ANALYTIC NUMBER THEORY — LECTURE NOTES BASED ON
DAVENPORT’S BOOK

ANDREAS STROMBERGSSON

These lecture notes follow to a large extent Davenport’s book [12], but with things
reordered and often expanded.
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ANALYTIC NUMBER THEORY — LECTURE NOTES 5

1. PRIMES IN ARITHMETIC PROGRESSIONS

Here we follow Chapers 1 and 4 in [12].
In this first lecture we will prove Dirichlet’s Theorem from 1837-40:

Theorem 1.1. If a,q are positive integers with (a,q) = 1, then there are infinitely many
primes in the arithmetic progression

a,a+q,a+2q,a+3q,....

The proof which I will give is complete except for 3-4 technical facts, which I will not have
time to prove in detail but which I can hopefully convince you are reasonable to believe. I
will come back to these facts and prove them in the next few lectures.

The proof which I will give does not follow all steps of the proof which Dirichlet originally
gave, instead it is shorter and makes use of more complex analysis; the key new step is a
trick by de la Vallée Poussin from 1896 which is presented on pp. 32-34 in Davenport’s
book. However the original proof by Dirichlet is interesting in its own right because of its
connection with quadratic forms and class numbers, and I will come back to this in later
lectures.

To get started, we introduce the so called Riemann Zeta Function:
(1) C(s):Zn_s (s € C, Res >1).
n=1

We will follow standard notation in analytic number theory and write s = o +it (o,t € R).
Thus, for instance, {s : ¢ > 1} is the set of all s which have real part greater than one.

Lemma 1.2. The series ((s) = Y -, n~* is absolutely convergent for all s € C with o > 1,
and uniformly absolutely convergent in any compact subset of {s : o > 1}. In particular,
by Weierstrass’s Theorent, ((s) is an analytic function in the set {s : o > 1}.

Proof. This follows directly by comparison with the (positive) series Y>>, n~¢ for ¢ > 1,
which is well-known to be convergent. Details: Since any compact subset of {s : ¢ > 1}
is contained in {s : o > ¢} for some ¢ > 1, it suffices to prove that {(s) = > 7 n~°is
uniformly absolutely convergent for all s with s > ¢, where ¢ is some fixed number > 1.
Let € > 0 be given. Since the positive series Y~ , n~¢ is convergent, there is some N € Z*
such that ZZO:N n~¢ < e. Now take any s = o + it € C with ¢ > ¢. Then for each n > N
we have

— )

(2) ‘n—s‘ — |€—slogn| — ‘e—ologn—itlogn‘ — e—ologn —n % <npc

1Cf. Ahlfors [T, Sec. 5.1.1] or Priestley [46, Ex. 14.7] or Rudin [50, Thm. 10.28]. Weierstrass Theorem
states that if {fx} is a sequence of analytic functions in an open set Q C C and if f is a function on

such that fr — f uniformly on any compact subset of €2, then f is analytic in €2, and also flg") — f
uniformly on compact subsets of (2.
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and hence
(3) d <Y nt<e
n=N n=N

Now we have proved that for each € > 0 there exists some N € Z* such that (B]) holds for
all s € C with Re s > ¢. This is exactly the desired statement. OJ

The reason why ((s) is important in the study of primes is the following identity, the so
called Fuler’s identity or Fuler product:

Lemma 1.3.

(4) (s)=Ja-p"
for all s € C with o > 1.

Here in the product in the right hand side, p runs over all primes, and the lemma in
particular contains the fact that this infinite product is convergent (when o > 1). [ will
not give a complete proof of this lemma here, but will come back to it in the next lecture
where I will discuss infinite products in general (see Section below). But I will give
an outline of the main idea of the proof: By the formula for a geometric sum we have
(1—p*)t=1+p*+p2+p3+... for each prime p. Hence the infinite product in
the right hand side of ({)) is:

(T4+2+27 24278 4 ) (1437 +3 2435 4..)
(455 )+ T TR T4
U DT B R B i N R

When expanding this product completely (using the distributive law) it turns out that
because of convergence properties we only pick up those products which take “1” from all
except a finite number of the factors above; thus we get

=142 4354+ (27%375) 4 (27557%) + 275 + (27237%) + 5 + ...
=142 +37° 4+ (2:3) 7+ (2:5) 7+ (2) T+ (223) 5+

The terms above are not chosen in any systematic order, but we see that we get exactly

one term for each distinct prime factorization pi'ps* - - - pl™, the corresponding term being

(pi*p5? -+ - plm) . But by the fundamental theorem of arithmetic, each positive integer has
one unique prime factorization (we here include the number 1 which has the “empty” prime
factorization); hence the above sum actually contains exactly one term n~* for each positive

integer n, i.e. the sum equals » ~ , n~°, which was to be proved.
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Note that none of the factors in the right hand side of () vanishes, since [p~°| =p~7 < 1
when o > 1. Hence it seems reasonable that we have:

(5) C(s) #0  forall s € C with o > 1.

(We will prove this rigorously in the next lecture. See Theorem [Z21) It follows that log (s)
can be defined for each s € C with Re s > 1. Note that this is in principle a multivalued
function for each s. However, there is one choice of log((s) which is the most natural:
Motivated by the Euler product (), let us define log((s) by

(6) log ((s Zlog 1—p7%), (seC,o>1),

where each logarithm on the rlght is taken with the principal branch (this is ok since
Ip~°| < 1). We will see in the next lecture, in connection with our discussion of infinite
products (see Example 2.2 below) that the sum in (@) is absolutely convergent for all s with
o > 1, and indeed gives a logarithm of ¢(s) (i.e., e~ 2»1961=P"") = ((5)). We also note that
when s is real, s > 1, then ((s) is real and positive by definition, and in this case log ((s)
is just the usual, real valued, logarithm (since the sum in the right hand side of (@) is real
valued in this case).

Using the Taylor expansion —log(l — z) = z + % + ? + ..., valid for all z € C with
|z| <1, we can write (@) in the form

(7) log((s) =) Z mlp

p m=1

The double sum in the right hand side of () is absolutely convergent for any s € C with
o > 1. [Proof: The convergence of the right hand side in (6) and Taylor’s formula combine
to show that the iterated sum »_ (>m_ m™'p~™*) converges for any s € C with o > 1.
Applying this for real s > 1 we have a double sum with positive terms, and hence the
convergence automatically implies absolute convergence of the double sum. For general
s € C with ¢ > 1 the absolute convergence now follows by using [p~™°| = p~™7.]

Now we restrict to considering real s > 1. Note that directly from the definition of ((s)
we get

(8) lim {(s) = +o0, and thus lim log((s) = +oc.

s—1+ s—1+

Also note that, for each s > 1,

3D SURTEDID AR P

p m=2 p m=2 p p

—_
~~
=
| |~
[u—
|
=N | =
N
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Hence, using (§) and (), we conclude that

(10) lim (Z p~°) = +o0.

s—1+

This implies that there are infinitely many prime numbers. It even implies the stronger
fact that

(11) Zp‘l = 00.

[Proof: Given any A > 0 there exists some s > 1 such that  p™ > A, by (I0). Hence

there exists a finite set of primes p; < py < ... < py such that fovzl p.° > A. Now
Z;ngzl it > Z;ngzl p,° > A. Since this can be obtained for any A > 0 we conclude that

(1) holds.]

Dirichlet’s aim in his 1837 memoir was to prove the corresponding fact for the set of
prime numbers in an arithmetic sequence, i.e. to prove:

Theorem 1.4. Ifa € Z, ¢ € Zt and (a,q) =1, then

Z p_l = 00.

p=a (mod q)

Note that Theorem [[.4] in particular implies Theorem [T, i.e. the fact that there are
infinitely many primes in the arithmetic sequence a,a + q,a + 2q,a + 3q, . . ..

The main tool in the proof of Theorem [[.4] is a generalization of the Riemann Zeta
function and Euler’s identity to Dirichlet L-functions, which are sums involving Dirichlet
characters.

To motivate their introduction, let us note that a naive way to try to generalize the above
proof of Zp p~! = oo to the case of Theorem [[.4 would be to replace ((s) with the series

(12) > on

n=1
n=a (mod q)

However this immediately runs into the problem that the Fuler product (@) does not gener-
alize to this series! Studying the proof sketch of () we see that in order to have something
like Euler’s identity, we should generalize ((s) = > 2, n™* to sums of the form } >, ¢,n~%,
where the ¢,’s are multiplicative. For our purpose of proving Theorem [[.4] we then wish
to go (using linear combinations) from multiplicative coefficients to the case of (I2), viz.
“c, = 1if n = a (mod q), ¢, = 0 otherwise”, and for this we might hope that it suffices to
consider sequences c¢1, o, 3, . .. which are periodic with period q. This leads to the definition
of a Dirichlet character (notation ¢, = x(n)):
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Definition 1.1. Let ¢ be a positive integer. A Dirichlet character of period q (or “modulo
q”) is a function y : Z — C which is periodic with period g, i.e.

(13) x(n+q) = x(n), Vn € Z.

and multiplicative without restriction, i.e.

(14) x(nm) = x(n)x(m), — Vn,m € Z,
and which also satisfies

(15) x(1) =1

and

(16) x(n) =0  whenever (n,q) > 1.

Remark 1.1. The condition (I4)) is called “multiplicativity without restrictions” since in
number theory the term “multiplicativity” is reserved for a weaker notion: A function
f:ZT — C is said to be multiplicative if f(mn) = f(m)f(n) holds for all m,n € Z* with
(m,n) = 1.

Remark 1.2. Given conditions (I3]) and (I4)), the condition x(1) = 1 is equivalent with
saying that x is not identically zero, and this is also equivalent with saying that x(n) # 0
for all n with (n,q) = 1.

Proof. If x is not identically zero then there is some n with x(n) # 0, and (I4) with
m =1 gives x(n) = x(n)x(1) which implies x(1) = 1. Conversely x(1) =1 clearly implies
that y is not identically zero. Next assume y(n) = 0 for some n with (n,q) = 1. By
Euler’s Theorem n®@ = 1 (mod ¢), and hence by repeated use of (I4) and then (I3)) we
get 0 = x(n)?@ = x(n?@) = x(1), which contradicts y(1) = 1. Hence if x(1) = 1 then
x(n) # 0 for all n with (n,q) = 1. O

Remark 1.3. If y is a Dirichlet character of period ¢, then for all n € Z with (n,q) =1 we
have x(n)?@ = y(n?@) = y(1) = 1, since n®® = 1 (mod ¢). In other words, x(n) is a
¢(q)th root of unity for each n € Z with (n,q) = 1, and in particular |x(n)| = 1. It follows
that |x(n)| <1 for all n € Z.

Example 1.1. There is exactly one Dirichlet character of period ¢ = 1: y = 1.

There is exactly one Dirichlet character of period ¢ = 2:

10 11 12 13 14 15
0 1 0 1 0 1

onn) =

123456789
101010101

There are exactly two Dirichlet characters of period ¢ = 3:

2Other names for the same thing are “total multiplicativity” and “complete multiplicativity”.
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n= 12 345 6 78 9 10 11 12 13 14 15
Xop)={1 1 011 011 01 1 0 1 1 0
xin)={1-101-101-101 -1 0 1 -1 0

There are exactly two Dirichlet characters of period ¢ = 4:

n= 123 456 7 89 10 11 12 13 14 15
Xor)=/1 01 0101 010 1 0 1 0 1
xi(n)=/10-1010-1010 -1 0 1 0 -1

There are exactly four Dirichlet characters of period ¢ = 5:

n= 12 3 4 56 7 8 9 10 11 12 13 14 15
Xop)={1 1 1 1 011 1 1 0 1 1 1 1 0
xin)={11 - -1 01 i -4 -10 1 i -4 -1 0
x2(n)=/1-1-11 01-1-11 0 1 -1 -1 1 0
xs(n)=/1 -1 i -1 014 i -1 0 1 -4 i -1 0

If we study the above tables it is not hard to see that at least for ¢ = 1,2, 3,4,5, for
every a € Z with (a,q) = 1, the sequence

1 ifn=a
Cp = .
0 otherwise,

can be expressed as a linear combination of the Dirichlet characters modulo ¢. To give an
example, for ¢ = 5 and a = 3 this means that the following sequence;

n=1123456 78 9 10 11 12 13 14 15
c,=/001 0000100 O O 1 0 0 -7

can be expressed as a linear combination of the four Dirichlet characters xo, x1, X2, X3
of period 5 (cf. the previous table), and this is indeed the case: We see that
i 1 1

1
Cp = EXO(n) + ZXl(n) — Z)@(n) — 1)(3(71), Vn € ZT.

This is a special case of the following lemma, which shows that the same thing works for
arbitrary g¢:

Lemma 1.5. Let X, be the set of all Dirichlet characters modulo q. Then for any a,n € Z
with (a,q) = 1 we have

1 _
(17) 5@ > x(a)x(n) =

0 otherwise.
XEXq

{1 if n = a(mod q),
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We postpone the proof of this to the fourth lecture, when we discuss Dirichlet characters
in more detail. (We will also see that #X, = ¢(q).)

We will next see that if we generalize the Riemann Zeta function using Dirichlet charac-
ters then we indeed still have an Euler product.

Definition 1.2. If x is any Dirichlet character, we define the corresponding Dirichlet L-
function by

(18) L(s,x) = »_ x(n)n™",

for all s € C with Re s > 1.

Lemma 1.6. The series L(s,x) = Y -, x(n)n™* is absolutely convergent for all s € C
with o > 1, and uniformly absolutely convergent in any compact subset of {s : o > 1}. In
particular, by Weierstrass’s Theorem, L(s, x) is an analytic function in the set {s : o > 1}.

Proof. This is exactly as the proof of Lemma [[.2] using |x(n)| < 1 for all n (see Remark

3). O

(Note that ((s) is a special case of a Dirichlet L-function; we have ((s) = L(s, x) when
X = 1, the unique Dirichlet character of period ¢ = 1.)

The Fuler product for the Dirichlet L-function looks as follows:

Lemma 1.7.

(19) L(s,x) = [ J(* = x(p)p~)

p

for all s € C with o > 1.

Here, again, in the product in the right hand side, p runs over all primes. The proof
of ([9) is deferred to the next lecture, but we mention that, just as for the Riemann Zeta
function, the main step in the proof uses the fact that each positive integer has one unique
prime factorization, together with the unrestricted multiplicativity of x: The right hand
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side of (19) equals

(1+x(2)275 + x(2)%27% + x(2)*27% + ..
T+ x(3)37 + x(3)237 + x(3)*37 % + ..
(T4 x(B)5 T+ x(5)*5F + x(5)* 5 )
=1+ x(2)27°+x(3)37° + (x(2)27°x(3)37°) + (x(2)27°x(5)57°)
+x(2)%227% + (x(2)*27x(3)37") + x(5)5° + . ..
=14+ x(2)27+x(3)37°+x(2-3)(2-3)* + x(2-5)(2-5)"°
+x(2%)(2%) 7+ x(22-3)(2%-3) "+ x(5)5 " + . ..

Z L(s, ).

Note that none of the factors in the right hand side of (I9) vanishes, since |x(p)p~*| <
Ip™°| =p~? < 1for all s € C with ¢ > 1. Hence (by Theorem 2.2 which we will prove in
the next lecture)

(20) L(s,x)#0  forall s € C with o > 1.

It follows that log L(s, x) can be defined for each s € C with o > 1. Note that this is
in principle a multivalued function for each s. However, there is one choice of log L(s, x)
which is the most natural: Let us define log L(s, x) by

(21) log L(s, x) Zlog (1-— P~ %), (seC,o>1),

where each logarithm on the right is taken with the principal branch (this is ok since
Ix(p)p~*| < 1). We will see in the next lecture, in connection with our discussion of infinite
products (see Example 2.2 below) that the sum in (21]) is absolutely convergent, uniformly
on compact subsets of {s € C : ¢ > 1}; hence this sum defines an analytic function in {s €

C : 0 > 1}, and this indeed gives a logarithm of L(s, x) (i.e., e~ 21 280=xPP™) — (5 ).

Inserting the Taylor expansion of the logarithm in (2I]) we obtain, for any s € C with
o>1:

(22) log L(s, x) ZZm x(p™)p~™,
p m=1

where the double sum in the right hand side is absolutely convergent for any s € C with
o > 1 (this is seen by comparison with (7l) applied with ¢ in place of s).
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Now let a be a fixed integer with (a,¢) = 1. In order to use Lemma [I.5 we multiply (22])
with ¢(q)"'x(a), and then add over all x € X,. This gives

@ > x(a)log L(s, x) = @ > x(@)) ] Z m~ Iy (pm)p ™

XE€Xq XEXq p m=1
(23) Z Z Z ) -ms _ Z Z m—l —ms
p m=1xeXy p m=1

pm=a (mod q)

where in the last step we used Lemma [LHl Using comparison with (@) to treat all terms
with m > 2, we obtai

(24) LS @l = Y p40(),

qb(q) XEXq p=a (mod q)

for all s € C with o > 1. The essential idea of Dirichlet’s memoir (1837) is to prove that
the left side of (24]) tends to +00 as s — 11 (i.e. keeping s real and > 1). This will imply
that there are infinitely many primes p = a (mod ¢) (viz., Theorem [I1]) and further that
the series s divergent (viz., Theorem [L4). Cf. our proof of (Il above.

To prove that the left side of (24)) tends to +oo as s — 17, we discuss each x € X,
individually. First of all, there is always one trivial or principal character in X,; this is
denoted by x = xo and is defined by xo(n) = 1 if (n,q) = 1 and xo(n) = 0 if (n,q) > 1.
The corresponding L-function is

(25) (5 x0) ZXO = (TTa-v)cs):
plg

(The last identity follows from the Euler product formula for L(s Xo) and for ((s): We
have ¢(s) = J[,(1 —p~*)~" and L(s,x0) = [,(1 = xo(p)p™*)" = [, (1 —p~*)~", since
Xo(p) =01if p|qand xo(p) =1if ptq.)

Using lim, 1+ (1 —p~*) = (1—p~') > 0 for each of the finitely many primes which divide
q, and the fact that lim, ,1+ ((s) = 400, we conclude that lim, i+ L(s, xo) = +00, and
thus also

p=a (mod q) p

(26) log L(s, x0) = +00  ass— 17,

3Recall the “big O”-notation, which you are hopefully familiar with e.g. from discussions involving Taylor
expansions: If a > 0 is a non-negative number, the symbol “O(a)” is used to denote any number b for
which |b| < Ca, where C is a positive constant, called the implied constant. When using this notation, it
should always be clear for which variable ranges the bound holds. For example: “f(x) = O(z?) as z — oc”
means that there is some constant C' > 0 such that for all sufficiently large x we have |f(x)] < Cx3. On
the other hand, “f(z) = O(2®) for > 1”7 means that there is some constant C' > 0 such that |f(z)| < Ca?
holds for all x > 1.
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Since we also have xg(a) = 1, to complete the proof that the left side of (24)) tends to
+00 as s — 17 it now suffices to show that for each choice of x € X, other than x = xo,
log L(s, x) is bounded as s — 17.

At this point it clarifies the situation if we note that when x # xq, the series

(27) L(s,x) = Y _ x(n)n~

is convergent not only for ¢ > 1 but for all s with ¢ > 0, and defines an analytic function
of s in this region. This follows from general facts about Dirichlet series which we will

discuss in the third lecture (see Example B.H). I remark that a Dirichlet series is any series
of the form > 7 ¢,n™*.

(The key reason why (21) converges for all ¢ > 0 when x # xo is that then the sequence
x(1), x(2), x(3), ... is very oscillating and in particular it has average 0; in fact, as we will
see in the third lecture we have Y597 y(n) = 0 for all x € X, \ {xo} and all k € Z*.)

Hence, our task to prove that for each x € X, \ {xo0}, log L(s, x) is bounded as s — 17
is equivalent to proving that

(28) L(1,x) #0.

The proof splits into two cases:

Case 1: x is complez, i.e. there is some n € Z for which x(n) ¢ R. If we take a = 1 in

[23) we get
(29) Z log L(s, x) Z Z m”tpT™e

xeX p m=l1
p™=1 (mod q)

for any s € C with o > 1. Take s > 1 (thus s real) in (29); then the right hand side is
clearly real and non-negative; hence

(30) Z log L(s,x) >0, Vs > 1.

Exponentiating this we get
(31) I] Lsx)>1,  vs>1
X€Xq

Now if there is some complex x € X, for which L(1, x) = 0, then if ¥ denotes conjugate of
X (viz., X(n) = x(n) for all n) then we have

(32) L(1,%) =Y X(mn™" => x(n)n' = L(1,x) = 0.
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Furthermore x and X are different Dirichlet characters, since x is complex. Hence two of
the factors in the product [, . X, L(s, x) are zero at s = 1. We now take the following fact
on trust: The function L(s, xo) has a meromorphic continuation to o > 0, with one simple
pole at s = 1. It then follows that also the product er X, L(s, x) has a meromorphic
continuation to o > 0, and at s = 1 there is one factor which has a simple pole, two factors
which are zero, and the other factors are analytic (zero or non-zero); hence J .y, L(s, )
has a removable singularity at s = 1 and extends to an analytic function which is zero at
s = 1! In particular we have

s, I o) =0
X€Xq

and this contradicts (3).

Hence there cannot exist any complex x € X, with L(1, x) = 0; viz. we have proved that
[28), L(1, x) # 0, holds for all complex x € X,!

Before moving on to the case of real y, we comment on the fact which was taken on trust
above: The function L(s,xo) has a meromorphic continuation to o > 0, with one simple
pole at s = 1. To prove this, in view of the formula L(s, xo) = (Hp‘q(l —p™*))¢(s) (see
([25))) it suffices to prove the corresponding fact for ((s), i.e. that the function ((s) has a
meromorphic continuation to o > 0, with one simple pole at s = 1. A proof of this will
be given in the third lecture, when we study Dirichlet series in more detail, see Example
below. (In fact we will see later that much more is true: ((s) has a meromorphic
continuation to the whole complex plane, and the only pole is at s = 1!)

We should also stress the difference between L(s, xo) and L(s,x) with x € X, \ xo:
For x € X, \ xo the series L(s,x) = Y.~ x(n)n~° actually converges for all s with
o > 0 (although we do not have absolute convergence when 0 < ¢ < 1), and this can
be used to see that L(s,y) is analytic in the whole region o > 0. By contrast, the series

L(s, x0) = Z n=1 n~* does not converge for any s with ¢ < 1, and it is only by other
n,q)=1

means that We are able to show that it has a meromorphic continuation. This difference is
also reflected in the fact that L(s, o) has a pole at s = 1!

Case 2: x is real, i.e. x(n) € R for all n € Z. Then the above argument is inapplicable,
since now Y = x. Suppose that L(1,y) = 0. We will show that this leads to a contradiction.
(We now follow Davenport pp. 33-34.)

Since L(s, x) has a zero at s = 1 and L(s, xo) has a simple pole at s = 1, the product

L(s, x)L(s, xo)
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is analytic at s = 1 and therefore analytic for ¢ > 0. Since L(2s, xo) is analytic and # 0 in
the region o > 1 , the function

L(s, x)L(s, xo)
L(2s, x0)

(33) U(s) =
is analytic for o > % We also have

lim 4 (s) =

s—>§

since lim__ 1+ L(2s,x0) = +oc. Applying the Euler product formula for the three L-
2

functions we get (when o > 1):

[0 = x®pr~*) ' T = xo(p)p™)~"
H(l—Xo()‘zs)

—Hl_ )1 = o))

— Xo(p)p=2¢)~*

(34) (s) =

(35)

Here xo(p) = 1if pt ¢ and Xo(p) = 01if p | ¢, and since x is real we also know that x(p) = +1

. . . _ —s\—1(1_ —s\—1
if ptq, and x(p) = 0 if p | ¢. Hence we see that if p | ¢ then & X@gfj_X’O(pg;?f)@?p o,

(pp—*)” (1 XO( )pis)fl _ (1+p75)71(1_p,5),1
(I=xo(p)p~ )71 (1—]?723)*1

e R A I (e O L+p
U(s) = 1;[ (1—p25)-1 N 1;[ (1 — p—5>'
x(p)=1 x(p)=1

and also when x(p) = —1 we get L=X2 = 1. Hence

This holds for o > 1. If there were no primes with x(p) = 1 then we conclude ¥(s) = 1
for all s with o > 1, and therefore by analytic continuation ¢ (s) = 1 for all s with o > %,
contradicting the fact lim__ .+ (s) =

2

We have for o > 1:

(36) o) = TT (Q+p)@+p+p +p > +.),
x(zfg:l

and if this is expanded we obtain a Dirichlet series

e}

(37) W(s) =D amn™

n=1

with absolute convergence for all s with ¢ > 1 (uniform absolute convergence in any
compact subset of {s : o > 1}), where a; = 1 and a,, > 0 for all n. (Here we again used a
fact that an infinite product over all primes may be expanded in a “formal” way. We will
prove this in the second lecture; see Example 2.3] below.)
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Since t(s) is analytic for ¢ > 1, it has an expansion in powers of s — 2 with a radius of
convergence at least 3 . This power series is

=3 @) -2

We can calculate ¢(™(2) from the Dirichlet series (37) by termwise differentiation (this is
ok by Weierstrass Theorem, cf. footnote [I]), and we obtain

w(m)(g) =(-1)™ Zan(log n)"n=? = (=1)"by,

say, where b,, > 0. Hence
o0 1 .
Y(s) = E_O mbm@ —s)

and this holds for |s — 2| < % If % < s < 2 then since all the terms are nonnegative we
have

b(s) =
and this contradicts the fact that lim__,+

—3

¥(2) > 1,
(5) = 0.

) = 0. Thus the hypothesis that L(1,x) =0

is disproved.
This concludes the proof of Dirichlet’s Theorem [I.4]
ggod
Let us recall what facts we haven’t proved completely:

e Infinite products; manipulating them to prove the Euler product formula L(s,x) =
[L,(1 = x(p)p=®)~" (the formula for ((s) is a special case), and to get to the logarithm,

log L(s, x). Also to see that the product formula (B6]) can indeed be expanded to give (31)
with a; = 1 and all q,, > 0.

e Dirichlet series: Proving that if x # xo then L(s,x) = > .-, x(n)n™* converges for
all o > 0 and defines an analytic function in this region. Also proving that ((s) has a
meromorphic continuation to ¢ > 0 with one simple pole at s = 1.

e [act about linear combinations of Dirichlet characters: Lemma
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2. INFINITE PRODUCTS

2.1. Infinite products. We review some facts and definitions about infinite products.
(We borrow from Rudin, “Real and Complex Analysis”, [50, §15.1-5].)

Definition 2.1. Suppose {u,} is a sequence of complex numbers,

(38) o= (Lt un)(L+us) - (14 u,) = [0+ w)
k=1
and r = lim,,_,o, 7, exists. Then we write
(39) r= H(l + Uk)
k=1

The r,, are the partial products of the infinite product ([B9). We shall say that the infinite
product (B39) converges if the sequence {r,} converges, i.e. if lim,,_,,, 7, exists.

In the study of infinite series > a,, it is of significance whether the a,, approach 0 rapidly.
Analogously, in the study of infinite products it is of interest whether the factors are or are
not close to 1. This accounts for the above notation: 1+ w,, is close to 1 if u,, is close to 0.

Lemma 2.1. Ifuq,...,uy are complex numbers, and if

N N
TN:H(1+un), H 1+ |u,)),

n=1 n=1

then

(40) T}kv S e|u1\+...+\uN\

and

(41) ry — 1| <ry — 1.

Proof. For x > 0 the inequality 1 + = < e” is an immediate consequence of e = 1+ x +
% + g—? +.... Replace z by |u4|, ..., |ux| and multiply the resulting inequalities. This gives

To prove (1)) we note that when completely expanding the product ry using the dis-
tributive law we get

N

TN = H(l +un) = Z H Up,.

n=1 Mc{1,2,..,N} neM
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(The sum is taken over all subsets M of {1,..., N}, and as usual we interpret [, ., un, as
1.) Hence
v =1=[( X TTw) 1= X Tl
Mc{l,..,N} neM Mc{l,..,N} neM
M£D

Applying the triangle inequality and then mimicking the above computation backwards we
get

TRENDY H\un\—)H1+\un| —1 =y -1

Mc{l,...N}neM
MAD

U

Theorem 2.2. Suppose {u,} is a sequence of complex numbers and that > 7 |u,| con-
verges. Then the product

o0

(42) r=]]01+u)
n=1
converges, and r = 0 if and only if u,, = —1 for some n. Furthermore, if {ni,ns,ng,...} is

any permutation of {1,2,3,...} then we also have
(43) r= ] +u,).
k=1

Definition 2.2. An infinite product satisfying the assumption in the first sentence of
Theorem is said to be absolutely convergent.

Proof. Write
N
(44> N = (1+U1)(1+U2) 1+UN H 1—|—uk
as before. Using Lemma 2] and the fact that > 7 |u,| converges we conclude that
Irn| < e for all N, where C' =37 |u,| < co.
Choose ¢, 0 < e < % There exists an Ny such that

(45) D Jua| <

n=Np

Let {ny,ng, ns, ...} be a permutation of {1,2,3,...}. If N > N, if M is so large that
(46) {1,2,...,N}C{nl,ng,...,nM},
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and if sy, denotes the Mth partial product of (43) then

(47) SM—T‘NITN< ” (1+“nk)_1)-
1<k<M
nE>N

Hence, using Lemma 21], @5) and e — 1 < 2¢ for 0 < & < £,
(48) lsar — | < |rwl(ef — 1) < 2Jryle < 2.

If nj, =k (k=1,2,3,...) then sy = rp, and (@8] holds for all M > N > Ny; thus the
sequence {r,} is Cauchy, so that the limit r = lim,,_,o 7, exists. Also (48) shows that

(49) Irar — g | < 2|riwgle for all M > Ny,

so that |ra| > (1 — 2¢)|rn,l|, and this implies that » = 0 if and only if 7y, = 0, which
happens if and only if u, = —1 for some n. Finally, ([@8) also shows that {s)/} converges
to the same limit as {ry}. O

Corollary 2.3. Suppose {u,} is a sequence of bounded complex functions on a set S, such
that > 07 | lun(s)| converges uniformly on S. Then the product

o0

(50) F(s) =TT+ un(s))
n=1
converges uniformly on S, and f(sg) = 0 at some so € S if and only if u,(so) = —1 for

some n. Furthermore, if {ny,no,ng,...} is any permutation of {1,2,3,...} then we also
have

(51) ﬁ (1 + up, (s

Proof. Except for the uniform convergence of (50), all the statements follow directly by
applying Theorem 2.2 to the sequence {u,(s)}, for each individual s € S.

To prove the uniformity in (B0), we just have to check that the argument in proof of
Theorem extends in a uniform way to the present setting. This is straightforward:
Write

(52) H 1+ ug(s

Since each function u, is bounded and » >, |u,(s)| is uniformly convergent, there exists
a constant C' < oo such that Y 7 |u,(s)] < C for all s € S. (Proof: Since > 7, |u,(s)]
is uniformly convergent there is some No such that >y |u,(s)| < 1 for all s € S. Now
ZN |, (s)] is a finite sum of bounded functions on S, hence is itself a bounded function on
S, i.e. there is some B > 0 such that Z 2, |un(s)] < B forall s € S. Now take C'= B+1;
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then > >7 | |u,(s)] < C holds for all s € S.) Hence by Lemma 21 |ry(s)] < e“ for all N
and all s € S. Choose €, 0 < € < % There exists an Ny such that

(53) i lun(s)| < e, Vs e S.

n=Np
Now for all M > N > N and all s € S we have, using Lemma 2.1,

rar(s) —ra(s)| = |7“N(8)\‘ [T (C+un(s) = 1] < lra(s)le = 1)

n=N-+1
(54) < 2lry(s)le < 2e%%.

Hence {r,(s)} is uniformly Cauchy, and thus uniformly convergent. O

In the above setting it is also easy to get hold of “log f(s)”:

Corollary 2.4. Suppose {u,} is a sequence of bounded complex functions on a set S,
satisfying u,(s) ¢ (—oo, —1] for alln and s, and such that Y > | |u,(s)| converges uniformly
on S. Then the sum g(s) = Y - log(1 + u,(s)) (principal branch of each logarithm!) is
absolutely convergent, uniformly over S, and 9 =[50, (1 + un(s)) for all s.

Proof. Since > 7 | |u,(s)| converges uniformly on S there is some N such that Y07 |u,(s)] <
1for all s € S, and hence |u,(s)| < 1 foralln > N and all s € S. Note that for all |z < 3

2 3

we have, since log(1+ z) = z — 5- + % — ... (principal branch!):
(55) ‘log(1+z) <§:@ < |z\§):E < \z|§:21_k:2\z|
T S v .

Now let € > 0 be given. Then there is some M such that > 7, |u,(s)| <e/2forall s € S,

and hence
o0 o0

> Jlogl+ua(s) < > 2Juals)| <e

n=max(M,N) n=max(M,N)

for all s € S. This proves that the sum g(s) = >~ log(1+u,(s)) is absolutely convergent,
uniformly over S.

Now fix s € S. Using the continuity of the exponential function we have

N N o)
g(s) _ 1 SN log(1+un(s)) — 1 log(1+un(s)) _ 1 _
i e dim 10 () = 1@+ )

O

We end with two propositions which show that the assumption of absolute convergence
in Theorem is often necessary:
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Proposition 2.5. Suppose u, > 0. Then

H(l +u,) converges if and only if Zun < 0.
n=1 n=1

Proof. It >>°  u, < oo then Theorem 2.2/implies that [~ (14w, ) converges. Conversely,
if [1°°, (14u,) converges then for each N we have 320, < (1+up)(1+ug) - (1+uy) <

112, (14 u,), which implies that >~ 7 u, < [[>2,(1+ u,) < cc. O
Proposition 2.6. Suppose 0 < u,, < 1. Then

H(l —uy) >0 if and only if Zun < 00.

n=1 n=1
Proof. If ry = (1 —uq) -+ (1 —uy), then g > ry > -+ and ry > 0, hence r = limy_, o ry

exists. If > u, < oo then Theorem implies » > 0. On the other hand,

N

r<ry =[] - u,) ey
n=1
and the last expression tends to 0 as N — oo, if > 7 u, = cc. U

2.2. Infinite products over the primes. (To a large extent we borrow the following
presentation from [28, Thm. 5].) The following theorem was used (formally) in a num-
ber of special cases by Euler. Recall the definition of multiplicativity (with or without
restrictions), Def. [[1]

Proposition 2.7. Let f : ZT — C be a multiplicative function which is not identically
zero. Then

(56) o) =10+ )+ e+ ...,

p

provided that the series on the left is absolutely convergent, in which case the product is
also absolutely convergent.

If f is multiplicative without restrictions, then also

(57) S fm)y=TJa-fen™

p

Proof. We observe first that f(1) = 1; for f(n)f(1) = f(n) for all n € Z* by the multi-
plicativity, and n may be chosen so that f(n) # 0 since f is not identically zero.
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Let p1,po,ps3,... be a fixed ordering of the set of all primes, and consider the partial
products of the right hand side in (56l);

N

(59) r= [TO+ 70 + FGD) +-..).

k=1

The number of factors is finite, and each factor is an absolutely convergent series since
> |f(n)] is convergent. Hence, by Cauchy’s theorem on multiplication of series, we may
multiply out, and arrange the terms of the formal product in any order, the resulting sum
being absolutely convergent. Using the fact that f is multiplicative this gives

(59) =D > (f(pi”)f(p?)- ) Z Z Z f@ypy’ Py

v1=0 v2=0 vn=0 v1=0 v2=0 vn=0

Note that in the last sum, p{'ps* - - - pi¥ runs through exactly those positive integers which
only have prime factors pi,ps,...,pn (or a subset of these) in their prime factorization.
Thus we have proved:

(60) ry =Y f(n)

neMn

where My is the set of all positive integers whose prime factors all lie in {p1, ps,...,pn}
(in particular 1 € My since 1 has no prime factors). Note that here we have used the fact

that no positive integer can be prime factored in more than one way (this was needed to

see that p'py? - - - piY in (B9) never visits the same positive integer twice).

Note that M; C My, C M3 C .... Furthermore, since each positive integer has a prime
factorization, the sets My eventually exhaust Z*, i.e. for each positive integer n there is
some N such that n € My. Hence, since Y 2, f(n) is absolutely convergent, we have

(61) rN = Z f(n)—>Zf(n) as N — oo.

neMn

This proves (B6). The product is absolutely convergent, since

D@+ )+ < D (F I+ 1 Z|f )| < oo.

p
If f is multiplicative without restrictions then
B 1
1— f(p)’

the series being already known to be absolutely convergent; this gives (57]). U

L+ fp)+ )+ f@°)+... =1+ f0) + f(p)* + f(p)* +
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Ezample 2.1. Proof of Euler’s product formula for L(s, x), Lemma [Tt Let x be a Dirich-
let character and take s € C arbitrary with ¢ > 1. Set f(n) = x(n)n=°. This func-
tion is multiplicative without restrictions, and we also know that > 7, f(n) is abso-
lutely convergent, by Lemma [[L6l Hence (&1) in Proposition 27 applies, giving that
L(s,x) = > > x(n)n™° = [, - x(p)p~*)~t, where the product is absolutely conver-
gent.

