

k=1 m=1 k=1 m=1

Here substitute n = km; then we get

(659) = i (Z ma>n*5 = ij: oa(n)n=*.

n=1 mn
Il

3.10. The given formula for b, may be written as b, = >, [11(d)|@n/q, and substituting
dnew = n/d this becomes b, = >, [u(n/d)[as. To start with, let us assume that the
Dirichlet series a(s) = Y °_, a,m ® has abscissa of convergence o, < oo. Using the

formula CC((;S)) =Y o lu(k)|k™ (o0 > 1, with absolute convergence) from Problem 2.3(b),
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we get, for all ¢ > max(o,, 1):

(s) =& .
(660) Co () = D2 3 ()

the double sum being absolutely convergent. Substituting n = km this becomes

(661) = i(Z ]u(n/m)]am>n75 = i b,n 7.

n=1 m|n

We have thus proved that for any s with ¢ > max(o,, 1) the Dirichlet series ((s) :=
>0  byn~® is absolutely convergent, and equals ¢s) a(s). Hence for these s we have

¢(2s)
a(s) = Céés)) (s), and using Problem 2.3(a) this gives:
(662) = = als) = L2V 505) = (S AWK) (3 b )
n=1 C(S) k=1 m=1
oo o0 . oo n »
=3 ST AR b (mk) = Z(Z )\(E)bm)n .

k=1 m=1 n=1 m|n

Hence by Proposition 3.10,
n

663 =S AN, Ynezt
(663 b= A b e

mln

This formula has been proved under the assumption that the Dirichlet series a(s) =
> amm™® has abscissa of convergence o, < oo, but in exactly the same way as in
Problem 3.7(c) it can now be extended to arbitrary sequences {a,,}.

Answer: an =3, A(7)by, for all n € Z7.

3.11. We have already proved that (i)==(ii) (any B > A + 1 works), cf. Problem
2.4. We now prove (ii)==(i). Assume that (ii) holds. Then ) 2 a,n * has abscissa of
convergence < B and hence as in the proof of Proposition 3.9 we know that |a,| < n®*¢
for any fixed ¢ > 0 and all n € Z™; in particular there is a constant C' > 1 such that
la,| < CnBt! for all n € Z*. Now fix a real constant By so large that 280-5-1 > 2C
(thus By > B+ 1) and 2By — 2 > Re . Then for all n > 2 we have CnP! < %71307 since
nBo=B=1 > 9Bo=B=1 . 9 hence

(664) |an| < in", Vn > 2.

Now let us define a new sequence by, by, b3, ... by the following recipe: Set b; = 1; for
each prime p set b, := a,, and define b2, b,s, ... recursively by bye+1 = b,b,r — p®bye-1 for
k =1,2,..., and finally define b, for composite n in the unique way which makes {b,}

multiplicative. We intend to prove that b, = a, for all n; this will clearly complete the
proof that (i) holds.
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For each prime p, note that the recursion formula gives for b2, using (664):
(B2 = [0 = p*0u| < [B5] +p" o] < 4™ 4 p
Using 285 — 2 > Re a we see that this is

1,2B 2By—2 2B 123 1,.2B
<Zp (]+p0 S O_|_ 0_2p0

Thus: |bye| < 1p?Po. Similarly one proves by induction that

(665) ‘ | < 1 pBok. vk > 1.

[Proof: Already done for & = 1,2. Now take & > 3 and assume that the inequality is
true for £ — 1 and k£ — 2. By the recursion formula we have ‘ | = ‘bpbpk—l — PPbyr-2
ipBOJ’_BO(k_l) + lpReapBo(k?—Z) < lpBok + %pZBo—QpBo(k—Q) < lpBok]

It follows from (665) that 1 + ‘bppfs‘ + |bp2p*23| + ‘bpsp*“‘ 4+ ... < oo for all s with
o > By, and in fact if 0 > By + 1 then

(666) i}b | < 1§: pBo—ok _ 1 prr _1ph oo
=1 ' T2 21 —pho—e ~21-271 ’
and thus for o > By + 1 the product
(667) TL(x+ o] + [byep =] + [byop ] + ..
p

is absolutely convergent. Hence by Lemma 2.8 we have

(668) H(l Fbyp ™ A byep T - bpep ) = i byn~*

p

for all s with o > By + 1 (the right hand side also being absolutely convergent for these s).
But on the other hand, because of the recursion formula for b, we have for each prime p
(by the same computation as in the solution to Problem 2.4):

1 1
1— bpp—s + pap—Qs - 1— app—s + pap—2s'
Hence, using now our assumption that (ii) holds, we get
- 1
(670) Z byn~° = H(l + bpp 4 by2p T + .. ) = H Z ayn=?,
n=1

_ s —257
. 1—app=+p*p —

(669) 1+0byp "+ bep > +bup ¥ +... =

for all s with 0 > By + 1. Hence by Proposition 3.10 we have a,, = b, for alln € Z*. O

3.12. If 6y > limsup,_, % then (by definition of limsup) there is some x5 > 10

(say) such that 6, > 10%(')2;9”)' for all z > =z, i.e. |A(x)| < 2% for all x > zy. Since A(x)
is continuous it then follows that there is some constant C' > 0 such that |A(x)| < Ca®
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for all > 1, and thus gy > inf{f € R : |A(z)| < 2, Vo > 1}. Since this is true for all
log | A(z)|

: we conclude that
ogx

log |A(z)|
log x

0y > limsup,_,

lim sup >inf{f €R : |A(z)| < 2%, Vo > 1}.