Ezample 2.2. Proof of the claims about log L(s, x) which we needed in the proof of Dirich-
let’s theorem (see (2I))): We wish to prove that the sum — 3 log(1—x(p)p~) is absolutely
convergent for ¢ > 1, uniformly in any compact subset of {s € C : ¢ > 1}, so that it
defines an analytic function for o > 1. We also wish to prove e~ 2»1°80=X®P™) — [(5 1),

By the previous example we have L(s, x) = [],(1 = x(p)p~®)~" for all ¢ > 1. Let K be
any compact subset of {s € C : ¢ > 1}. Then there is some oy > 1 such that ¢ > oy
for all s € K. Then for all s € K we have }X(p)p‘s‘ <p 7 <p7also ) pT7 < oo;

hence Zp‘x(p)p_s‘ is uniformly convergent for s € K. Hence Corollary 2.4] applies (with

un(s) = —x(pn)p,*, where py, pa, ps, . . . is some enumeration of all the prime numbers). This
: : —s\—1) _ —s) 3

corollary implies that the sum > log((1=x(p)p~°)~") = — Zp}:)g(l—x(p)p ) is absolutely

convergent, uniformly over s € K, and that e~ 2= 108(—x®P™) — [ - x(p)p~*)~! =

L(s, x). Donel!

Ezample 2.3. Proof that the product formula (B6) can indeed be expanded to give (B7)
with a; = 1 and all a,, > 0. Recall that, for o > 1,

(62) o) =TT (a+p)+p+p+p™+.),

P
x(p)=1

where y is a character modulo ¢. When o > 1 we have |[p~*| < 1 for each p and we compute

(63) Y(s)= [ @+2p+2p = +2p7% +..),
X(p;l;=1

where the inner series is absolutely convergent for each individual p. Hence to apply
Proposition 2.7 we let (for some fized s € C with o > 1) f : ZT — C be the unique
multiplicative function such that for p a prime and & > 1 we have

by = {0 if x(p) #1

fle) = 2p7F if x(p) = 1.

It is an easy consequence of the unique prime factorization theorem that a multiplicative
function can be completely and uniquely specified by telling its values at all prime powers.
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0 ifx(p)%l}:
=1

+ —
In the present case, for general n € Z* we have f(n) =[], {2p_(ordpn)s if v (p)

s 0 if x(p) #1
n . :
2 i x(p) =1
In order to apply Proposition 27l we need to see that Y>>, f(n) is absolutely convergent.
One way to do this is as follows: Let X be some large integer and let Y be the number of

primes < X. Take n € Z* and assume that n has prime factorization n = pi*p5?* - - - pim

0 if x(px) # 1
2 if x(pe) =1
hand we have n > p1py - - - py, and if m > Y then at least m—Y primes among p1, pa, .- ., Pm
must be > X, hence n > X™ Y and hence we always have m <Y + logy n. Hence

(with all r; > 1). Then |f(n)| = [n™%| T}, } < n7?2™. On the other

log 2

(64) |£(n)] < n~72™ < po2YHomxn — 9¥ pE 7

Since ¢ > 1 we can fix X so large that 11(3% — o0 < —1. For such fixed X,Y, the above

inequality shows that >~ | f(n) is indeed absolutely convergent.
Hence Proposition 2.7 applies and shows that

Uis)= [ @+2+2p>+2p >+ ) =[[0+ fl0) + F@*) +..)

x(15=1 g
N =SS T A0 i) A1
_;f() ; H{2 ifx(p)zl}’

with both the sum and the product being absolutely convergent when o > 1. In other

0 if x(p) # 1
P2 i x(p) =1
all n. Note that the above argument, using (64)), also shows that Y>> | a,n™* is uniformly
absolutely convergent on any compact subset of {s : ¢ > 1}.

words ¥(s) =>.°°  a,n"* where a,, =[]

n=1

; thus a1 = 1 and a,, > 0 for

O

In fact the above analysis to prove the absolute convergence of Y > | f(n) could have
been avoided, by noting the following general principle on going from absolute convergence
of the product to absolute convergence of the sum:

Lemma 2.8. Let f : ZT — C be a multiplicative function which is not identically zero and
assume that the product

[T +1F@)+ £+ )

p
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is absolutely convergent (in particular we assume that each sum 1+ |f(p)| + |f(p*)| + - ..
is convergent). Then also the sum >~ | f(n) is absolutely convergent, and hence Proposi-

tion [2.7] applies to give

(65) Sy =T[0+ )+ ) +...).

P

The proof of this lemma is left as an exercise, see Problem

Example 2.4. Using Lemma 2.8 the discussion in Example 2.3l can been simplified as follows:
Take s with ¢ > 1 as before. We know from its construction that the infinite product

(66) o) = TT (A4 +p=+p®+p>+.)
X(p;l;=1

converges! Indeed v(s) was obtained by multiplying together three convergent Euler prod-
ucts with all factors being non-zero, see ([B4). In particular this holds if s is real, viz.
s = o > 1, viz. the product

(67)
1T ((1 +p A +p T+ p 2 4p 4. .)> =[] Q+2p7+2p> +2p7% + )
x(plizl x(15=1

converges. Hence (by Proposition [Z5]) we have (1; X (2p_" +2p720 +2p737 + .. ) < 00.
X\pP)=

Defining now f(n) as in Example (for some fixed, arbitrary s € C with o > 1) we
conclude

Z (|f(p)|+‘f(p2)|+) = Z (2p_0+2p_20+2p_3”+...) < 0.

P p
x(p)=1 x(p)=1

This means by definition that the product

[T 1o+ 1))+ )

P
x(p)=1

is absolutely convergent, and hence by Lemma 2.8 also the sum > 7 f(n) is absolutely
convergent. The proof can now be concluded as in Example

2.3. Problems.

Problem 2.1. The M6bius p-function. The Mobius function p @ Zt — {—1,0,1} is
defined as follows. Let n € Z* have the prime factorization n = p{* ---p% (p1,...,p;
distinct primes and «y,...,«, € Z7). Then pu(n) = 1if @y = ... = o, = 1 and r even;
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un)=—1lif oy =... =, =1 and r odd, and pu(n) = 0 otherwise.
(a). Prove that

)t =Y p) o

ns
n=1

(b). Prove that for any Dirichlet character y,
)
(5, %) ; o

Problem 2.2. Euler’s ¢-function. Recall that Euler’s ¢-function is defined as ¢(n) =
#(Z/nZ)* for n € Z*, where (Z/nZ)* denotes the group of invertible elements in Z/nZ,
the ring of all integer residue classes modulo n. Also recall that

1
o(n) :ng<1 — Z_9>

(Cf. Section A1l and in particular Example [4.21) Prove that

S d(nn = % (o> 2).

Problem 2.3. For n € Z" with prime factorization n = H;Zl p; (where the primes p; need
not be distinct) we set A(n) = (—1)". (In particular A(1) = 1 corresponding to r = 0.)

(a). Prove that <<((285)) =32, A(n)n~* when o > 1.

(b). Prove that $5% = Y%, [u(n)[n~* when o > 1. (Note here that [u(n)| = 1 if
n is squarefree, i.e. if n has no repeated prime in its prime factorization, and otherwise

u(n)] = 0.)

Problem 2.4. Euler product of degree 2. (The following problem illustrates an Euler
product of degree 2; this type of L-functions appear from several sources in number theory,
such as modular forms, elliptic curves, Galois representations.) Let A € R and o € C be
given constants, and let {a,} be a sequence of complex numbers satisfying |a,| = O(n?)
for all n € Z*. Assume that the sequence {a,} is multiplicative, not identically zero, and
that apa,e = ayr+1 + paye-1 holds for every prime p and every k > 1. Then prove that

Z a,n=° = H(l —ayp* +pp )7} (0 >A+1).
n=1

p

Problem 2.5. Prove Lemma 2.8
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Problem 2.6. Let py, po, ... be a sequence of non-zero complex numbers, let k be an integer
> 0, and assume that > 7 |p,|7'7% < oo. Then prove that the following product is
absolutely convergent for each z € C:

= z z 1,22 1,2k
flz) = {(1——>exp<—+—— +...+=(— )}

g Pn Pn 2(pn) k(pn)
Furthermore prove that f(z) is an analytic function of z € C which has a zero at each point
z = p; and no other zeros in the plane. More precisely prove that if a occurs m times in
the sequence {p1, pa, ...} then f has a zero of order (exactly) m at a.

[Hint: Write E(w) = (1 — w) exp(w + sw? 4 ... 4+ fw") so that the above product is
L2, E(z/pn) = T],—,(1 + u,) with u,, = E(z/p,) — 1. Now start by proving that if
u = E(w) — 1 then v < |w|**! for all w € C sufficiently near 0. This can be done by
studying the power series of (1 — w) exp(w + w? + ... + tw*) at w = 0.]

Problem 2.7. Give an example of a sequence of complex numbers uq, us, us, ... such that
|un| < 1 for all n, and
(a). 1172, (1 + u,,) converges but >, u,, does not converge.

(b). =7, uy, converges but [[° (1 + u,) does not converge.

Problem 2.8. Does the product []>7, (1 + %) converge or not?
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3. PARTIAL SUMMATION AND DIRICHLET SERIES
3.1. Integration by parts.

Lemma 3.1. Assume A < X\ < X <---< \,, < B;letcy,c,...,cp, €C, and set

- Y

An<z

(the notation indicates a summation over the finite set of positive integers n for which
Ao < ). Then, if g € CY([A, B]), we have

(68) Y cag(Na) = f(B)g(B) — | fla)g'(x)da.

FBIB) = 3 cagOn) = 3 enlaB) ~ g0 = S / ¢(z) do
[ g 1

This proves (65).

(Regarding the change of summation and integration in the above computation: We may
express » . Cp f)\ x)dr as Y o, fA (A < 2)cng'(z) dz, where I(-) is the indicator
function. Here the sum is finite and the range of integration is a compact interval [A, B];
furthermore each integrand is a piecewise continuous function; hence we may change order
of summation, obtaining ff Yo I < x)epd (x) do = ff > on, <o Cnd'(7) d, as desired.)

O

We will next explain how the left side of (68) may be expressed as the Riemann-Stieltjes
integral f 41 9(z)df (z). In this way (E8)) will be seen to be nothing more than a variant of
the usual formula for integration by parts. The Riemann-Stieltjes notation is convenient
for remembering Lemma [B.I] and it also makes it easier to apply Lemma 3.1 in a flexible
way.

Definition 3.1. (Definition of a Riemann-Stieltjes integral in special cases.) Let A < B
and g € C([A, B]). Then if f is a piecewise constant function on [A, B], that is, if there are
numbers A = xg < 11 < 13 < ... < x, = B such that f is constant on each open interval
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(xj,xj41), 3 =0,1,...,n— 1, we define the Riemann-Stieltjes integral ff g(z)df (x) as

—_

(69) / g(x)df (x) = (f(wot+) = f(=o))g(xo) + > _ (f(x;+) = flz;=))g(x))

<
Il

+(f(xn) - f(In_))g(In)>

where

(70) flz+) = lim f(t) and flx—=) = lim f(¢t).

t—xt t—x—

Also, if f € C'([A, B]) then we define the Riemann-Stieltjes integral ff g(z)df (x) as

(71) / o) df (x) = / 9(0) () dz,

A A

where the right hand side is an ordinary Riemann integral of a continuous function.

Hopefully you agree, after drawing a picture, that the above definition is natural. The
general Riemann-Stieltjes integral is discussed in Section (not required for this course).

Now Lemma B] can be reformulated (or slightly generalized) as follows:

Lemma 3.2. If A < B, g € C'([A, B]) and f is a piecewise constant function on [A, B],
then

@[ st = (1) - ) - [ s i

A

Proof. We prove this as a consequence of Lemma Bl Since f is piecewise constant on
[A, B] there are some A < A\; < Ay < ... < A\, = B such that f is constant on each
open interval (A, A1) and (Aj, \j+1), J = 1,2,...,n — 1. Set ¢; = f(\j+) — f(\;—) for
j=12....n—1and ¢, = f(B) — f(B—), and define fy(z) := Z/\j<x ¢;. Then we have
f(z) = fo(z)+ f(A+) for all x € [A, B]\ {4, A\1,..., \u_1}. We also get from the definition
(69) that

(73) / g(@)df (z) = ((f(A+) — f(A4))g(A) + Z ¢;g(Aj)-

A
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Applying Lemma [3.1] we have

> cioh) = fo(Ba(B) - / folw)g'(x) dz

— (F(B) - f(A+))g(B) - / (F(2) - F(A4))g(z) de
— (f(B) — F(AD)g(B) + F(A1)(9(B) — g(4)) / F(2)g'(z) de
(74) — F(B)g(B) — f(A+)g(A) - / f(2)g/(x) da.
Combining (73) and (74) we obtain (72)). O

In order to make the notation really flexible we also need the following definition of
generalized Riemann-Stieltjes integrals.

Definition 3.2. We define the generalized Riemann-Stieltjes integral
B B
(75) | @@= tim [ gt dfa),
A+ a— At a

provided that faB g(x)df(z) is well-defined by Definition Bl for all a > A sufficiently
near A. (Then ff+g(:v) df (z) is said to ewist or mot exist according to as the limit

limg_s a4+ ffl g(z) df (z) exists or does not exist.)

Similarly we define

(76) | st = tm [ gt dra)
(1) [ s@di@) = tim_ [ gta)dra),

Also, the generalized Riemann-Stieltjes integrals ff_ g(z)df (x), fer g(z)df(x) and
[ g(z) df (x) are defined in the analogous way.

Finally generalized Riemann-Stieltjes integrals with limits on both end-points are defined
in the natural way, i.e.

B+ b

(78) | s = i v [ o dr (o
B— ab

(79) | s = gm0 d)

etc.
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Remark 3.1. In (78) (and similarly in any of the other cases with limits on both end-
points) it does not matter if the limit is considered as an iterated limit (in either order)
or as a simultanous limit in a, b; if one of these limits exist (as a finite real number) then
so do the other ones. This follows by fixing an arbitrary number C' € (A, B) and using

fabg(:z) df (z) = facg(:v) df (z) + fé g(x) df (x) inside the limit.
We now give several examples to illustrate the use and flexibility of our new notation:

Ezample 3.1. Let ay, ay, . .. be any sequence of complex numbers, and set f(z) = >, _, @n.
Also let g € C(R™). We then have, for any integers 1 < M < N:

(80) S ang(n) = /M o(z) df (z) = /M o) df ).
Hence also )
(81) S g(n) = /M o) df(o).

On the other hand, if we set fi(z) = >, ., an (thus fi(z) = f(z) except when z is an
integer) then

2 3w = [ @ di = [ o) dha)

and
(53) > aan) = [ gta)di(o)

Example 3.2. A counting function of fundamental importance in number theory is
m(x) = #{p : pis a prime number < z}.
(cf. Definition [6.1] below). In terms of this function we can write, e.g.
1 41
d - = / = dr(x).
pea P 1z

Thus, as we saw in the first lecture, we have [~ 2 dr(z) = oco.

Example 3.3. We proved Lemma [3.2] as a consequence of the initial Lemma 3.1l Let us now
check that Lemma [B.1]is in fact a special case of Lemma 3.2} Recall that Lemma [3.1] says
that if A< X <X < <Ay < B, f(x) =32, o, o and g € C*([A, B]), then

(84) S cag(h) = F(B)g(B) — / f(2)g/ () da.
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But the left hand side is the same as the Riemann-Stieltjes integral f 4 9(x)df (z) (since A <
A1!), and hence (84)) is just a special case of our partial integration 1dent1ty in Lemma

(since f(A) =0).

Note that Lemma together with Definition immediately implies that, e.g.,

[ o= i {000 - 1@e@) - [ 1@ @

A— b—ooa—A—

provided that either the left or the right side is convergent.

Ezxample 3.4. Suppose that aq,as, ... are complex numbers such that Z ney @pn=2 = N +

O(N3) as N — co. Then what can we say about the asymptotic behaviour of anl a, as
N — o0?

Solution: Write A(z) = > 1., <, a,n"2; then we know that A( ) z+0(z

- 2

- x3

2

(In detail: A(z) = A(|z]) = |z] + O(|z]3) = 2 + O(1) + O(z3)
Hence (by possibly taking a larger implied constant) we have

(86) Alz) =2+ O(z%), Va>1.
Now for N > 1 we have
N N 1 1 N 1
(87) Zan = Zni(ann_i) = / xr2 dA(z).
n=1 n=1 1=

By Lemma B.2] (together with a similar type of limit identity as in (85])) this is

N
(88) = N2A(N) — % / 2 2 A(z) da.
1
Using now (86]) we get, as N — oo
1 2 ]_ N 1 2
(89) — N (N +O(N3)) - 5/ v 3 (2 + O(a})) da
1 N ' N
:N2+O(N€)—§ 1’2d1'+0(1)/ xé dx
1 1
3 O R 7
= N2 +O(Ne) = 5 (3N% = 3) + O(N¥)

2

Answer: We have 32 a, = %N% + O(Né) as N — oo,

(It is easy to see that this is the best possible error term that can be obtained under
: . 1 1 N 1
the given assumption. Indeed, let us take for example a, = nz +ns; then ) " a,n
Z;V:l 1+ Z;V:l n~s = N+ Z . n 3, and by a standard integral estimate (use n

T2 =
_1
3

<
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assumption Zivzl ann2 = N + O(N3) is fulfilled. On the other hand, for the same
sequence we have S a, = SN nz + S ns. Here we have fON:c% de < N nz <
lex% dr + N%, thus %N% < ij:ln% < %N% + N%, and in an entirely similar way,
gN% <3N ns < gN% + Né. In particular:

f:—r”_% dr for each n > 1) this is < N + fON t75dr = N + %N%; in particular the

N
(90) > a, > 2N 4 SN,

n=1

[N

On the other hand if we take another example; a,, = n: —ns then by an entirely similar
argument one checks that the assumption 25:1 ann~z = N+ O(N %) is again fulfilled, and
this time we get 25:1 a, < %N% 1+ Nz — gN% forall N > 1, thud]

N
(91) Zan < %N% — SN%(l +0(1)) as N — oo.
n=1

Since both (@0) and (@I can hold under the given assumption, it follows that the error
term in “ZnNzl ap = %N% + O(N&)” cannot be improved.)

3.2. * The general Riemann-Stieltjes integral. This section is external reading and
not required for the course.

We follow |40, Appendix A].

The Riemann-Stieltjes Integral [ f g(x)df(z) is defined as a limit of Riemann sums
>0 9(&)Af(z,). More precisely:

Definition 3.3. Let numbers A < B and two functions f,g : [A, B] — C be given. For
any partition

and any choices of numbers ¢; € [z,;_1,2;] for j =1,2,..., N, we form the sum

(93) Sz} f6nd) = D 9(&) (f(wn) = flwamn)).

We say that the Riemann-Stieltjes integral ff g(z) df (x) exists and has the value I if for
every € > 0 there is a § > 0 such that

(94) [SH{an}, {6a}) — 1] <e

4The “little o”-notation: We write “f(z) = o(g(z)) as  — a” to denote that lim,_,, % = 0; we will
only use this notation when g(z) > 0 for all « sufficiently near a! Thus in the situation in ([@I), “o(1)
denotes some function f(N) which satisfies limy_,o f(IN) = 0. Note that, unlike the “big O”-notation (cf.

footnote Bl on page [[3), the “little o”-notation can only be used when we are taking a limit.

”
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whenever {z,} and {£,} are as above and

(95) mesh{z,} := 12?35\/(:6 —Zy1) < 0.

To give an overview we will now state some results about the Riemann-Stieltjes integral,
many without proofs.

Definition 3.4. If f is a function f : [A, B] — C, then the wvariation of f over [A, B],
Var p|(f), is defined by

(96) Varpap)(f) = sup Y [ f(@n) = f(@n1)],

where the supremum is taken over all {z,} satisfying A = 9 < x; < ... <xzy = B. The
function f is said to be of bounded variation if Var(,y(f) < oo.

Theorem 3.3. (Cf. [40, Appendix A, Thm. 1].) The Riemann-Stieltjes integral f; g(x) df (x)
exists if g is continuous on [a,b] and f is of bounded variation on |a,b.

Our preliminary Definition [3.1]is now justified with:

Lemma 3.4. If A< B, g € C([A, B]), and f [A B] — C is either piecewise constant or
C!, then the Definition[31) gives the same fA x)df (x) as Definition [Z.3.

There is a formula of partial integration which holds in a general case, i.e. a generalization
of Lemma

Theorem 3.5. For arbitrary functions f : [A,B] - C and g : [A, B] — C, if fA x) df (z)
exists then ff f(x)dg(x) also exists, and

(97) | s@ @) = (#B9(B) - fa190) - [ @) doto)

(To see that this is a generalization of Lemma [3.2] we have to use a variant of Lemma [3.4]
to see that if f is piecewise constant and g € C'([A, B]) then in the right hand side of (97)

we have ff f(x fA z)dzx. Cf., e.g., [40, Appendix A, Thm. 3].)
The proof of Theorem is very snnple:

Proof. For any partition A = 2 < x; < ... < zy = B and any choices of numbers
&n € [Tp_1,x,) for j = 1,2,..., N, we have the following identity, if we set { = A and
Eny1 = B:

N+1

(98) ) g(&n) (f(xn) = f(wnm1)) = f(D)g(b) = fa)g(a) = > flwn1)(9(&) — 9(&a)).
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Here the sum on the right hand sum is a Riemann-Stieltjes sum S({&,}, {z,_1}) approx-
imating ff (x)dg(z), since x,—1 € [{n-1,&n]. Moreover, mesh{¢,} < mesh{z,}, so that
the sum on the right tends to fA x)dg(z) as mesh{z,} tends to 0. O

Remark 3.2. One has to be careful when working with the general Riemann-Stieltjes in-
tegral, since some rules which are familiar from ordinary integrals may fail to hold in
general' For example it is not always true that if A < C < B then f 1 9(@)df(z) =

f 19 )+ fc )df(x)! An example of this is the following: Suppose that
1 fo0<z<1 1 if 0<x<1

99 — == — =

(99) /(@) { 0 otherwise; 9(x) { 0 otherwise.

Then fi]l gdf and fol g df both exist, but f ' gdf does not exist! (Prove this as an exercise!)

We stress however, that the rule ff g(x f 19 x)+ fc x)df (x) is always
true when ¢ is continuous and f is bounded on [A B, and in partlcular it is always true
in the special cases which are covered by Definition B.1I

3.3. Dirichlet series; convergence properties. (To a large extent we follow Mont-
gomery and Vaughan [40, §1.2] in this section.)

A series of the form ) >, a,n"*® is called a Dirichlet series.

Theorem 3.6. Let ay, ay, ... € C and suppose that the Dirichlet series a(s) = oo | ayn™*
s convergent for s = sg = g +itg, and let H > 0 be an arbitrary constant. Then the series
a(s) is uniformly convergent in the sector

(100) S={s=0+it : 0 >0y, [t —ty| < H(oc—09)}.

By taking H large, we see that the series a(s) converges for all s in the halfplane o > oy,
and hence that the domain of convergence is a halfplane. More precisely, we have

Corollary 3.7. Any Dirichlet series a(s) = > .~ a,n"* has an abscissa of conver-
gence o, € RU {+£oo} with the property that a(s) converges for all s with o > 0., and
for no s with o < o.. Furthermore «(s) converges uniformly in any compact subset of

{s : 0 >o0.}.

In extreme cases a Dirichlet series may converge throughout the plane (0, = —o0), or
nowhere (0, = +00). When the abscissa of convergence is finite, the series may converge
everywhere on the line o, + i, it may converge at some but not all points on this line, or
nowhere on the line.
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Proof of Theorem[3.8. The fact that )2, a,n™* is convergent means that for any £ > 0
there exists some Ay > 1 such that the partial sum

(101) fa(@):= > am™
A<n<zx
satisfies } fA(ZL’)‘ < ¢ whenever A4g < A < z. We now study similar partial sums for

a(s) =3 a,n®, s € S\ {so}: By integration by parts (Lemma B.2) we have for any

n=1
1< A< B:
B

Z a,n" % = Z ann_sonso_szf 2070 df 4()

A<n<B A<n<B A
B
= (fA(B)BSO_S - fA(A)A8°_8> — / fa(x)(sg — s)zo ™ Ldx
A
B
= fa(B)B*™° 4+ (s — sp) / falx)z®o da.
A
Hence if A > Ap and s € S\ {so} (see (I00))

‘ E an,n—?

B
< fa(B)B| + |s — 50| /A [fa()a®> | de

A<n<B
B
< eBo°7 4 a‘s — so‘ / 270 g
A
fym—a Z%m—a
(102) — eB™ - els — s ( - ).
o — 0y g — 0Oy
Note here that s € S\ {so} implies 0 — gy > 0 and also
— - t—1t t—1
(103) s sl cozootltztl oy fzbl gy
o — 0y o — 0y g — 0o

Hence we can continue as follows:

‘ E a,n”®

A<n<B

< eB7 +e(H+1)(A°7 —B°77) < e(H+ 1A < e(H +1).

The last number can be made arbitrarily small by chosing Ay > 1 sufficiently large, and
note that this bound holds for all B > A > Aj and all s € S\ {so}. This proves that

a(s) = Y07 a,n~* is uniformly convergent for all s € S\ {so}. Since also «(sg) is
convergent (by assumption) it follows that «(s) is in fact uniformly convergent for all
ses. O

Proof of Corollary[3.7. Let M be the set of those s € C for which «(s) converges. If M = ()
then the claim holds with o, = +00. Otherwise, if M # (), then we set 0. := inf{Re s :
s € M} € RU{—oc}. Then by definition of infimum, a(s) does not converge for any
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s with Re s < o.. It remains to prove that if C' is a compact subset of {s : ¢ > o.}
then a(s) converges uniformly for s € C'. To prove this we set 01 = inf{Res : s € C}.
Since C' is compact there is some s; € C' such that o; = Re s;. Hence o7 > 0., and by
definition of infimum there is some sq € M with Re sg < 0;. Now for all s € C' we have
Re sg < 01 < Re s, and thus

|Im s — Im s
Re s — Re s

is a continuous function on C. Since C'is compact this function is bounded from above, i.e.

there is some H > 0 such that % < H for all s € C. Now if S is the sector defined

C>s+— € Ry

in ([I00) for our sg, H it follows that C' C S. Theorem says that «(s) is uniformly
convergent in S; hence in particular «(s) is uniformly convergent in C. U

Corollary 3.8. The series a(s) =Y a,n"* is an analytic function for o > o., and we
have

a(s) = — Z a,(logn)n™*
n=1
with uniform convergence in any compact subset of {s : o > o.}.
Proof. This follows from Corollary [3.7 by Weierstrass Theorem, cf. footnote [l on p. O

To discuss absolute convergence versus conditional convergence we also introduce the
following.

Definition 3.5. We define the abscissa of absolute convergence, o,, of a Dirichlet series
a(s) = >0 a,n~° as the infimum of those ¢ for which > 7  |a,|n™7 < co. (By Corol-
lary BT, o, equals the abscissa of convergence of the Dirichlet series > 7 | |a,|n™%.)

el —S

Since |a,n"*| = |a,|n"° we immediately see that the Dirichlet series Y ° a,n™*% is
absolutely convergent for all s with ¢ > o,, but not for any s with ¢ < ¢,. Hence if
0. < o, then fozl a,n~* is conditionally convergent for all s with o. < o < 0g,.

Proposition 3.9. For every Dirichlet series we have o. < 04 < 0.+ 1.

Proof. The first inequality is obvious. To prove the second, suppose that ¢ > 0. Since
the series Y 7 a,n 7" is convergent, the summands tend to 0 and hence |a,| < n7*<
for all n > 1 (the implied constant may depend on ¢ and on the given sequence {a,}).
Hence the series Y - a,n~ 77172 is absolutely convergent by comparison with the series
S>> n~'7¢, proving o, < 0.+ 1+ 2¢. This is true for all ¢ > 0 and hence we obtain
o < o0,+ 1. O

It is an important fact that the coefficients of a Dirichlet series are uniquely determined
from the resulting function:
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Proposition 3.10. If Y  a,n™* = >>°  b,n~° for all s with ¢ > o¢ then a, = b, for
alln > 1.

Proof. We put ¢,, = a,, — b,,, and consider Zzozl c,n~%. Suppose that ¢, =0 for all n < N.
Since Y >, ¢,n~7 = 0 for 0 > ¢ we have cy = —N7 Y _ \ c,n~?. By Proposition 3.9 this
sum is absolutely convergent for ¢ > oy + 1; thus for these o we get

(104) ey < ‘N"chn_” = Z len|[(N/n)7.

n>N n=N+1

Since each term in the last sum is a (non-negative) decreasing function of o and tends to
0 as 0 — oo, we get by a standard argument that the whole sum tends to 0 as ¢ — oo.
Hence ¢y = 0, and by induction we deduce that this holds for all N.

(Details for the “standard argument” two lines up: Given any e > 0, since Y > ., [¢,|(N/n)70?
converges there is some Ny > N such that }° _ . |ea|(N/n)?*? < e. Furthermore, since
limy 00 |[¢n|(N/n)? = 0 for each n € {N + 1, N +2,..., Ny}, and there are only finitely

many such n’s, we can choose S > 0o + 2 such that [c,[(N/n)? < 55 forall 0 > S

and all n € {N +1,N +2,...,Ng}. We then have, for all o > S: > _ |ca|(N/n)7 <
SN Noow T 2meng i1 [enl(N/n)7F? < e+ e = 2e. Since this holds for arbitrarily small
¢ we obtain the desired convergence.) U

We next express a convergent Dirichlet series as an absolutely convergent integral.

Theorem 3.11. Let A(x) = anx an, and let o, be the abscissa of convergence of the
Dirichlet series y .~ a,n"*, as before. If 0. < 0 then A(x) is a bounded function, and

(105) Z a,n~° = s/ A(x)r—* dx
n=1 1

for o >0, the integral being absolutely convergent. If o. > 0 then

log | A
(106) lim sup 28 1A@
zo0  logx

and ([I0B) holds for o > o., again with the integral being absolutely convergent.

Proof. By partial summation we have

é“n”‘s = / ) v dA(z) = / ' v dA(z) = A(N)N~* + 5 / ) A(z)z™* " dw

- 2 2

[

(107) =AN)N° +3s /N A(x)x™ " da,
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since A(z) = 0 for z < 1. Note that for any number # > limsup,_ . bgl(‘)’g;x) we have

A(z) < 29 for all x > 1E where the implied constant may depend on the a,, and on 6 (but
of course not on ). Hence if Re s > 6 then the integral in (I03]) is absolutely convergent,
and we obtain the equality (I05]) by letting N — oo in ([I0T), since limy_,oo A(N)N~% = 0.

log |A(z)]
logz

Hence it follows that (I03]) holds for all s with Re s > limsup,_, . , with the

integral being absolutely convergent.

First assume o. < 0. Then by Corollary 3.7 we know that >~ a,n™* converges for s =
log | A(z)|

logz —

0; in other words A(x) tends to a finite limit as  — oo. This implies limsup,_, .,
0, and hence (I07) holds for all s with Re s > 0.

We now turn to the remaining case, o. > 0. By Corollary 3.7l we know that the left hand
side in (I0%]) diverges when Re s < o,; hence limsup,_, . Ing‘);‘g”” > 0.. On the other hand,
taking any real sy > o, say, we know that the series f(z) =), <n<g @nn” % tends to a finite

limit as x — oo, and by partial summation we have
(108) Z a,n~*n® —/ 0 df(u) = f(x)x*™ — 30/ fu)u™! du.

1<n<az 2 3
Since f(z) is a bounded function it follows that A(x) < x*° for all x > 1, where the implied
constant may depend on the a,, and on sy. Hence limsup,_, log A < ¢/, Since this holds
log |A(z)

logxz
for any real sg > 0. we conclude that limsup,_, og s | < 5.. Hence we have proved that

(I06) holds. O

We highlight the following important special case of Theorem B.11]

Corollary 3.12. If A(x) = > _, a, is a bounded function then o. < 0 and the formula
(I0R) holds for all s with o > 0, the integral being absolutely convergent.

Proof. If A(x) is bounded then limsup,_, bgh‘)’;;x)l < 0, and hence the claims follow from

Theorem [B.1T1 O
Example 3.5. Using Corollary [3.12] we can now prove the fact used in the proof of Dirichlet’s
theorem (Theorem [IL4)) that if x is a non-principal Dirichlet character, then the series for
the Dirichlet L-function L(s, x) = >_.—, X(n)n™* is convergent for all o > 0 (and uniformly
convergent in any compact subset of {s € C : o > 0}).

Let A(x) = >, <, x(n). By Corollary we will be done if we can prove that the
function A(x) is bounded! To do this we will first prove the following lemma:

>The symbol “<”: “b < a” means that there is a constant C' > 0 (called the implied constant) such that
b < Ca; we will only use this notation when both a > 0 and b > 0! Thus, recalling the “big O”-notation (cf.
footnote Bl on page [[3]), we may note that b = O(a) is equivalent to |b| < a. In this vein we also introduce
the symbol “>7: “b > a” is (again) only used when both @ > 0 and b > 0, and it denotes that there is a
constant C' > 0 such that b > Ca.



ANALYTIC NUMBER THEORY — LECTURE NOTES 41

Lemma 3.13. If x is a non-principal Dirichlet character modulo q then > ! _, x(n) = 0.

Proof. Since x is periodic with period ¢ we may just as well consider x as a function from
Z[qZ to C, and then our task is to prove > ., ., x(n) = 0. Also x(n) = 0 whenever
(n,q) =1, thus x(n) # 0 can only hold when n € (Z/qZ)*, and hence our task is to prove
2 ne(z/qzyx X(n) = 0. Since y is non-principal there is some m € (Z/qZ)* with x(m) # 1.
Since y is multiplicative without restrictions we have

xm) Yo xm)= Y xtmx(n)= > x(mn).
n€(Z/qZ)* n€(Z/qZ)* n€(Z/qZ)*
But here mn visits each element in (Z/qZ)* exactly once; hence we conclude

xtm) Y xm)= Y xn).

ne(Z/qL)* ne(Z/q2)*

Since x(m) # 1 this implies ZnE(Z/qZ)X x(n) = 0. 0O

The lemma implies that A(q) = > ., x(n ) = (0. Hence since x has period g we obtain
A(2¢) = A(3¢g) = ... =0 and also A(z + q) = A(x) for all z > 1. Hence A(z) is bounded.
This concludes the proof that L(s, x) = > .-, x(n)n~* has abscissa of convergence o, < 0.
0

Example 3.6. Using Corollary [B.12/together with a trick we can now also prove the fact used
in the proof of Dirichlet’s theorem (Theorem [[4)), that ((s) has a meromorphic continuation
to o > 0 with one simple pole at s = 1.

First of all note that Theorem B.I1] easily implies that ((s) = > -, n~* has abscissa of
convergence exactly o, = 1; hence we need to manipulate the series " >° , n~* in some way
before we can obtain the meromorphic continuation.

Note that for any s with ¢ > 1 we have
177 =277 4377 =47 457~ ...
= (1727437447 +57°+..) =227 +47°+67°+.. )
= (17427437 447 574+ ) —2-27(17 427 437+ 47+ )
=((s) =2-27°C(s)
= (1=27¢(s).

L(s) := i(—l)"“n‘s =175 2754375 47545 — = (1-2"5)((s).

n=1



42 ANDREAS STROMBERGSSON

(This identity can alternatively be deduced from Proposition 2.7] with the multiplicative
function f(n) = (—=1)""'n=%.) But the Dirichlet series L(s) has abscissa of convergence

0. < 0 by Corollary B.12] and in particular L(s) is an analytic function for o > 0.

Hence

((s) = 20

a meromorphic function for o > 0! To see that ((s) has a simple pole at s = 1 we need
now only note that L(1) # 0 (since L(1) = (17! =27 + (371 —471) + ... > 0) and
that the denominator f(s) = 1 — 2% has a simple zero at s = 1 (since f(1) = 0 but
(1) =log2 #0). oo

In fact we will see later that much more is true: ¢ has a meromorphic continuation to
the whole complex plane, and the only pole is at s = 1!

Ezxample 3.7. Applying Corollary B.8 and Theorem B.IT]to the formula for log L(s, x) which
we proved in the last lecture, leads to a very important formula (it plays a key role in the
first proof of the prime number theorem which we will give). Recall from (22]) (cf. also
Example 2.2]) that we have

(109) log L(s, x) Z Zm x(p™)p~™ (0 >1),

p m=1

with absolute convergence of the double sum for any s with ¢ > 1. The right hand side is
really a Dirichlet series:

(110) log L(s, x) Zan o (0 >1),
where
m~ ifn=pm
111 L=
(111) ¢ x(n) {O otherwise,

and as we have noted this Dirichlet series has abscissa of convergence o. < 1. Hence we
can apply Corollary B.8 to get hold of the derivative! Note here that

1 if n=pm
(112) anlogn = x(n)A(n), where A(n) := ogp Ln p
0 otherwise.

Hence we get:

=Y x(mAmn= (o> 1)

(113)




ANALYTIC NUMBER THEORY — LECTURE NOTES 43

(Justification: Recall that we really defined log L(s, x) by the formula (I09]), but we proved
in Example 2.2 that this gives a branch of the logarithm of L(s, x), and hence the derivative

of log L(s, x) is indeed % ) Finally, by Theorem B.IT], (I13) can be expressed as

( JE—
(114) o) —s/ Y(z, x)T dx (0 >1),
where
(115) Yz, x) =Y x(n)An

(the function ¥(z, x) will play a very important role in our further developments, cf. Defi-
nition I4.1] below).

In the special case x = 1 (¢ = 1) the last formula reads
(116) (s) = —s/ V(x5 de (c>1)
¢(s) ’
where
(117) V() = Aln)
n<x

3.4. Problems.
* Problem 3.1. Give proofs of (some or all of) the results stated without proof in §3.21

Problem 3.2. Let 0 < 8 < 1. Suppose that ai,as,... are complex numbers such that
SV aun? = N+ O(N2) as N — co. Then prove that

n=1
O(N37P) it <1
(118) Zan— ﬁNl 4+ 4 O0(ogN) if B=1 as N — oo.
O(1) if 8>1
Problem 3.3. Suppose that aq, as, ... are complex numbers such that Zﬁle ann_% ~ N as

N — co. i Then prove that ZnNzl Ay ~ %N% as N — oo. (Hint: Try to carry over the
method from Example 3.4])

Problem 3.4. Let py, pa, . . . be a sequence of complex numbers. Set N(r) :=#{j : |p;| < r}
and

log N
(119) A = limsup 28V

rsoo  logr

6The “~” symbol: We write “f(z) ~ g(x) as z — a” to denote that lim,_,, jEz; = 1. Thus this notation

can only be used when ¢(z) # 0 for all x sufficiently near a. [And we may note that if g(x) # 0 for all z
sufficiently near a, then “f(x) ~ g(z) as x — a” is equivalent with “f(z) = g(x)(1 +o(1)) as x — a” ]
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Also set

(120) T=inf{a>0: Y (1+][p])™ < oo}.

j=1
(a). Prove that 7 < A. [Hint. Note that >°°2 (1 + [p;[)~® can be written as a Riemann-
Stieltjes integral involving N(r). Also note/show that for any A; > A we have N(r) < rt
as r — oo. From these facts show that > 72 (1 + [p;])™ converges if a > A, ]
(b). Prove that A < 7,ie. A=rT.

Problem 3.5. Suppose that ai,as,... are complex numbers such that Z;V:l a, ~ N? as
N — oo. Then prove that Y1 a,(N —n)? ~ LN* as N — co. (Hint: Compare Problem
33)

Problem 3.6. The following is a step in some proofs of the prime number theorem: Write
J(x) =) ,<,logp (i.e. sum over all prime numbers p with p < z). Prove that if J(z) ~ z

as x — oo then m(z) ~ = as  — oco. (Hint: Compare Example 3.4l and Problem [3.3])

Problem 3.7. Mobius inversion formula.

(a). Let a1, as, ... be complex numbers such that the Dirichlet series a(s) = Y 7 a,n"*
has abscissa of convergence < oco. Set b, = ) dln 0d for n = 1,2,.... Then prove that

B(s) = >, b,n~* has abscissa of convergence < oo, and 3(s) = ((s)a(s) for o sufficiently
large.

(b). Combining (a) with Problem [2.1] and Proposition B.10, prove that if {a,} and {b,}
are as in (a) then a, = >, w(n/d)bs for all n =1,2,. ...

(c). Remove the assumption that > | a,n~° has abscissa of convergence < oo, i.e. prove
that for all sequences {a,} of complex numbers, if we set b, = Zd‘n aqg forn =1,2,...,
then a, =3, u(n/d)bg for alln =1,2,....

Problem 3.8. Prove that ¢(n) =3, u(7)d for all n € Z*,
(a). using Dirichlet series;
(b). directly.

Problem 3.9. (a). Let d(n) be the number of divisors of n, for each n € Z*. Prove that
S d(n)n™* = ((s)* when o > 1.

(b). (Generalization of (a).) For any o € C we set oq(n) = > ,,d*. Prove that
> oa(n)n™* = ((s)((s — @) when o > max(1,1+ Re ).

Problem 3.10. Let aq,as, ... be an arbitrary sequence of complex numbers, and set
(121) bo= Y na,  n=12...
din

d squarefree

Find a formula for a, in terms of by, b,.... [Hint. Show that (IZI) may be written as
bn = D gy |1(n/d)|ag; then try to mimic Problem B.7, making use of Problem 23]
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Problem 3.11. Euler product of degree 2, again (cf. Problem 2.4]). Let o € C be a
given constant and let {a,} be a sequence of complex numbers. Prove that the following
two assertions are equivalent:

(i). The sequence {a,} is multiplicative, not identically zero, satisfies |a,| < n? for all
n € Z* and some constant A € R; and for every prime p and every k > 1 we have

ApQpk = Qpi+1 + paapkﬂ.
(ii). There is some B € R such that

Z ann—s _ H(l _ app—s _I_pap—2s)—l
n=1

p

holds for all s € C with ¢ > B (in particular both the sum and the product converge when
o> B).

Remark 3.3. From the relations in (i) above one can derive the following general multipli-
cation formula:

(122) [ — Z d® Gy /a2, Ym,n € Z".
d|(m,n)

(You may like to prove this as an exercise, but I don’t think this has much to do with the
methods introduced in the present section...)

Remark 3.4. Note that for any o € C, the sequence a, = 0,(n) satisfies conditions
(i)<=-(ii) above, cf. Problem B9(b). However, as already mentioned, similar types of
L-functions also arise from more advanced sources, e.g. modular forms, elliptic curves and
Galois representations.

Problem 3.12. (In connection with Theorem B.11l) Prove that for any continuous function
A:[1,00) — C we have

lim sup 710g [A()

. _ )
vomo log T =inf{f € R : |A(2)| < 2”, Vo > 1}.
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Problem 3.13. Eisenstein series. (This exercise is not very closely related to the material
of Chapter B, but it introduces some concepts which will play a role later in the course.)

The upper half plane H is defined to be the region
H={2z€C : Imz > 0}.

(a). Prove that for every k € Z>,, the series
1
Ei(2) = —
i T

(where the sum runs over (m,n) € Z*\ {(0,0)}) is uniformly absolutely convergent for z
in any compact subset of H. Hence for every k € Z>,, Fi(z) is an analytic function in H.

(b). See Def. 5.3 below for the definition of the modular group, SL(2,7Z). Prove that

az +by ok a b
Ek<cz+d)—(cz+d) Eu(2), v(c d) e SL(2,7), z € H.

d cz+d?
biholomorphic map from H onto itself.

Prove that the set

(c). For any T' = <Z b) € SL(2,R) and z € H we define T(z) := %t%: this makes T a

F:={zeH : |[Re(z)| <3, 7| >1}
is a “fundamental domain for SL(2,Z)\H”, in the sense that

0. H= |J 7177

TeSL(2,Z)
(where T'(F) :={T(z) : z € F}), and
(ii). Th(F°) NTy(F°) = 0 for any two 11, Ty € SL(2,Z) with T1 # £T5.
(Here F° denotes the interior of F.)
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4. MORE ON DIRICHLET CHARACTERS

This lecture corresponds to Davenport, Chapters 4,5. Below we review several things
from more basic number theory which I hope that most of you are aware of, and which I
will not have time to discuss in class. In particular this concerns the structure of the multi-
plicative group (Z/qZ)* and quadratic reciprocity. Here are some recommended textbook
references, very different in style, but each containing the necessary material:

e Nagell, “Introduction to Number Theory”, [41], chapters III and IV.

e Ireland and Rosen, “A Classical Introduction to Modern Number Theory”, [29], chapters
3,4, 5.

e Niven, Zuckerman and Montgomery, “An Introduction to the Theory of Numbers”, [43],
chapters 2, 3.

4.1. [Review: Some basic facts about Z/qZ and (Z/qZ)*]. For q € Z* we denote by
7./qZ the ring of all integer residue classes modulo ¢. This is a finite ring with ¢ elements,
it has a multiplicative identity 1 € Z/¢Z, and it is commutative. For any commutative ring
R with multiplicative identity 1 € R, we denote by R* the group of invertible elements of
R. Thus as a set,

(123) R*={a€eR:3JxeR:ar=1},

and R* is a group under the multiplication coming from R. Returning to R = Z/qZ, it is
a well-known fact that an integer x gives an element in (Z/qZ)* if and only if (x,q) = 1.
The number of elements of (Z/qZ)* equals ¢(q), where ¢ : ZT — Z7T is Euler’s ¢-function.
It is given by the formula

(124) o)) =T (1-7).

See Example below for a proof.

Theorem 4.1. Euler’s Theorem (or Fermat-Euler Theorem). For each integer x
with (z,q) = 1 we have @ =1 (mod q).

Proof. The assumption (z,q) = 1 means that x gives an element in (Z/qZ)*. But (Z/qZ)*
is a finite group with ¢(q) elements; hence by Lagrange’s Theorem, ¢?(@ = 1 holds for all
g€ (Z/qz)". O

Theorem 4.2. Chinese Remainder Theorem. Let qi,qs,...,qy, be positive integers
which are pairwise coprime, i.e. (q;,q;) =1 for all1 < j < k < m. Then for any given
T1,..., T, € Z there is some x € Z such that x = x; (mod q;) for all j =1,...,m. This x
1s uniquely determined modulo qi1qs - - - ¢p,.

(See almost any book on basic number theory for a proof.)
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Corollary 4.3. If g = q1q2 - - - ¢ where q1,qa, . . ., qm are positive integers which are pair-
wise coprime, then there is a canonical isomorphism between the ring Z/qZ and the ring

(Z)hZ) x (Z)@Z) X -+ X (Z]qmZ).

Proof. (Sketch) For each j, since ¢; | ¢, every congruence class modulo ¢ determines a
congruence class modulo ¢;. Thus we have an (obvious) homomorphism J : Z/qZ —
(Z)Z) x (Z]qg2Z) % --- X (Z/qmZ). The Chinese Remainder Theorem gives that .J is
surjective (from the existence part of the Chinese Remainder Theorem) and also injective
(from the uniqueness part of the Chinese Remainder Theorem). O

Corollary 4.4. If g = q1q2 - - - ¢, where q1,qa, ..., ¢y are positive integers which are pair-
wise coprime, then there is a canonical isomorphism between the group (Z/qZ)* and the

group (L) Z)* X (L))" x -+ X (L/qmZ)* .

Proof. Let J : Z)qZ — (Z] W Z) X (Z) qoZ) X - - - X (Z/ g ’Z) be the canonical ring isomorphism
from above. J restricts to an isomorphism between the groups of invertible elements,
T AZ)qL)* = (Z)@Z) % (Z] L) % - - % (L] gu)) "
But here
(Z/@Z) % (Z)@L) X -+ % (Z)4nZ))" = (L]0 L) X (L)@ZL)* % -+~ X (Z)qm)",
and this completes the proof. O
Ezample 4.1. If we denote Z/10Z = {0,1,2,3,4,5,6,7,8,9}, Z/5Z = {0,1,2,3,4} and

Z.]27 = {0, 1} then the canonical ring isomorphism J : (Z/10Z) — (Z/5Z) x (Z/27) maps
as follows:

z= | 0 1 2 3 4 5 6 7 8 9
J)=100,0) 1,1 (20) 3,1 (40) O (1,0) (21) (3,0) (41)

The groups of invertible elements are (Z/10Z)* = {1,3,7,9}, (Z/5Z)* = {1,2,3,4} and
(Z)2Z)* = {1}, with group isomorphism J* : (Z/10Z)* — (Z/5Z)* x (Z/27)*:

T = 1 3 7 9
J) =111 1) @21 41

Example 4.2. Note that Corollary .4l immediately implies that Fuler’s ¢-function is mul-
tiplicative. Indeed, if m,n € Z* are coprime, then Corollary 4] gives #(Z/nmZ)* =
#((Z/nZ)* x (Z/mZ)*) = #(Z/nZ)* - #(Z/mZ)*, viz. ¢(nm) = ¢(n)¢(m).

From this it is easy to prove the formula (I24)), ¢(q) = ¢ Hm(l — %) To wit, note that if
q is a prime power, ¢ = p® (« > 1), then an integer z is coprime with ¢ if and only if p { z,
and since exactly p®~! among the integers 0,1,2,...,p% — 1 are divisible by p we have

¢(p*) = p* —p*~ = p° (1 - %)

(87
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Hence by multiplicativity, if ¢ has prime factorization ¢ = pi* - - - p%» then

m

=ITo09) =110 (1)) =oII( ;)

J=1

O

4.2. [Review: The structure of (Z/qZ)*]. In this section we will describe the structure
of (Z/qZ)* as an abstract group.

Definition 4.1. Any element g € (Z/qZ)* such that (Z/qZ)* = {¢°,¢", ¢, ...,g? @1} is
called a primitive root modulo q.

Thus a primitive root modulo ¢ exists if and only if (Z/qZ)* is a cyclic group, and then
a primitive root is the same as a generator of this cyclic group.

Let us make the general observation that for any g € (Z/qZ)*, if ¢* = g* (mod ¢) with
0 < a < b, then ¢g*=¢ = 1 (mod q), since (Z/qZ)* is a group. Hence if v is the smallest
positive integer for which g” = 1 (mod ¢), then all the elements 1 = ¢°, ¢!, g%, ..., ¢" ! are
distinct in (Z/qZ)*. In particular g is a primitive root if and only if v = ¢(q).

Our first result is that when ¢ = p a prime, (Z/pZ)* is cyclic:

Lemma 4.5. If p is an odd prime then there is a primitive root modulo p.

Proof. For each a € (Z/pZ)* we let v(a) be the smallest positive integer such that a*(@ = 1;
since a?~! =1 by Theorem [L1] we have v(a) | p — 1. For each v | p — 1 we set

n(v) :=#{a € (Z/pZ)* : v(a) = v}.

Since every a € (Z/pZ)* is a zero of the polynomial X?~! — 1 over the field Z/pZ, and
deg(XP~! — 1) = #(Z/pZ)* = p — 1, we conclude by polynom division that

xr-1= J] xX-a
a€(Z/pZ)*
as a polynomial identity over Z/pZ. Now if d is any divisor of p — 1 then
XP 1= (X)X xemd )

where e = 221 and hence exactly d among the factors in [Tocz/pzyx (X —a) divide X d_1

and all the other factors divide X(¢=D4 X (=24 + 1+ 1 Hence X? — 1 has exactly d
zeros in (Z/pZ)*. On the other hand a? = 1 (mod p) holds if and only if v(a) | d; thus

> n(v)y=d, Vd|p-1.

vld
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Hence by Mébius inversion, for each d | p — 1 we have (cf. Problems [3.7 and B.8))
d
n(d) =" u(5)v= o).

vld

(Here we applied M&bius inversion to the “sequence” {n(v)}, although n(v) is only defined
for v | p—1. However, we may set e.g. n(v) = 0 for all other v, and apply Mébius inversion
to this sequence n(1),n(2),n(3),...; compare the solution to Problem B.7(c).) In particular
n(p—1) = ¢(p—1), i.e. we have proved that there are exactly ¢(p — 1) > 0 primitive roots
modulo p. Il

Next we will prove that if p is an odd prime then also (Z/p®Z)* is cyclic for any « > 2.

Lemma 4.6. If p is an odd prime and o > 1 then there is a primitive root modulo p“.

Proof. Let g € Z be a primitive root modulo p (this exists by Lemma [A.5]). Then gP~! =
1 (mod p) and hence ¢! = ap + 1 for some a € Z. If p | a, then we set ¢’ = g + p and
note that ¢’ is also a primitive root modulo p, since ¢’ = g (mod p), and also

p—1 1

. ) —1 —1

=+ =) (pk )p’“EE (pk )p’“El—p(modPZ)-
k=0 k=0

Hence by possibly replacing g by ¢’, we may from now on assume that g € Z is a primitive
root modulo p and ¢g?"' =ap+1, pta.

We now claim that this g is a primitive root modulo p® for all « > 1. We will prove this
by induction over «; in fact we will prove the more precise statement that for each oo > 1,
g is a primitive root modulo p* and g®~VP*"" = ap® + 1 for some a € Z with p t a. This
statement is true for & = 1 as we have just noted. Next assume that o > 2 and that the
statement is true with « replaced by a—1. Then since g is a primitive root modulo p®~!, for
any v € Z which is not divisible with ¢(p®~!) = p*~2(p—1) we have g” # 1 (mod p*~!) and
thus ¢¥ # 1 (mod p®). Hence if v > 0 is such that g = 1 (mod p*) then v = np®~2(p — 1)
for some n > 0, and now since we are also assuming g(”_l)p%2 = ap®~! + 1, we have

(125)
n 1
v o__ a—1 n __ Y\ g k(a—1) — ny\ k(a—1) __ a—1 (e’
g’ = (ap* " +1)" = E (k)ap = E (k)ap =nap® " + 1 (mod p%).

k=0 k=0
Since p 1 a the above is = 1 (mod p®) if and only if p | n. Hence g* = 1 (mod p®) holds if
and only if v is divisible by p®~1(p — 1) = ¢(p®), and thus g is a primitive root modulo p®.
Also, in the special case n = p the computation in ([I25)) actually holds modulo p®!, since
pHe=D = 0 (mod p**!) for all k > 3 and also (£)p"@~Y =0 (mod p**!') for k = 2 (here we
use the fact that p # 2; thus p | (g)) Hence we have g®= V7" = ¢/p® + 1 for some d’ € Z
with p{ a’. This concludes the induction step, and thus the proof of the lemma. O



ANALYTIC NUMBER THEORY — LECTURE NOTES 51
The following observation is also important:

Lemma 4.7. If g € Z is a primitive root modulo p* (some o > 2) then g is also a primitive
root modulo p* for each 1 <k < a — 1.

Proof. In the proof of Lemma we constructed an integer — let’s call it gy here — which
is a primitive root modulo p® for all 3 > 1. In particular gy is a primitive root modulo
p® and hence there is some v > 1 such that ¢ = gy (mod p®). Set d = (v, (p — 1)p*~ ). If
d > 1 then ¢g=1r"/d = gg(p_l)pafl/d = 1"/4 = 1 (mod p®), and since 1 < (p — 1)p*~'/d <
(p — 1)p™~! this contradicts the fact that ¢ is a primitive root modulo p®. Thus we must
have (v, (p — 1)p* ') =d=1.

Now take any 1 < k < a — 1. Then also (v, (p — 1)p*~!) = 1 and thus for every integer
w we have vw = 0mod (p — 1)p*~! if and only if w = Omod (p — 1)p*~!. But gy is a
primitive root modulo p* and thus for an integer n > 0 we have g& = 1 (mod p*) if and
only if n = 0mod (p — 1)p*~!. Hence, for w > 0 we have the following chain of equivalent
statements:

w

g" =1 (mod p*) <= g =1 (mod p*) <= vw = 0mod (p — 1)p**
= w=0mod (p—1)p"".

Hence ¢ is a primitive root modulo p*. O

We next turn to the case p = 2. Here (Z/2°Z)* is cyclic for a = 1,2 (of order 1 and 2
respectively), but it turns out to be non-cyclic for a« > 3. For example, regarding (Z/87Z)*,
it is well-known that the square of any odd number is = 1 (mod 8), and in fact the group
(Z/8Z)* is isomorphic to the product of two cyclic groups of order 2. The following lemma
shows that, more generally, (Z/2°Z)* for a > 3 is isomorphic to the product of a cyclic
group of order 2°~2 and a cyclic group of order 2.

Lemma 4.8. If ¢ = 2% with o > 2 then 5 = 1 (mod 2%); £5° 45!, £52, ... +52" 1
are distinct elements in (Z/QQZ)X, and hence

(126) (Z/2°2)* = {(-1)"5" : v € {0,1}, v €{0,1,...,2°72 = 1} }.

Proof. Note that 5V = 1 (mod 4) while —5Y = 3 (mod 4) for all v > 0; hence it suffices
to prove that if we let v be the smallest positive integer for which 5 = 1 (mod 2%), then
v = 2972, This is true if & = 2; hence from now on we assume o > 3.

By Theorem E (note ¢(2%) = 2°71) we have 52" = 1 (mod 2%); hence v | 2°~. But
we cannot have v = 27! since then the sequence 50,51,52, ...,5" ! would contain all
elements in (Z/2°Z)*, while we saw above that it actually misses all elements which are
= 3 (mod 4). Hence v < 27! and thus v | 2272, Now v = 2272 will follow if we can only
prove 52 ° # 1 (mod 2%). In fact we will prove by induction that 52" ° = 22~14+1 (mod 2%)
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for all @ > 3. This is clearly true for a = 3. Now assume that it is true for some given
o > 3; this means that 52 ° = 22~1y + 1 for some odd integer u, and hence

52a72 _ (2a—1u + 1)2 _ 22(@—1)u2 + 204, +1= 2@(2a—2u2 + u) +1.

Here 2°~2u? + u is odd since o > 3; hence 5°°° = 2% 4+ 1 (mod 2°t1), i.e. the claim is true
also for a + 1. This concludes the proof. O

Combining Lemma and Lemma [A8 with the Chinese Remainder Theorem (see
Cor. [1.4)) we obtain the following structure theorem for (Z/qZ)*. Let us write Z(m)
to denote a cyclic group of order m.

Theorem 4.9. Let ¢ > 2 have the prime factorization ¢ = 2°°p7* - - - p&m (where py, ..., Pm
are distinct odd primes, oy, ...,y > 1, and ag > 0). Then (Z/qZ)* is isomorphic to the
direct product

{gg; y Z(an_z) ZZ ZZ ;g(), 1}} X Z(ptlxl—l(p1 _ 1)) X oeee X Z( %m—l(pm . 1>)

We remark that when applying Theorem [£.9in practice, one often wants to use an ezplicit
isomorphism between (Z/qZ)* and the above direct product, i.e. fix choices of primitive
roots in each (Z/ p?j Z)* and work directly with the Chinese Remainder Theorem.

4.3. Explicit list of all Dirichlet characters modulo ¢. Recall the definition of a
Dirichlet character, Definition [T on page [l and Remarks [LTHL3l We make some further
remarks. (Notation: C* is the group C\ {0} with ordinary multiplication, in accordance

with (T23).)

Remark 4.1. There is a natural bijective correspondence between the set of Dirichlet char-
acters x of period ¢, and the set of group homomorphisms f from (Z/qZ)* to C*. Indeed,
if y is a Dirichlet character of period ¢ then we get a corresponding group homomor-
phism f : (Z/qZ)* — C* by letting f([n]) = x(n) for any n € Z with (n,q) = 1, where
[n] € Z/qZ denotes the residue class of nmod q. Conversely, if f : (Z/qZ)* — C* is a
group homomorphism then we get a Dirichlet character x of period ¢ by letting

i o= {10 im0 =

In future we will often use the same letter x both to denote a Dirichlet character modulo
q and the corresponding group homomorphism from (Z/qZ)* to C*.

We write X, for the set of all Dirichlet characters modulo g.
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Remark 4.2. X, is a group, if we define the product x1x2 of any two characters x1, x2 € X,
by the formula

(128) Xixe](n) = x1(n)x2(n),  Vn€eZ

The group axioms are all easy to verify. In particular the identity element in X, is the
principal character y, (recall that the principal character xo € X, is defined by xo(n) =1
if (n,q) =1, xo(n) = 0if (n,q) > 1). Furthermore, using Remark [[.3 and ([I6]) we see that

the inverse of any x € X, is given by the conjugate character Y, defined by Xx(n) := x(n).

We will not use the group structure of X, until later. Instead, we will start by showing
how to make an explicit list of all the Dirichlet characters modulo ¢. In particular we will
see that #X, = ¢(q).

Definition 4.2. Assume that (Z/qZ)* is cyclic and fiz a primitive root g € (Z/qZ)*
modulo ¢q. Then the index v = v(z) of any © € (Z/qZ)* is defined to be the unique
number v € {0,1,...,¢(q) — 1} such that x = ¢*@®. We also write v(n) := v([n]) for any
n € Z with (n,q) = 1.

Lemma 4.10. Let ¢ > 2 be such that (Z/qZ)* is cyclic, and let v be the index function
corresponding to a fized primitive root g € (Z/qZ)*. Let w be any ¢(q)th root of unity, i.e.
any complex number satisfying w®? = 1. Then we get a Dirichlet character x modulo q by
the formula

W if (n, q) =
12 =1

Conversely every Dirichlet character modulo q can be expressed in this way. Different
choices of w gives different x’s, and hence there are exactly ¢(q) distinct Dirichlet characters
of period q.

Proof. The function defined by (129)) is easily seen to satisfy all the conditions in Defini-
tion [L1] (the multiplicativity relation (I4]) follows from v(nm) = v(n) + v(m) (mod ¢(q))
if (n,q) = (m,q) = 1, whereas if (n,q) > 1 or (m,q) > 1 then x(nm) = 0 = x(n)x(m)).
Hence (I29) gives a Dirichlet character modulo q.

Conversely, assume that x is a given Dirichlet character modulo ¢. Set w = x(g) € C*.
Then w?@ = y(g)?@ = x(g? @) = x(1) =1, i.e. w is a ¢(qg)th root of unity. Furthermore,
for each n € Z with (n,q) = 1 we have x(n) = x(¢*™) = x(g9)"™ = w’™ whereas
x(n) =0if (n,q) > 1, by (I6). Hence (129)) holds.

Different choices of w give different Dirichlet characters, since x(g) = w. Note also that
there are exactly ¢(q) distinct ¢(¢)th roots of unity, namely e(0), e(==:), e(=2:), . . ., e(22=1) [l

2
¢(q) #(q) #(q)
Hence there are exactly ¢(q) distinct Dirichlet characters of period g.

"Here and later we use the standard notation e(z) := €27,
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We will later apply Lemma when ¢ = p® with p an odd prime number; this is ok
since (Z/qZ)* is known to be cyclic in this case, cf. Lemma We now turn to the case
q = 2% with o > 2. In this case we have seen that (Z/qZ)* is non-cyclic (unless a = 2). In
view of Lemma [£.8 we can uniquely define the index functions v : (Z/2°Z)* — {0,1} and
v (Z)2°7)* — {0,1,...,2°72 — 1} by the relation

(130) n=(=1)"™s"™  vn e (2/2°7)".
We now give a complete description of the set of Dirichlet characters modulo ¢ = 2:

Lemma 4.11. Let ¢ = 2® with a > 2. Let w € {—1,1} and let &' be any 2°2th root of
unity. Then we get a Dirichlet character x modulo q by the formula

{wu(n) (wl)l/(n) Zf 2 * n

(131) =10 if2 | n.

Conversely every Dirichlet character of period q can be expressed in this way. Different
choices of the pair (w,w') give different x’s, and hence there are exactly 2 - 2°72 = ¢(q)
distinct Dirichlet characters of period q = 2%.

(Note that in the special case ¢ = 4, &’ can only be w’ = 1, and hence we get the two
Dirichlet characters which we saw in Example [[LT])

Proof. The function defined by (I31]) is easily seen to satisfy all the conditions in Def-
inition [T Hence (I31]) gives a Dirichlet character modulo ¢q. Conversely, assume that
X is a given Dirichlet character modulo ¢. Set w = x(—1) and w = x(5). Then w? =
X(—1)? = x((=1)?) = x(1) = Land (@)*7 = x(5)*" = x(5*"") = x(1) = 1, ie
w € {—1,1} and W’ is a 2°72th root of unity. Furthermore, for each odd n € Z we have
x(n) = x((—=1)*™5Y" M) = y(=1)" My (5)Y' () = ) (W)™ whereas x(n) = 0 if n is
even, by (I6). Hence (I31)) holds. Finally, different pairs (w,w’) give different x’s, since
X(—1) =w and x(5) = ' O

Having treated all cases of prime powers, it is now easy to give an explicit list of all
Dirichlet characters for a general g, using the Chinese Remainder Theorem:

Lemma 4.12. Let q be an integer > 2, and write its prime factorization as ¢ = pi'py* - - - por
(where py, ..., p, are distinct primes and oy, ..., € Z1). For j = 1,...,r we let X
J

be the set of all Dirichlet characters modulo p‘;j ; note that this set is explicitly described in
Lemma [{.10 (if p; # 2) or Lemma [{.1]] (if p; = 2). Then for each choice of an r-tuple
(X1, Xr) € prfq X -+ X Xyor, we get a Dirichlet character x modulo q by the formula

(132) x(m) = [
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Conversely every Dirichlet character modulo q can be expressed in this way. Different
choices of r-tuples (x1,...,Xr) € szlxl X - x Xper gve different x’s, and hence there are

ezactly [[;_y #X o = [ o(p;’) = ¢(q) Dirichlet characters modulo q.
J

Proof. The function defined by (I32)) is easily seen to satisfy all the conditions in Defini-
tion [T (To prove the periodicity relation (I3), note that for each j we have x;(n+p;’) =
x;j(n) and p;j | ¢; hence x;(n + ¢q) = x;(n). To prove relation ([I6), i.e. x(n) = 0 whenever
(n,q) > 1, note that if (n,q) > 1 then there is some j such that p; | n, and then x,;(n) =0,
implying x(n) = 0.) Hence ([I32)) gives a Dirichlet character modulo g.

Conversely, assume that y is a given Dirichlet character modulo ¢q. Take some j €
{1,...,r}. For each n € Z we know from the Chinese Remainder Theorem that there
is some n; € Z (uniquely determined modulo ¢) such that n; = n (mod p;j ) and n; =
1 (mod pi*) for all k # j. Let us define x;(n) := x(n;)! This definition is unambiguous
since n; is uniquely determined modulo ¢ for given n, and one checks that x; satisfies the
relations (I3)—(I8) with ¢ replaced by p?j, Le. x; € X o5l Carrying this out for each j
we get an r-tuple (x1,...,x;) € Xjo1 X -+ X Xpor, and we claim that (I32) holds for this
tuple. For our x;’s, the right hand side of ([I32) is [T_, x,(n) = [Tj—, x(1;) = x(ITj=1 75)-
Here [[{_;n;=1-...-1-n-1-...-1=mn(mod p;*) for each k € {1,...,7}; hence by the
Chinese Remainder Theorem we have [[}_, n; = n (mod ¢), and thus X(H;:1 nj) = x(n),
and hence (I32)) holds.

Finally, to see that different choices of r-tuples (x1,...,x,) € Xpor X oo X Xpor give
different x’s, note that for any j € {1,...,r} and any given n € Z, if we take n; as in the last

. . r r n lf k =
paragraph then (I32) implies x(n;) = [[,—; xx(n;) = [[iz; {Tk( ) " %j} = x;(n).

This shows that x; is uniquely determined from x in (I32]).

The above Lemma shows in particular that #X, = ¢(¢). Thus X, and (Z/qZ)*
have the same number of elements! We will see in Section that there exists a duality
between these two groups: We know that X, is the group of characters on (Z/qZ)* (cf.
Remark [A.T]), but conversely it turns out that (Z/gZ)* can be viewed as the group of
characters on X,.

4.4. Some consequences. Recall that we proved in Lemma that if x is a non-
principal Dirichlet character modulo ¢ then > ! | x(n) = 0. Note also that, trivially,
if x equals the principal Dirichlet character xo modulo ¢ then > ?_ x(n) = ¢(¢q). Hence,
for any Dirichlet character x € X,:

(1) > i) = {g“q) R

otherwise.
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We will now prove a “dual” version of this result:

Lemma 4.13. For each ¢ € Z" and n € Z we have

(134) S () = {<z><q> if n =1 (mod q)

0 otherwise.
XEXq

Proof. If n = 1 (mod ¢) then the result is trivial since x(n) = 1 for all x € X, and if
(n,q) > 1 then the result is also trivial, since then yx(n) = 0 for all x € X,. Hence
from now on we may assume n #Z 1 (mod ¢) and (n,q) = 1, and our task is to prove that

> vex, X(n) =0.
To start with we will construct some x' € X, such that x'(n) # 1. Let ¢ have the

prime factorization ¢ = p{'py? -+ -p® . Since n Z 1 (mod ¢) there is some k € {1,...,r}
for which n # 1 (mod p*). If p, # 2 then if we apply Lemma ET0 with “gne, = pi*” and

w= e(m) we get a Dirichlet character x; modulo p* with xx(n) # 1. In the remaining
k

case pp = 2 we note that n # 1 (mod 2%¢) and 2 { n together imply «y, > 2. Take v € {0,1}
and v/ € {0,1,...,2% 2 — 1} so that n = (—1)*5"" (mod 2°), cf. Lemma 8 Then either
v#0or v/ #0,since n # 1 (mod 2%). If v/ # 0 (this is only possible when «y > 3) then
we take w = 1 and w’ = ¢(227%*) in Lemma .11} if / = 0 and v # 0 then we instead take
w=—1and w =1 in Lemma .11} in all cases this gives a character x; modulo 2% such
that xx(n) # 1. Finally, for each j # k we let x; be the principal character modulo p?j ,
and define X' = [[}_, x; as in (I32)); viz. in more concrete terms:

oy Jxe(m) if (mg) =1
(135) x(m) = {0 it (m,q) > 1.

Then x' € X, and x'(n) # 1, as desired!

Now we can use the proof method from the proof of Lemma [B.13] letting our x’ play the
role of “m” in that proof, and using the group structure of X, (cf. Remark [4.2]). Note that

(136) X)) Y x(n) = > X'(m)x(n) = > X'xn),
XEXq XEXq XEXq
and here x"x visits each character in X, exactly once, since X, is a group; hence we conclude
(137) X(n) Y x(n) =" x(n).
X€Xq X€Xq
Since x'(n) # 1 this implies >~ . x(n) = 0, and we are done. O

Using Lemma[L.T3]it is now easy to prove Lemma[L.5] which we needed in the first lecture
in the proof of Dirichlet’s Theorem. Recall that Lemma states that for any a,n € Z
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with (a,q) = 1 we have

1 — . J1 ifn=a(mod g),
(138) @ X;qX(a)X(n) N {0 otherwise.

Proof of Lemma[L3. Let a~! be the multiplicative inverse of a in (Z/qZ)*. Then x(a)x(a™') =

x(aa™') = x(1) = 1 and hence x(a™!) = x(a). Hence the left hand side of (I38) equals
139)  — 3 X@xm) = — 3 @ xm) = — 3 x(a'n)

ola) oa) % oa)
By Lemma this is = 1 if a~'n = 1 (mod ¢), and otherwise = 0. O

4.5. * Fourier analysis and structure theory for finite abelian groups. This section
is external reading and not required for the course. The purpose is to show how many of
the results and concepts in Section [A.3] and [4.4] take a slightly simpler and more elegant
form when formulated in the more general context of an arbitrary finite abelian group (in
place of (Z/qZ)*). We also wish to comment on how these facts belong to an even more
general framework which I believe most of you are already familiar with, at least in parts.

Throughout this section we will assume that G is a finite abelian group (except in
certain expository paragraphs below where we explicitly mention that we consider a more
general group GG). We will use multiplicative notation, i.e. the binary operation in G is
G > (g1, 92) = 9192 € G, the identity is denoted 1 € G, and the inverse of g € G is g~ 1.

Definition 4.3. Let G be a finite abelian group. A character of G is a homomorphism
from G to C* (the group of non-zero complex numbers under multiplication). If x; and x»
are characters of GG then their product, x1xo, is defined by pointwise multiplication, viz.

xixel(g) = x1(9)xa2(9),  VgeG.

The set of characters of G form a group under the above operation; this group is called the
dual group of G, and denoted by G.

Remark 4.3. Note that for any x € G and g € G we actually have |x(g)| = 1, for if n = #G
then ¢g" = 1 by Lagrange’s Theorem, and hence x(¢)" = x(¢") = 1.

We now have the following results (we postpone the proofs until the end of this section):

Theorem 4.14. For any x1, X2 € G we have
{1 if X1=X2

0 else.

(140) # > xil9)xa(g) =

geG

Theorem 4.15. The dual group G is isomorphic with G. (But there is no canonical choice
of isomorphism.)
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Let us denote by L?*(G) the Hilbert space of all functions f : G — C, with inner product
given by

(141) (i fo) = # ZG £1(9) ().