T—00

On the other hand if 6, < limsup,_, % then (by definition of limsup) there is a

sequence 10 < z7 < 9 < ... — 0o such that bgl(l)ﬂ:# > 0 for all n. Hence |A(z,,)| > 2%
for all n. This implies that limsup,,_, ., @ = oo for every 0, < 6, and hence for every

0, < Oy the statement “|A(z)| < 2%, Va nz 17 is false. Hence (by definition of infimum)
0o < inf{f € R : |[A(z)| < 2, Vz > 1}. Since this holds for every 6y < limsup,_, %
we conclude that
log |A
lim sup 7og| (z)]

r—oo  lOgw <inf{f €R : [A(z)| < 2, V& > 1}.

4.1. (This is similar to arguments given in the proof of Theorem 4.35.)

(a). This follows from (b).

(b). Let ¢ = H;Zl c(x;). First assume m,n € Z, (m,q) = (n,q) = 1 and m =
n(mod ¢;). Then for each j € {1,...,r} we have (m,p;’) = (n,p;’) = 1 and hence
m = nmod c(x;) since c¢(x;) | q1; hence x;(m) = x;j(n). Hence x(m) = [[;_, x;(m) =
[Tj—1 xj(n) = x(n). This proves that [y(n) for n restricted by (n,q) = 1] has period qi,
and hence by Lemma 4.20 we have ¢(x) | ¢1.

Next for every k € {1,...,r} we can argue as follows. Since y; € szk we have c(x;) = p°
for some 5 € {0,1,...,ax}, by Lemma 4.20. Suppose that > 0. Then [yx(n) restricted by
(n,pp*) = 1] does not have period pffl and hence there are some m,n € Z with (m,py) =
(n,pr) = 1 and m = n (mod p; ") and yx(m) # xx(n). Now by the Chinese Remainder
Theorem there exist m’,n’ € Z such that m’ = m (mod p*) and m’ = 1 (mod p;’) for all
j # k, and n/ = n (mod pi*) and n' = 1 (mod pj’) for all j # k. Now

xm) = [u0m) = 1o 1oxa(m) - 11 = () = xu(m),

and similarly x(n') = xx(n); thus x(m’) # x(n’). But we also have (m/,q) = (n/,q) =1
and m’ = n’ mod ¢, /py; hence this proves that [x(n) restricted by (n,q) = 1] does not have
period qi/px, and thus c(x) { Z—;.

We thus have ¢(x) | ¢1 but for each prime p | ¢; we also have ¢(x) 1 %. This implies that

c(x) = a1 O

4.2. Let ¢ have the prime factorization g = p7" - - - p2"; then by Lemma 4.12 combined
with Problem 4.1(a), we have ¢*(¢q) = []’_, ¢*(p;’). (Thus ¢* is multiplicative.)
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It now only remains to compute ¢*(p®) for any prime p and any a > 1. First assume
p > 3. Then by Lemma 4.10 (combined with Lemma 4.6) the Dirichlet characters modulo p®
are in 1-1-correspondence with the ¢(p®)th roots of unity w, i.e. (since ¢(p®) = p*!(p—1))

the numbers w = e(}%) for k = 0,1,...,p*(p — 1) — 1. The Dirichlet character

corresponding to w is given by x(g7) = w’ for all j > 0, where ¢ is our fixed primitive root
modulo p®.

Now yx is primitive if and only if ¢(y) = p®, and we know that c(x) | p*; hence y is
primitive if and only if ¢(x) { p*~, i.e. if and only if [y(n) restricted by (n,p®) = 1] does
not have period p®~!. In other words, y is primitive if and only if there are two j;, jo > 0
such that ¢* = ¢’ (mod p*~!) and x(¢™) # x(¢72). If a = 1 then this means that y
is primitive if and only if there are any two ji,js > 0 with x(¢’!) # x(¢7?), and this
clearly holds if and only if w # 1; hence there are p — 2 primitive characters modulo p. If
« > 2 then we know that g is also a primitive root modulo p®~! (see Lemma 4.7); hence
¢t = ¢72 (mod p®!) holds if and only if j; = j, (mod p*~?(p — 1)). Hence y corresponding
to w is primitive if and only if there are two ji, jo > 0 with j; = j, (mod p*~2(p — 1)) such
that x(¢”') # x(¢72). But x(¢"') # x(¢?) <= W’ # w’? <= w72 #£ 1. Hence Y is
primitive if and only if w is not a p*2(p — 1)th root of unity; that is, if w is of the form

k
w:e<7), ke{0,1,....p° Y (p—1)—1}, p*2(p—1)1k.
=) { (p—1) -1} (p—1)1
There are p®~1(p —1)(1 —p~!) = p*2(p — 1)? = p*(1 — p~1)? distinct such w’s. Hence the
number of primitive roots modulo p® is:

1-2p7t ifa=1
1—p1H?2 if a>2.

(671) o (") =p" {

We proved this for p > 3 but we claim that the same formula also holds for p = 2. Indeed
one checks directly that there are no primitive characters modulo 2, and that there is
ezxactly one primitive character modulo 4. Finally, if ¢ = 2% with a > 3 then the Dirichlet
characters modulo ¢ are in bijective correspondence with pairs (w,w’) as in Lemma 4.11
and one checks by a similar argument as above that (w,w’) corresponds to a primitive
character if and only if w is not a 293th root of unity. There are 273 - 2 distinct such
pairs, and this agrees with (671).

Now (184) follows using ¢*(q) = [];_; ¢*(p;’) and (671). O

4.3. If ¢; is a period of x(n) restricted by (n,q) = 1 then for all integers m,n with
(m,q) = (n,q) and m = n (mod ¢;) we have x(m) = x(n). In particular, taking m = 1, it
follows that x(n) =1 for all integers n satisfying (n,q) =1 and n = 1 (mod ¢1).

Conversely, suppose that ¢; is a positive integer and that y(n) = 1 holds for all integers
n satisfying n = 1 (mod ¢;) and (n,q) = 1. Let ¢ = (¢, ¢1); then we know that there are
some integers x, y such that ¢ = z¢+yq. Now if n is any integer satisfying n = 1 (mod ¢2)
and (n,q) = 1 then we have n = 1 + hgy for some integer h, and hence n = 1 + h(xq +
yq1) = 1+ hyq (mod q) so that x(n) = x(1 + hyq:) and (1 + hyqi,q) = 1. Furthermore
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1+ hygy =1 (mod ¢;) and thus by our assumption x(1 + hyq;) = 1. Hence ¢o has exactly
the same property as ¢, i.e. x(n) = 1 holds for all integers n satisfying n = 1 (mod ¢3) and
(n,q) = 1. The advantage is that go also divides ¢, by construction!

Now take any two integers my, ms with (my,q) = (ma,q) = 1 and m; = ms (mod ¢2).
Then my, my correspond to two elements in (Z/qZ)* and hence there is a unique n €
(Z/qZ)* such that m; = nmsy (mod ¢). Since gs | ¢ this implies m; = nmy (mod ¢z), which
forces n = 1 (mod ¢2) (since (my,q2) = (Mma,q2) = 1). Hence, by what we proved in last
paragraph, y(n) = 1! Hence x(m;) = x(nms) = x(n)x(ms) = x(m2).

This proves that x(n) restricted by (n,q) = 1 has period ¢s. Since ¢s | g1, it follows that
x(n) restricted by (n,q) = 1 also has period ¢;. O

q
c

4.4. (a). Since x has period ¢ the sum %Z ;é X(ac 4+ b) only depends on a and b
modulo ¢, and equals % Y vz Ja2 X(ax +0b). For a given d € Z/qZ, the congruence equation

az+b = d (mod ¢) (viewed as an equation in x € Z/qZ) is solvable if and only if (a, ¢) | d—b,

and in this case it is equivalent with ﬁx = % (mod ﬁ), which has a unique solution
x (mod gy since (i, ﬁ) = 1. Hence when z runs through Z/qZ in our sum, azx + b

visits exactly those congruence classes modulo ¢ which are = b (mod (a, q)), and each such
congruence class is visited exactly (a,¢) times. In other words our sum equals

g—1
(672) S = éz x(ac+b) = (a(,]q) Z X(y).

c=0 YyEL/qL

y=b (mod (a,q))

Now fix some m € (Z/qZ)*; we wish to understand the product x(m)S. For each y as
in the above sum we have x(m)x(y) = x(my), and my = mb (mod (a,q)). Thus let us
from now on assume that m = 1 (mod (a,q))! Then my = b (mod (a,q)) for all y as in
the above sum. Since m € (Z/qZ)* we also know that the map y — my is a permutation
of Z/qZ; hence it also restricts to a permutation of the set which we are interested in, i.e.

{y €Z/qZ : y=b(mod (a,q))}. Thus

(673) X(m)S = (a,qq) > x(my) = (a(,]q) Yo Xy =5
yEZL/qZ yEZL/qZ
y=b (mod (a,q)) y=b (mod (a,q))

Hence if S # 0 then for all m € (Z/qZ)* with m = 1 (mod (a, ¢)) we must have y(m) = 1!
In other words, for all integers m with (m,q) = 1 and m = 1 (mod (a, q)) we must have
x(m) = 1. By Problem 4.3 this implies that (a, ¢) is a period of x(n) restricted by (n, q) = 1,
and thus (a,q) = ¢ since x is primitive. We have thus proved that S = 0 unless (a, q) = g,
i.e. unless ¢ | a.

Finally if ¢ | @ then all terms in the sum equals x(b) and hence the whole sum also equals
x(b). O

(b). For example if x is the principal character modulo ¢ and a = 1, then é z;é x(ac+

b) = @, and this does not agree with the stated formula (for any ¢ > 2). O
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4.5. The cases 4 | a (giving () = 0) and a # 0,1 (mod 4) (giving (%) undefined) are
immediate from Definition 4.10. On the other hand if a« = 1 (mod 4) then we get from

2_
Definition 4.10 combined with Theorem 4. 25' (9) = <‘2—‘> = (—1)GT1 which agrees with

(174). (Proof: Writing a = 4n + 1 we have “~ = 2n? + n = n (mod 2), thus “28_1 is even
if2|n<:>a_1(mod8)andodd1f2)(n<:>a_5(mod8).) O

4.7. From Definition 4.12 we see that there is exactly one fundamental discriminant
—1
d € {—p,p}, namely d = (—1)"z p. Hence by Theorem 4.12 there is a unique primitive

character modulo p, namely x = ( ) with d = (—1) glp. Note d = 1 (mod 4); hence by

Proposition 4.30 we have x(n) = (i) = (W) = (%) for all n > 0. Hence since y has

periodicity p we actually have y(n) = (5) for all integers n. O
Alternative, direct proof: Let g € Z be a primitive root modulo p and let v : (Z/pZ)*

{0,1,...,p—2} be the corresponding index function. Then by Lemma 4.10 every Dirichlet
character modulo p is given by

v(n) if =1
w if (n,q
x(n) = it (1, q)
0 if (n,q) > 1,
where w is some (p—1)th root of unity. If x is primitive then it is not principal, thus w # 1.
Furthermore if y is real then w = x(g) is real, thus w = —1. Also recall that (%) =—1 (as

we noticed e.g. in the proof of Lemma 4.36). Hence for every v € {0,1,...,p — 2} we have
x(g") = (-1)" = (1%) = (%), ie. x(n) = < ) for all n € (Z/pZ)*. Hence x(n) = <%)
for all n € Z. Conversely the function n — % is easily seen to indeed be a real primitive

Dirichlet character modulo p. O
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5.4. For fixed 2 we write A(x) =}, ., 2". Then for any integers 1 < M < N we have

nl2" = /MN v dA(x) = [x’lA(a?)]x:N + /N v 2 A(x) dx

=M~ M

AN) _AM-1) [T,
=N N +/Mx A(x)dx.