Then Theorem B4 says that G is an orthonormal set of vectors in L2(G). Furthermore
dim L*(G) = #G and Theorem 15 implies #G = #G’; hence G is in fact an orthonormal
basis in L*(G).

Note that every g € G gives a character J(g) on G defined by J(g) : G> x — x(g) € C*.
Theorem 4.16. Pontryagin Duality Theorem. The map J is a (canonical) isomor-

phism between G and CA;, the dual group of the dual group of G.

Ezxample 4.3. In the special case of G = (Z/qZ)*, the characters on G are exactly (after a
trivial identification, cf. Remark [£.1]) the Dirichlet characters modulo g, i.e. the dual group

is G = X,. Hence Theorem . 14] implies that for any xi, x2 we have
{1 if X1 = X2

0 else.

1 q
(142) o) ; x1(n)xa(n) =

Taking y» to be the principal character this gives back the relation (I33]). (On the other
hand (I42) follows from (I33)) applied to the character x = x1X5.)

Next let us apply Theorem .14l to the group G = X,; this gives, for any two characters
X, X5 on G: ﬁ ZXqu Xi1(x)Xa2(x) = 1if X; = X, and 0 otherwise. Using now Theo-
rem [L.160 we can write X1 = J(a1), Xo = J(az) with a1, as € (Z/qZ)*; then X;(x) = x(a1),

Xo(x) = x(az), and X; = X5 holds if.f. a; = as. Hence

S ) = {1 L

?(q) NEXy 0 else.

Thus we have recovered Lemma [L.9l

We now comment on how the above results are special cases of more general theory.
First, recall that in representation theory, if G' is any finite group then a “character” on G
is by definition a function x : G — C obtained as x(g) := Tr p(g) where p : G — GL(V) is
some representation of G on a (finite dimensional) complex vector space V. Also yx is said
to be an “irreducible character” if p is an irreducible representation. Note here that in the
special case dim V' = 1 we may identify GL(V) with C* and then x = p, i.e. x is simply
a homomorphism from G to C*. Now one knows that if G is abelian then all irreducible
representations of G have degree 1 (cf. e.g., [53, Thm. 9]). Hence the characters of a finite
abelian group G which we define in Definition are exactly the “irreducible characters”
in representation theory. Now Theorem [£.14]is seen to be a special case of the orthogonality
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relations for irreducible characters on a general finite group, [53] Thm. 3]. Furthermore we
know in general that the number of irreducible representations of G (up to isomorphism)
is equal to the number of conjugacy classes of G [53 Thm. 7]; if G is abelian this number
is equal to #G and thus #CA; = #G.

But the above facts are also special cases of results in Fourier analysis on abelian groups:
Keep G abelian, but allow it to be infinite; more precisely assume G to be a topological
group which is locally compact and abelian (LCA) (we refer to [51, App. B] for the exact
definitions; our purpose here is only to give a first brief orientation). Then @, the dual
group of GG, by definition consists of all continuous homomorphisms y : G — C* such that
|x(g)] =1 for all g € G. This is equivalent with Definition in the special case when G
is ﬁniteﬁ, and for a general LCA group G there is a natural definition of a topology on G
under which G is a LCA group [51, §1.2]. The standard Pontryagin Duality Theorem (cf.

Theorem [A.16]) is about this general setting: The definition of J : G — G given above turns
out to be valid for a general LCA group G, and J gives an isomorphism of topological groups
J: G5 @, [51, Thm. 1.7.2]. However Theorem [L.15]does not generalize; on the contrary it

turns out that, for instance, if G is discrete then G is compact, and if GG is compact then G
is discrete [51, Thm. 1.2.5]E Finally the orthogonality relations in Theorem .14] generalize
in a natural way to the case of an arbitrary compact abelian group G (cf. [51, p. 10(1)]):

/Xl(x)mdx: {1 if X1 = x2
G

0 otherwise,

where dx is the (so called) Haar measure on G, normalized so that fG dr = 1.

A central concept in this general theory of LCA groups is the Fourier transform, for
which there exists general results on the Fourier inversion formula and Parseval’s formula.
You are probably familiar with these formulae in the special cases of G = R/Z and G = R.
I will now write them out in our special case of G a finite abelian group. (Cf. [51] §§1.2.3,
1.5.1, 1.6.1] for the general case.)

Thus from now on we (again) assume that G is a finite abelian group.

Definition 4.4. Given any function f : G — C, the function j?: G — C defined by

~

(143) =2 X rons™)  (xed

geG
is called the Fourier transform of f.
8A topological group G is always assumed to be Hausdorff [51, B4] and thus if G is finite then the

topology has to be the discrete topology.
9This statement is consistent with Theorem B8] since G finite <= [G compact and discrete].
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Theorem 4.17. Fourier inversion. For every function f : G — C we have

(144) Flo)=>Y_floxlg)  (9€G).

xeG

(We again postpone the proofs until the end of this section.) For the next result we

~

define an inner product on L*(G) by
(145) (f.f2) =D hORK),  (fi e L’(G)).

xeG

Theorem 4.18. Plancherel’s Theorem; Parseval’s formula. The Fourier transform

~

is a Hilbert space isomorphism from L*(G) onto L*(G). In particular we have (f1, f2) =
(f1, f2), viz.

(146) # S L@@ =Y A0RK)

geG XE(A?

for all fi1, f» € L*(G).
Finally, we will now give the proofs of Theorems .14}, E.15, B.16], 117,

Proof of Theorem [4.14 (Compare the proof of Lemmal3.I3l) The result is trivial if x; = x2
since then x1(g)x2(g) = 1 for all g € G. Now assume y; # 2. Set X = x1x5 '; then for

each g € G we have x1(9)x2(9) = x1(9)x2(9) ™' = x(g) and hence our task is to prove that
>_gec X(g) = 0. Since x1 # x2 there is some h € G such that x(h) # 1. Now

(147) X)) “xlg) = x(hg) =D xlg),

geG geqG geqG

for when g runs through all the elements of G then so does hg. The above equality, together
with x(h) # 1, implies > . x(g) = 0. O

Next, to prove Theorem .15 (“G = @”), we will use the following result on the structure
of a general finite abelian group (for a proof, cf. e.g., [, §V.4]).

Theorem 4.19. Kronecker decomposition theorem. FEvery finite abelian group is
isomorphic to a direct product of cyclic groups.

Let us write Z(m) to denote a cyclic group of order m.

Remark 4.4. There are in general several ways to decompose a given group as a direct
product of cyclic groups; for example, if m and n are any coprime positive integers then
the two groups Z(mn) and Z(m) x Z(n) are isomorphic. One way to obtain a unique
decomposition is to require that each cyclic group should have order equal to a prime
power. Thus: FEvery G finite abelian group is isomorphic to a direct product of cyclic
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groups of the form Z(p{*) x Z(p5?) X - -+ x Z(pSm) where the p; are primes, not necessarily
distinct, and the «; are positive integers. The direct product is unique except for possible

rearrangements of the factors. Cf., e.g., [8, §§1.7, V.5]

Now let G be a given finite abelian group. Then by Theorem [4.19 there exist positive
integers ny,ny, ..., n, and an isomorphism J : Z(n{) X Z(ny) x -+ x Z(n,) = G. For each
je{l,...,r} welet h; be a generator of Z(n;) and set

g;=J((1,...,1,h;1,...,1)) €G
(with h; occurring in the jth entry of “(1,...,1,h;,1,...,1)”, all other entries being the
identity element). It then follows that
(148) G:{gtlllgém”'g;lr : alv”'aarez}v

ay a2

where gi"'gy* - gt = glaggé---g?; holds if and only if a; = «a

{1,...,r}.

Proof of Theorem[{.15 Let x € G. For each j € {1,...,r} we have x(g;)" = X(g}”) =
x(1) = 1. Hence x(g;) is an n;th root of unity, and thus there is an integer m;, uniquely
determined modulo n;, so that x(g,;) = e(m;/n;). Hence

!/

% (mod ny) for all j €

ai a ar d a; miay mya,
(149) wgi g5+ ge) = [T o)™ = ¢( e ).
j=1 r
for all choices of aq, ..., a, € Z. This formula shows that y is uniquely determined from the

m;’s. Also note that for any given my, ..., m, € Z, the formula (I49) gives a well-defined
character x : G — C*, for if g{'g3®--- g% = gy gy* - - g% then aj = aj (mod ny) for all
j € {1,...,r}, and hence e(mnl—;“ +...+ mnr—f”) = e(mnl—fl +...+ mnr—rar) Hence we have
obtained a bijection
Gox— (my,...,m) € (Z/mZ) x - x (Z/n, 7).

Finally note that this is a group isomorphism if we take the group operation to be the
standgrd addition in each Z/n;Z. (Proof: Suppose xy € G maps to (my,...,m,) and
X' € G maps to (m},...,m,), i.e. x(g;) = e(m;/n;) and X’(gAj) = e(m/;/n;) for all j. Then
DXxX'1(g;) = x(g;)x'(g;) = e((m; +mj)/n;) and hence xx’ € G maps to (my+mj, ..., m, +

m,.).) To conclude the proof we need only note that (Z/nZ) x - - - x (Z/n,Z) is a product
of cyclic groups, isomorphic with Z(ny) x ... x Z(n,), and thus isomorphic with G. O

Proof of Theorem[{.16 (Pontryagin duality). The map J : G — G is a homomorphism,

for if g1,92 € G then for each x € G we have J(g192)(x) = x(9192) = x(g1) - x(g2) =
T(g)(X) - T(92)(x) = [J(91)T(92)] (x); hence J(g1g2) = J(91) I (g2)-
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ai a2

Next we prove that J is injective. Let g € G\ {1}. Then g = ¢{*g5* - - - g%~ for some inte-
gers ay, . .., a, by (I48), and g # 1 means that there is some k such that a; # 0 (mod ny).
Now set m; = 1 and set m; = 0 for all j # k, and let x € G be the corresponding char-
acter given by ([49). Then x(g) = e(0+ ... + TEE 4L+ 0) = e(ar/ng) # 1. Thus
J(9)(x) = x(g9) # 1 and hence J(g) # 1. This proves that J is injective.

Finally it follows from Theorem that #@ = #@ = #G; hence J is also surjective.
O

Proof of Theorem [{.17 (Fourier inversion). By linearity it suffices to prove (I44) for f in
a given basis of the vector space of functions from G to C. But we noted above (JU.St

below (I4I)) that G is such a basis; hence it suffices to prove ([Z4) in the case f € G.
But in this case we see from Definition 4] (where we notice x(¢~') = x(g)~* = x(g)) and
Theorem [4.14] that f(x) =1 for y = f and f(x) = 0 otherwise. Hence the right hand side
of (I44) equals f(g). O

Proof of Theorem [[.1§ (Plancherel, Parseval). We first prove Parseval’s formula, (I46). For
any f1, fo € L*(G) we have

Zj?l(X)J?z( #GQZ<Z fi(g)x (g7 ><Z f2(g2)x )

xe@ xeG 91€G 926G

Z filg f2 92 ZX91

91,92€G xe@

@ J(g7 () I (g5 D) (x) where J : G — G is the Pontryagin

isomorphism, and hence by Theorem [4.14] applied to G the inner sum is #@ if g7t =g5°,
and otherwise 0. Hence the triple sum above is seen to equal # deG fi1(g) fa(g), ie. we

have proved (I44]).

This identity shows that the Fourier transform is a Hllbert space isomorphism from
L%(G) onto some subspace of L2(G). But dim L2(G) = #G = #G = dim L2(G); hence the
Fourier transform actually maps onto L2(G). O

Here the inner sum equals »

4.6. Primitive characters. (Cf. Davenport chapter 5.)

Let x be a nonprincipal character modulo q. Thus y(n) is a periodic function of period
q; x(n) = 0if (n,q) > 1, and x(n) # 0 if (n,q) = 1. It is possible, that for values of n
restricted by the condition (n,q) = 1, the function y(n) may have a period less than q.
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Definition 4.5. We say that x is imprimitive if x(n) restricted by (n,q) = 1 has a period
which is less than q@ Otherwise we say that y is primitive.

If ¢ > 2; regarding the principal character modulo ¢ we note that Davenport chooses not
to count this as an imprimitive character, and it is certainly not primitive either! Thus
the set X, of all characters modulo ¢ > 2 is partitioned into three disjoint subsets: The
primitive characters, the imprimitive characters, and the principal character. However for
g = 1 it is natural to agree that the principal (and only) character x(n) = 1 is primitive.

Definition 4.6. Given x € X,, the conductor of x, c(x), is defined to be the smallest
positive integer ¢; such that y(n) restricted by (n,q) = 1, has a period ¢;. (Davenport
calls ¢(y) the “least period” of x; however the term “conductor” is standard in modern
literature. )

Thus x € X, is primitive if and only if ¢(x) = ¢, and  is principal if and only if ¢(x) = 1.
Ezxample 4.4. The following is a Dirichlet character y modulo 15. Find c(x)

n = 1234 56 7 8 9 10 11 12 13 14 15 16 17
xn)=/1-10-100-11i 00 1 0 i -1 0 1 -

Lemma 4.20. If x € X, and if ¢ € Z* is a period of [x(n) for n restricted by (n,q) = 1],
then c(x) | q1. Hence in particular we have ¢(x) | q.

Proof. Set ¢ = (c¢(x),q1). Then we know (fact about greatest common divisor) that ¢’ =
xe(x) + yqu for some x,y € Z. Hence since [x(n) for n restricted by (n,q) = 1] has period
¢1 and period ¢(q), it must also have period ¢’. But ¢’ | ¢(x) and ¢(x) is by definition the
least period of [x(n) for n restricted by (n,q) = 1]. Hence ¢(x) = ¢, and thus ¢(x) | ¢z. O

Lemma 4.21. For each x € X, there is a unique Dirichlet character x; € X such that
. 1
0 if (n,q) > 1.

This character x 1s primitive.
(The lemma is of course trivial if x is primitive, since then we get x; = x € X,.)

Proof. Let x € X, be given and set ¢; = ¢(x). We define the character y; € X, as follows.
For n € Z with (n,q) > 1 we set x1(n) := 0 (of course), and for n € Z with (n,q) = 1 we
choose some t € Z such that (n + tq1,q) = 1 and then set x1(n) := x(n + tq).

OFor maximal clarity, let us write out exactly what we mean by “x(n) restricted by (n,q) = 1 has a
period a € Z*”. This means: For any integers m,n with (m,q) = (n,q) = 1 and m = n (mod a) we have
x(m) = x(n).

H Answer: ¢(x) = 5.
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Before we continue we must prove that such an integer ¢ exists, for any given n € Z
with (n,q;) = 1. Note that it suffices to ensure that p t n + tg; holds for each prime
p | ¢; this is automatic if p | ¢; because of our assumption (n,q;) = 1; hence it suffices to
ensure that p{n + tq; holds for each p € M, where M is the set of primes p which divide
g but not ¢;. But for each p € M we have (p,¢1) = 1 and hence the linear congruence
equation n + tqg; = 1 (mod p) has a unique solution ¢ (mod p). Hence by the Chinese
remainder theorem, since M is a finite set of primes, there exists some ¢ € Z such that
n +tqy = 1 (mod p) holds for all p € M. In particular we then have p { n + tg; for all
p € M, as desired.

Having thus proved the existence of ¢ for any given n € Z with (n,q;) = 1, we must
also note that our definition x;(n) := x(n + tq;) does not depend on the choice of ¢; this
is clear since [x(n) for n restricted by (n,q) = 1] has period ¢(x) = ¢;. Hence x; is now a
well-defined function y; : Z — C.

One now easily checks that x; satisfies the relations (I3)—(I€) with ¢ replaced by ¢;; thus
X1 € X, . Furthermore the formula (I50)) is clear from our definition of x, since for every
n with (n,q) = 1 we have (n+1tq1,q) = 1 with t = 0 and hence x1(n) = x(n +tq) = x(n).
Also note that if x; is any Dirichlet character in X, satisfying (I50) for our given x, then
x1(n) = 0 for all n with (n,q;) = 1, and (I50) together with the g;-periodicity of x; implies
x1(n) =xi(n+tq) = x(n+tq) for all n,t € Z with (n+tq1,q) = 1. Hence x; is uniquely
determined by .

Finally we must prove that x; is primitive. Suppose that ¢ is a positive integer such that
[x1(n) for n restricted by (n, ¢;) = 1] has period ¢o. Then, a fortiori, [y1(n) for n restricted
by (n,q) = 1] has period ¢, since (n,q;) = 1 holds for all n with (n,¢) = 1. But we have
x1(n) = x(n) for all n with (n,¢) = 1; hence [x(n) for n restricted by (n,q) = 1] has period
¢2, and by the definition of ¢; = ¢(x) this implies g, > ¢;. Hence ¢ is the smallest period
of [x1(n) for n restricted by (n,q ) = 1], and this means that y; € X,, is primitive. O

In connection with the above lemma, let us note that if ¢; € Z*, if x; is any character
modulo ¢; (primitive or not), and if ¢ is any multiple of ¢;, then (I50]) defines a character
x modulo ¢. In this situation we say that y; induces x.

Lemma 4.22. [If x s a Dirichlet character modulo q which is induced by the Dirichlet
character x1 modulo g, (thus q1 | q), then

(151) L(s,x) = L(s,x) [JA = xa@)p™)  for o> 1.

plg

Remark 4.5. The most important application of Lemma is when x; is the primitive
character corresponding to y, as in Lemma 2Tl This case of (IE]) shows that the study
of an arbitrary Dirichlet L-function can be reduced to the study of an L-function corre-
sponding to a primitive Dirichlet character.
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In the special case that y is the principal character modulo ¢, the corresponding primitive
character y; is the trivial character modulo 1; x; = 1, thus L(s, x1) = ((s), and Lemma[d.22]
gives the relation L(s,x) = ((s)]],,(1 —p~*), which we have already proved in the first
lecture, see (25)).

p\q(

Proof of Lemma[{.22 By Euler’s product formula for L(s,x) (see Lemma [I.7] which we
proved in Example [ZT]) we have

152) (s, =[[A-xWp ) Lisx) = [[(1 = xa@p)

p p
for each s with ¢ > 1, and both products are absolutely convergent. Here for each prime
p 1 q we have x1(p) = x(p), but if p | ¢ then we have x(p) = 0 and thus 1 — x(p)p™® =1
(whereas x;(p) may or may not be 0). Hence

(153) L(s,x1) = [ [0 =xa)p™) " [JA = xa(mp) " = L(s, ) [ [(1 = xap)p~)

plq plg plg

O

4.7. Quadratic reciprocity; the Legendre, Jacobi and Kronecker symbols. In this
section I borrow some material from [§, Chapters 1,2] and [32), Teil I, Kap. 6].

Definition 4.7. For p an odd prime, the values of a € Z/pZ for which the congruence in
z,

(154) 2 = a (mod p)
is solvable are called the quadratic residues p.

Definition 4.8. For p an odd prime and a € Z/pZ (or a € Z), the Legendre symbol (or
quadratic reciprocity symbol) (%) (also written (a/p)) is defined by

1 if ptaand 2 = a (mod p) is solvable
a
(155) (—) =0 ifpla

b —1 if 22 = a (mod p) is unsolvable.
It follows from this that the number of solutions modulo p to the equation 2% = a (mod p)
equals 1+ (a/p).
Obviously

(156) <ﬂ> = (@) , if aj,as € Z, a1 = ay (mod p),

p p
and one easily proves that

m GG)() e
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Using these two relations, the evaluation of the symbol (a/p) reduces to the evaluation of
the symbols (—1/p), (2/p) and (¢/p), where g is any odd prime < £.

The famous quadratic reciprocity relations are:

Theorem 4.23. If p,q are any two odd primes then

(155) (ZH) = v
(159) (2) — (-1

(160) (%) = (g) (—1)

There is also the following important relation due to Euler:

Theorem 4.24. If p is an odd prime and a € Z/pZ then

(161) (g) = a"T (mod p).

It is useful for many reasons to introduce the following extension of the Legendre symbol:

Definition 4.9. For any integers a,b with b odd and positive, the Jacobi symbol (%) is
defined as follows. Let the prime factorization of b be b = H§:1 p; (where the p;’s don’t
have to be distinct). Then

(162) (%) = H (;%) .

J=1

(In particular if b =1 then = 0 and thus (¢) =1 for all a € Z.)

It follows directly from the definition that the Jacobi symbol satisfies

(163) (%) = (%) , if a1,as € Z, a1 = ay (mod b),
and
o 5 (3)- (). e

Furthermore, as a simple corollary of Theorem [4.23] we have:
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Theorem 4.25. If a and b are positive, odd integers, then

(165) (‘Tl) _ (-
(166) <%) — (-1,

(167) (%) - (2) (—1)%""2"

Note that if a,b € Z with b odd but not a prime number, then it is certainly not true
that the congruence z? = a (mod b) is solvable if and only if (%) # —1. However, the

condition (%) # —1 is a necessary condition for the solvability of 2* = a (mod b). (Prove

this as an exercise!)
Finally we have the following extension of the Jacobi symbol:

Definition 4.10. For any integers a,b with b even and positive, and with a = 0 or
1 (mod 4), we define the Kronecker symbol (%) by

a 0 if4|a
(168) (5) = {(%) if a =1 (mod 4).

Here in the right hand side, (% ) is a Jacobi symbol.
la]

Remark 4.6. To sum up, we have now defined the symbol (%) exactly when
(169) a,be€Z and b>0 and [21b or a=0(mod4) or a=1(mod 4)].

Remark 4.7. The exact range of definition for the Jacobi and the Kronecker symbols varies
from book to book. The definition which we give here extends that which Davenport gives,
in that we also define (%) (as 0) when b is even and 4 | a. In fact our range of definition
of the Kronecker symbol is slightly different from each one of [§, Chapters 1,2|, [32, Teil
I, Kap. 6] and [12]; our main purpose here is to make our definitions agree with those of

Davenport [12] while allowing some convenient extra generality.

We now collect several properties of the general Kronecker-Jacobi symbol (the proofs are
given at the end of the section).

Proposition 4.26. For any a,b € Z such that (%) i1s defined, we have (%) = +1 of
(a,b) =1, and (%) =0 if (a,b) > 1.

Proposition 4.27. We have (%) =1 for every positive integer b.

Proposition 4.28. If ai,as,b are integers such that (%) and (%2) are defined, then

o (56~ (5
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Proposition 4.29. If a, by, by are integers such that (%) and (%) are defined, then

)5

The following is a way of stating quadratic reciprocity.

Proposition 4.30. For any a,b € Z with a =1 (mod 4) and b > 0 we have

(172) (%) - (%) .

The following proposition is a direct consequence of Proposition [4.30l and it corresponds
to the relations stated by Davenport on p.39 (8) and below.

Proposition 4.31. If n, P € Z* with P odd and squarefree, then

(173) <%> = (%) , where P = (—1)%(P—1)p‘

We stress that the periodicity relation ([I63]) does not generalize in a direct way from the
case of the Jacobi symbol to the Kronecker symbol. For example, one checks that

0 ifd|a
a 1 if a =1 (mod 8)
174 —) =
(174) (2) —1 if @ =5 (mod 8)

undefined otherwise,

and this function of a has period 8 and no smaller period! On the other hand, the following
proposition gives a control of the periodicity of (%) as a function of b, for special choices
of a.

Proposition 4.32. For any a,by,by € Z with by,bs > 0 and a = 0 or 1(mod 4), if
by = by (mod a) then (b—) — (b—)

Finally we give the proofs of Propositions [4.26H4.32

Proof of Proposition [{.26 If b is odd then the proposition follows directly from Definition and the fact
that for any odd prime p we have (%) =+1if p{a and (%) =0ifp|a Ifbiseven and 4 | a then
(¢) =0 and 2 | (a,b), thus (a,b) > 1, so that the claim holds. It remains to consider the case when b is
even and a = 1 (mod 4). In this case we have (%) = (%) by Definition .10l and now the desired claim

again follows from Definition O

Proof of Proposition [{.Z7. If b is odd then (3) = 1 follows from Definition since (1—1)) = 1 for each
prime p. If b is even then (%) = (%) = 1, again by Definition 1.9 O
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Proof of Proposition [{.30 If b is even then the proposition follows directly from Definition Now
assume that b is odd. Note that @ > 0 or a < 0, since a = 1 (mod 4). If @ > 0 then directly by Theorem

[4.25]

- G- ()- ()

If a < 0 then, by ([I64) and Theorem .25 and noticing |a| = 3 (mod 4),
oy (21 (el -y (L) e oy (L) cyt = (2
()= (5) (5) -0 () o™= =0 () o0 - ()

Proof of Proposition [{-31] Note that P’ = 1 (mod 4); hence Proposition 30 applies with a = P’ and
b = n; note that then |a| = P and hence Proposition 30 gives the desired relation. |

O

Proof of Proposition [{.28 If ﬂ) and (a—b?) are defined then b > 0. If b is odd then the proposition follows

b
from (I64). If b is even then we must have [a; = 0 or 1 (mod 4)] and [az = 0 or 1 (mod 4)]. If a3 =0 or
az =0 (mod 4) then (%) (%) =0 = (%22), and in the remaining case a; = az = 1 (mod 4) we also have
ajaz = 1 (mod 4), and (%) (%) = (ﬁ) (‘a—bz‘) = (WI—ZQ\) = (%422). (Here the Jacobi symbol relation
( b ) ( b ) = (ﬁ) is a direct consequence of Definition A1) O

la1] laz]

Proof of Proposition [{.29 1If (%) and (%) are defined then by,by > 0. If b; and by are odd then the
proposition follows directly from Definition Now assume that at least one of b; and by are even. Then
a must be = 0 or 1 (mod 4), and in the case a = 0 (mod 4) we have (%) (%) =0= (ﬁ). Hence we
may now assume that a = 1 (mod 4). But then, using Proposition .30 and Proposition [£.28 we have

(i) )= (o) ()= () = (),

Proof of Proposition [{.32 If a = 1 (mod 4) then by Proposition A.30] and ([I63]) we have (%) = (b1 ) =

Taf

O

(%) = (%) .If @ = 0 (mod 4) and b; is even then also by is even (because of by = be (mod a)) and hence

i) =0=(2)

It now remains to treat the case when a = 0 (mod 4) and b; is odd; then also bs is odd (because of
b1 = b2 (mod a)). Note that if (a,b;) > 1 then also (a,b) > 1 and thus (%) =0= (%); hence we may
assume (a,b1) = 1 (and thus (a,b2) = 1). If a = 0 then (a,b;) = 1 forces b; = 1 and the claim is clear.
Now assume a # 0; we can then write a = e2Va’ for some ¢ € {£1}, v > 2 and an odd positive integer a’.
Now by Theorem [4.25] we have

a € 2\" [ d by—1 -1 (a by -1 b3 -1 a/=1b1-1 [ by
— | == — — | = 2 (=18 Y| —)=e"2 (=1)"8 Y(=1) =z =z [—=
(b1> (bl) (b1> (b1> e (bl) e 1) (a’)

and similarly for be; thus our task is to prove

2_ ’ _ _ 2_ ’ _
gbl—;l (_1)1718 11,(_1)‘1771%—21 (b_ll) = gb22—1(_1)b28 11;(_1)”77“)2—21 (b_2/> .
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ba

But b1 = ba (mod a) implies by = ba (mod 4) and hence (—1)1712‘7l =(-1) = . Also (&)

: (%) by (@53).

s v, If v = 2 then this is clear since (=1)? = 1. In the

b2 -1
Hence it only remains to prove (—1)1TU =(-1)

2_ 2_
remaining case, v > 3, we have 8 | a, hence b; = by (mod 8) and thus (—1) = (—1)%7 concluding the
proof. O

4.8. Characterization of the real (primitive) characters. (This is also Davenport
chapter 5.)

Definition 4.11. If d is any non-zero integer which is = 0 or 1 (mod 4), then we define
X = (%) to be the unique function x : Z — {—1,0, 1} with period |d| such that

x(n) = (ﬂ) for ne Z*.

n

Note that by Proposition [4.32] we have (i> = (n%) for any ni,n, € Z* with n; =

ny
ny (mod |d|), and this shows that there indeed exists a unique function y : Z — {—1,0,1}
as in the definition.

Lemma 4.33. For every non-zero integer d = 0 or 1 (mod 4) the function x = (4) s a
Dirichlet character modulo |d|.

Proof. x is periodic with period |d| by definition. Furthermore by Proposition [4.29 we have
X(ning) = x(n1)x(ne) for all ny,ny € Z*, and using the |d|-periodicity this is easily seen to
hold for all ny,ny € Z. Furthermore x(1) = 1 follows directly from Definition [£.9] and by
Proposition we see that x(n) = £1 when (n,|d|) =1 and x(n) = 0 when (n,|d|) > 1.
Hence all the properties (I3)-(10) hold, proving that x is a Dirichlet character modulo |d|;
viz. x € X‘d‘. 0

Note that x = (4) is a Dirichlet character modulo ¢ also for certain other values of ¢
than ¢ = |d|; for example if p is any prime dividing d then x € X, for any ¢ = |d|p™, m > 0.

We now state the two main results of this section:

Theorem 4.34. “Dirichlet’s Lemma” (cf. [8 Ch. I1.7]): Given any q € Z* and any

real character x € X, there is some non-zero integer d = 0 or 1 (mod 4) such that x = (4).

(We stress that d depends both on ¢ and on y, and that d is in general not uniquely
determined.)

Definition 4.12. An integer d is called a fundamental discriminant if either d # 1, d =
1 (mod 4) and d is squarefree, or d = 4N for some square-free integer N = 2 or 3 (mod 4).

Theorem 4.35. If d is a fundamental discriminant then x = (4) 1s a real primitive

Dirichlet character modulo |d|. Conversely, if ¢ > 2 and x is a real primitive character
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modulo q then there is a unique fundamental discriminant d such that x = (%l), and this d
s in fact d = q or d = —q.

In particular we see that for each ¢ € Z* there are exactly 0 or 1 or 2 primitive real
characters modulo ¢, this number being equal to the number of fundamental discriminants
in the set {—q, q}.

We also mention two more facts regarding the characters ( %l):

Lemma 4.36. For every non-zero integer d = 0 or 1(mod 4), the character (4) s a
principal character if and only if d is a square.

Lemma 4.37. For every non-zero integer d = 0 or 1 (mod 4), if x = () then

1 if d >0
X(_l)_{—1 if d < 0.

(Note that x(—1) is defined by periodicity, cf. Definition LIIl The symbol “(-%)” is
undefined in our setup since —1 is not positive!)

The proofs of the above results are not difficult but tedious deductions from our general
explicit formulas for Dirichlet characters in Lemma [A.10, Lemma (411 and Lemma [4.12]
combined with the facts about the reciprocity symbol. The prime 2 always requires special
attention in these arguments, and we write out already here the formulas for the primitive
real characters which have conductor a power of 2 (cf. Problem [A.6]):

123 45 67 8
111 11 111

period 1

S |-

10 -10-101 0 period 8

( )
) =10 -101 0 -1 0 --- (period 4)
( )
( )

— — e —
:| 3 |oo :|
[o'e) ~— S~ ~—

$)=/101 0-10 -10 period 8

Proof of Lemma[4.36 Recall that a character x € X, is principal if and only if x(n) €
{0,1} for all n € Z. Hence our task is to prove that (£) € {0,1} holds for all n € Z* if
and only if d is a square.

First assume that d is a square, say d = d? for some d; € Z \ {0}. If d; = 3 (mod 4)
then we replace d; with —d;; hence now d; = 0, 1 or 2 (mod 4). Take n > 0. If both n
and d are even then (%) = 0; in every other case the symbol (dl) is defined, and hence by

Proposition [4.2§] (%) = (d—l) € {0,1}. Hence (—) is principal.

n
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Conversely, assume that d is not a square. First assume d = 1 (mod 4). Then (%) =
(ﬁ) for all n > 0 by Proposition 30 If d > 0 then |d| = d, and if d < 0 then

|d| = —d = 3 (mod 4); hence in all cases do we see that |d| is not a square. Hence if the
prime factorization of |d| is |d| = [[}_, p;’ (p; distinct odd primes, all c; > 1) then there is

some k for which a4, is odd. We know that there is some g € Z/pyZ for which ( ) = —1.

g9
Pk
-1
(For example, if we take g to be a primitive root modulo p; then gka # 1 (mod p) and
hence (Pik) = —1 by Euler’s Theorem [£.24]) By the Chinese Remainder Theorem we can

now find an n > 0 such that n = g (mod py*) and n = 1 (mod p;’) for all j # k; then by

L n r n % n ok a g
Definition {9 we have () = (E) =[I=, (;j) = <p—k) Hl]ﬁ_i%rl = (=)™ = -1,
thus proving that (4) is not a principal character.

It remains to treat the case d = 0 (mod 4) and d not a square. Then d = €2%u for some
e € {—1,1}, @ > 2 and an odd positive integer u. If u is not a square then by the same
argument as above (since u > 0) there is some n,, > 0 for which ("7“) = —1, and then by
the Chinese Remainder Theorem there is some integer n > 0 such that n = n, (mod u)
and n = 1 (mod 8). Now by (I64) and Theorem we have (2) = (£) (2)" (%) =

5”771(—1)738710‘ (4) = (%) =(2) (—1)%1% = (%) = (2+) = —1, proving that (4) is not a
principal character. It remains to treat the case when w is a square, u = u? for some other

odd integer u; > 0. Then since d = £2“u? is not a square we must have € = —1 or a odd.

For every odd integer n > 0 with (n,u;) = 1 we have (£) = (£) (%)a(%f =(5)(3)" =
n— nZ—

£"z (—1)"s . Hence we get (4) = —1 if we take any n > 0 with (n,u;) = 1 and

(176)

n=7(mod8) ife=—-1
n=>5(mod 8) if « is odd.

(If both e = —1 and « odd then both of n = 7 and 5 (mod 8) work.) This proves that x is
not a principal character. 0

Proof of Lemma[f.37. x = (%) is periodic with period |d[; thus x(—1) = x(|d| — 1) =
(W\L—l)' If d =1 (mod 4) then by Proposition [1.30 we get = (%) = (ﬁ) and this is
1 or —1 according as |d| = 1 or 3 (mod 4), i.e. according as d > 0 or d < 0. It remains to
treat the case d = 0 (mod 4). In this case |d| — 1 is odd and positive and hence we can use
the periodicity of the Jacobi symbol (IG3) to get

= (-4 ) () ifd>0] [1 ifd>0
XAV =\Ja=1) ~ (@—il) ifd<0( -1 ifd<o,

where in the last step we used the fact that |d| — 1 = 3 (mod 4). O
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Proof of Theorem[4.34). 1f ¢ = 1 then y is the trivial character y = 1 and we can take d =1
(cf. Proposition [4.27).

Now assume that ¢ > 1. Let the prime factorization of ¢ be ¢ = 2¢ H;Zl p}lj where
a >0, pi,...,p, are distinct odd primes and ay,...,q, € Z"T. By Lemma combined
with Lemma and Lemma [TT] there are complex numbers w,w’, wy,...,w, where
w € {—1,1}, o’ is a 2°7%th root of unity (if @« = 0 or 1 then w = w’ = 1), and w; is a
gb(p;‘j )th root of unity for each j, and we have the following formula for all n € Z:

0 if (n,q) > 1.
Here v;(n) € {0,1,...,¢(p;’) — 1} is the index of n modulo p;’, taken with respect to
some fixed primitive root g; € (Z/p;’Z)*, cf. Definition E2 furthermore if o > 2 then
v(n) and v/(n) are the unique indices v(n) € {0,1}, v/(n) € {0,1,...,2°72 — 1} such that
n = (—=1)"™57" (mod 2%), cf. (I30). (If @ = 0 or 1 then the choice of v(n),v/(n) is

T vj(n

immaterial since w = w’ = 1; we then have x(n) = [[;_, w; ) whenever (n,q)=1.)

We now claim that since y is real, all the roots of unity w,w’, w1, ...,w, must be real, i.e.
w,w' wi,...,w, can only take the values 1 and —1. Indeed, w € {—1,1} is built in from
start. Next fix some j € {1,...,r}; then by the Chinese Remainder Theorem there is some

n € Z such that n = g; (mod p;’), n = 1 (mod py*) for all k # j, and also n = 1 (mod 2).
We see from (I77) that x(n) = w; for this n, and hence w; must be real. Finally we
prove ' € {—1,1}: If @ < 3 then this is built in from start; now assume « > 4. Then
by the Chinese Remainder Theorem there is some n € Z such that n = 5 (mod 2%) and
n =1 (mod p}’) for all j € {1,...,7}. We see from (IT7) that x(n) = «’ for this n, and
hence w’ must be real.

Now we are ready to define d. Set

(1 ifw=1w =1 24¢q
if w=1w=1,2|¢q
if w=1 o =-1
4 ifw=—1 W =1
-8 ifw=—1, o =1

|
0 A~

(178) dy

For each j € {1,...,7} we set p} = (—1)pj—;1pj and define §; € {1,2} by the relation
w; = (—1)%. Finally, we set

(179) d=dy [ [0}
j=1
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This d is clearly a non-zero integer with d = 0 or 1 (mod 4), since dy and each factor p;ﬂ I
is non-zero and = 0 or = 1 (mod 4).