20—z for all ¢ > 0,
z—1

But A(x) is in fact a geometric sum; if z # 1 then we have A(x) =
and if |z| <1 we conclude that

A < <
[A@)] < z—1]  ~ |z—=1)

and hence from above we get
< 2 <1+1+/Ndx>_ 4
“lz—1\N M Sy 22 Mlz—1|

S e

M<n<N
From this we conclude that the series > - n~'z" converges for all z with |z] <1, z # 1,
and in fact that this convergence is uniform over z € C where C' is any compact subset
of {|z| <1} \ {1}. (For if C is such a compact subset then there is some r > 0 such that

|z — 1| > r for all z € C, and then the above bound shows that ’ZZO:M n~tzn| < 4 for

all M > 1 and z € C; this implies the stated uniform convergence.)

It follows that the limit function f(z) := Y oo, n~'2™ is continuous for z € C, for any such
compact subset C'. Hence in fact f(z) is continuous in the whole set {|z| < 1}\{1}. But we
know from the Taylor expansion of —log(1 — z) (principal branch) that f(z) = —log(1l —2)
for all z with |z| < 1. Hence since both f(z) and —log(1l — z) are continuous in the set
{]z] <1} \ {1} we conclude that f(z) = —log(1 — 2) for all z in this set! In other words:
(236) holds!

Vx € Rzo,

Remark: For a general Taylor series with finite radius of convergence, Abel’s Limit The-
orem gives information on the values of the Taylor series on the boundary circle of the disc
of the convergence. Cf., e.g., Ahlfors, [1, §2.5].
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6.1. It follows from (246) combined with Lemma 6.1 that, for any fixed integer g > 0,

| !
W(JJ):L+1'—;E+...+ T +O( ° ) as T — 00.
logz  log”x (log z)a+t (log z)+2

In particular

x x x
m(e) = log © * log? * O((logm)?’) as & oo

Let us now define A(x) by the relation 7(z) = m. It then follows that m =

+

we get —o8% __ — ] 4

ez T Goan? T O(OOg ) as r — oo. Dividing with oE A =

log

-1
logz—A(z) __ _
O<(logw)2)’ hence glogz - (1+10g;z:+0<(10gz)2)> =1- logx O( (log x)2 >+O((logx
2
O<@)> > =1- logx + O<(log )2). Subtracting 1 and multiplying with — log x this
gives A(z) =1 +O<

log x

g7 . In particular lim, .., A(z) = 1. 0

6.2. Recall tha CC,((S)) = Argn (cf. (113)). Multiplication with ((s) gives

(for o > 1): —=('(s) = <ZZO:1 Aff) <Z::1 m_s) = Dot Dmet (27(:)1 = 2 1Z§k AIE? :

That is: 3 g0, 8% = Y7 Dol % (true, with absolute convergence, for all ¢ > 1).
Hence by comparison of coefficients (cf. Proposition 3.10) we get:
(674) > A(n) =logk,  VkeZ'.

nlk

(The same formula can of course also be proved directly: If n = p{* - - - p* then the left hand

side equals, since A(m) = 0 unless m is a prime power: (Z‘;llzl log p1> + (Z?jzl log p2> +

.+ (Z] - logpr> =i logp; + azlogps + ... + a, log p, = logn.)
If we sum (674) over positive integers k < x, we obtain >3, >, A(n) = >, logk,
ie. - -
x
T():=Y H A(n) = log(|z]!).

n
n<x

O

6.3. From (258) we sce that, for all > 60, T'(z) — T'(3z) — T(32) — T(3z) + T(5x) =
—swlog i —ixlog s —ixlog t+55xlog %%—O(logw) = (3 log 2+3 log 3+1 log 5— - log 30)z+
O(log x) = Kz + O(log x), where we compute K = 0.9212920229... Next note that, from
(257),

T(x) ~ T(ke) ~ T(ha) — T(2e) + (&) = 3 gla/m)A(m),

m<x
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where
g(a) = la] = 3a] = [3a] = [3a] + 550
This function is periodic with period 30, and we find that
g(a)=0 for a€[0,1)U[6,7)U[10,11)U[12,13) U[15,17) U [18,19) U [20,23) U [24, 29);
gla)=1 for ae[1,6)U][7,10)U[11,12) U [13,15) U [17,18) U [19,20) U [23,24) U [29, 30).
In particular 0 < g(a) <1 for all « € R and hence
T(x) - T(3x) — T(32) — T(}x) + T(5z) < Y Alm) =
m<x

whence

Kz + O(logz) < 9(x), Va > 60.

This implies liminf, o, Y2 > K > 0.9212.
On the other hand we also get

T(x) = T(32) = T(32) = T(32) + T(z5z) = > A(m) = (z) — 9 (§w),
and hence _
Y(z) — Y(sz) < Kz + O(log x), Vo > 60.

Adding this applied to z,6 '2,6 2z, ...,6"* Uz where k is determined so that 10 <
6~ %z < 60, we get

k-1
(2) = D (¥(6772) = (677 "2)) +9(67"2)
7=0
k—1 6
<K)» 672+ 0(klogz+1) < gK+0((1oggg)2), vz > 60.
7=0

Here we have $K = 1.1055504.... This implies that limsup,_ . “ < 8K < 1.1056.

Finally using Proposition 6.2 we conclude that lim inf,_ . Jl(:g)x > 0.9212 and limsup,._. Jl(fg)x <
1.1056.

6.4. It is equivalent to prove that the sum — 3 log(1—x(p)p~ 1) converges to log L(1, x).
(Recall that L(1,x) # 0, and log L(s, x) for o > 1 is defined by (21), and we now define
log L(1, x) as lim,_,;+ log L(s,x).) Inserting the Taylor expansion we have

(675) =Y tog(1—xwp ) = > (3 ).
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But here note that the double sum

S x)me
p m=2

is absolutely convergent, by the same computation as in (9) (which works for s = 1). Hence
the convergence of (675) is equivalent to the convergence of (the m = 1 contribution)
> x(p)p~t, and this series is convergent by Proposition 6.8.

We have thus proved that the infinite product Hp(l — x(p)p~')~! is convergent, if we
multiply over the primes p in increasing order.

To compute the value of the sum, we will extend the above proof to show that the sum
— >, log(1 — x(p)p~) is uniformly convergent for s > 1. Indeed, inserting the Taylor
expansion we have

(676) = “log(1 = x(p)p~ Z(i x(p)™ *’”“)

m=1

and here the double sum

DD xpmp

p m=2
is uniformly absolutely convergent for all s > 1, by the same computation as in (9). Hence
the uniform convergence of (676) is equivalent with the uniform convergence of > x(p)p~*
for s > 1, and this is a consequence of Proposition 6.8 combined with Theorem 3.6!
We have thus proved that the sum — 3 log(1— x(p)p~*) is uniformly convergent for all
s > 1. Since each term is a continuous function of s, it follows that the sum must be a
continuous function of s (for s > 1). Hence in particular,

=2 log(1—x(p)p") = lim — Zlog (1—x(p)p™).

Using now (21) (cf. Example 2.1) we get
= lim log L(s, x) = log L(1, x).

s—1+

O

6.6. log(n!) = >0 logm = [" logzd|z] = [(logm) LxJ]ZT_ - % dx = nlogn —
fln Lz_J dx. Here we trivially have fln % de < fln Zdr=n—1and fln Li—J dx > f" xxl dx =

n — 1 —logn. These two inequalities together prove that fln % dx = n+ O(logn) for all
n > 2. This gives the desired statement. 0
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7.1. If y = w(x) then limwﬁooyb% = 1, by the prime number theorem. Hence

lim, . (logy + loglogz — logz) = 0 and thus lim, .o iggg = 1. This combined with

lim, o yl(;gw =1 gives lim, . yl‘;g Y =1, whence the result follows on taking x = p,, since
7(pn) = n. O

7.2. We use the formula (278), i.e.

(677) C(s) =14+ — —s/oo @) 4y (o> o0).

Recall that the last integral is uniformly absolutely convergent in any compact subset of
{0 > 0}. Hence by Weierstrass Theorem we have for every n > 0:

e )

/100 %(5 (z) - da

(cayns [ LBO ) gy gy / " logo)" (@)

1 xrstl xrstl

and hence

This gives a formula for the sought coefficients. (Note that both integrals are absolutely
convergent. )

To get a different and perhaps in some sense more explicit formula we rewrite the above as
(note: the following computation is valid also for n = 0 if we make the special interpretation
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(log1)° = 1):
_(ay /°° ((log )" — n(log 12?)"*1) (@ lz])
1 i
NoL ekt ((log )™ — n(log x)"‘l) (x—k)
= (-1) Nhgloog/k > dx
N 1 n _ 1 n—1 N-1 k+1 1 n __ 1 n—1
oy ([ Qom0 g g
N—oo 1 xT o k T
=N N-1 (10 r=k+1
_ n o1 _1 n+l _ n _ gl’)
7( 1) ]\171—r>noo<|:n+1(10gx> (IOgSE) :|ac:1 k_1k|: x :|af:k )
0 «— (log(k +1))"  (logk)"
—_(_1\" 15 1 n+1l o n
_ (-1) ]vlgrlw(n+l(1ogN) (log N)" — ——— + (log 1) +;k< " -
N-1
) (logk)™  (log N)" 1 ifn=0
= (-1 Jim (- = log N)"*1)
Y N — K N ”“( ©8 + ifn>1
N
L logk)®  (log N)"*! 1 ifn=0
=(-1)""1 ( - :
(1) Nllnoo(]; k n+1 >+ 0 ifn>1
Note that this is a natural generalization of Euler’s constant v = limy_ . (Zi\lei —

log N) = 0.577...! Thus let us define

(678) v, = lim <Z (logk)"  (log N)n+1>.

(The above computation shows that the limit exists.) Then 7 = 7, Euler’s constant, and
we have proved that the Laurent expansion of ( (s) at s =11s

(679) C(s

1)y (s — 1)

7.3. Recall from (287) that there exists an absolute constant A; > 0 such that

(0 - 1)}

(680) ¢(o + ti)| > Alogt)!

for all s with 1 <o <2,t> 2.

Now to continue we need a bound on (’(s) for s slightly to the left of o < 1.

)
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Let us note that the proof of (280) can be extended to give this. Indeed, let us fix any
constant A > 1, and focus on points s in the region ¢ > 10, ¢ > max(3,1— A(log t)7'). Let
sp be any point in this region, and again consider a circle C' with center sy and radius p < %
Then for all points s on C we have 0 > 09— p > 1— A(logt)™' — p and also o > 1 —p. Let
us take again p = 2+10gt ; then for all points s on C' we have 0 > 0g—p > 1 — A’(log t)t—p
(where A’ is some constant, A’ > A) and also o > 1 — p. Hence by (283) we have

A (log 1)t
(log#)~*

at all points s on the circle. Hence since the radius is p =

¢(s)| < < logt

2+logto we obtain |(’ So | < (24
logtp)?. This has now been proved for all sy in the region ¢ > 10, o > max(3,1—A(log¢)™*)!