We will now prove that x = (%l), i.e. we will prove that x(n) = (%) for each positive
integer n. It follows from (I78) and (I79) that the prime numbers which divide ¢ are
exactly the same as the prime numbers which divide d. Hence if (n,q) > 1 then (n,d) > 1
and thus x(n) = 0 = (£) by (I6) and Proposition .26l Hence from now on we may assume

(n,q) = 1.
By Proposition [4.28 we have
d dy r p/‘ Bj
1 _— pu— —_— _‘]
10 (5) - () ()
7j=1
N\ B
For each j € {1,...,r} we have p}; = 1 (mod 4) and hence, by Proposition E30, <%) T =

vj (n)

/6,
W \Pi n \ P viln o o\ P g ! N\ Vi ()Bj
<‘p—3‘> = <p—j) . But n = gjj( : (mod p;”) and thus <p—j) = ( o ) = <Z_;) .

pi—

_ pj—1 i
Here <Z—;) =g, ° (mod p;) by Euler’s Theorem .24l and g; * # 1 (mod p;) since g; is a

primitive root modulo p; by Lemma [4.7] Hence <f)—;) = —1 and it follows that

/ B;
(181) <&) = (—1)%™Pfi = w;{j(n)‘

n

We next claim that

(182) (@) ) (o) ),

n
The proof of this will be by a simple (but tedious) check for each of the cases in (I78]). If
24 ¢qthen w=w =1and dy =1 and (df) = (%) = 1 by Proposition 127 Hence from
now on we may assume 2 | ¢ (i.e. « > 1) and thus n is odd, since (n,q) = 1.

If w=w =1 then dy = 4 and (df) = (4) = (3)2 =1=w® W)™,

n n

Ifw=1and w = —1 then dy = 8 and a > 3; thus n = (—1)"™5"(™ (mod 8). Hence
V/(n) is even if n = 1 or 7 (mod 8) and odd if n = 3 or 5 (mod 8); thus w”™ ()" =

(=1)Y'™ = (—1)”251 = (2) (cf. the table on p. [7T). Hence (I82) holds.

Ifw=—1and w =1 then dy = —4 and n = (—1)"™5"'(™ (mod 4). Thus v(n) is even if
n =1 (mod 4) and odd if n = 3 (mod 4); hence w”™ (W)*'® = (=1)*( = (—1)"z = (=2)
(cf. p. [T, i.e. (I82) holds.

Finally if w = ' = —1 then dy = —8 and a > 3; thus n = (—1)"™5"'(™ (mod 8);
hence v/(n) is even if n = 1 or 7 (mod 8) and odd if n = 3 or 5 (mod 8), and v(n) is
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even if n = 1 (mod 4) and odd if n = 3 (mod 4). Thus w”™ (W)™ = (—1))+'(") =
n— nZ—
(=1)"z "% = (=2) (cf. p. D), i.e. (I82) holds. This completes the proof of (I32).

Combining (I77) with (I80), ([I8I) and ([I82) we obtain x(n) = (£), and the proof of
Theorem [4.34] is complete. O

Proof of Theorem [{.55 First assume that d is a fundamental discriminant. Then we know
from Lemma [£33] that y = (¢) is a Dirichlet character modulo ¢ = |d|. We wish to prove
that x is primitive modulo |d|. From the proof of Theorem [£34] we get a formula for x(n)

pj—1

similar to (I77). Indeed, let py, ..., p, be the odd primes which divide d; set p; = (—1) "= p;
and define d, so that d = dy H;Zl p;». Then since d is a fundamental discriminant we must
have dy € {1, —4, —8,8}. We can then choose w,w’ € {—1, 1} uniquely so that (I78) holds.

It then follows as in (I80) and (I81) (with all 5; = 1) that for all n > 0 we have

(AN () T (-1 ™ if (n,q) =1
(183) ) = (5) _ { { toa -

where v;(n) € {0,1,...,p; — 2} is the index of n modulo p;, taken with respect to some
fixed primitive root g; € (Z/p;Z)*.

Now for each k£ € {1,...,r} we can argue as follows. Let us take an integer n > 0
with n = g (mod py), n = 1 (mod p;) for all j # k and n = 1 (mod 8); this is possible
by the Chinese Remainder Theorem. Note that n = 1 (mod 8) implies (%) = 1 (cf. the
table on p. [7I)); hence from (I83) we get (£) = —1. Hence we have found an integer n
with n = 1 (mod ¢/p;) such that x(n) = —1 # x(1); it follows from this that [y(n) for n
restricted by (n, q) = 1] does not have period ¢/py, and hence the donductor ¢(x) does not
divide ¢/pg. On the other hand ¢(x) divides ¢; hence we conclude that py | ¢(x).

Similarly, we see in the table on p. [[1] that (d—2) has period |dy| and no smaller period;

in fact if dy # 1 then for u = @ + 1 we have (%2) = —1. Hence if we take n > 0 so that
n = 1 (mod p;) for all j and n = u (mod 8) then n = 1 (mod %) but by (I83) we have
x(n) = —1 # x(1). Hence [x(n) for n restricted by (n,q) = 1] does not have period £, and
hence the donductor c(x) does not divide £; thus |dy| divides c(x). Since we have also seen
that c(x) is divisible by all py it follows that ¢ | ¢(x), i.e. x is primitive. This proves the
first part of Theorem .35

Next suppose that ¢ > 2 and that x is a real primitive character modulo ¢. Let us
follow the proof of Theorem .34l and introduce o, w,w’, p;, p}, @, B, w;, d, do as there; in
particular we now have y = (4) We wish to prove that d is a fundamental discriminant.
Clearly d # 1 since d = 1 would imply » = 0 and d = 1, thus ¢ = 1, contrary to our

(n '\ Bi
assumption. In (I77) we recall that w;-j’( ) = <‘%) for all n > 0 with (n,q) =1 (cf. (I81])),

and by Proposition 4.32] the function n — (%) (for n € Z*) has period pj; thus we see
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that the function [x(n) for n restricted by (n,q) = 1] has the period ds [[1<j<r p;. Hence
(B;=1)
since x is primitive modulo ¢ we must have (q,ds [[1<j<r pj) = ¢; thus ; =1, w; = —1

and a; = 1 for all j € {1,...,7}. From this it also follows that (I83) holds for all n > 0.

Next we note, using (I77), that if do = 4 then the function [x(n) for n restricted by
(n,q) = 1] has the period H§:1 p;, since (é) looks as follows:

n = 12345678
10101010

3 I
~—
I

At the same time dy = 4 implies 2 | ¢, by (IT8)). Hence, since y is primitive modulo ¢, dy = 4
cannot hold. Thus dy € {1,8, —4, -8}, and since H§:1 p; is squarefree and = 1 (mod 4) it

now follows that d = dy []}_, pj is a fundamental discriminant.

Now by assumption we have ¢(x) = ¢, and on the other hand we saw in the first part
of this proof that y = (4) is a primitive Dirichlet character modulo |d|; hence ¢ = |d|, i.e.

d=qord=—q.

To complete the proof we now only have to prove the uniqueness of d for given Y.
Equivalently, we have to prove that if d, d" are two different fundamental discriminants then
the two Dirichlet characters (4) and (d—l) are different. It follows from the assumptions
that dd’ # 0, dd’ = 0 or 1 (mod 4) and that dd' is not a square. Hence by Lemma

dd’

(—) is not a principal character, i.e. there is some n > 0 such that (de/) = —1. For this n

we have, by Proposition Z.28, (£) (%) = —1 and thus (4) # (%) Hence (¢) and (d—/) are
different. 0

4.9. Problems.

Problem 4.1. Consider the situation in Lemma [4.12)
(a). Prove that y is primitive if and only if each x; is primitive.
(b). More generally, prove that c(x) = []}_, c(x;)-

Problem 4.2. Prove that the number of primitive characters modulo ¢, ¢*(¢), is given by

(184) ¢ (q) ZQH(l—g)H@—})Q’

p
pllg p3lq

where “p || ¢” means that the product is taken over those primes p which divide q only
once, i.e. primes p | ¢ with p 1 %. [Hint. One approach is to use Problem [£.1] to show that

¢*(q) is multiplicative; then we only have to compute ¢*(¢) when ¢ is a prime power and
this can be done using Lemma .10/ and Lemma 1T1]
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Problem 4.3. Let x be a Dirichlet character modulo ¢. Prove that a given positive integer
¢1 is a period of x(n) restricted by (n,q) = 1 if and only if x(n) = 1 holds for all integers
n satisfying n = 1 (mod ¢;) and (n,q) = 1.

Problem 4.4. (a). Let x be a primitive Dirichlet character modulo ¢q. Prove that for any
a,b € Z we have

S x(b) ifq|a
185 - +0b) =
(155 P vy - {0 10
[Hint. When ¢ 1 a, study the set of m € (Z/qZ)* for which we can prove that the sum
remains unchanged after multiplication with x(m). (Cf. the proof of Lemma B.13])]
(b). Give an example to show that the above formula is in general not valid if y is not
primitive.

Problem 4.5. Prove ([I74])!

Problem 4.6. Prove that the Dirichlet characters (%4), (_—8) and (§) are as stated in the
table on p. [T1l

Problem 4.7. Prove that if p is an odd prime then there is exactly one primitive real char-
acter modulo p, and this character is x(n) = ( ) (Vn € Z).

p
(It is instructive to try to give two solutions: Give a direct proof without using Theo-
rem 435 Also try to derive the result as a consequence of Theorem [4.35] wherein the

character is apriori given by a different formula.)

Problem 4.8. Let ¢ € Z*. Prove that all characters modulo ¢ are real if and only if
q€{1,2,3,4,6,8,12,24}.
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5. L(1,x) AND CLASS NUMBERS

(Cf. Davenport chapter 6.)

5.1. Equivalence classes of quadratic forms.
Definition 5.1. An integral binary quadratic form is a 2-variable function of the type
(186) Q(z,y) = ax® + bry + cy?,

where a,b,¢c € Z. From now on we will call such a function a quadratic form, or just
form, for short, and we will often denote the quadratic form in (5.1) by @ = [a,b,¢|]. The
discriminant of QQ = [a, b, c] is given by

(187) d = b* — 4ac.
A fundamental theme is the question of which integers are representable by a given
quadratic form Q:

Definition 5.2. A pair of integers (z,y) € Z? is called a representation of n by Q if
Q(z,y) = n. If ged(x,y) = 1 then (x,y) is called a proper representation of n by Q;
otherwise (x,y) is called an improper representation of n by Q.

[See chapter 1 in Conway’s “The sensual (quadratic) form”, [10] for a beautiful exposition
of an algorithm which determines whether a given integer n is (properly) representable by a
given quadratic form Q. Also see [0, Ch. 6] for a more detailed discussion of this question. ]

We will also represent the quadratic form @ = [a, b, ¢|] by the matrix <b72 bé 2). The
point of this is that

(188) (= v) <b72 bf) (g) = (az+ 3y 37 +cy) (;) = az? + bry + cy?,

where in the last step we identify a 1 x 1 matrix with its entry. Thus we have three different
ways to denote the same quadratic form:

2 2. ) a b/2
(189) ar® + bry + cy’; la, b, cl; (b/Q . ) )

Note that in the matrix notation the discriminant equals d = —4 det (672 bé 2).

Let us also note that when a # 0 we may complete the square as follows:
1
(190) Q(z,y) = ar® + bxy + cy® = " ((2az + by)* — dy?),
a

and similarly if ¢ # 0 then Q(z,y) = & ((2cy + bx)* — dz?); finally if @ = ¢ = 0 then d = b?
and Q(x,y) = bry. From these expression we see that if d > 0 then the quadratic form @
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is indefinite (i.e. Q) can take both positive and negative values for xz,y € R), but if d < 0
then Q is positive definite if a > 0 (i.e. Q(z,y) > 0 for all (z,y) € R*\ {0}), and negative
definite if a < 0 (i.e. Q(z,y) <0 for all (z,y) € R?\ {0}).

Note that a given integer d can be obtained as the discriminant of a quadratic form if
and only if d = 0 or 1 (mod 4). The following lemma shows that the case when d is a
square is special. [By “square” we mean: a square of an integer].

Lemma 5.1. A quadratic form Q(x,y) = az® + bxy + cy? can be factored into two integral
linear forms, Q(z,y) = (g1 + 92v)(g3x + gay) with all g; € Z, if and only if d is a square.

Proof. Note that Q(x,y) = (917 + g2y)(gsz + gay) holds if and only az? + bz + ¢ = (g1 +
92)(gsz + g4) as a polynomial identity in the variable z. If a = 0 then such a factorization
is possible (g; = 0, go = 1 etc.) and also d = b* — 0 is a square. Now assume a # 0. Then
by [a well-known consequence of] Gauss’ Lemma (cf., e.g., [16, Cor. 45.28]) a factorization
of the desired type exists if and only if ax? + bx + ¢ is not irreducible in Q[z], i.e. if and
only if the two zeros of ax? + bx + ¢ are rational. But we compute

—b+vd ,  —b-Vd
2¢ ' 2a
Hence the zeros are rational if and only if vd € Q, i.e. if and only if d is a square. O

(191) ar’ +br+c=a(r —0)(x —0)  where 0=

In view of Lemma [5.1] we will most often assume that d is not a square. Note that then
we must have both a # 0 and ¢ # 0.

We next come to the fundamental concept of equivalence between quadratic forms. For
many questions we can identify two quadratic forms Qi (z,y) = a12® + byzy + c1y? and
Qa(x,y) = axx® +boxy + coy? if they are just the transforms of each other by certain special
linear changes of variables,

(192) (g) =g (;U:) with ¢ = (‘;‘ ?) , det g # 0.

Then (z y) = (¢ ¥') g™ and hence by (I88), @, transforms to Q> if and only if

) 52/2 _ ot Q1 b1/2
(193) (bg/2 Co ) =9 b1/2 C1 g
In order for every integral form (), to map to an integral form (), it is natural to require
that «, 3,7, 0 are integers; furthermore note that (I93)) is equivalent with

(191 (503 ") =t (i ") o

1 ~ éi 5 (_‘i{ e ) to have integral entries. This makes it natural to

require that g belongs to the so called modular group, SL(2,Z):

hence we also wish g~
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Definition 5.3. The modular group, SL(2,7Z), is defined as

(195) SL(Q,Z):{C; ?) o, B,7,0 € Z, a5—57:1}.

SL(2,Z) is indeed a group under matrix multiplication; the inverse of g = (2 5 ) €
SL(2,Z)is g7t = (°, 7) € SL(2,Z).

- «

Definition 5.4. Two quadratic forms @ = (b?}2 b2{2> and Qy = <b;l;2 biéz) are said to

. . . as b r ar b
be equivalent, written QQq ~ o, if <b2j2 iéz) =g" <b1}2 2{2> g for some g € SL(2,7Z).

Using the fact that SL(2,7Z) is a group, one immediately checks that ~ is indeed an
equivalence relation on the set of (integral binary) quadratic forms. Note that equivalent

forms have the same discriminant, for if ( b;% big 2) = g¥ ( b?}2 blc{ 2) g with g € SL(2,7Z)

then b2 —agcy = —4 det (b;% biéz) = —4det(g") det (bi% b16{2) det g = —4 det (b?}z bf) —
b? — ajc;. Also note that if Q; ~ @ then exactly the same integers are representable by
Q@1 as by ()2, and similarly for properly representable (recall Definition [5.2]):

(196) {Ql(x,y) Dx,y € Z} = {Qg(:c,y) D,y € Z};
{Ql(:v,y) C Yy €72, ged(z,y) = 1} = {QQ(:B,y) C Yy €72, ged(z,y) = 1}.

/
This follows from the fact that if ¢ € SL(2,Z) then the linear map <?j) =g <z,> is a

bijection of Z? onto itself, which preserves ged(z, ).

It is useful to have the explicit expression of g** (b72 bé 2) g for g = <: ?) € SL(2,7Z)

written out:

wf a b/2\  [a vy a b2\ (a B\ _ [aa+7b/2 ab/2+c\ (a S
T2 ¢ )97\8 6)\b/2 ¢ )\ 6) " \Batab2 poj2+dc)\~ o
B < ac® + bary + cvy? (2aa B3 + bBy + bad + 2075)/2)
A\l

(197) 2008 + by + bad + 2¢75) /2 0B + bB5 + o2

Lemma 5.2. (Lagrange) Every quadratic form is equivalent to some quadratic form [a, b, c|
which satisfies |b] < |a| < |c].

Proof. Let us start with a given quadratic form Qg = [ag, by, ¢o]. Among all the integers
which are representable by @)y, we pick one which has minimal non-zero absolute value and
call this integer a. Since a is representable there are some o,y € Z with a = Qy(a, 5) =

apa® + bgary + coy:. We must have (o, y) = 1, for otherwise the number W would have

smaller absolute value than a and also be representable (as Qo((aa—,y), ﬁ)) From (a,v) =1
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it follows that there are some integers (3,6 such that ad — o = 1, i.e. (?Y‘ f) € SL(2,7),
and now by (I97) we have

6 )6 -

for some b, ¢ € Z, i.e. [ag,bo,co] ~ [a,V,]. Next the transformation (§ %) € SL(2,7Z)
(h € Z) takes [a,V, ] to [a,b, c] (thus [ag, by, co] ~ [a,V, ] ~ [a,b,c]) where b = 2ah + ¥V,
again by (I97). Choosing h appropriately we get [b| < |a|. In this situation we also note
that ¢ is representable by [a,b,¢| (by x = 0,y = 1); hence c¢ is representable by Qg (cf.
(196]) ), and hence by our choice of a we have |a| < |c|. O

Corollary 5.3. For every integer d which is not a square there are only a finite number
of equivalence classes of quadratic forms of discriminant d.

Proof. By Lemma we may choose from each equivalence class some quadratic form
la, b, c] with |b] < |a| < |c|. Hence the total number of equivalence classes is

(198) < #{la,b,c] : 1 —dac =d, |b] < |a] < |c]}.

ld|
3
Since also |b| < |a| it follows that there are only finitely many choices of a,b, and for any
such choice there is at most one integer ¢ satisfying b*> — 4ac = d (this uses the fact that d
is not a square). Hence the cardinality in (T98) is finite. O

For every [a, b, c] in the above set we have 4a® < 4|ac| = |d—b?| < |d|+a?, hence |a| <

Definition 5.5. A quadratic form Q(x,y) = az? + bzy + cy? is said to be primitive if
(a,b,c) = 1. We also say that an equivalence class C' of quadratic forms is primitive if C
contains some primitive form; it is straightforward that then all forms in C' are primitive.

Let us note a case of special interest: If d is a fundamental discriminant (cf. Defini-
tion E12)) then all quadratic forms of discriminant d are primitive. Indeed, if b* — 4ac = d
and (a,b,c) = e > 1 then writing a = eay, b = eby, ¢ = ec; we have d = €*(b? — 4ar¢y),
which is easily seen to contradict the fact that d is a fundamental discriminant.

Definition 5.6. If d is an integer = 0 or = 1 (mod 4) which is not a square, then the
number of equivalence classes of primitive quadratic forms with discriminant d and which
are positive definite or indefinite, is denoted by h(d). (It is called a class number.)

Note that for every d as above we have h(d) > 1, since the following quadratic form:
1,0, —1d] if d =0 (mod 4),
[1,1,-3(d—1)] ifd=1(mod 4),

is a primitive quadratic form with discriminant d, which is positive definite or indefinite.
(This form is called the principal form of discriminant d.)

(199)
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The class numbers for the first few fundamental discriminants:

d= 5 8 12 13 17 21 24 28 29 33 37 40 41 44 53 56 57 60 61 65 69 73 76 77 85
hd=f112 1 1 2 2 2 1 2 1 2 1 2 1 2 2 4 1 2 2 1 2 2 2

d= -3 4 -7v -8 -11 -15 -19 -20 -23 -24 -31 -35 -39 -40 -43 -47 -51 -52 -55 -56 -H9 -67
h(dy=1 1 1 1 1 2 1 2 3 2 3 2 4 2 1 5 2 2 4 4 3 1

5.2. Dirichlet’s class number formula. The central result of this lecture is Dirichlet’s
class number formula (1839), which connects h(d) and L(1, (£)):

Theorem 5.4. Let d be an integer =0 or = 1 (mod 4) which is not a square. Then
2_p(d) ifd <0,

(200) L1, (4) = Vi
LEip(d) ifd >0,
where
2 ifd< —4
(201) w=14 ifd=—4
6 ifd=—3

and (if d > 0) eg = L(z + yV/d), where (z,y) € Z* x Z* is the solution to Pell’s equation
x? — dy? = 4 for which y is minimal.

We will now give the proof of this theorem (following Landau [32] vol I, Teil IV]). From
now on in this section we will always assume that d is as in the above theorem, i.e. d is an
integer = 0 or = 1 (mod 4) which is not a square.

Definition 5.7. A unimodular substitution g € SIL(2,Z) is called an automorph of a

quadratic form Q = [a, b, ] if (b72 bé2> _ gt (b72 bé2> g

Lemma 5.5. The set of automorphs of a given primitive quadratic form Q = |a,b, c| with
discriminant d equals:

1(t — bu) —cu 9 9
2 : _ _
(202) {( au Lt 4 bu)) tbu€eZ, t*—du"=4p C SL(2,Z).
Proof. From (I97) (and using Sy + ad = 1+ 287) we see that (:?) € SL(2,Z) is an
automorph of Q) = (b;lz bé 2) if and only if

acd® +bay+cy: =a
(203) 2aa8 +b(1 +2B7) +2cyd =b
aB? 4+ bBd + cd? = c.
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Here the last equation is a consequence of the first two, since we know that the (f{‘ § )—
transformed form has the same discriminant as @), and c is uniquely determined from a, b, d
in b* — dac = d (since d is not a square). Hence (f; §) € SL(2,Z) is an automorph of @ if
and only if

(204)

a(@® —1) +bay+cy? =0
ac3 + bBy + cyd = 0.

Suppose that (204]) holds. Then (eliminating b)
0= (a(a® = 1) + bay + ¢7*) 8 — (acBB + bBy + c¥6)
(205) =—af +cy(y8 — ad) = —af — .

and also (eliminating c)

0= (a(a® = 1) + bay + ¢7*)6 — (acB + bBy + cy6)y
(206) = a(a(ad —yp) —0) + by(ad — 5v) = ala — ) + by.

Hence a divides both ¢y and by. Using now (a,b,¢) = 1 it follows that a divides ~, and
hence there is some u € Z such that v = au. Hence by (205) and (206) we also have
8= —cu and § — a = bu. Finally we must also have 1 = ad — 3y = a(bu + a) + acu?, viz.
(completing the square) (2a + bu)? + (4ac — b*)u? = 4. Hence if we set t = 2a +bu € Z

a Lt—bu) —cu
then we have t?> — du® = 4 and ('yg) - (2

o L +bu)>, i.e. we have proved that every
2
automorph of @ belongs to the set in (202]).

- u —CUuU
Conversely, if t,u € Z and t?> — du? = 4 then the matrix (: ?) = <2(taub ) l(t%u))
2

belongs to SL(2,Z), since modulo 2 we have d = * — 4ac = b and thus ¢t £ bu =t + du =
? —du® = 4 =0, and also ad — By = 1(* — b*?) — acu® = (¢ — (V? — dac)u?®) = 1.
Furthermore one verifies by direct computation that this ('f; ?) is an automorph of Q. (A
slightly quicker way to complete this last step is as follows: One immediately checks that

—af —cy = 0 and a(a — d) + by = 0; and as in (208), (206) we see that this implies
(29) ( ~(aabtbByterd) ) = (§). Hence since (9 7) is nonsingular we conclude that (204)

v 8 a(a®—1)+bay+cy?
holds, and thus (3 {2) is an automorph of @.) O

Corollary 5.6. If d < 0 then every quadratic form of discriminant d has exactly w auto-
morphs, with w as in (201)).

Proof. Let (Q be a quadratic form of discriminant d < 0. If d < —4 then the equation
t? — du® = 4 has exactly two integer solutions; (t,u) = (£+2,0). Since d = 0 or 1 (mod 4)
there are only two remaining cases; d = —3 and d = —4. If d = —3 then the equation
t? — du? = 4 has exactly six integer solutions; (t,u) € {(£2,0), (£1,4+1)}. If d = —4 then
the equation t* — du® = 4 has exactly four integer solutions; (t,u) € {(£2,0),(0,41)}.
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Hence by Lemma [5.5] the number of automorphs of @ is two if d < —4, six if d = —3 and
four if d = —4. This agrees with w in (201]). O

For d > 0 the situation is quite different. Let us recall that the equation t? — du? = 4 (in
integers ¢, u) is called Pell’s equation, and it has an infinite number of solutions:

Theorem 5.7. If d > 0 then there are infinitely many (t,u) € Z* satisfying t* — du® = 4.
We set e4 == 3(to + ug\/d) where (ty, up) is the solution to t* — du® = 4 with ty > 0, ug > 0
for which ug is minimal. Then all solutions to t* — du® = 4 are given by

(207) Lt +uvd) =+,  nel.

Proof. Cf., e.g., [43] §7.8], [32, vol I (Satz 105, Satz 108, Satz 111)], or almost any textbook
on basic number theory. O

Note that 4 > 1, since €4 = 1(to +upv/d) > L(1+Vd) > 1.

We now turn to the question of the total number of representations of a positive integer
n by a representative set of forms of given discriminant d. This question was first answered
(implicitly, at least) in the classical theory of quadratic forms, developed by Lagrange and
further by Gauss. Recall Definition 5.2l

Definition 5.8. A representation (z,y) of a positive integer n by a quadratic form @ =
la, b, c] with a > 0 is said to be a primary representation if either d < 0; or d > 0 and

Y
(208) 1< ’ Hy <& and x—0y>0 (with 6 = _b;a‘/a, 0 = _b;a‘/g as in (I91)).
r—0y

Note that if (x,y) € Z? be a representation of n by @Q and if (?Y‘ f ) is an automorph of
@, then also (ax + Py, yx + dy) is a representation of n by ). The point of the concept of
primary representation is the following:

Lemma 5.8. Let (x,y) be a representation of n > 0 by a primitive quadratic form Q =
la,b,c] with a >0 and d > 0. Then there is exactly one primary representation of n in the
set

{(az+ﬁy,7z—l—5y) : (f;f) is an automorph on}.

Proof. Assume @ = ( b72 bé 2). By Lemma and Theorem [5.7] the automorphs of () are
)> where $(t + uv/d) = sk for some k € Z and

1
. apy _ [ sk=bu) —cu
given exactly by (v 6) = ( aw L(t+bu
12When we say that ¢,u are determined by (207]) we use the fact that if ¢; + ¢Vd = g3 + q4V/d with
gj € Q then ¢; = g3 and ¢z = g4. This follows from the fact that V/d is irrational.
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some choice of sign s € {1, —1}. For this (?Y‘ f) we compute that

ax + By — O(yx + dy) = H;*/E:c + d“+bt_iz+bu)‘/gy = H;*/E (:c — Hy) = se;"(x — Oy)

and similarly az + By — 0'(yz + dy) = sek(x — 0'y). Hence

ar + By — 0 (yr +0y) 2T~ 0’y
oax+ By —0(yx +oy)  ° '
Note also that (z — 0y)(x — 0'y) = a7 'Q(x,y) = a~'n > 0 (cf. (I9I)) and thus ‘;__69,;/ > 0.

Hence there is a unique choice of k for which 1 < g2t 5;__99/;’ < &2 For this k, there is a

unique choice of s € {1, —1} which makes ax + 8y — 0(yz + §y) = se;*(x — y) positive.
In other words, there is a unique choice of s, k for which (ax + Sy, vx + dy) is a primary
representation of n. O

Definition 5.9. From now on in this section we fix S; to be a set which contains exactly
one form from each equivalence class of positive definite or indefinite, primitive forms of
discriminant d, and chosen so that a > 0 for every form in Sy. (The requirement a > 0 is
necessarily true if d < 0; if d > 0 then a > 0 can be made to hold by choosing the forms in
Sq appropriately; cf. (I97) and recall that every form of discriminant d > 0 is indefinite.)

In particular we have #S; = h(d), cf. Definition 5.0

Definition 5.10. For each n € Z* and any primitive quadratic form @ = [a,b, c| with
a > 0 we let R(n; Q) be the number of primary representations of n by @ and let R'(n; Q) <
R(n; Q) be the number of proper such representations. We then set

R(nid)= Y R(mQ) and  R(md)= ) R(nQ)
Q€Sq Q€Sq

(One easily checks, using Lemma 5.8 if d > 0, that R(n;(Q) remains unchanged if @ is
replaced by any equivalent form with a > 0. Similarly for R'(n;Q). Hence R(n;d) and
R'(n;d) are independent of the choice of Sy.)

A fundamental result in the theory of quadratic forms, and our main tool in proving
Dirichlet’s class number formula, is the following:

Theorem 5.9. Ifn >0 and (n,d) =1 then

(209) R(nyd) =w (%)

m|n

where w is given by 201) if d < 0 and w =1 if d > 0.

To prove Theorem we first prove two lemmas:
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Lemma 5.10. There is a w-to-1 map from the set
{(Q, z,y) : Q € Sy and {(x,y) is a primary, proper representation of n by Q},
onto the set
{¢€{0,1,....2n— 1} : (* =d (mod 4n)}.

Proof. Call the first set M; and the second set Ms. Let (@, z,y) € M; be given, and write
Q = [a,b,c]. Two integers r,s satisfy (ys) € SL(2,Z) if and only if xs — yr = 1. But
ged(z,y) = 1 (since (z, y) is a proper representation of ) and hence the equation xs—yr = 1
is known to have a solution (r,s) = (rg,so) € Z*, and the general solution is then given
by (r,s) = (ro + hx, so + hy) (h € Z). From (197), using Q(x,y) = n we see that for any
such (r, s), the map ( 5) transforms @ to [n, ¢, m| where ¢ = 2azxr + b(xs + yr) + 2cys =
2axro+b(xsg+yre)+2cyso+2hn. Hence there is a unique choice of h such that 0 < ¢ < 2n.
In other words, there is a unique choice of r, s € Z such that (3 5) € SL(2,Z) and (%)
transforms @ to a form [n, £, m] with 0 < ¢ < 2n. Since [n, £, m] ~ Q we have (> —4nm = d;
thus ¢? = d (mod 4n), i.e. £ € M,. Hence we have now constructed a map F : My — M.

We first prove that F' is onto. Let ¢ € M, be given. Then there is a unique integer
m with (2 — 4nm = d. Now the quadratic form [n,¢,m] is primitive (since (n,d) = 1)
and has discriminant d and n > 0; hence it is equivalent to a unique form @ € S;. This
equivalence means that there is some (zf gf) € SL(2,Z) which transforms @ to [n, ¢, m].
Then by (I97), (x',y') is a representation of n by @, and thus by Lemma [5.§ there is an
automorph (f‘y‘ f) of @ for which (x,y) := (az’ + 5y, v’ 4+ dy’) is a primary representation
of n. Then (5 5) = (‘;‘ ?) (;: Z;) € SL(2,Z) for some 7, s, and since ('f; ?) is an automorph
of @ also the map (j s) transforms @ to [n, ¢, m]. Now F((Q,:E,y)) = /, and we have

proved that F' is onto.

Finally we prove that F'is w-to-1. Let (Q, z,y) € M; be given and set ¢ = F((Q, x, y>)

Now if (Q',2',y') is any element in M; with F((Q’,x’,y’)) = ( then by the definition

of F, both @ and Q" are equivalent with the form [n, ¢, m|, where m = Zi—;d. Hence
Q ~ @, and since Q,Q’ € Sy this implies Q = @’. Furthermore in this situation, if

r,s,r’, s are the unique integers such that (%), (Zf Zi) € SL(2,Z) transform @ = @’
to [n, ¢, m|, then (f{‘g) = (ys) (Zf ’s"i)_l € SL(2,Z) is an automorph of Q). Note that
(r,y) = (ax’ + By, v’ + 0y') and both (z,y) and (2',y’) are primary representations of
n; hence if d > 0 then by Lemma .8 we must have ' = z, v = y. We have thus
proved that if d > 0 then F' is injective, i.e. 1-to-1. On the other hand if d < 0 then we
conclude that the only possible elements (Q)', 2, y') € M; with F((Q’, a, y’)) = ( are given

by ' = @ and (Z;) = ('f; ?)_1 () for some automorph (f; g) of Q. Conversely one also
readily verifies that every automorph (?; f ) of @) in through this formula really gives an

element (Q,2',y') € M; with F ((Q, 'y >) =/, and that distinct automorphs give distinct
elements in M;. Hence F' is w-to-1. O
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Lemma 5.11. For every n € Z% with (n,d) = 1 we have
d

#{0€{0,1,....2n—1} : (* =d(mod 4n)} = - .
> (5)

(f squarefree)

Proof. Note (£ +2n)? = (2 +4nl + 4n? = ¢* (mod 4n); hence the formula which we wish to
prove is equivalent to

(210) #{0€Z/AnZ : *=d(mod 4n)} =2 Y (g) :
fln f

(f squarefree)

Let the prime factorization of 4n be 4n = pi" ---p®". Then by the Chinese Remainder
Theorem we have

(211)  #{( € Z/AnZ : > =d (mod 4n)} = ﬁ#{f € Z/p;’Z : (* = d (mod p;’)}
j=1

Now fix j € {1,...,r} and first assume that p; is odd. We then claim
(212) #{eLpYL : F=d(mod p)} =1+ (L),

Indeed, note that (d,p;) = 1 by assumption, and if <pij) = —1 then there is no solution
to the congruence equation ¢* = d (mod p;) and hence a fortiori there is no solution to
2 __ o . . . d .

¢ = d(mod p;”), and ([2I2) holds with both sides being zero. Next assume (;) =1

J

Then if v : (Z/p;’Z)* — {0,1,...,6(p;’) — 1} is the index function with respect to some
. pjfl pjfl
fixed primitive root g € (Z/p?JZ)X, modulo p; we have 1 = (f) =dz = ¢"D7 7 thus

J

p; — 1 divides v(d)% L forcing v(d) to be even. Since also ¢(p;”) is even it follows that
the congruence equation 2z = v(d) mod ¢(p;’) has exactly two solutions modulo ¢(p;’),
namely z = v(d)/2 and = = (v(d) + ¢(p;’))/2. Writing ¢ = g” € (Z/p;’Z)* this means
that the equation ¢ = d mod p;»lj has exactly two solutions ¢ € (Z/ p;»lj Z)*, and since there

are no solutions ¢ € (Z/p;’Z) outside (Z/p;’Z)* it again follows that (2I2) holds.

Next note that since 4n is divisible by 4, 2 must occur among the primes p; with corre-
sponding exponent «; > 2; we may thus assume p; = 2 and «; > 2. We claim

2 if a =2

(213) #{e /27 : > =d(mod 2™)} = {2(1 +(9) ifar >3

The case oy = 2 is clear by inspection, since d = 0 or 1 (mod 4). (Cf. (I'f4) concerning
(4).) Now assume a; > 3. Then d = 1 (mod 4) since (n,d) = 1. If d = 5 (mod 8) then
the equation ¢ = d is insolvable modulo 8, so that (2I3) holds with both sides being

zero. Finally assume d = 1 (mod 8). Then by using facts from the proof of Lemma [L§]
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we see that there is an even number 0 < w < 2%72 such that d = 5% mod 2%, and now
((—=1)5"")? = d mod 2°* holds if and only if 20/ = w mod 2°1~2; thus there are exactly 4
solutions (v, /) with v € {0,1} and 0 < v/ < 2*72. Hence by Lemma 8 the equation
(> = dmod 2™ has exactly 4 solutions ¢ € (Z/2*'Z)*, and since there are no solutions
0 e (Z)2"Z) outside (Z/2*'Z)* it again follows that (2I3) holds.

Now from (211)), (212) and 2I3]) we get
#{tez/anZ : *=d(mod 4n)} =2]J(1+ (g)) =2 > <;)

pln fln
(f squarefree)
where in the last step we used Proposition £.229 Hence we have proved (2I0). O

Proof of Theorem[52.9. Note the number of elements in the first set in Lemma [5.10 equals
R'(n;d) (cf. Definition [5.10). Hence by Lemma .10 and Lemma [B.11] we have

(214) Rnd)=w Y (;)
(f sqtﬂi?ofreo)

To get from here to R(n;d) we must consider the representations (x,y) of n by @ which
are not proper, ie such that g :=ged(x,y) > 2. For such (z,y), if Q@ = [a,b, ] then
n = ax® + by + cy* and thus ¢* | n, and <£ %) is a proper representation of 7 by Q. Also
z Yy

(5, 5) is primary if and only if (x,y) is primary, by inspection in Definition 5.8 In fact for

any g € ZT with ¢ | n, the map (z,y) — (”Sf y) gives a bijection from the set of primary
representations (x,y) of n by ) which satisfy gcd(x y) = g, onto the set of primary proper
representations of % by @. Hence for every () € S; we have

Z#{xy : (z,y) a primary repr. of n by Q, ged(z,y) =g} = ZR’ 92,62).