Hence we can now extend the discussion below (287) as follows. For any ¢ > 10 and
o >1—A(logt)™" and n > max(o,1) we have

‘Q(a +ti) — C(n—l—ti)‘ < Ay(n — o) (logt)?

for some (new) absolute constant; thus we deduce |((c + ti)| > 0 whenever we can find

n > max(o, 1) with A((lit) Ay(n — o)(logt)?, viz. g" i)4 > (A1 Ay)* (logt)®.
G1ven o, which 7 gives maximum?? f(n) = 3log(n — 1) — 4log(n — o); thus f'(n) =
n% - this is > 0 iff 3(n — o) > 4(n — 1), viz. 4 — 30 > n; hence (for ¢ < 1) the

1 770’

maximum is obtained at n = 4 — 30! This maximum is: 877:01_%1 = (i:igi = i—i(l — o)

and thus the condition is that (1 — o)~ > As(logt)? for some absolute constant Az > 0,
ie. 1 -0 < A;'(logt)™® ie. o >1— A3 (logt)™°. O

7.6. (Cf. Ingham [28, Thm. C].) We solve (b) directly, since (a) is a special case of (b).
Let 0 < o < 1 < 3. Since A(u) is an increasing function of v we have

1 pa ~ A(Br) = Ai(2)
A(x)gﬁx—x/x A(u) du = G-

and hence

T

o (log )b Bz)e(logz)”  ze(logz)b

Let x — oo, keeping [ fixed. Then since lim, .. ra‘?f(g;)b = C and limxﬂm% =
lim, oo bgﬁ% =1, we get
A a1
lim sup (z) <C p

sooe 2% Hlogz) — T -1
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Similarly, by considering f u) du, we prove that
A 1—a®
lim inf (z) > a .
z—oo 1% (logx)b l—a

But lim;_; t:_ll (two sided limit); hence by taking a and [ near enough to 1 we can

make both 2 o L and 1

i A@)

z—oo %1 (log x)b

= Ca.
|

(1) 1+n n

8.1. By Lemma 8.14 we have =t = —y—1-=3" (L—l>:—’y—l—%+l—%+
S—i+35—...=—7 Also I'(1) = 1 by Lemma 8.12. Hence I"'(1) = —. O

8.2. This is “well-known”, with many proofs.

By Prop081t10n 8.18 we have F fo etadt =2 fooo e du, where we substituted
t = u? in the last step. One way to compute this (well-known) integral is by considering
its square, and then using polar coordinates (z = 7 cos ¢, y = rsing):

w/2 1 S
(/ v’ du / / v d:z:dy—/ / - rdrdp = — T —/ etdt ="
0 2 2/ 4

(in the last step we substituted r = v/t). Hence [;° e du = 1/ and thus ['(3) = /7.
(]

8.3. (Note: The following computation can be seen as a generalization of the proof of
I'(3) = /7 which we gave in Problem 8.2.) Fix any a,b € C with Rea > 0, Reb > 0. Then

F(a)F(b) —/ e_tta_l dx/ e—uub—l dy_4/ 6_3;21:2@—1 d:l:/ €_y2y2b_1 dy
0 0 0 0
= 4/ / e*(a:2+y2)x2a71y2b71 dz dy,
0 0

where we substituted ¢ = 2% and u = y?. Hence using polar coordinates we get
% 00
b) = 4/ / e_r2r2“+2b_1(cos @)2“_1(sin cp)%_l drdp
o Jo
% o0
_ 4/ (cos go)Qa*l(sin Lp)%*l dap/ efrzr2a+2b71 dr
0 0

1 [}
= / (1 — )bt dv/ e w ™ dr
0 0

1
=T(a+0) / (1 —v)* "t do,
0
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where in the next to last step we substituted v = sin? ¢ and r = \/w. This gives the stated
formula. (]

8.4. We first prove a formula for the logarithmic derivative. By Lemma 8.14 we have

for every z € C\ {0,—45,—1,-3,...}:

I'(z) T'(z+13) 1 1 =/ 1 1 - 1 1
R b LS D) - S (D)
[(z)  T(z+3) z 243 Zl\zt+n on/ ZH\zti4n on
1 1 > 1 1 > 1 1
(g - Semw ) Sl o)
R R VO | ; 292 +2n  2n ; 22+1+2n 1+2n

+Z;<21n_ 1+12n))’

n=

where the last step is justified since Y 02 | (5 — 5 +12n) is convergent. In fact by (236) (which
we proved in Problem 5.4) we have

o0

1

1 (o]
— - =1 H=1)"=1—-log?2.
;(271 1+2n> +mz_:1m (=1) 8

[Alternative: We have

oo 1 N 1 N N 1 N 1 N 1
2(271 1+2n) Nﬂoo(;% ;1 )71\/151100(2;%_";14—271_;%)
N 2N+1
1 1
=Jm (5 -3 )
and using Lemma 8.13 this is
= Nlim (’y +log N — (y — 1+ log(2N + 1))) =1-—log2]
Hence from our previous computation we conclude
I IM(z+1 1 1 — 1 1
() , I 12): (_7___7_Z< __>+1_10g2>
[(z)  TI'(z+3) 22 2z+1 Z\2z+m m
R 1 1
O )
2z — 2z+m m

- )

Hence we have proved (cf. Definition 8.3 and let’s keep z € C \ (—o0, 0])

d
E(logf‘(z) +log(z + 1) — log I'(22) + 2(log 2)z) = 0.
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Thus the function inside the parenthesis is constant throughout z € C\ (—o0, 0]; exponenti-
ating we conclude that I'(2)T'(z 4 5)I'(2z)~'2%% is also constant throughout z € C\ (—o0, 0].
We can compute the constant e.g. by taking z = 1 (and using I'(3) = \/7); this gives that
the constant is = 2y/7. Hence T'(2)['(z + §)I'(22) 7122 = 2\/7 for all z € C\ (—o0, 0], and
by continuity this must in fact hold for all z € C\ {0, —%, -1, —%, ...}. This proves the
claimed formula. O

Alternative solution: One can get an even quicker solution by working with the derivative
of the logarithmic derivative of I'(z); cf. Ahlfors [1, p. 200]!