2‘77/ 2‘77/

Hence using (214) with n/g? in place of n we get

R(n; Q) =w Z Z <%> )
92n
(f squarefree)

2
Here for any g € Z* with g | n we have <%) = (%) <§> = <f;‘gl2>, for note that (g) ==+1

since g2 | n and (n,d) = 1. Note also that when g, f run through the above double sum
then m := fg? visits each positive divisor of n exactly once. (For given m, the unique way
to pick f, g is to let f be the squarefree part of m and g the square part of m, viz. let f be
the product of all primes p | m for which ord,(m) is odd, and g = y/m/f € Z*.) Hence

Rm;Q) =w)_(£)

mln
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Having now proved the fundamental Theorem [5.9] we now turn to the proof of Dirichlet’s
class number formula, Theorem [5.4]

Proof of Theorem[5.4). The idea is to determine, from Theorem [5.9] the average of R(n;d)
as n varies. It is convenient (and it suffices for our purpose) to limit oneself to values of n
that are relatively prime to d. By Theorem we have, for any N > 1:

w? Z R(n;d) = Z Z(ﬂ%),

1<n<N 1<n<N mi|n
(n,d)=1 (n,d)=1

and substituting here n = m;my we get

) = ¥ (H)- ¥ FH X 1+ Y ¥ (@)
mi,mae>1 1<mi<vN 1<ma<N/my 1<ma<vVN VN<mi<N/mo

T T

since the first sum comprises all pairs my, ms for which m; < v/N and the second sum all
pairs for which m; > v/N (we also used the fact that (mil) = 0 whenever (d,m;) # 1, cf.
Proposition £.26]). We have

> =) (o).

my |d|
1<ma<N/my
(ma,d)=1

(Here the implied constant is absolute, but in the following we allow the implied constants
to depend on d but not on N). Hence the first double sum in (215]) is

¢(|d|) 1 ([
NW 1<g<:mm_l (m—l) +O(VN).

Furthermore since () is a non-principal character modulo |d| (cf. Lemma {.36), we have
1 (£) =0 (cf. Lemma B.I3) and hence ‘ZA@SB (4)| < |d| for all A < B. Hence the

n=1 \n

second double sum in (2I5) is O(v/N), and we conclude:

w Y R(n;d) = N2 > L (£)+0(WN).

= 7 <
%SZ)SJ\{ ‘ | 1<m<VN
n,a)=

We know from Example that the series L(1, (2)) = > ov_, L (£) converges. In fact,

m=1m \'m
using partial summation one obtains the tail estimate Y, _ ~n + (£) = O(N ~2). (Detailed

proof: Using (I05) with a, = 0 for m < VN and a, = (£) for m > VN we get
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[e%e) _ _1
1> ey = ()] < [F5 ldlz™2dz = O(N™2).) Hence

w™ Y R(n;d) = %m,(é)wowﬁ).

Dividing with N and letting N — oo this gives

.1 o(|d])
(216) lim NK;NR(n; d) = w= e L, (4)).
(n,d)=1

The next step is to evaluate the average of R(n;d) from its original definition, Def. (.10l
In fact we will evaluate

.1
1<n<N
(n,d)=1

for any fixed quadratic form @ = [a, b, c| € Sy, and this limit will turn out to be independent
of f. In view of Def. B.10, comparison of the two limits will give a relation between

#Sq = h(d) and L(1, (%)).
First assume d < 0. Then

> R(nQ)

1<n<N
(n,d)=1

is the number of pairs of integers x, y satisfying
0 < ax? 4+ bry + cy* < N, (az® + bry + cy?, d) = 1.

The second condition limits x,y to certain pairs of residue classes to the modulus |d|. The
number of such pairs is easily computed:

Lemma 5.12.
(217) #{<$oayo> € (Z/dZ)* : axf + baoyo + cyg € (Z/dZ)X} = |d|o(|d]).

Proof. Let the prime factorization of |d| be |d| = p{" - --p&". Then by the Chinese Remain-
der Theorem, the above cardinality equals

H #{(x0,90) € (Z/p}'Z)* : p;taxy + broyo + cys }-
j=1

Fix some j € {1,...,r}. If a = ¢ = 0 mod p; then since p; divides d = b* — 4ac we would
also get b = O mod p;, contradicting the fact that ¢ is primitive. Hence either p; fa or

p;fc.
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First assume p; > 2. Then if p; { a we have
pj 1 az + broyo + cyy <= pj 1 dalaxd + broyo + cyg) < p; 1 (2axy + byo)* — dyp
<= p; 1 2azo + byo,
where in the last step we used the fact that p, | d. For any given yo € Z/ p;ljZ the relation

p; 1 2ax+byp holds if and only if 2 avoids a particular residue class mod p; (since p; { 2a);
hence it holds for exactly p;’ _1(pj — 1) of all 2 € Z/p;’Z. Hence

;i a; a;j—1 a; a;
(218) #{(w0,50) € (Z/p;"Z)? : p; taxy +baoyo + cyp} = py' vy’ (0 — 1) = p; 0 (p;”).-
The same formula also holds in the case p; { ¢, by a completely symmetric argument.

Next assume p; = 2. Then 2 | d and 2 | b, and 2 { az? + bxoyo + cyd holds if and only
if axg + cyo = 1 (mod 2). Since at least one of @ and ¢ is odd we see that this holds for
exactly 297291 = 2% ¢(2%) pairs (zq, o) € (Z/2%7)?, i.e. (2I8) holds also when p; = 2.

Multiplying (2I8) over all j € {1,...,7} we obtain (2I7]). O

Continuing onward with the proof of Theorem [5.4], it now suffices to consider the number
of pairs of integers z,y satisfying

(219) 0 < ax® + bry + cy® < N, T = xg, Yy = yo (mod |d])

for some fixed integers xg,yo. The first inequality expresses that the point (z,y) is in an
ellipse with center at the origin, and as N — oo this ellipse expands uniformly. Using (190)
one computes that the area of the ellipse is

T 4aN 2

=N
2a+/|d| \d|2
2

It follows that the number of points satisfying (219) is asymptotic to |d|_2wN as N — o0.

(Cf. Remark [5.1] below.) We have to multiply this by |d|¢(|d|) to allow for the various
possibilities for xg, yo, cf. Lemma [5.T2l Thus the conclusion is that

.1 o(|d|) 2w
lim — Q) = 24 =T
Novoo N 1<§<:NR(H’ Q=4 FE
(n,d)=1
Comparison with ([2I3) gives, since R(n;d) = ) ,cg, R(n; Q) and #S; = h(d):
wld|?

h(d) = L(1(4)) for d < 0.

27
Next assume d > 0. Arguing as before, we need to know the number of pairs of integers
x,y satisfying

_9/
(220) 0<ar®+bry+c?<N, z—0y>0, 1<2_7Y

2
<e€
“x—0y 7"
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and
(221) T = T, Y = Yo (mod d).

To better understand the inequalities in (220) we make a (non-singular) linear change of
variables:

(222) {5 =z —0y d(&.n) Vd

ith =0—-0=—.
n=ux—"0y, b o(z,y) a

nll

n=¢

Then the inequalities in (220) take the following form (cf. (I91))):
0<&<Nfa, £>0, £<n<eg,

and we see that these conditions represent a sector of a hyperbola bounded by two fixed
rays through the origin. To compute the area of this sector in the £, n-plane, note that the
conditions are equivalent to [0 < £ < (N/a)2 and € < 5 < £2¢, n < N/af]; hence the area

i
/0 U e g age / e (5 ) ae

1 (N/a)2 ag
2 -2
— (€d — 1)553—a —+ ;log&td - §<— — &y E) = —10g8d.

It follows that the area of the corresponding sector in the x, y-plane is d-:N log ey, cf. (222).
It follows that the number of integer points satisfying both (220)) and (221]) is asymptotic

I3There seems to be a misprint in 12 p. 50, line 4].
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to d~2d~2Nlogeq as N — oo (cf. Remark EIl below). We should then multiply with de(d)
to allow for the choices of g, yy (cf. Lemma [B.12). This gives

1 oy @(d)logeg
S DORITES e
1<n<N
(n,d)=1
Comparison with (2I5]) gives (since now w = 1):
h(d d: L(1 (¢ for d >0
= d > 0.
@)= l1(8)  for

O

Remark 5.1. Two times in the above proof we used the following fact: If D C R? is a “nice”
domain and z, 39, d are any fixed integers with d # 0, then']

#((N%D) ﬂ{(m,y) €7Z? : =10, y = yo (mod |d\)}) ~ |d|"?Area(D)N as N — oc.

(First we used this below (2I9), for D = the ellipse {(z,y) : az® + bxy + cy* < 1}; note
that then (z,y) € NiD & (N_%x, N_%y) € D & az? + bxy + cy? < N; also note that the
lower inequality 0 < az? + bzy + cy? in (ZI9) can be ignored since it excludes at most a
single point. Similarly, the second application was with D = the hyperbola sector [(220)
with N = 1].)

Scaling down to z = |d|/, y = |d|y’ and replacing D with |d|~'D, the above asymptotic
relation is seen to follow from the following with (o, 8) = |d|™ (0, yo):

#((N%D)H(W%—(a,ﬁ))) ~ Area(D)N as N — oo,

where Z? + (a, 8) denotes the shifted lattice {(x + o,y + ) : (x,y) € Z*}. Equivalently
(writing N = §2):

(223) 5 #(D M5(Z* + (a, 5))) — Area(D) as § — 0.

This can be seen as a statement belonging to the foundations of measure/integration theory
and the very definition of “Area(D)”: We cover the plane with a net of squares of side ¢
(very small), so that the central points of the squares are exactly the points in the lattice
6(Z* + (o, B)). Now A; (D) < Area(D) < Af (D), where

A; (D) = total area of all squares which are fully inside D;

AF (D) = total area of all squares which touch D,

and if D is “nice” then both A5 (D) and AF (D) tend to Area(D) as § — 0T. For instance
one can prove that this holds whenever D is Jordan measurable, and this is certainly true

MNotation: For any M C R? and A € R we write AM := {A(z,y) : (z,y) € M}.
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for our two choices of D! Since the number §? - #(Dﬂé(Zz + (a,ﬁ))) is clearly also
> A; (D) and < Af (D), we conclude that (223)) holds.

FIGURE 1. For D =the set of points inside the ellipse, A (D) is the area of
the marked squares in the left picture, and A (D) is the area of the marked
squares in the right picture.

5.3. Gauss sums (I). In section 5.4 we will show how to obtain a finite sum formula for
L(1, (%)) (and thus for h(d)). The key fact needed for this is the following formula for a
certain so-called Gauss sum. (We will discuss more general Gauss sums in Lecture [0])

Theorem 5.13. Let d be a fundamental discriminant and n € Z+. Then

(224) > <%) 6(%) B (%) {;/E|d| Z:zl Z 8

keZ/|d|Z

In the following we will use the short-hand notation “v/d” to denote \/E %f d>0
iv/Id] ifd<0.

Proof. (We borrow from Landau [32, Satz 215].) We first prove that if d,ds are two
fundamental discriminants which are relatively prime, and if (224]) holds for each of d = d;,
d = dy, then (224]) also holds for d = dyds. Indeed, if (224]) holds for each of d = dy, d = ds,
then by multiplying these two identities together we get (using the short-hand notation
introduced above):

d d k k d d
> (&) (@) GG - () (3) vive
i ]{71 ]{72 |d1 ‘ ‘dg ‘ n n
1€EZ/|d1|Z
ko€Z/|d2|Z
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Here multiply both sides with (‘ & ‘> (d—2> and use Proposition [4.2§ and Proposition [4.29]

|d1]
This gives
d d n(ky|ds| + ko|d d d did
2 <k |;|> (k |§ |)‘3< = |2d|d|2| 1|)> - (W) <W) <T> Vi
kezidyz N0 2|1 102 2 1
ko€Z/|d2|Z

: d dy \ _ d d _ did
In the left hand side we have (kl\im) (kzlill\) = <k1|d2|+1k2|d1‘) (kl\d2|fk2\d1|> = (kl‘dzll'f‘]fiz‘dﬂ)’
by Proposition 321 and Proposition .28 Furthermore, since (di,ds) = 1 we have that

when k; runs through Z/|di|Z and ko runs through Z/|d3|Z then ki|da| + ks|di| runs
through Z/|d1d2|Z Hence the above left hand side equals >, 71 412 (hd2) e<|d’f§2|>

Hence to prove our claim that (224) holds for d = d;ds it now only remains to show that

. I Y. dyds if dy < O,dg <0
(\d2|) (\dl ) \/7\/_ Vdydy. But since \/071\/@ = {m otherwise,
)_ —1 ifd; <0,dy <0;
)1 otherwise.

it suffices to show that (\d |> (d—2 Since (dy,ds) = 1 we

|d]

may without loss of generality assume that d; is odd, thus d; = 1 (mod 4). Then by Proposi-
2
tion [£.30] we have ( A ) (d—2> (‘dﬂ) (‘d ‘> and if dy > 0 this equals (d—> = 1, whereas

|d2] |da| |da| di|
d l1-1 (| a1 1 ifd; >0
if dy < 0 then it equals, by (IGH): (}g‘) (—1) (%) =(=1)"= = 1 ifdy <0
(since d; = 1 (mod 4)). This completes the proof of our claim that if (224]) holds for each
of d = dy, d = dy, then ([224)) also holds for d = d;ds.

Now to prove ([224)) for a general fundamental discriminant we can do the following
—1

reduction: Let py,...,p, be the odd primes which divide d; set p}; = (_1),,]2 p; and define

dy so that d = dy [[} e 1p] Then since d is a fundamental discriminant we must have

dy € {1,—4,-8,8}. Note that dy and each p;» are fundamental discriminants; and they
are pairwise coprime. Hence by the multiplicativity fact which we proved earlier, it now

suffices to prove that (224) holds for d = d; and for each d = p/.
Thus, it now suffices to prove that (224]) holds for d € {—4, —8,8} as well as for d =

(—1)1)771 p where p is an arbitrary odd prime. We may also note that it suffices to treat the
two cases (n,d) > 1 and n = 1, respectively. Indeed, in the remaining case, n # 1 and

15¢f., e.g., 32, Vol. I, Satz 73] or [24, Thm. 61]. If you did not know this fact, you may like to try to
prove it as an exercise, using the Chinese Remainder Theorem.
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(n,d) = 1, we have, using (%) = (4)2 (%) =

n () G-
2 060-0) 2,660 -() 2. ()@

where the last step follows since nk runs through Z/|d|Z when k runs through Z/|d|Z. If
we assume that (224) holds for n = 1 then we may continue:

_(g) (g) Vd  ifd>0 _(g) Vd  ifd>0
S \n)\1) )i/ ifd<of \n/))i/d ifd<o0,
i.e. (224) holds also for our n with n # 1, (n,d) = 1.

The cases d € {—4,—8,8} are now treated by direct computation: Compare the table
on p.[[1l If d = —4 then

> ()G -r-or- 1Bl

kezZ/|d|zZ

and if d = 48 then

5 (2)Ci) () 7o) o) (%) @) -

kez/|d|Z
0 if 2| n 0 if2|n

:e(g> 299 ifn=1,d=8 =48 ifn=1d=S8

242 ifn=1,d=-8 V8 ifn=1d=-8.

In all cases this agrees with the right hand side of ([224]).

It now remains to treat the case d = (—1)7%1]9 where p is an odd prime. If (n,d) > 1
then actually p | n and thus e(nk/|d|) = 1 for all k, and then using Lemma [3.13] we get

ké;iz (g) e(%) - keZZ/pZ (g) =0,

since Y = (4) is a nonprincipal character modulo p, cf. Lemma [4.36l Hence it only remains

to treat the case n = 1. In this case we have, using Proposition .30,

2060200 66X -26)

keZ/|d|Z kEL/pL



ANALYTIC NUMBER THEORY — LECTURE NOTES 97

where R runs through all the quadratic residues in (Z/pZ)* and N runs through all the

quadratic nonresidues in (Z/pZ)*. Since ) ;7€ % = 0 we can continue:
2

:1+22R:e<§) zge(%>,

since z? takes the value 0 once and gives each quadratic residue in (Z/pZ)* twice. Now
the desired equality (224)) follows from the case N = p of the following (famous) result. [

Theorem 5.14. For any positive integer N we have

(1+9)N% if N =0 (mod 4),
N-1 ! ;
) N if N =1 (mod 4),
(225) 2 e(n*/N) = 0 if N =2 (mod 4),
iN3 if N =3 (mod4).

The proof of this formula (for N =a prime) is one of Gauss’ many great achievements,
and he obtained it only after many and varied unsuccessful attempts. Since then several
proofs have been given, based on a variety of different methods. The following proof is due
to Dirichlet (1835) and from today’s perspective it can be seen as “easy”, in that it is a
fairly direct application of Poisson’s summation formula, which is an extremely useful tool
in a analytic number theory, and very often used:

Lemma 5.15. Poisson’s summation formula. For any “nice” f : R — C we have

(226) Z f(n) = Z f(n), where / f(z)e 2™ dx.

nez ne”L

For exzample [226) holds if f € C'(R) and both f(z) = O(|z|~'7°) and f'(x) = O(|z|~'79)
as x| = oco.

It is important to remember not only the formula (226]) itself, but also the (quite simple!)
proof, since one often has to modify the formula in some way or other to accommodate

functions f which are “not quite so nice”. For example this happens already in the proof
of Theorem [5.14] below!

Proof of Lemma[5.13. Set

=> flz+n).

From our assumptions it follows that both the sums > _, f(z+n)and ) _, f'(x+n) are
uniformly (absolutely) convergent for x in any bounded interval; hence by standard facts
in analysis we have ¢ € C'(R) (cf. [49, Thms. 7.17, 7.17]). From the definition we see that
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v is periodic with period 1: ¢(x 4+ 1) = ¢(z). Hence the Fourier series of ¢ is absolutely
convergent (cf., e.g. [31, Theorem 1.6.3]) and converges to ¢(x) at every point = € R:

(227) o(r) =Y plm)e(ma) <with B(m) = /0 <p(t)e(—mt)dt).

meZ

Note here that

P(m) = /0 o(t)e(—mt) dt = /0 > fn+t)e(—mt)dt =) /0 f(n+t)e(—mt)dt

(228) => / " F(t)e(—mt) dt = /_ h Ft)e(—mt)dt = f(m).

(In the third step we used the fact that e(—m(t — n)) = e(—mt).) Here the change of
order of summation and integration is justified by the uniform absolute convergence of
Y onez [(n+t)e(—mt) over t € [0,1], and all integrals and sums are absolutely convergent.

Applying now the formula (227) with 2 = 0 we obtain (220)). O

Proof of Theorem [5.1] (Cf. Davenport Chapter 2.) We would like to apply Poisson’s sum-
mation formula with

_ Je(@?/N) if0<z<N
flz) = {0 else.

However this function is not continuous, so that Lemma [B.I5] does not apply directly.
Instead we follow the proof of Lemma [5.15] Thus we set

p(r)=> flz+n)= > e((x+n)*/N).

nez —z<n<N—zx

This function ¢ is obviously periodic with period 1, and C* except at integer points z € Z
(in fact ¢ € C(R), but ¢'(x) has jump discontinuities at integer points z). However, since
© is piecewise C* we still have the following identity for the Fourier series, at any point
x € R (cf., e.g. [31], Cor. 2.2] or [58] 13.232)):

%(gp(z—) +p(e) = lim Y G(m)e(ma).
<M

In particular, since p(0—) = ¢(0+) = 3=, ;g e(n®/N) we get

2 BT ~
> eln?/N)= lim Y G(m).
n€Z/NZ |m|<M
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Furthermore the computation (228)) is valid for our f (since our f is of compact support
and piecewise continuous); thus

(m) = F(m) = /0 e(e*/N — ma) dz = N/O e(N((y — tm) — 1m?)) dy,

where in the last step we substituted x+ = Ny and then completed the square. Hence

Z e(n’/N) =N lim Z e(—%Nmz)/_2me(Ny2)dy.

)

M—oo _lm
n€Z/NZ |m|<M 2

The value of e(—iN mz) is 1 if m is even, and is iV if m is odd. We therefore divide the
sum over m into two parts, according as m is even or odd, and we put m = 2u or 2u + 1
(1 € Z) as the case may be. This gives

(229) S:N}Vm@(Z/ e(Ny ) dy+i Y / y)

o< 2 1] <M
Here each series of integrals fits together to give [~ e(Ny?)dy. This is a (conditionally)
convergent integral, regardless of whether we view it as limy_, f_YY e(Ny*) dy or in the
wider sense as limy. z_,o, f e(Ny?) dy. [Proof: If 0 <Y <Y then (substituting y = 2)
, 2 . 2
/YY e(Ny?) dy = %/YY t~2e(Nt) dt = [t‘zsrjj;;ﬁ + 4th Yj t~2e(Nt) dt
and thus

Yl2

Y/
1 . ;
de‘<—Y’ G [ p— trdt <Oy Y = .
‘/Y 6(y)y_27rN( + )+47TN 2dt<O(Y™")  as

This proves that fooo e(Ny?)dy is convergent. Since the integrand is even it also follows

that fi)oo e(Ny?) dy is convergent.] Using this convergence of [~ e(Ny?)dy in the wider
sense it follows from ([229) that

(230) S = N(1 +¢—N)/ e(Ny?) dy = N2(1 +i_N)/ e(2?) dz,

—00 —00

[e.e]

where we substituted y = N~7z. Now the value of [* e(22)dz can be computed for

example by taking N = 1 in the above formula; we then have S = >°_ e(n?/1) =
hence we conclude [7_e(z?)dz = (14 i7*)~!. Hence

_ L+t N3z
14471
and this agrees with the formula ([225). O

Y
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5.4. Finite sum formulas. Before stating the main result, let us note that the computa-
tion of L(1, ( £l)) can always be reduced to the case where d is a fundamental discriminant:

Lemma 5.16. Let d be an integer = 0 or = 1 (mod 4) which is not a square. Then there
is a fundamental discriminant d, such that d = d,0* for some { € Z*, and

L(1, (%)) = L(1, (%)) H<1 _ <%) p_1>

pld

Proof. Let the prime factorization of d be d = £2*p{* - - - p& (where € = £1, py,...,p, are
distinct odd primes, a =0 or a > 2, and all a;; > 1). Set
1 if2]|aand d/2* =1 (mod 4)
di=¢e4q4 if2]|aandd/2* =3 (mod 4) Hpj.

i 1<j<r
8 if2t1a S

Then d; is a fundamental discriminant (this is seen since € [ [1<j<r p; = d/2% (mod 4)), and
2o
there is a unique positive integer ¢ such that d = d¢>.
Now () is the Dirichlet character modulo |d| which is induced by the (primitive) Dirichlet
character () € X4, in the sense defined just above Lemma [Proof: We have to
prove that for every n € Z* with (n,|d|]) = 1 we have (%) = (£). If n is odd then

both the sides are Jacobi symbols, and we have (%) = (%) = (%) (%)2 = (%) by
(I64)). If n is even then we must have d = 1 (mod 4) because of (n,|d|) = 1; hence also
d; =1 (mod 4) and ¢ odd, and now (%) = (ﬁ) = (W) = <‘d—"1|> = (£) by Definition
and Definition [£.91]

Now the stated relation between L(1, (4)) and L(1, (£)) follows from Lemma (and
analytic continuation from {o > 1} to the point s = 1). O

Theorem 5.17. Let d be a fundamental discriminant. If d < 0 then
|d]

T d
(231) r (@)= -3k (%)
d]2 Z k
Ifd >0 then
d—1
1 d km
232 L(1, (%) = —— — | logsin —.
(232) (1) =~ (k) ogsin
Remark 5.2. Hence, combining Theorem [5.17 and Theorem [5.4] we see that if d < 0 then

(233) h(d) = —% ; k (%) :
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and if d > 0 then
d—1

1 d km
9234 _ S 1 rm
(234) h(d) logeq 2 (k:) og sin T

Proof of Theorem [5.17. We continue to use the short-hand notation “v/d” for

Vd o ifd>0
/]d] if d < 0.

Theorem says that (£) = \/— Z|d| ! (4)e <|d|> for each n € Z*. Hence

L1, (%)) :i (1) fz(dz (4) ()

Here we wish to change order of summation; we have to be slightly careful in doing this
since we know that the outer sum is only conditionally convergent. Using the definition of
an infinite sum we have

(235) L(1, (%)) = id ]}Eﬂmé|§ (%) e(%)”_l 77 A ; ( ) Z"_le<\d|>

. -1 . : : d|-1
and here since Z|/¢L1 is a finite sum we may change order between “limy_,»,” and “ ‘1;1 K

if we can only prove that each limit

Nlli‘iozn_le( |d\> ;”%%)

exists. In fact, the following more general statement is true: For any z € C with |z| < 1
and z # 1 we have

(236) Z n12" = —log(1l — 2) (principal value of the logarithm),

and in particular the series in the left hand side converges. When |z| < 1 this is of course
the well-known Taylor series for —log(1 — z). The fact that the formula also holds when
|z| =1, z # 1 is crucial to us, and this is more difficult to prove; we leave it as an exercise;
see Problem (.71

Let us compute the real and imaginary part of —log(1 — z2), if z = € with 0 < § < 2.
First of all we have

11— 2] = /(1 — cos6)? +sin?0 = \/2(T — cos ) = /4sin’(8/2) = 2sin(6/2),

where in the last step we used the fact that sin(6/2) > 0 for 0 < # < 27. Next note that

Re(1—z) > 0 and hence for the principal value of the logarithm we have arg(1—2) € (-7, §),
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and thus
Im (1 — 6
arg(l —z) = arcsin(%) = arcsin( QSlsrllnH/Q )
= arcsin(— cos(0/2)) = arcsin (sm( ))
since =5 € (=73, %). (Alternatively the two formulas [1 — 2| = 2 sin(60/2) and arg(l —z) =
6—m

7 can be deduced from a picture using a bit of Euclidean geometry.) Hence we obtain,

for z=-¢

Zn_lz" = —log(l — z) = —log|1 — 2| —iarg(l — z) = —log(2sin %) —

29

0—m

2

Using the above with z = e(k/|d|) (thus 6 = 27k/|d|) we see that the change of order
7 and “ |de—11,, in (235) is justified, and we obtain:

ay— Ly (4 TRy (kT
(@) == Y (k) log(2sin 73) +i(Ty = 5)].
Now if d > 0 then v/d is real, and since L(1, (£)) also is real we must have
1g km 1 d km
(9) =-= E Y= M
L(1, (4 I 2 ( )log 251n d) I 2 (k)logsm R

where in the last equality we used Z ( ) = 0 (cf. Lemma B.I3 and Lemma E30). On
the other hand if d < 0 then v/d = i \d|, and since L(1, (4)) is real we must have

between “limy_, o

|d[-1 |d[-1

1 d\ 7k w T d
80 - )
where we again used ZZ;; (%) = 0. This completes the proof of Theorem [B.17] U

5.5. * Ideal classes in number fields, and the Dedekind Zeta Function. This
section is external reading. I will here give a very brief collection of definitions and facts
about the so called Dedekind Zeta Function (for a general number field), and about the
relation between ideal classes in quadratic fields and equivalence classes of quadratic forms.
The purpose is merely to give a first glimpse of this very rich and beautiful area!

There exist a large number of textbooks describing various parts of this material; for
example we mention Cohn [§], Lang [33] and Neukirch [42], and Ireland and Rosen [29] Ch.
12].

Let K be a number field of degree n, i.e. a field which is a finite extension of Q, of
degree n. An element x € K is called an algebraic integer if it is the zero of some monic
polynomial with integer coefficients. Let O C K be the set of all algebraic integers; O is
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in fact a ring, called “the ring of integers in K for short. It turns out that in general O
is not a unique factorization domain. However O has a property which is almost as good.
Namely, every nonzero ideal of O can be written uniquely as a product of prime ideals.

The norm N(A) of any (nonzero) ideal A C O is defined as the number of elements in

the quotient ring O/A. This is always a finite number, and N(AB) = N(A)N(B) holds for
any two nonzero ideals A, B C O. Now the Dedekind Zeta Function (k(s) is defined by

(237) o) = 3 o = IO >,

ACO

where the sum is taken over all nonzero ideals A C O, and the product (the “Euler product”
for (x(s)) is taken over all prime ideals P C O. (The Riemann Zeta function is obtained
as the special case ((s) = (g(s).) The sum is in fact a Dirichlet series with abscissa of
convergence o, = 0, = 1, and the product is absolutely convergent when o > 1.

It turns out that (x(s) has a meromorphic continuation to all of C, with the only pole
being a simple pole at s = 1. There is a very important formula connecting the residue at
s = 1 with various other invariants of the field K:

2M(2m)2 R
(238) Res,_ (i (s) = "R
#W - |dk g2

We now describe the various numbers in the right hand side. The deepest invariant (in
some sense) is the class number, hyx. To define it, two ideals A, B C O are said to be
equivalent, A ~ B, if there exist nonzero a, 8 € O such that («)A = (5)B (where («), ()
are the principal ideals generated by «, (). This is an equivalence relation on the set of
ideals of O, and hy is the number of equivalence classes. It turns out that hx is always
finite, and hx = 1 if and only if O is a unique factorization domain. Thus in a sense hy
can be viewed as a measure on how far O is from being a unique factorization domain!

Furthermore, dx /g € Z\{0} is the discriminant of K, defined as dy /g = det (Trg q(vcy;))
where aq,...,qa, € O is any integral basis for O, i.e. any basis for K over Q such
that O = Zay + ... + Zay,. (An integral basis for O always exists, and the determinant
det (Trg/g(uey;)) is independent of the choice of integral basis.)

Also in (238)), r; and 7o are the numbers of real and complex embeddings of K, re-
spectively. That is, r; is the number of distinct field embeddings K — R and r, is the
number of distinct pairs of conjugate complex field imbeddings K — C. (We always have
r1+2rs =n.) Welet py, ..., pr1r be a system of representatives of all the embeddings of
K into C up to complex conjugation. For z € K and j € {1,...,7 + 72} we define ||z||,
as |p;j(z)] if p; is real, but ||z||; := |p;(x)|* if p; is complex.

Furthermore, W denotes the group of roots of unity in K. This is in fact a finite cyclic
group, and a subgroup of O (the group of invertible elements in O, cf. (I23)). Dirichlet’s
Unit Theorem states that O /W is a free abelian group on r = r; 4+, — 1 generators. Let
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us pick some elements uq, ..., u, € O which map to a set of generators for O /W. Then
Ry, the regulator of K, is defined as

Ry = ‘det(log ||uk||j)j,k:1

This number is independent of the choice of uq,...,u,, and also independent of our choice
and ordering of p1,..., p,41, as follows from the fact that H;:i lul|; = 1 for all u € Of.

This completes the description of the right hand side in ([238]).

We now turn to the special case of quadratic number fields, i.e. number fields K of
degree n = 2. It turns out that each quadratic field K equals Q(v/d), where d = dx /g
and the integers which occur as discriminants are exactly the fundamental discriminants
(cf. Definition 4.12). In other words: There is a bijective correspondence between set of
fundamental discriminants and the family of quadratic fields, given by d — Q(v/d), with
inverse K +— dgq.

For a quadratic number field K with d = dg/gp < 0, the other invariants in the right
hand side of (238) are as follows. If d < 0 then r; =0 and ry = 1, and

{e(n/6) : neZ} ifd=-3,
(239) W={{1,i,—1,—i} it d=—4,
{1,-1} otherwise.

Thus #W = w, the number in (20I). Furthermore in this case O = W, r = 0, and we
declare R = 1.

On the other hand if d > 0 then ; = 2 and 7, = 1; W = {1, —1} always, and Dirichlet’s
Unit Theorem says that Ox = {£e" : n € Z} for some ¢ € Of. In fact we can take
e =&} := 3(z +yVd) where (z,y) € Z* x Z* is the solution to z* — dy? = +4 for which
y is minimal. (Then Ng/g(e)) = 1(z* — dy?) = £1.) In this situation it turns out that
the number ¢4 defined in Theorem is eq = &) if Ngjg(el)) = 1, and g4 = (g))? if
Nkg(e;) = —1. The number € is called the fundamental unit of Ok, and g4 is called the
proper fundamental unit of Ox. We now see that the regulator of K is Rx = loge!,, where
we view &) := L(z + yVd) € K as embedded in R by taking v/d € R* to be the positive

square root of d.

Hence the formula (238)) says in the case of a quadratic number field K:

27 :
hie ifd <0,
(240) Res.1 Gie(s) = § “V1
e i d > 0.

The close similarity between (240) and Dirichlet’s class number formula, Theorem [5.4]
has the following explanation.
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On the one hand side, for any quadratic number field K with discriminant d, there exists a
beautiful correspondence between the equivalence classes of ideals of K, and the equivalence
classes of quadratic forms with discriminant d (these are necessarily primitive, since d is a
fundamental discriminant). More precisely, if d < 0 or if d > 0 and Ng/g(e);) = —1 then
there is a canonical bijective correspondence between these two families. In the remaining
case when d > 0 and Ng/q(e)) = 1 (thus €, = €4), we instead get a 2-to-1 map from the set
of ideal classes of K onto the set of equivalence classes of quadratic forms with discriminant
d. Hence:

on) iy {2 0w Nl 1
1 otherwise

On the other hand, we have a factorization of the Dedekind Zeta function (x(s):
(242) Cr(s) = C(s)L(s, ().

The reason for this comes from a precise description of how the prime numbers p € Z factor
into prime ideals of Ok If p is a prime number with (%) = 1 then the principal ideal (p) C
Og factors as a product of two distinct prime ideals, (p) = P P>, and N(P;) = N(P,) = p.
If (g) = —1 then (p) is itself a prime ideal in O, with N((p)) = p?. Finally if p | d, i.e.

(g) =0, then (p) factors as a square of a prime ideal; (p) = P?, and N(P) = p. The prime

ideals of Ok which occur in this way are all distinct, and there are no other prime ideals
of Ok . Hence for ¢ > 1 we have

1 (L—p™)=* i (d/p)=1
(e(s)=[[=NP)) " =[[ @ -p™)" if(d/p)=0
r po(Q—p)7t i (d/p) = -1
(1—p)" i (d/p)=1 )
=[[a-»"II {1 if (d/p) = 0
’ o\ (L+p)Th if(d/p) = -1
=TI -p TIo= (2)p )" = <)2ts (9)),

as claimed.
Since ((s) has a simple pole at s = 1 with residue 1, it follows from (242]) that
(243) Res,—1 Cx(s) = L(1, (9)).

Combining the facts of the last few paragraphs, we see that for the case of a quadratic
number field K, the formula 240) says exactly the same thing as Dirichlet’s class number
formula, Theorem with d = dgg.
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5.6. Problems.

Problem 5.1. Let d be a non-zero integer which is = 0 or 1 (mod 4). Prove that d is
a fundamental discriminant if and only if every quadratic form with discriminant d is
primitive.

Problem 5.2. Prove that if d < 0 is a fundamental discriminant, then
h(d) = #{(a,b,c) €Z’ : b’ —dac=d, [~a<b<a<cor0<b<a=d}

Problem 5.3. Give an alternative proof of Lemma along the lines in Davenport’s book,
p. 45. (Note that Davenport proves one direction; that every element in the set in (202) is
indeed an automorph of ). Check the details of this argument, and then try to also prove
the other direction of Lemma working along similar lines.)

Problem 5.4. (a). Use Theorem [5.9 to prove that
(+) R(n:a* +y*) = 4(di(n) — ds(n))
for all odd positive integers n. Here for j = 1,3, d;(n) denotes the number of (positive)
divisors d | n satisfying d = j mod 4.
(b). Prove that the formula (x) in fact holds for all positive integers n. (Hint: For n even,

write n = 2Fu with v an odd integer and k& > 1; then one can prove that R(n;xz? + y?) =
R(u; z* + y*).)

Problem 5.5. Show that any positive definite quadratic form of discriminant -23 is equivalent
to exactly one of the forms

Qi(z,y) =2 + 2y +6y°,  Qa(z,y) =22+ 2y +3y°,  Qs(z,y) =22 — zy + 3y>.

—23
Also show that if p is a prime with (—) = —1 then p is not represented by any of these

p
—23
forms, while if (—) = 1 then p has a total of 4 representations by 1, @2, ()3, namely
p
either [2 representations apiece by ()2 and @3], or [4 representations by (q]. Finally,

determine which of the latter two cases applies when p = 139.