8.5. By Theorem 8.17 we have, when x € [a,b] and y > 1,

log|I'(z +iy)| = Re logT'(z + iy)
=Re ((z — 1 +iy)log(z + iy)) — z + log V21 + O(y ")

= (z — 1) log|z + iy| — yarg(z + iy) —:C+log\/%+0(y71)

= (x — %)%(log(f) 4 log<1 + z—i)) - y(g — arctan %) —x+ log\/%+ O(y—l)
—(z—3logy+(r—3)3-0@?) —3y+y(E+0y ) —z+logV2r+0(y ")
= (v — 3)logy — Zy +log V21 + O(y ™)

Exponentiation of this gives the stated formula (since e?® ™) =1+ O(y™) for y > 1). O

8.6. By Stirling’s formula, Theorem 8.17, we have
(681) logl(z+a) = (z4+a—3)log(z+a) — (z+a) +logV2r + O(|z + a| ),

for all z with |z + a| > 1 and |arg(z + a)| < 7 — . Here and below, for definiteness, we
consider the argument function to take its values in (—m, 7], i.e. arg: C\ {0} — (—m, 7.

Let us fix a constant C' > 1 so large that |arg(1 + w)| < ie for all w € C with |w| < C.
Then note that if |z| > Cla| and |z| > 1 then arg(z + ) = arg(z(1 + a/z)) = arg(z) +
arg(l + a/z) (mod 27) together with |arg(z + a)| < 7 — ¢ and |arg(1 + a/z)| < ie and
imply that ‘arg(z)’ <7 — e and arg(z + o) = arg(z) + arg(1 + o/z). Hence

log(z + a) =logz + log<1 + %),

where in all three places we use the principal branch of the logarithm function. Since
la/z| < C7!' < 1 we can continue:

2
log(z + ) =logz + % +O(%> =logz+ % +0(|2]7?)
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(since we allow the implied constant to depend on «). Using this in (681) we get
_ « -2 -1
logT(z+a)=(z+a— )(logz+;+0(\z| ))—(z+a)+log\/27r+0(|z+oz\ )

1
2
=(z+a—1)logz— z—i—log\/ﬁ—f—O(\z\_l) +O0(|z+a|™)
= (¢ +a—1)logz — 2z +logV2r + O(|z| ™),

where in the last step we used the fact that |z + a| > [z] — |a| = [2|(1 — |a/2])
(1 —C71Y)|z| > |z|. Hence we have proved the desired formula for all z satisfying |z| >
|z +al > 1, |arg(z + )] <7 —¢ and |z| > Clal.

It remains to treat z satisfying |z| > 1, |z +af > 1, |arg(z + a)| < 7 — ¢ and |z| < Cla.
This is trivial: These set of such z is compact and logT'(z+a) — (z+a— %) log 24z —log /27
is continuous on this set, hence bounded. Also |z| is bounded on the set; hence |z|7! is
bounded from below. Hence by adjusting the implied constant we have logI'(z +a) — (z +

a— %) logz + z —log V21 = O(\z|*1) for all z in our compact set, as desired. O

>
1,

8.7. Recall that we have made a specific choice of the logarithm function logI'(2) as an
analytic function in C \ (—o0, 0], see Definition 8.3. Now let z € C\ (—o0, 0] be arbitrary,
and let C' be a circle with centre z and radius p > 0, and assume that p is so small that C'
does not touch (—oo,0]. Then by Cauchy’s integral formula,

I"(z) d 1 log I'(w)
o)~ ilogf(z) = 2m/c(w —) dw

(682)

Let us now assume |z| > 1 and |arg z{ <71 —e. (Without loss of generality we assume

that € < ;5.) Take p = 1]z|. Then for any w on C' we have |2 — 1| = |“iz_‘zl = I_zl S C
and this implies arg(¥) < 1e. Hence |arg(w)| = |arg(z - ¥)| < 7 — 3e. This implies in

particular that C' does not touch (—oo, 0], so that (682) holds. By applying Theorem 8.17
with 3¢ in place of e we also get that log I'(w) = (w — 1) logw — w + log V27 4+ O (Jw| ")
for all w on C', and hence

' — Dlogw — log v/2 -1
UG 4 = - / (w = g)logw —w tlog ﬂ-dw+0</ [ Z‘Qldw|).
C C

" 2mi

['(z) dz (w—2)? |lw —

Here the integral equals d% ((z — %) log z — z 4+ log v/ 27?) =logz — é, by Cauchy’s integral
formula. To treat the error term we note that for all w on C' we have |¥ — 1| = %5 <%
hence || > § and |w| = |z| - |2| > 1|z|. Also |w — z| = p = 3¢|z|. Hence we conclude
(since we allow the implied constant to depend on ¢):

I'(2) 1

=logz — — + O(|z]?).
['(2) 082 2z + (‘Z’ )
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9.1 (a). Writing out the relation A(s) = A(1 — s) from Theorem 9.1 we have:
772 T(4s)C(s) = 7272 T(4 — Ls)C(1 - 9).