Problem 5.6. Dirichlet’s divisor problem. For each n € Z*, let d(n) be the number of
divisors of n; also let v = —I""(1) = 0.577... be Euler’s constant. Prove that

Zd(n):XlogX+(2*y—1)X+O(\/Y) as X — oo,
n<X
[Hint: One may proceed similarly as in the treatment of the sum > 1<n<n 32,1, (mil) on p. [§9]
(n,d)=1
Remark: The problem of finding the minimal exponent € such that the above error term
O(\/Y ) may be replaced by O(X 9+€) for any € > 0, is known as the Dirichlet divisor
problem. The best known result today is due to Huxley (2003) [27]: The error bound holds

with § = 31 = 0.31490. . ..
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Problem 5.7. Prove that (236) holds for all z € C with |2| < 1 and z # 1. [Hint. Using
partial summation one can prove that the series Y - n~'2" converges for all z with |z| < 1,
z # 1, and is continuous for these z.]
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6. THE DISTRIBUTION OF THE PRIMES

(Davenport chapter 7-8.)

6.1. The logarithmic integral and the prime number theorem.

Definition 6.1. We write 7(z) for the number of prime numbers not exceeding z, viz.
m(x) = #{p : pis a prime number < z}.

Definition 6.2. The logarithmic integral is the function defined by

Todt
(244) Lixz = —
5 logt
In the next lecture we will prove the prime number theorem, which states that
(245) m(z) ~ Liz as T — 0.

Later in this course we will prove the prime number theorem with a precise error term:
There is some constant a > 0 such that

246 7(z) = Liz + O ze~Vloe® as T — 00.
(246) (z) v

Let us also point out that if the famous Riemann Hypothesis about the zeros of ((s) is
true, then the following much better estimate holds:

(247) m(z) = Liz + O(v/zlog x) as x — 0o.

The logarithmic integral satisfies the asymptotic relation

Liz ~ as T — 00

log x

(this follows from taking ¢ = 0 in Lemma [6.1] below), and hence the prime number theorem
without error term, (245)), is equivalent with the statement that

X

(248) 7T(SC) as T — OQ.

~ log

However the more precise result (246) (as well as the conditional result (247)) shows that
it is really the function Liz that is the more “correct” approximation to 7(z).

Lemma 6.1. The logarithmic integral has the following asymptotic expansion: For any
fixed integer ¢ > 0 we have

x 1z qlx x
) Lie - S S |
(249) e log + (log x)? et (log x)at! + (log z)a+? a5 & 00

(The implied constant depends on q but not on x.)
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Proof. Integrating by parts repeatedly we have

) Todt N /m dt
Liz = — = |— +
o logt  Lllogtli=2 9

It 't:m+[ t ]t=m+/x 2 dt
~ llogtli=2 (logt)?li=2 ~ J, (logt)3
A R t t=z 2t t=x v 3ldt
= gl o * oge e+ Liogapoms * -
Llogtli=2  L(logt)?li=2  L(logt)3li=2  J, (logt)*
Continuing in the same way we get, for any integer ¢ > 0,
, t qt=e 1t qt== ol qt=z gt == [T (g+1)ldt
tir = [iogil s+ (gl Liogtilen ™ [ogti o ™ | gt
e logtli=2 * (logt)2li=2 * (logt)3le=2 Tt (logt)at!li=2 * 5 (logt)at?
x 1z 2lx

B ! qlx v dt
~ logx * (log )2 - (log x)3 Tt (log z)a+1 +0(1) + O(/2 (logt)q+2)'

The last term may be estimated as follows, for any x > 4:

. Jz . .
| < e < O+ ()

This gives the stated result. 0

+

Note that the error term in (246]) decays faster than the error term in (249), i.e. for any
fixed ¢ we have xe~@vloer = 0(@) as  — ool Thus we cannot replace Liz in (246)

with a finite sum as in (249) (no matter how large ¢ we choose) if we wish to keep the good
quality error term O(xe‘“vlog””).

6.2. Tchebychev’s auxiliary functions ¥ and . (In this section we borrow from Ing-
ham [28, Ch. 1].) Tchebychev introduced (1851-2) the following two auxiliary functions.

Definition 6.3. Set

(250) Y(x) = An);  I@)=> logp  (z>0).

n<x p<lzx

Here recall that A(n) =logp if n = p™ (p a prime, m € ZT), otherwise A(n) = 0.

Note that the functions A(n) and ¢ (x) are the same as we introduced in Example B.7]
(cf. (I12) and (II7)).

Proposition 6.2. We have

U
lim sup m(z) = lim sup ﬂ = lim sup
z—oo L 10g T T—00 T T—00

b(x)

16proof: Dividing with « and then letting y = v/Iogz we see that the statement is equivalent with
e~ W = o(y_2q) as y — 00, and this fact is well-known from basic analysis.



110 ANDREAS STROMBERGSSON

and

lim inf m(2) = liminf @ = lim inf ¥(z)
T—$00 x/ logx T—$00 T T—$00 T

In particular this proposition shows that the three relations (as z — o0)
() Wa) ~x,  plx) ~a,

the first of which is the prime number theorem, are equivalent. Of the three functions 7, ¥,
1, the one which arises most naturally from the analytical point of view is 1. For this reason
it is usually most convenient to work in the first instance with ¢, and to use Proposition [(.2]
(or similar relations with more precise error bounds) to deduce results about 7.

T

~ log z”’

Proof. Let us write

0
v I/ logx P meup

(These numbers may possibly be +00.) For any = > 0 we have

Ix) <YP(x) < Z Z logp = Z Vong logp < Zlogzz = 7(x) log z.

log p

p<z m2>1 p<z
(pm<z)

This implies that Ay < A3 < A;. On the other hand, for any 0 < a < 1 and x > 1,

I(z) > Y logp > (m(x) — w(a)) log(z"),

z¥<p<z

p<z

and hence, since 7(z%) < z¢,

J(x) - a(ﬂ'(l’) logz log:c)‘

T T pl-o

Keep « fixed and let + — oo; since ;‘igj — 0 we deduce that Ay > aAq, whence Ay > A,
since o may be taken as near as we please to 1. This combined with the previous inequalities
gives Ay = A5 = Ay. Exactly the same argument works to prove the equality between the
three lim inf’s. O

T

Remark 6.1. In Problem we proved that J(z) ~ x as  — oo implies m(z) ~ =
as r — 00, using partial integration. This implication is of course also a consequence of
Proposition [6.2] and the above proof of Proposition is quite a bit shorter than our
solution to Problem 3.6l However, the technique of using integration by parts is useful
when deriving more precise error bounds in the translation between the three functions ,

9, 1.
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Remark 6.2. We point out the following relation between ¢ and 9:

(251) Ya)=>_ > logp= > Y logp= > ")

p<zr m>1 m>1 p<gl/m 1<m<log, =
(p™ <x) (m<z)

From this we see that ¢ and ¢ are asymptotically quite close to each other (much more
than is indicated by the statement of Proposition [6.2)): Recall that, trivially, J(z) < ¢(x).
In the other direction we have, using the above relation and the trivial bound ¥(y) < ylogy
for y = /™, m > 2:

1 1 1
W(x) < 9(x) + Z —zY™logx < V(z) + 5\/Elogx + gatl/?’(log2 x)logx
2<m<logy x m
(252) < 9(z) + O(Vzlog z) as T — 0o.
(In view of Theorem below combined with Proposition we have J(y) = O(y) as
(

y — 00, and using this above for m = 2 we can strengthen ([252) to ¢ (z) < ¥(x) + O(\/x)
as r — 00.)

Tchebychev proved the following bound in 1852, for the first time getting in the “vicinity”
of the prime number theorem:

(253) (0.92...) ‘

1.105...
log x <mz) < ( )loga:

for all sufficiently large x. We will prove a weaker bound of the same nature, to illustrate
Tchebychev’s method. (See Problem [6.3] for a proof of (253]).)

Theorem 6.3. For any € > 0, we have for all sufficiently large x:
(254) (log 2 — ) i

x
<7(xr) < (2log2+¢)—.

v (2) < (2log2+e)o o7

Proof. The basic idea of the proof is to consider the factorial n! for large integers n: On

the one hand side we can count in a precise way the prime factors appearing in n!:

(255) ord,(n!) = {EJ + {%J + {%J + ... (Vn € Z", p prime);

p p p
on the other hand we have a precise knowledge of the size of n!, namely from Stirling’s
formula:

(256) log(n!) = (n+ 1)logn — n +logvV2r + O(n™") Vn > 1.

To prove (255), note that the rth term n, = [n/p"| equals the number of factors in the
product 1-2-...-n which are divisible by p", and a factor which contains p exactly r
times is counted exactly r times in the sum n; 4+ ny + ..., namely once for each of the
terms ny, ng, ..., n,. The asymptotic formula ([250) you may have seen in previous courses;

anyway we will prove it in Section 8.2} and in fact for the following argument we will only
need the much less precise version log(n!) = nlogn —n + O(logn).
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It is easiest to use (253) to give information about i (x) first, rather than 7(x) directly.
Indeed, note that (255) means that n! has the prime factorization n! = Hpgnptn/mﬂ"/ﬂ*"',
and taking the logarithm this gives

1og(n!)zzqulogp+bJlongﬂ Jlogp—l— ) ZZ{ Jlogp

p<n p<n r=0

-3 [2fam

1<m<n

It is convenient to extend our notation to arbitrary real numbers; thus let us note that the
above formula implies

(257) T(a) =log(|lz)!) = &J A(m), Vx> 0.

1<m<z

We remark that this formula may alternatively be proved by identifying coefficients in the

Dirichlet series identity C((s))(’ (s) = ('(s); cf. Davenport pp. 55-56 and Problem below.

We also have, from (256]):

(258) T(z) = zlogz — x4+ O(logz) Vo > 2.

(Note that the error term here is the best possible as x — 00.)

Now let us study the difference T'(z) — 2T (3z). Note that the function a — |2a] — 2|a]
is periodic with period 1, and for 0 < a < % it equals 0, while for % <a<1litequals 1. In
particular we have 0 < |2a] — 2|a] <1 for all a € R. Hence, using (257]),

(250) @) —vla) = 3 Am) <T(x)-20(a) < Y A(m

%x<m§x 1<m<z
Also, using (258), we have
(260) T(z) — 2T (3x) = (log 2)z + O(log z), Vo > 4.

Hence from the second inequality in (259) we get ¥ (x) > (log2)z + O(logx) as x — oo,
and thus

(261) lim inf —= Ylz) > log 2.

T—00 €T

On the other hand the first inequality in (259) gives

Y(z) — ¥(32) < (log 2)z + O(log z), Vo > 4,
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and adding this applied to z, 27, . .., 2=*~Dz where k is determined so that 2 < 2 %z < 4,
we get

k—1
() =) (v27z) — (27 ) + (27 )
=0
k—1
< (log2) Z 277z + O(k log x + 1) < 2(log2)z + O((log z)?), Vo > 4.
=0
This implies
(262) lim sup ¢(x ?) < 2log?2.

x/logx

By Proposition6.2, (261]) implies lim inf,_, —— > log 2 and ([262) implies lim sup, _, ., —)
2log 2. These inequalities are equivalent with the statement of the theorem. 0

Remark 6.3. Note that the above proof is slightly simpler than the one sketched in Daven-
port’s book p. 56, since we make use of Proposition

Theorem 6.4. We have

lim inf m(z) <1 <limsup m(z) .
T—00 ;L’/ ogx T—300 x/logat

Proof. Recall that in Example B.7 (see formula (I16])) we proved that

/¢ )z ldr (o> 1)

The proof of Theorem is based on taking s — 17 in this formula. Let us write

A:liminfM; AzlimsupM.
T—00 x T—00 x

Then if B is any number > A, there exists some xy > 1 such that d’ Y@ - B for all x > x,
and we deduce that, for s > 1:

¢'(s) > ah(x) "0 (x) * B
- S):s/ S+1da:<s/ x8+1dx+8/x0 EdI
o ¢() B “0 9h(z) — Bx sB
/1 xs+1 d +s/1 e d:L’—S/l s d:)s+s_1
1

2 s—1

z/logx —
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IN
Sy

Thus multiplying with (s — 1) and letting s — 11 we get limsup,_,;+ —(s — 1)%/

2l

Since this is true for every B > A we conclude:

. ¢'(s)
limsup —(s — 1 <A.
s—1t ( ) C(S)
(Note that this is also true, trivially, if A = 0o.) Similarly one proves
/
liminf —(s — 1)C () > A\

s 1+ ¢(s)

On the other hand, in Example 3.6l we proved that ((s) has a meromorphic continuation

to o > 0, and has one sunple pole at s = 1. It follows from this that also : (( )) is meromorphic

for o > 0, and that s

( a simple pole at s = 1 with residue —1, and thus

/
lim —(s— )2 _ g,
s—1t C(S)
Hence A <1 < A, and this implies the theorem in view of Proposition O

6.3. Further asymptotic results. Mertens proved the following in 1874:
Proposition 6.5. There is a real constant A such that

Z% =loglogz + A+ O((logz)™")  as = — oo

p<z

Proof. Recall our main identity T'(z) = log(|z]!) = 3, ., A(m) |Z], see 257). The
contribution from those m’s which are prime numbers is:

Stiogn) | 2] = Stosn) (2 +0m) = 3 2EL 4 0fa),

p<z p<z p<z

since ), logp = ¥(x) = O(z) by Theorem and Proposition The contribution

from all other m’s is:
1()

=>_ > (logp) FJ <z (logp) > p~ <leogp

p<z 7r>2 p<z r>2 p<zx p<z
(p"<z) (p"<z)

= O(x),

since the last sum is convergent even if it is taken over all positive integers. Hence from
T(z) = xlogz — 2 + O(log z) (see (258)) we conclude, after dividing with x:

A(x) == Z logp _ logz + O(1), Vo > 2.

p<w
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Hence, writing B(x) = logx 4+ r(x) where we know that |r(x)| is less than a constant K for
all x > 2:

1 Tl B y=a * B
Si- [l = [P 4 [F Py,
~p Jlogy ogylv=2- /- y(logy)

EC)) +/"’” dy +/“’” r(y) dy
logz J, ylogy Jy y(logy)?

X — > r(y)d * d
=1+ 0((logz)™") + [loglogy}y=2 +/2 % _O</x y(Tg?J)zdy>

:loglog:)s+A+O((log:£)_l), as T — 0o.

where A is a certain constant. O

Remark 6.4. The above proof shows that A =1 —loglog2 + [;° y(ﬁ)(é/;)z dy. However, it is

possible to give a much simpler explicit formula for A, as follows.

Proposition 6.6. The constant A in Proposition[6.3 is given by
(263) A=y+ 3 (logt —p) +p7),
p

where v = —I"(1) = 0.577... is Euler’s constant. (The sum is rapidly convergent since
log(1—p™ ) +p~'=0(p~?) asp — c0.)

Lemma 6.7.
Ress—1((s) = 1.
Proof. Recall that ((s) has a simple pole at s = 1 (cf. Ex. on p. dIl). Furthermore,

for s > 1 we have ((s) = > oo yn ™ > [Fa®de = (s — 1)  and ((s) = > oo n™* <
14 [ 2 *dx =1+ (s—1)"". Hence lim,_,;(s—1){(s) = 1, and this proves the lemma. [

Proof of Proposition[6.6. (We borrow from Ingham [28| p. 23].) The idea is to investigate
in two ways the behaviour of g(s) = > p~® when s — 17. Let us write

A(z) = Zl =loglogz + A+ R(x),

p<z

where we know from Proposition that R(z) = O((logz)™") as © — oo, and hence in
fact R(z) = O((logz)™") for all z > 2. Then on the one hand side, for any s > 1 we have

g(s) =Y p* = /2 io ' dA(z) = (s — 1) /2 h ™5 A(z) da.

:(8—1)/ Ogogzdzﬂs—l)/ —de+(s—1)/ R(f)dx:11+12+13,
2 2 2

xs x x
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say. Regarding I3, since lim, ., R(z) = 0 there is, for any given ¢ > 0, some xy > 2 such
that |R(x)| < e for all z > z; hence

| 13| <(s—1)/:O |R(x)|dx+(s—1)/oo%dx<(3—1)/;0 |R(z)|dx + ¢,

0

and this is < 2¢ for all s > 1 sufficiently close to 1. Hence I3 — 0 when s — 17. Next, in
I, and I, we replace the lower limit of integration by 1; this involves an error which tends
to 0 as s — 0. We also make the substitution 2 = ¥/~ in I,. This gives:

(264) g(s) = —log(s—1)+ /000 e Vlogydy +A+o(l)=—log(s—1)—v+ A+ o(1)

as s — 17. (The identity [;" e Vlogydy = T"(1) = —v follows from ['(s) = [ e Yy ' dy
by differentiating under the integral sign. See §8.2] for more facts about 7 )

On the other hand we can use the Euler product for ((s) to understand ) p~ as s — 17.
Indeed, we have already seen in the first lecture that log ((s) = > p™>+O(1) for all s > 1;
see (M) and (). In fact, as s — 11 we have

(265)

log ¢(s Zp‘s sz P ms%zzm‘l ‘m—Z(—log(l—p‘l)—p‘1>,

p m=2 p m=2 p
ms

since the computatlon in (@) really works for all s > 1, and shows that the sum - >, m™'p~
is uniformly convergent for s > 1. Hence, as s — 17:

s):Zp = log ((s —|—Z<log1— 1)+O(1)
(266) = —log(s—1) + Z(log(l —p ) +p_1) +o(1),

since limy_,1 log((s — 1)¢(s)) = 0 by Lemma Comparing (264) and (266) we obtain
[263). O

Another result of Mertens which is of interest in connection with Dirichlet’s work on
primes in an arithmetic progression is that the infinite series Zp % converges, for any
nonprincipal Dirichlet character y. Before proving this, let us note that we already know
that the series ) % is absolutely convergent for any s > 1, and by (22 we have (in

analogy with ([265))) as s — 17:

log L(s, x) — ZX ZZm x(p _ms%ZZm X(p

p m=2 p m=2

== > (log(1 — x(pp™) + X(p)p_1>‘
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where all the sums are absolutely convergent (uniformly over s > 1). Hence
p — -
(267) Z % =log L(s,x) + Z(log(l —x()p™Y) + x(p)p 1) +o(1), as s — 17,
p p

However, as suggestive as this is, it does not directly imply the convergence of Zp %!

Proposition 6.8. If x is any nonprincipal character mod q then Zp % converges, if we

add over the primes p in increasing order. In fact ) .. % = O((logz)™) as z — oo,
where the implied constant may depend on q.

(Note that > % is not absolutely convergent, since »_ % = oo. Hence by a well-
known fact about conditionally convergent series we really need to specify how the terms
are ordered; other ways of ordering the terms can lead to other values of the sum, and also
to a divergent sum.)

Proof. We start by studying the Dirichlet series for L'(s, x) and its partial sums. Writing

out the identity —L'(s, x) = —LL/((SS’X))L(S, X) gives (cf. Corollary 3.8 and (I13)))

(268) f:x logn (ZX ) ZZX k)7

k=1 m=1 k=1

where all the sums and double sums are absolutely convergent for o > 1. Now by Propo-

sition [3.10] the leftmost and the rightmost Dirichlet series must have identical coefficients

(i.e. x(n)logn = > mr>1 x(m)A(m)x(k), Vn € Z*) and hence also every partial sum must
mk=n

agree:

3 xlm)logn x(n logn -y Zx (/f) -y X(m;/:(m) X]i]?, Vo >0, s € C.

n<z m>1 k>1 m<z k<z/m
mk<z

We apply this for s = 1. From Example [3.5] we know that Zk 1 T =
error for a finite partial sum can be estimated as follows for any B >
> 1<n<e X(n) as in Example and recall A(z) = O(1) for all z > 1):

W) _ (1 Al 240 4, oLy, [*O0 4, oL
Z _/ dA(z) = [ x ]x:B+L x? dx_O(B)jL g X2 dx_O(B)
Thus 34y /m % = L(1,x) + O(™) and hence we conclude:

S = M b +0(7)

n<x m<x

L(1,x), and the
1 (write A(x) =
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where the big-O-terms add up to

o(z—l 3 A(m)) - O(x_lw(x)> —0(1),

m<x

by Theorem 6.3 Hence, since the infinite sum >~ ()J converges (to —L'(1,x); cf.
Corollary B.8 and Example B.3]), and L(1, x) # 0, we conclude

ZW —0(1), Vz>1

Note that the contribution to the above sum from all non-prime m is bounded in absolute
value by

:ZIng <2210gp
p

Hence, by subtracting off the contribution from non-prime m, we get:

ZX logp o), Vz>1.

p<zx

p r=2

From this we get by partial summation, for any 2 < M < N:

S M A A,

M<p<N

= O((log M)™") +O((log N)™") + O(/MN ﬁ)

=O((log M)™") + O((log M)™! — (log N)_l) = O((log M)71).

This tends to 0 as M — oo (uniformly over all N > M). Hence the series Z X is indeed
convergent. The bound an p = O((logz)™") as z — oo also follows from the above
computation. O

Corollary 6.9. Given ¢ > 1 and a with (a,q) = 1 there is a real constant A(q,a) such that

Z % = @ loglogz + A(q,a) + O((logz)™"), as x — 00.

p<z
p=a (mod q)

(The implied constant may depend on q, but not on x.)
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Proof. Using first Lemma and then Proposition and Proposition we have

2 Jlozqﬁ(qz <ZX )

pzazziid q) XEXq p<a
: -1 1 (P 1
:m(loglogastA%—O((logz) ))+M Z (Z O{(togs)- ))

x€Xq\{xo}

This gives the stated formula, with A(q,a) = ﬁ{A 2 e x,\ oy X(@) (Zp M) }. O

6.4. Riemann’s memoir. In his epoch-making memoir of 1860 (his only paper on the
theory of numbers) Riemann showed that the key to the deeper investigation of the distri-
bution of the primes lies in the study of {(s) as a function of the complex variable s. More
than 30 years were to elapse, however, before any of Riemann’s conjectures were proved,
or any specific results about primes were established on the lines which he had indicated.

Riemann proved two main results:

(a) The function ((s) can be continued analytically over the whole complex plane and
is then meromorphic, its only pole being a simple pole at s = 1 with residue 1. In other
words, ((s) — (s — 1)7! is an entire function.

(b) ((s) satisfies the functional equation

72 T(Ls)C(s) = 7 21I0(L(1 - 5))C(1 — s)

which can be expressed by saying that the function on the left is an even function of s — %
The functional equation allows the properties of ((s) for o < 0 to be inferred from its
properties for o > 1. In particular, the only zeros of ((s) for o < 0 are the poles of I'(1s),
that is, at the points s = —2, —4, —6, . ... These are called the trivial zeros. The remainder

of the plane, where 0 < o < 1, is called the critical strip.
Riemann further made a number of remarkable conjectures.

(I) ¢(s) has infinitely many zeros in the critical strip. These will necessarily be placed
symmetrically with respect to the real axis, and also with respect to the central line o = 1

2
(the latter becausee of the functional equation).

(IT) The number N(T') of zeros of ((s) in the critical strip with 0 < ¢ < T satisfies the
asymptotic relation

T T T
(269) N(T) = 5 log 3 or + O(logT) as T — oc.

This was proved by von Mangoldt. We shall come to the proof in §I2.11
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(III) The entire function £(s) defined by

(270) £(s) = Ls(s — D #*T(1s)¢(s)

1

5 and is an even function of s — % has the product

(entire because it has no pole for o >
expansion

(271) £(s) = 6A+le;[(1 _ %)es/p

where A and B are certain constants and p runs through the zeros of ((s) in the critical
strip. This was proved by Hadamard in 1893, as also (I) above. It played an important
part in the proofs of the prime number theorem by Hadamard and de la Vallée Poussin.
We shall come to the proof in §(I0).

(IV) There is an explicit formula for 7w(x) — Li(z), valid for x > 1, the most important
part of which consists of a sum over the complex zeros p of ((s). As this is somewhat
complicated to state, we give instead the closely related but somewhat simples formula for

Y(x) —
(272) Yla)—z=—-) — == —1log(l—z7?).

This was proved by von Mangoldt in 1895 (as was Riemann’s original formula), and we give
the proof in §I3l In interpreting (272]) two conventions have to be observed: first, in the
sum over p the terms p and p are to be taken together, and second, if x is an integer, the
last term A(z) in the sum ¢(z) = >, -, A(n) defining ¢ (x) is to be replaced with $A(z).

(V) The famous Riemann Hypothesis, still undecided: that the zeros of ((s) in the critical
strip all lie on the central line o = % It was proved by Hardy in 1914 [22] that infinitely
many of the zeros lie on the line, and by A. Selberg in 1942 [52] that a positive proportion
at least of all the zeros lie on the line. The constant was sharpened by Levinson 1974 [34]
who proved that more than % of the zeros lie on the line; the best known result today in
this direction is that of Conrey 1989 [9], stating that more than 2 of the zeros lie on the
line.

n<x

6.5. Problems.

Problem 6.1. Prove (assuming (24€))) that if A(z) is defined by the relation 7(z) = %50,
then lim, ., A(z) = 1. (Cf. Davenport, pp. 54-55.)

Problem 6.2. Prove the formula (257) by identifying coefficients in the Dirichlet series

identity g;((ss))C(s) = (’(s). (Cf. Davenport pp. 55-56.)
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Problem 6.3. By mimicking the proof of Theorem 6.3 but using 7'(x) — T(3z) — T(:z) —
T(3z) + T(z52) instead of T'(z) — 2T'(5z), prove that

09212 < 7(x) < 1.1056——
log x log x

for all sufficiently large x.
Problem 6.4. Let x be a nonprincipal Dirichlet character. Prove that Proposition[6.8implies

that the infinite product [ (1 —x(p)p~')~" converges, if we multiply over the primes p in
increasing order, and that the limit equals L(1, x).

Problem 6.5. We will later prove the prime number theorem for arithmetic progressions,
which says that for any ¢ > 1 and a with (a,q) = 1, if we write

m(x;q,a) = #{p : pis a prime number < z and p = a (mod q)},

then there is a constant ¢ > 0 such that 7(z;q,a) = ﬁ Liz + O(:L’e_mogx) as r — 00.
(Both ¢ and the implied constant may depend on gq.)

Prove that this implies the following strengthening of Proposition [6 For any non-
principal character x mod ¢ we have ) xp) — (\/logx e Cvlogf”) as xr — 00.

p>r p
Also prove that if w(x;q,a) = Liz + O(y/xlogz) as & — oo (as would follow from

X(p = O(:c 2logz) as

¢>( )
the Generalized Riemann Hypothesis, cf. §I5]), then we have )
T — Q.

p>x

[Hint. Start by writing ZM<p<N p = amod a x(a fM m(z;q,a).]
(a,q)=

Problem 6.6. Prove log(n!) = nlogn —n + O(logn) for all n > 2. (This is a weak form of
Stirling’s formula (256]); note that this weak version is sufficient for all applications in the
present section.)

[Hint. Note log(n!) =>"" _, logm; try to estimate this sum using integration by parts.]|
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7. THE PRIME NUMBER THEOREM

(This presentation I have mainly borrowed from Ingham [28, Ch. II].)

In this lecture we will give a proof of the prime number theorem:

Theorem 7.1. 7(z) ~ = as v — o0,

In later lectures we will prove more precise results, but today we only aim at proving the
above theorem.

To start with, I give a 1-page outline of the proof. Recall Euler’s identity,

(273) (=S =J[1-p)"  (0>1).

n=1 p
We wish to somehow “invert” this so as to extract more explicit information on the set
of prime numbers p appearing in the right hand side! We first rewrite Euler’s identity by
applying logarithmic differentiation, to get

(274) —ﬁziwzs w@dx (0 >1)

C(S) — ns 1 s+l

(cf. Example B1 in particular (II€)). We also (for technical reasons) integrate by parts
once more, to get

)y [T,
(275) o =sr) [ 2 e o),
where

(276) n(z) = /0 () du = /1 pydu= Y (2= n)A(n).

It is this relation (275) which we actually invert (instead of (273))), so as to get a formula
for ¢;(z) in terms of the Riemann zeta function; from that formula we can eventually
deduce ¢ (x) ~ 222 as & — oo. This turns out to imply ¢(z) ~ @ as  — oo, and by
Proposition this implies the prime number theorem, Theorem [7.11

Now how do we invert (278)? The trick is to note that the integral [ ﬁi(fz) dx can
be viewed as a Laplace transform of the function v;, and hence we can use the inverse
Laplace transform to get a formula for ;. In fact this special format (such as ffo ﬁls(fg) dx)
of a Laplace transform occurs very often in number theory and has a special name; it is
called a Mellin Transform, and the inversion formula is called the Mellin inversion formula.

Anyway, the result of this inversion is

(277) i (z) = % /_:O s{ill) (—C,(S)) ds  (z>0,¢>1),
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where the path of integration is the straight vertical line ¢ = ¢. It turns out that
8(81+1) <_€((j))> is nicely decaying as t = Im s — 400, so that the integral is absolutely
convergent.

Finally, to obtain asymptotic information about ¢y (x) we use the Cauchy residue theorem

to “mowve the contour” to the left. The function stfl) (—gg) has a simple pole at s = 1,

and one checks that Resszlsg(”:—jr;) (—%) = %:ﬁ, and this residue turns out to be exactly

responsible for the asymptotic relation ¢y (x) ~ $2*! The central fact which one must check
in order to make this argument work is that ((s) # 0 for all s # 1 on the line ¢ = 1 (we

already know that ((s) # 0 when o > 1, cf. ([{) and Theorem [22]), to ensure that there are
no other poles of stfl) (—gg) that we have to worry about. We also have to spend some
work on proving good bounds on _CC,((j))

This ends the outline of the proof.

as t — 400, to justify the change of contour.

7.1. Analytic continuation of ((s). We proved in Example that ((s) has a mero-
morphic continuation to o > 0 with one simple pole at s = 1. We now need slightly more
information about this continuation; in particular we need to know that there is no other
pole on the line o = 1. We get this by a new method of rewriting ((s) =Y °, n~*

n=1

Proposition 7.2. The function ((s) has a meromorphic continuation to o > 0 with one
simple pole with residue 1 at s =1, and no other poles.

Proof. For any s with ¢ > 1 we have

C(S):gn_sz/:oz_dexJ — lim ([a;—smrzx_+s/1Xa:-8-1m dz

N—
I
»
8
—
8
| I—
&
S

X—o0 r=1

(This is also a direct consequence of Theorem B.IIl) Writing |x] = = — (z), so that
0 < (x) < 1, we obtain

(278) C(s):s/:o(x_s—x(gl)dx:%—s/loo ;5(3?1 dz.

This formula has been proved for any s with ¢ > 1, but note that the last integral is in
fact uniformly absolutely convergent in any half-plane {o > §} for any fixed § > 0, since
}(1’) /:L"SH} < 1/2°!. Hence the last integral represents an analytic function in {o > 0},
and thus the last expression represents a meromorphic function in {¢ > 0} which has a
simple pole at s = 1 with residue Res,—1 ;%7 = 1 and no other poles. O

Using the formula (278)) (slightly generalized) we can now also obtain some basic bounds
on the size of ((s) in {¢ > 0}, and in particular in the closed half-plane {o > 1}.

1"Thus we have an alternative proof of Lemma
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Proposition 7.3. We have

(279) ¢(s)] < logt, Vo >1,t>2;
(280) ¢'(s)] < (log t)?, Yo>1,t>2
(281) C(s)] <5 72, Vo >4, t>1;
if0<d<1.

(The notation “<s” means that the implied constant may depend on §. Note that in all
three estimates the implied constant is of course independent of o and t.)

Proof. Just as in the proof of Proposition one shows that for all X > 1 and all s with
o>1,

Zn_sz—gj +s/ooigldx:—Xl_s+@+ i Xl_s—s/Oo (z) dx,

= x Xs s—1 st
and hence
s 1 (X) > (z)
(282) ((s)= D n+ EES R —s/X S de.

1<n<X

Note that the integral converges nicely and gives an analytic function of s in the whole
region {o > 0}; hence the last formula in fact holds for all s # 1 with ¢ > 0. It follows
that, for any such s with ¢ > 0 and ¢t > 1:

Y 1 1 | . 1 1 t
<G)l= 2, *m—ﬁﬁ“s'/x S X (1) 5

1<n<X 1<n<X

since |s| <o +t. If 0 > 1 then we conclude
1 1+

1 X t t
< a4 - —<<1 —) — < (1+logX —
‘C(S)‘_KEMXH +t+X+ ¥ S +/1 . +3+X_( + log )+3+X

since t > 1, X > 1. Taking X =t we obtain (279)).
If 0 > 6 where 0 < 0 < 1, then

1 ty 1 Xl ge X5 3t X' 3t
Y rlyle [T X sy B
‘C(SM —1<n<Xn +tX6—1 + _'_5 X9 0 zd * t +5X‘5 B 1—(5+ +5X6

Taking X =t, as before, we deduce
1 3
1-6(  ~ e > >
(283) C(s)] <t (1_5+1+5> (Vo >4, t > 1),
which implies (28T]).

The inequality (280) may be deduced in a similar way from the formula resulting from
the differentiation of (282)). Or we may argue as follows. Let sy = g¢ + tpi be any point in
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the region ¢ > 1, ¢ > 2, and C a circle with centre sy and radius p < % Then by Cauchy’s
integral formula for (’(sg) we have

ol = |5 [ S < T

where M is the maximum of }C(s)} on C. Now for all points s on C' we have 0 > oqg—p > 1—p
and 1 < t < 2tg, and hence by (283)),

3 10tf
) <
L—p P

Y

1
M < (2t0)p(; Y14

since p <1 —p < 1 and 2” < 2. Hence
10t5
¢’ (s0)] < —pzo.

Take p = . Then t§ = eP°8% < ¢ 5o that

1
2+log to
/ 2
|¢'(s0)] < 10e(2 + logto)”
This implies (280) since sg is any point in the region o > 1, ¢ > 2. O

Note that we certainly do not claim that the inequalities (279), (280), (281]) are the best
possible of their kind.

7.2. Zeros.

Theorem 7.4. ((s) has no zeros on the line ¢ = 1. Furthermore there is an absolute
constant A > 0 such that

L o(oe )4
(284) W O((logt)™)

uniformly for o > 1, ast — oo.

Proof. (Cf. Hadamard (1896), Mertens (1898).) The proof is based on the elementary
inequality

(285) 3+ 4cost + cos20 > 0,

which holds for all real 0, since the left-hand side is 2(1 + cos6)?. By (II0) we have, for
o>1:

00 00 . -
log}g(s)} = Re Z apn~° = Z a,n~? cos(tlogn); a, = {m ifn=p
n=2

0 otherwise.
n=2

Hence

log‘g(a)?’((a +ti)*C (o + Qti)‘ = Z a,n”7 (3 4 4 cos(tlogn) + cos(2tlogn)) > 0
n=2
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by (283)), since a,, > 0. Thus

t7) 1
‘ﬂ >—  (0>1).

(286) ((o0 = 1)

This shows that the point 1+ ¢ (¢ # 0) cannot be a zero of ((s). For, if it were, then since
((s) is analytic at the points 1 4 ¢i and 1 4 2ti, and has a simple pole (with residue 1) at
the point 1, the left-hand side would tend to a finite limit (namely |¢'(1+ ti) ‘4‘C(1 +2t7)|),
and the right-hand side to infinity, when ¢ — 17; contradiction! This proves the first part
of the theorem.

In proving the second part we may suppose 1 < o < 2, for if ¢ > 2 then we have

7 = [Ta-») ) < (o) < ()

Now if 1 < 0 <2 and ¢ > 2, then by (286)

(0 —1)> < ((o = 1)¢( ) ¢ (0 + ti) ‘ (0 + 2ti)| < |¢(o + ti) ‘ log(2t),
by ([279) in Proposition [.3l Hence

(0 —1)3
Al(IOgt)%

for some absolute constant A; > 0 (the inequality being trivial for ¢ = 1). Now let
1<n<2 Then,ifl <o <nandt>2,

/?7 C(u+ ti) du| < Ay(n — 1)(logt)?

for some absolute constant A, > 0, by (280) in Proposition [Z.3. Hence

(287) C(o + ti)| >

(1<0<2,t>2)

C(o +ti) = C(n+ti)| =

C(o 4 10)] > [Cn + t0)] — As( — 1)(log 1) > % — Aol — 1)(log )"

L

3
by ([287). Because of (287), the inequality |[((c + ti)| > % — As(n — 1)(logt)? also
1llog

holds when n < ¢ < 2 and ¢ > 2; hence it is in fact true for all s with 1 <o <2, ¢ > 2.
Now choose n = n(t) so that

NG

3
Ll)l = 245(n — 1)(log t)*; fe. =1+ (24:45) " (logt)™",
Al (lOg t)l

assuming that ¢ is large enough (say t > tg) to ensure that n < 2. Then
C(o + ti)| > Az(n — 1)(logt)* > (logt) ™"
for 1 <o <2 andt > ty. This proves the theorem (with A = 7). O
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7.3. Fundamental formula. We now wish to invert the relation (275]);
‘(s <y (x
W) ey [Tl

(s) N

This can be done by noticing that the right hand side is in fact a Laplace transform: If we
substitute = e* then we get

(289) i_(( 8 + 1 / % _(s+1 u;

is the Laplace transform of the function u — 11 (e*)e™". Hence

(288) - dx (o >1).