This identity, as well as those below, is an equality between two functions meromorphic in
the whole complex plane. It follows that

1 F(ls)
C(1—s) =m2 " —27—=((s)
(% —3s)
But we have I'( — 1s)['(§ + 1s) = - ( (f = Coszfgs), by (319) with z = ] — 1s. Hence
s m 2—25

C(1—s) =72 *T(1s)0(L + Ls) cos(Zs)((s).
Finally using Legendre’s duplication formula (cf. Problem 8.4; use this with z = 3s) we get

C(1—s)=a"2""T'(s) cos(3s)((s).

U
9.1 (b). Writing out the relation £(1 — s,%) = Z:(‘f) (s, x) from Theorem 9.1 we have:
i“q%
_1—s+4a _ _1 s+a
(m/q) = T(3(1—s+a)L(l—s%) = 00 (m/q)" 29T (5(s + a)) L(s, x)
It follows that
o 1 1
_ 1%q? 1, I(5(s+a))
L(1 —3s,%) = w/q)2"? L(s, x
U0 =W g e ay MY
1 1
. . I'(3(s+a)) I'(3s) -
If a =0 th h t D2 =27 =g INHT(L)T(L 4+ Ls) =
a en we have just as in (a) Qo) ~ 109 ' cos(58)I(55)(5 + 55)
P cos(5s)I'(s) and hence
27/
L(1 —s,%) =2————cos(Zs)['(s)L(s, x).
(1= 5.5) = 22— cos(5)T(5) (5, )
Loa L1
On the other hand if @ = 1 then Fl(Q( t) _ G J;Z) = 7 tsin(Es)(2 + 35)T(3s) =
F(a(l—s-‘ra)) F(l—is)
T2l sin($s)I'(s) and hence
oy _ o, 21/
L(1 —s,%) = 2i————sin(5s)['(s)L(s, x)-
( ) 00 (55)L(s)L(s, x)
O

9.1 (c). First of all we replace y with X in the formula which we proved in (b):

2i%q® {cos(%s) ifa=0

HEZo 0" G sin(gs) ifa=1

} [(s)L(s,%)-
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Note here that 2 cos(Zs) = e™*/24e~™*/2 and 2isin(Zs) = ™/ —e~™/2. Hence the above
formula can be written as

L(1—s,y) = m(emﬂ +X(=1)e %) T (s)L(s, X).

S

Finally recall from (355) and (361) that 7(x)7(x) = x(—1)g; hence we get

s—1
L(1 = 5,%) = om0 (X(= D)™ + e 2 P(s) L (s, ),
(2m)°
which agrees with the formula we wanted to prove. O

9.3 (a). Omne way to solve the problem is to start by expressing the known sum
Zmez/qze(%) (cf. footnote 20) as a combination of some cy(n')’s. Thus: For every
n € Z/qZ we have

Y (=2 X )= X el = X

meZ/qZ dlqg meZ/qZ dlg mi€Z/4Z dlq
(m,q)=d (m1,%)=1

where in the last step we substituted m = dmy. Hence, using the known value of Zmez/qz e (%):
q ifn=0(mod q)

S e = et = {1

T T 0 ifn# 0 (mod q).
Hence by Mobius inversion (cf. Problem 3.7):

g\ )d if n=0 (mod d) <q>
= = = = )d.
¢(n) %q:'u(d> {0 if n # 0 (mod d) dqu%),u d

This proves the first formula.

To prove the second formula we note that 3, . 1(4)d very much resembles the right
hand side of the known formula ¢(m) = > dm p(2)d. To get a closer similarity we set
m = (q,n) and f = ¢/m; then the above formula says that

- - 1 K

where the last step follows directly from the definition of the Mébius function p. Note that
(m/d, f) =1 holds if and only if d is divisible with my := ][, p°rdr™ . Hence, substituting
d = mgd;, we get

c,(n) = m/mf medy = m n
o) = () 32 (g mads =l Fmgo ().
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where we could finally use the known formula ¢(n) = >, u(3)d (cf. Problem 3.8). To
clean up the expression, we note that

my ¢ H pordom H < > H pordom H ordpm (1- ))

plf pla= pl(m,f) plm

(ptf)
T et T g ety - Ul 07T A=07h) g(mf)
B plf_n[fp pl;b[f(l - l_Iz)If(pordpf(1 —p7)) o)
(ptf)
Hence we have proved:
_omf) . 90 q
aln) = i) = ey ()

9.3 (b). Directly from Definition 9.2 we have

2 2

mi EZ/qZ M2€Z/qZ

(mﬂe(@).

Here the summation may be restricted to my,ms € (Z/qZ)*, since x(m) whenever m ¢
(Z/qZ)*. Letting now m~' denote the inverse of m in (Z/qZ)* we obtain

= > Y ammg e (),
m1€(Z/qZ)* mae(Z/qZ)* q
Substituting m, = mok this becomes
k—1
o= Y am Y o(EE S ek -

he@/qD)*  mac(Z/qT)" 1 ke (Z/q2)*

= 3 x(m+ Dey(m),

meZ/qZ

where in the last step we took m = k + 1 and again used the fact that x(k) = 0 whenever
k € (Z/qZ)*. Using the first formula in (367) we get

00 = X am+) > w(Ba=>"u(5)d D xm+1)

meZ/qL dl(g;m) dlq meZL/qL
m=0 (mod d)

= Zu(%)d $§;X(d0+ 1)

dlq
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Here the inner sum vanishes for all d | ¢ except d = ¢, by Problem 4.4. Hence we get

Ir()|* = u(g)q x(1) = q.
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