1 ¢(s)
s(s+1) ¢(s)
by the formula for the inverse Laplace transform, we should expect that if ¢ is any real

number which is greater than the real part of all singularities of —S(S—il) ¢(s) , then

-1
esu( C(s)) ds,
s(s+1) C(s)
where the integration is along the vertical line Re s = ¢ in the complex plane. That is
(again writing x = e*): We should expect that

- 1 c+1i00 LUS+1 C/(S)
(290) D (x) = %/C_m TESY (— C(s)> ds, Yr>0,c¢>1.

We will now prove that this is actually the case, by reviewing some basic facts about the
Laplace transform.

in other words —

1 c+100

wl(e )e - 2—7T'Z c—100

In fact the Laplace transform is nothing more than a (lightly) disguised Fourier transform.
Also, the special format of the Laplace transform appearing in (288)) is very common in
number theory, and is called the Mellin transform. Hence in fact we have three equivalent
formats of the same transform, and we will briefly review all of them in the next three
theorems.

Theorem 7.5. Given f € L'(R) we set f(t) = [Z_f(x)e ™" dz (the Fourier trans-

form of f). Then J? € Co(R) (the space of continuous functions on R which vanish at
infinity). In this situation, if f € L*(R), then

(291) flx) = / j?(t)e%m dt for almost all © € R.

Also the right hand side is a continuous function of x (vanishing at infinity), and hence the
identity ([291) holds at each point x where f is continuous.

Proof. Cf.; e.g., [50, Thm. 9.11]. O

We next give an equivalent statement about the Laplace transform and its inverse:
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Theorem 7.6. Let ¢ € R and let f be a measurable function R — C such that the integral
[Lf](s) = ffooo f(x)e 5 dz is absolutely convergent for s = ¢ (and hence for every s € C

on the line o = c.) Also assume that [*_|[Lf](c+it)|dt < co. Then we have

1 c+i00
(292) f(x) = 2—m/ e** [Lf](s)ds for almost all v € R.

Also the right hand side is a continuous function of x (vanishing at infinity), and hence the
identity ([292)) holds at each point x where f is continuous.

Proof. Set fi(x) = f(z)e™%; then by our assumption we have f; € L'(R). Note also that
[Lf](c+it) = / fx)eerie gy — / fi(z)e ™ dx = ﬁ(%t)

Now the assumption [~ |[Lf](c+it)| dt < oo is the same as saying that fi € L)(R). Hence
Theorem applies, and gives that for almost all x € R we have:

0o ' 1 0o . 1 [ '
f@e= =fw) = [ Roemta= o [ fgoetd= o [ e e
and hence
1) = o [ a= L [ e as
21 | o 270 J o ino ’
i.e. (292) holds. Theorem [T.5] also gives the continuity of the right hand side of (292). O

Theorem 7.7. Let ¢ € R and let [ be a measurable function RT™ — C such that the integral
(MSl(s) = [f,° f(x):zs%x is absolutely convergent for s = ¢ (and hence for every s € C on
the line o = c.) Also assume that [~ _|[Mf](c+it)| dt < co. Then we have

1 c+i00
(293) f(z) = —/ T [Mf](s)ds  for almost all z € RT.

2w

Also the right hand side is a continuous function of z, and hence the identity (293)) holds
at each point x where f is continuous.

The function M f is called the Mellin transform of f.

Proof. Set fi(u) = f(e™) (u € R). Substituting x = e™* in the definition of [M f](s)
we get [Mf](s) = ffooo fle™)e**du = [Lfi](s), and by assumption this is absolutely
convergent at s = ¢, and [ |[Lf1](c + it)| dt < co. Hence by Theorem [Z.0 we have, for
almost every u € R:

fe™) = filw) = = / Ceehls) ds= = [ e My(s) ds.

- 2mi oo - 2mi c—ioco
Writing here x = e~ we obtain (293)). O
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Proof of (290). The relation (288)(« (275))) says that —- s+1) C(s = [Muyy](—s — 1), with

absolute convergence in the Mellin transform, for any s € C with o > 1. It also follows from
([280) in Proposition [Z.3 and Theorem [74] that [ ctico| 1 ¢ (s

—ioco | s(s+1) ¢
c>1,ie. fclﬂoo M@Dl](sl)’ |ds1| < oo holds for every ¢; < —2. Hence by Theorem [7.7]

c1—100

we have o1 (z) = 2= [T 2751 [Mupy](s1) dsy for all ¢; < —2 and all 2 > 0. Substituting

2mi Jep—ioco

s1 = —s — 1 in the last integral we obtain (290) with ¢ = —1 — ¢; (thus ¢ arbitrary with
c>1). O

|ds| < oo holds for every

To conclude this section we now also give an alternative, more direct proof of (290), not
using any general facts about the Fourier transform.

Lemma 7.8. If k is a positive integer and ¢ > 0, y > 0, then

L/c-l-ioo yst B 0 ny§1
210 Joino (s + 1) (s+k) | H(1—y )" ify>1

(The path of integration is the straight vertical line o = c.)

Note that the integral is absolutely convergent, since the integrand has absolute value
< y°|t|7*=! on the line of integration, and & > 0.

Proof. Set

; 1 fetee y®ds . J 1 et y®ds

B 27ri/c_ioo s(s+1)---(s+k) T omi /H.T s(s+1)---(s+k)

We use Cauchy’s theorem of residues to replace the line of integration in Jr by an arc of
the circle C' having its centre at s = 0 and passing through the two points s = ¢ +¢T". If
y > 1, we use the arc €} which lies to the left of the line o = ¢, assuming 7" so large that
R > 2k, where R is the radius of C'. This gives

1 y®ds Y
(294) JT‘Tm/Cls(sH) (s+k:)+ZReSS"< G-

Now for s on ] we have ¢ < ¢ and so }ys‘ =y <y since y > 1; also [s+n| > R—n > %R
for each n =10,1,..., k. Hence

s

(s+k‘))'

d 1 c ok+1,c ok+1,c
‘ / £ ‘S_'lyi'zﬂ-R: Lo
2mi Jo, s(s+1)---(s+ k)| — 21 (3R)kH! RF Tk
Hence by (294) we have

s

k
. Y y" 1 -
J:TII—I&JT_ZRQSS "( (s+1)-- s+k:) Z "n' n)!:H(l_y D",

n=—*k n:0
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which proves the lemma when y > 1. The proof is similar in the case y < 1, except that
the right-hand arc C5 of C' is used and no poles are passed over. O

Alternative proof of (290). By (276]) and Lemma [7.§ we have (for any ¢ > 0, z > 0)
_ n AW e (/)
(o) == Z (1—;)A(n)—x; 2mi /c s(s+1) ds

1<n<z — 00t

If ¢ > 1 then the order of summation and integration may be interchanged, since

S [TA ) o5 A [

— s(s+1) “—~ ne o 2+ 12
Hence
[ = A(n) 1 fetoot pstl C'(s)
- ds = — (_ ) ds,

Vi) 27i /c_oo,- s(s+1) nz:: ne 0T o e—ooi S(s+1)\ ((s) °
thus completing the proof. O
7.4. Asymptotic formula for ().
Theorem 7.9. We have

Yy () ~ 327 as T — oo.

Proof. Let us keep > 1. By (290) we have for any ¢ > 1:
(295) 210 :/ g(s)x*ds,
(o)

12

where (c¢) denotes the line o = ¢, and
1 1 C’(S)) B 1 1 , -1
96) = 5 T 1)( (o)) " o s ET) C e
By Proposition [[.2] Proposition and Theorem [74], the function g(s) is analytic in the
region {o > 1} except at s =1, and
|9(s)| < [¢]72 - (log [t])* - (log [t])*
for all s with ¢ > 1 and |¢| large. Hence there is an absolute constant ¢, > 0 such that

(296) g(s)| < JH72 (Vo > 1, [t] > t).
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Take € > 0 and let L be the infinite broken line
Li+ Lo+ Ls+Ly+ Ls

shown in the figure, where 7" is chosen so that

(297) /oo\g(l +ti)| dt < e,
T

_ and then a (0 < a < 1) is chosen so that the rectangle a < o <1,
— 1+Ti —T <t < T contains no zero of ((s). The first choice is possible by
([296), and the second because ((s) has no zeros on the line o = 1
(by Theorem [T4]) and (being a meromorphic function) at most a
Ly finite number of zeros in the region % <o <1, -T<t<T.

} Applying Cauchy’s Theorem to (293]), we obtain

09| 1
(298) hul) 1, /L g(s)z*~1 ds,

2 2
1

Lo 1—7i where the term 5 arises from the pole at s = 1 (at which point
¢'(s)/C(s) has a simple pole with residue —1). [Details regarding
[298): By our choice of L the integrand is analytic between and
on the lines (¢) and L, except at s = 1, and if we first integrate
round the closed contour bounded by portions of (¢) and L and by
segments of the lines t = U, where U > max(ty,T), the integrals

along the latter segments are in absolute value

L

(c—1) sup |g(o £Ui)|z" " < (c— 1)U_%xc_1,
1<o<c

by (296), and therefore tend to 0 when U — oo. Note that (296]) also shows that the
integral [, g(s)xz® ' ds is absolutely convergent.]

Write
/ g(s)xs_l ds = Jl + J2 + Jg + J4 + J5,
L
where Ji, ..., Js are the integrals along L1, ..., Ls, respectively. Since g(3)z°~! = g(s)xs~1,
we have

1| = |J5| = )/nga +ti)at dt| < /Too}g(l +ti)| dt < e

by [297). Also, if we let M be the maximum of of |g(s)| on the finite segments Lo, L3, Ly,
then (since z > 1)

! 1
RARPARS / g(U+Ti)x"+Ti_1dg‘ SM/ 2y <

| Js| < Ma®" - 2T.

log:c;
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Hence by (298)

1 2M  2MT
%—(:C) ——| <2+ .
x? 2 logz  zl—@

Note that this is < 3¢ for all sufficiently large x. Since £ > 0 was arbitrary, this proves the
desired result that ¢ (z)/2* — 3 when 2 — oo. O

7.5. Going from v, (x) to ¢(x).

Theorem 7.10. We have (x) ~ x as x — 0.

Proof. This follows by a standard technique from the three facts that ¢y (z) = [ ¢(u) du,
(u) is increasing, and ¢ (z) ~ £ as @ — oo (cf. (276) and Theorem [7.9).

The details are as follows: Let 0 < o < 1 < /3. Since 9(u) is an increasing function of u
we have

1 pr _ hi(Bz) — ()
and hence
V() < Di(B) —i(x) 1 <¢1(5$)52 _ Qﬂl(ﬂf))
z = (B-1z2 B-1\ (Br)? a? /)
Let x — o0, keeping [ fixed. Then since lim,_, w;(f) = %, we get
1 B2—-1 1
liﬁs;}p@ < 5'%_1 = §(ﬁ+1).
Similarly, by considering [ 1(u) du, we prove that
1 1-a® 1
it > 2120 Sva)

By taking o and (8 near enough to 1 we can make both (8 + 1) and 3(1 + «) be as near
as we please to 1; hence

lim @:1.

r—o00 I

Proof of Theorem [7.1. This follows from Theorem [[.I0] and Proposition O
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7.6. Problems.

Problem 7.1. Let p, denote the nth prime (thus p; = 2, py = 3, p3 = 5, etc). Prove that
Pn ~ nlogn as n — oo.

Problem 7.2. Try to determine as explicitly as possible the coefficients of the Laurent
expansion of ((s) at s = 1.
[Hint. Use the formula (278]).]

Problem 7.3. By extending the method of proof of Theorem [(.4] prove that there exists
constants ¢ > 0 and A > 0 such that ((s) has no zero in the region
c
c>1l—————.
- log(|t] 4+ 2)4

Problem 7.4. In the following problem, by mimicking the proof of the prime number theorem
given in this section, we prove that the Mertens function M(x) = >, ., p(n) satisfies
the bound M (z) = o(x) as © — oo. (This can be interpreted as saying that on average
pu(n) =1 holds as often as u(n) = —1.) .
(a). Set My(z) = [ M(u)du (z > 0). Prove that M(z) = 5 fc+m 2t ﬁ ds for any

2 Je—ico s(s+1)

x >0 and any ¢ > 1.

(b). Using (a), prove that M;(z) = o(x?) as  — .

(c). Using (b), prove that M(z) = o(z) as * — oo. [Hint. Trying to imitate the proof of
Theorem [Z.10 we run into the problem that M (u) is not increasing, as opposed to 1 (u).
However M (u) has the property that [M(uy) — M(uz)| < 1+ |ug — ug| for any uy, us > 0,
and this can be used as a substitute for monotonicity.|

Problem 7.5. Let A(n) be as in problem and set S(z) = > ., <, A(n). Prove that
S(z) = o(x) as s — oo. (This can be interpreted as saying that the asymptotic probability
for a “random” large integer to have an odd number of primes in its prime factorization is
50%.)

[Hint. This is very similar to problem [7.41]

Problem 7.6. Generalize the proof of Theorem [7.10] to prove the following: Let aq,as, ...
be a given sequence of non-negative numbers, and let

A=Y 0w ) = / Aw) du.
0
(a). Prove that if A;(z) ~ Cx® as © — oo, where C and a are positive constants, then
A(x) ~ Caz® ! as z — 0.
(b). As a slightly more general case, prove that if A;(z) ~ Cz%(logz)® as x — oo, where
C and a are positive constants and b € R, then A(x) ~ Caz® !(logz)’ as z — oc.

Problem 7.7. Let x be a non-principal Dirichlet character. Try to prove that L(s,y) # 0
for all s € C with Re (s) = 1, by studying log|L(c, x0)*L(c + it, x)*L(o + 2it, x*)| and
mimicking the proof of Theorem [T.4l Does this lead to a new proof of (28)), i.e. L(1,x) # 07
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8. THE I'-FUNCTION; ENTIRE FUNCTIONS OF ORDER 1

8.1. Entire functions of finite order. (Davenport chapter 11.)

Definition 8.1. An entire function f(z) is said to be of finite order if there is some a > 0
such that

(299) f(z) = O(e*) as |z| — oo.
The infimum of all numbers a > 0 with the property (299) is called the order of f(z).
Lemma 8.1. If f(z) is an entire function of finite order and f(z) has no zeros, then there
is a polynomial g(z) such that f(z) = eI%).

In fact it is not more difficult to prove the following stronger version:

Lemma 8.2. If f(2) is an entire function with no zeros, and there are some a, B > 0 and
0< Ry < Ry < Ry < ... with lim,,_yeo Ry, = 00 such that

(300) 1f(2)] < Bel” whenever |z| € {Ry, Ry, ...},

then there is a polynomial g(z) such that f(z) = e93); furthermore f(2) is of finite order,
and this order is equal to the degree of the polynomial g(z).

Proof. Since C is simply connected, there is an entire function g(z) such that f(z) = e9(*)
for all z € C (cf., e.g., [50, Thm. 13.11(h)]). Now |f(2)| = ef¢9%)  thus for any z with
2| = Ry, we have Re g(z) = log|f(z)| < log(Bef) =log B + R%. If we put

9(2) = (an+ib)2"  (an, b, €R)

n=0

then for any R > 0, # € R we have

(301) Re g(Re") = Z a, R" cosnf — Z b, R™ sin n#.
n=0 n=1
Hence also
2
(302) / (Re g(Re™)) coskd df = (1 + Syo)marR";
0
2m
(303) / (Re g(Re™)) sin k6 df = —(1 — 6yo)wbp R*
0

for all k > 0, where 0, := 1 if k = n, otherwise dx,, := 0. (Proof: This is just basic Fourier
analysis on R/27Z. In fact for any fixed R > 0 the infinite sums in (B30I are absolutely
convergent, uniformly over §. Hence after substituting (B01]) into the left hand side of (B02)
or (B03)) we may interchange the order of summation and integration, and the formulas now
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follow upon using fozﬂ cosnb cos k0 df = w6,k (1 + dko); fozﬂ sinnf sin kO df = 7w,k (1 — dko);
f027T cosnfsin kO df = 0, true for all n, k > 0.)

Using (B02)) (twice) we get, for any k& > 1:
2 2m
7T‘CL]€|Rk < / ‘RQQ(RQZG)‘ df = —27mag +/ (‘Re g(Rew)‘ + Reg(R619>> d@,
0 0

and here we note that for any real number a we have |a| +a = 2a if a > 0, but |a| +a =0
if a < 0. Hence if R = R,, for some m then the integrand in the last integral is everywhere
< 2max(0,log B+ R%), and we thus conclude

mlar|RE, < —27ag + 47 max(0, log B + R2).

Letting here m — oo (so that R, — oo) this implies that ay = 0 whenever £k > «. In
an entirely similar way (using (B03)) we get that by = 0 whenever k£ > «. Hence g(z) is a
polynomial, of degree < «.

Finally, knowing that g(z) is a polynomial it is obvious that f(z) = %) is of finite order
< deg g(z); and the conclusion above (“deg ¢g(z) < «”) shows that the order of f(z) is also
> deg g(z). Hence f(z) has order exactly = deg g(2). O

We next prove Jensen’s formula:

Proposition 8.3. Suppose that f(z) is an analytic function in the disc |z| < R which has

no zero on |z| = R and whose zeros in |z| < R are exactly z1, ..., z, (multiple zeros being
repeated as appropriate). We also suppose f(0) # 0. Then
1 2T 0 R" R .
(304) —/ log| f(Re")| df —log|f(0)| = log ———— :/ r—n(r)dr,
e ] EIEREAR
where n(r) denotes the number of zeros in |z| <.
Proof. Set
ﬁ R? — zkz
i} Zk — Z
Note here that each factor =22 g a meromorphic function in the disc |z| < R with a

R(zp—2z)
simple pole at z = z;, and no other poles, and no zeros (since ‘R2 — z_kz‘ > R* — |z|R >0
for all z with |2| < R). Hence g(z) is analytic and has no zeros in the disc |z|] < R. It
follows that there is an analytic function h(z) such that g(z) = €"* throughout the disc
2| < R.

Next note that for each z with |z| = R, and each k € {1,...,n}, we have

R? — 7z Z— Zk

R(zx — 2) }—}Rzk—z

-1
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Hence |g(2)| = | f(2)] for all z with |z| = R, and it follows that the left hand side of (304)
equals

1 o ' 1 [ .
3 | lola(Re)] 0~ 10g 7 (0)] = 5 [ Re (R d0 105 | (0)].
0
By the mean value property for the harmonic function Re h(z), this i

= Re h(0) —log [f(0)].
We note that [g(0)] = |£(0)| Tr—, |Z—I2‘, and thus we get
a R R
= (log|f(0)|+ » log+—) —log|f(0)| = log =log————.
( > s ) - Z BTN
Hence the first equality in (B04]) is proved.

Finally note that the above equals, by integration by parts (noticing that n(r) = 0 for
all sufﬁciently small r),

Z log — |Zk| /+ <log ?) dn(r) = [(log g)n(r)]:ir + /OR r~tn(r)dr = /OR r=n(r) dr.

O

Remark 8.1. The assumption that f(z) should have no zero on |z| = R can be removed.
Cf. [50, 15.17-18).

Corollary 8.4. If f(z) is an entire function with f(0) # 0 and of finite order p > 0, and
if n(r) denotes the number of zeros in |z| < r, then for every a > p we have n(R) = O(R®*)
as R — oo.

Proof. Fix any a > p; then for all sufficiently large R we have log | f(Re®)| < R® for all 6,
and also |log|f(0)|| < R*. Hence Jensen’s formula (Proposition B3) implies that, for any
R > 0 such that f(z) # 0 for all z on the circle |z| =

R
/ r~in(r)dr < R* —log |f(0)] < 2R".
0

The same inequality must now also hold for the remaining (countably many) R-values,
since both sides depend continuously on R. On the other hand we have

/ ZRr—ln@n) dr > n(R) / RS (log 2)n(R).

R R
This gives the desired bound. U

18The identity is also easy to get without mentlomng harmonicity. Indeed, since h(z) is analytic for
|z| < R we have, by Cauchy’s Theorem, h(0) = 5 [, h(zz) dz, where C’ is the circle |z| = R with positive
orientation. Parametrizing this circle as z = Re' we conclude h(0) = 5= fOQW (Re®) df, and thus Reh(0) =
= fo% Re h(Re) df, as desired.
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We next remind of a fact which we gave as Problem (see the solution for the proof):

Proposition 8.5. Let z1, zo,... be a sequence of non-zero complex numbers, let k be an
integer > 0, and assume that Y oo |z,|7'7F < co. Then the following product is absolutely
convergent for all z € C, uniformly on compact subsets:

10 -TH{(= ) eow(Z 520"+ 2}

In particular f(z) is an entire function. This function has a zero at each point z = z; and
no other zeros in the plane. More precisely, if a occurs m times in the sequence {z1, za, ...}
then f has a zero of order (exactly) m at c.

Let us also note:

Proposition 8.6. In the above situation, if a is any real number > k such that > >~ | |z,|~*
converges, then there is a constant B > 0 such that f(z) = O(eB|Z|a) for all z € C.

Proof. Note that if f(z) = O(ePFI") (Vz € C) holds for one « then it also holds for any
larger value of « (by possibly increasing the implied constant to accommodate the z’s
with |z| < 1); also recall Y77 |2,|7*~!. Hence without loss of generality we may assume
a < k+1; thus o € [k, k + 1].

Let us write E(w) = (1 — w)exp(w + Jw? + ... 4+ 1w*). From the solution of Problem
2.6 we know that |E(w) — 1| < |w|f* < [w|® as [w| — 0; hence there is a constant A > 0
such that |E(w)| < 1+ |E(w) — 1| < 1+ Alw|® < eAl*” for all w with |w| < 1. On the

other hand there is a constant A" > 0 (which only depends on «) such that for all |w| > 1:
1 1 Nl - / a
|E(w)] < (1+ |w]) exp(Jw| + §\w|2 +...+ E\w|k) < ATl gkl < (ARl

Hence by possibly increasing A further we may assume that ‘E(w)‘ < eAl*l” holds for all

w € C. Then
|f(2)| IH‘E<§)‘ SeXp<A<Z\zn\_a>\z|a), Vz € C.
n=1 n

n=1

We now prove (a particular case of) the Weierstrass factorization Theorem:

Theorem 8.7. Let f(z) be an entire function with f(0) # 0 and of finite order p > 0, and
let z1, z9, ... be all the zeros of f, counted with multiplicity. Let k be an integer satisfying
0 <k <pand |z.|""% < o0o; there exists at least one such k. Then there is a
polynomial g(z) of degree < p such that

(305) f(z) = e9) H{(1 - Zi) exp(i + %(2)2 TR %(i)’“) }
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(Note that we do not exclude the possibility that the list zy, 2o, . . . is finite, or even empty.
If the list of zeros is empty then the product Hn{ = } is of course interpreted as 1.)

Proof. Let us write r,, = |2,| for short. For any a > p we have n(R) = O(R*) as R — oo,
by Corollary B4, and thus Y r.,” converges for any 8 > « (cf. Problem B.4f(a)). Hence
in fact > r,” converges for any 3 > p, and in particular there exists some integer k with
0 < k < p such that > 7,17% converges. We fix such an integer k for the rest of the
argument.

Now by Proposition (or trivially, if the list zq, 2o, ... is finite) the following product
is absolutely convergent, uniformly on compacta, and thus defines an entire function:

P(z)zHE(ZZ—n), E(w):(1—w)exp(w+%w2—|—...+%wk).

Since P(z) has exactly the same zeros as f(z), with multiplicities (cf. Proposition [8H]), the
meromorphic function

F(z) = f(2)/P(2)

is in fact an entire function without zeros! We will next prove that F'(z) satisfies a bound
as in Lemma

Fix a as any real number > p. Then ) r,* converges (as noticed above); hence the

total length of all the intervals [r,, —7,®, ,,+7, ] on the real line is finite, and consequently
there exist arbitrarily large values of R with the property that

(306) |R— 1| > 1, vn.
Let us (temporarily) fix any R > 2 with this property, take some z with |z| = R, and write
z z z
P(z) = E(—) E(-) E(—):P Py(2) Ps(2),
@= 10 5(Z) I =) II &(Z)=renere)
(rn<iR) (3 R<rn<2R) (2R<rn)

say. Now for any z, with |z,| =7, < %R we have

B(2)| = [1- 2] ew(Z + 520+ + 5 (D))

Zn ZTL
z z 1) 22 1)z |k
> —_1). <______ ___>> O RFRY.
- ( Zn P A ] klz, > exp(—C1R",")
Here and in the following we will denote by C7, C, ... certain real positive constants which

b < GRS, e =

T7L<%R n —

do not dependent on R. Since @ > p > k we have )
CyR**. Hence

|Pi(z)| > H exp(—C1R*r,*) > exp(—C3R%).

rn<%R
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Next for any z, occurring in P, we have

2(2)[> B om0 > o

by (B08). By possibly lowering Cs we may require that 0 < C5 < 1 in the above bound;
then we also have 0 < C5R™!™® < 1. Note that the total number of factors in P, is less
than n(2R) < R* (cf. Corollary B4]). We now getld, for any fixed £ > 0,

|Pa(z)| > (C5R_1_Q)CGRQ = exp (CﬁRa(log Cs — (1 +a)log R)) > exp(—C’yRo‘+€>

(where we used R > 2, and C7 of course depends on ¢). Finally to treat P; we recall
from the solution of Problem 2.6 that | E(w) — 1| < |w|[*™! as w — 0, and thus there exist
constants 0 < § < 1 and Cs > 0 such that |E(w)| > exp(—Cs|w[*) for all w with |w| < 4.
Note also that in the region § < |w| < 1 the function |E(w)| = |1 — w|- }ew+%w2+'"+%wk} is
bounded from below by a positive constant; hence by possibly increasing Cg we have

|E(w)| > exp(—Cs|w[**")  for all w with |w| < %

Also,
ifa<k+1: Y (R/r)"™ < > (Rfr)" (Z”a)
rn>2R ™m>2R
o>kl Y (R < (D) R
rm>2R n
Hence

}Pg,(z)‘ > eXp(—C'g Z (R/Tn)kH) > exp(—CyR?).

rooR
Multiplying our bounds on |Py(z)|, |P2(2)| and |Ps(2)| together we obtain
[P(2)] = exp(~CroR™").
Furthermore | f(2)] < exp (CHRO‘) since a > p and f is of order p (and R > 2); hence
[F(2)| = |£(2)/P()] < exp(CpR*)  for all 2 with |2] =

This holds for arbitrarily large values of R, and hence by Lemma [82] we must have F(z) =
¢9%) where g(2) is a polynomial of degree < a + €. Finally a + ¢ can be chosen arbitrarily
near p; thus in fact ¢g(z) must have degree < p. O

OWe here use the following fact: If 0 < b <1, and aq,...,a, are some real numbers > b, and m < M,
then HT:l aj > bM. Proof: H;nzl a; > HT:l b=0b™ > bM. Note that the assumption b < 1 is needed in
the last step!
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Remark 8.2. Let us make some more observations in the situation of Theorem B.7 Let 7
be the infimum of all a > 0 such that ) |z,|™* converges. Then p > max(degg,7), and
if k is the minimal non-negative integer with > |z,|7'7% < oo then p = max(degg,7).
Furthermore, if Y |2,|™" converges, then there is some constant B > 0 such that f(z) =
O(eB|Z|p) for all z € C.

Proof. We saw in the proof of Theorem B.7] that degg < p and that ) |z,|™* converges
for every a > p, so that 7 < p. Thus max(degg, ) < p.

Next assume that k is the minimal non-negative integer with > |2,|7'7* < co. Then
k: < 7, and hence for any o > 7 the product L, E(z/z,) has finite order < o by Proposition
| and the same is trivially true for ) if @ > degg. Hence by (B03), for every a >
max(deg g,7) the function f(z) has order < . Thus p < max(degg, ), and this proves
our claim that p = max(deg g, 7).

Finally assume that ) |z,|™” converges. Then by Proposition B (and since we always
keep k < p) there is some By > 0 such that [], E(z/z,) = O (e |p) for all z € C. The
same type of bound obviously holds for €9(*) (since deg g < p), and hence also for f(z). O

We also note that we may compute the logarithmic derivative of f(z) in a termwise way:

Proposition 8.8. In the situation of Theorem[8.7 we have
fl(z) 1 1 z 22 2kl
(307) +Z< ottt k)

f(Z) & T Zn Zn Zn

where the sum is absolutely convergent for every z € C\ {z1, z2,...}.

Proof. Let zy be any fixed complex number not in {z, z9,...}. Let r = inf,, |2, — 2| and
let D be the open disc D = {z : |z — 2| < r}, so that z, ¢ D for alln =1,2,.... Set

(308)  h(z) = +Z{log<1—z—)+i+;(i)—l—...—l—%(i)k}, zeD,

“n

where for each n we have fixed some branch of the logarithm function D 3 z — log(l — Z—).

Take N € Z7* such that |z,| > 2(|z0| + r) for all n > N. Then ‘—‘ < 3 forall z € D,
n > N, and we make the requirement that for each n > N we use the pr1nc1pal branch of
the logarithm function D 3 2z — log(l — i) in the above sum.

For all n > N and z € D we have, using the Taylor expansion of the logarithm,

i flos(1 - 2+ 2+ 22 e+ H() Y= m 30 L]

Zn Zn Zn j=k+1 J cn
00

<Y l(%)j<1<7r,

k1!
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Zn

log{ <1 — i) exp <i + %(i)z + ...+ %(i)k) } Hence by Corollary 24 the sum (308))

is uniformly convergent on compact subsets of D, and in particular h(z) is analytic on D.
Corollary 24 also says that e"*) = f(z) for all z € D. [To be precise, we apply Corollary
2.4 to the [n > NJ]-part of the product in (B05]), and use the standard logarithm laws for
the remaining finite product.] Differentiating the last formula we get f'(z) = h'(2)e"®) =

h'(2)f(z), thus J},((j)) = I/ (z) for all z € D (since f(z) # 0 for all z € D). Because of the

uniform convergence on compacta, we may differentiate the formula (B08) termwise; hence
we conclude that (307) holds for all z € D and in particular for z = z.

and hence log(l — i) + =+ %(i)z + ...+ %(i)k equals the principal part logarithm

The absolute convergence in (307) is clear from the convergence of Y |z,|™'* and the

fact that for all n with |z,| > 2|z| (say) we have

1 z 22 2kl
=+ttt
Z—Zn Zn  Zn Zn Zn

k

z 2|z|*

|Zn|k+1'

(309)

k ‘ 2R (2 — z)

O

Finally let us note explicitly what Theorem R.7, Remark and Proposition B.8 say
when f(z) is of order 1. This is the only case which we will need in the rest of these
lectures (I think):

Corollary 8.9. If f(z) is an entire function of order 1 with f(0) # 0 then

(310) £(2) :6A+BZH(1_i>ez/zn; f/(j)) :B+2n:( 1 +%>’

Zn f( Z— Zn

where A, B € C and zy, 2, ... are all the zeros of f(z) (counted with multiplicity). Further-
more the sum " | |z,| 717 converges for any e > 0. If also the sum > " | |2,| ™' converges

then there is a constant B > 0 such that
(311) lf(2)| < O(eB‘Z‘) for all z € C.

n

Ezxample 8.1. Let us apply the Weierstrass factorization theorem to the function sinz.
Since sin 7wz has a (simple) zero at z = 0 we set

f(z) =

This is (after removing the singularity at z = 0) an entire function with f(0) # 0. Note
that for all z with |z| > 1 we have

sin 7z
P

T2 _ T2

< 2€7T|Z|7
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so that f(z) is of finite order < 1. Since f(yi) = Sth”y ~ % as y — 00, the order of f is
exactly 1. Hence by Corollary 89| since the zeros of f(z) are exactly the non-zero integers

n, and all these zeros are simple, we have

f(z) = sin 7z _ oA+Bz H (1 _ f)ez/n

z n
neZ\{0}

for some constants A, B € C, where the product is absolutely convergent. Taking z = 0

(or “z — 0”) in this formula gives 7 = . Also, since both f(z) and [Tz (oy (1 — %) e*/m

Bz

are even functions of z, also e”* must be even; thus B = 0. (The same fact can also be

seen e.g. by taking z = 0 in the formula for £ cf. (3I0).) Hence we have proved:

f(z)
(312) i I1 (1 Z) 2/ ﬁ(l Z2>
sinmz = mz —— e =7z ——).
n n?
nez)\ {0} n=1
We may also note that the formula (B10) for % implies
1 1 1
(313) 7TCOt7TZ—;—|— Z <z—n+ﬁ)’
neZ\{0}

8.2. The I'-function. In this section we borrow from Ahlfors [1, §6.2.4] and Edwards [15,
Ch. 6.

Definition 8.2. The Gamma function, I'(z), is defined by

1 it z
314 =z (1 —) ~2/n,
(314) T02) ze £[1 + e
where 7y is Fuler’s constant, defined so that I'(1) =1, i.e.
. 1
315 =—1og(T[(1+=)e ") 057722,
(315) y og(JT(1+)e

Since "7, n~17¢ < oo for any € > 0, the product (3I4) is uniformly absolutely conver-
gent on compact subsets of C (cf. Proposition B3]), and ﬁ is an entire function which has
a simple zero at each point z =0, —1,—2, ..., and no other zeros. Hence:

Lemma 8.10. I'(z) is a meromorphic function on C which has a simple pole at each point
z=0,—1,—-2,..., and no other poles, and which is nowhere zero.

The above definition of I'(z) can be motivated as follows: The function sin 7z has all
the integers for zeros, and it is the simplest function with this property. We now wish to
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introduce functions which have only the positive or only the negative integers for zeros.
The simplest function with, for instance, the negative integers for zeros, is

G(z) = ﬁ(l + %)e_z/".

n=1

It is evident that G(—z) has then the positive integers for zeros, and by comparison with
the product representation (BI2]) of sin 7z we find at once

sin 7z

(316) 2G(2)G(—2) =

Because of the manner in which G(z) has been constructed, it is bound to have other simple
properties. We observe that f(z) = 27!G(2 —1) is an entire function with exactly the same
zeros as G(z). By Proposition B.6] G(z) has order < 1, and hence also f(z) has order < 1.
Hence by Theorem B.7 there are some A, B € C such that f(z) = eA*5*G(2), i.e.

(317) G(z — 1) = ze*BG(2).
In order to determine B we take the logarithmic derivatives on both sides. This gives

> 1 1 1 > 1 1
St D))
- z—14+n n z — zZ+n n

n=

(cf. Proposition B.8). Taking here z = 1 we get

> 1 1
0:1+B+Z(———>:1+B—1,
— 1+n n

i.e. B =0. Hence A can be determined by taking z = 1 in (317); this gives

e =G1) = H(l + %)e_l/",

n=1

ie. A =~ (cf. BIH)). Now (BIT) takes a somewhat simpler form if instead of G(z) we
consider the function H(z) = €7*G(z); then (BI7) says that H(z — 1) = zH(z). It has been

found useful to make a slight further shift, by setting I'(z) = (2H (z))_l. Note that this
agrees with the definition (BI4). Also the relations (BI7) and (3I6]) now say:

Lemma 8.11.

(318) ['(z+1) = 2I'(2)
and
(319) T(2)(1—z) = smﬂm‘

Let us note a few more basic facts.
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Lemma 8.12.
[(n)=(n-1), Vn € ZT.

Proof. Note that I'(1) = 1 directly from (B314), (315). Now the formula follows by applying
BIR]) with z =1,2,3,.... O

Lemma 8.13. Fuler’s constant v satisfies the relation

) 1 1 1
v = 11m<1—|——+——|—...—|———logn>.

Proof. In the definition of Euler’s constant +, (813]), the Nth partial product can be written

N
1 2 3 N+1 1 1 1 11 1
1 —) SIS o 2 TN = (N4 1)e 173" SN
g<+ne 13 o€ (N+1)e 172

Hence

— Jim —log((N + et 17%) = Jim (24 L4+ — — log(N + 1)

7= Jim —log((V+ e i) = i (454 los(V 4 D),
which agrees with the stated formula since limy_s o (log(N +1)—logN ) = 0. O
Lemma 8.14.

I'(2) I &/ 1 1
['(2) __W_E_Z(z%—n_E)’
n=1
where the sum is absolutely convergent for every z € C\ {0, —1,—2,...}.

Proof. This follows from our definition (3I4]) and Proposition (note that if f(z)

- (= I (z
(eT(2))" then % === F((z))>’ 0

Definition 8.3. For any z € C\ (—o0, 0] we define

(320) logT'(2) :== —logz — vz + i(% — log(l + %)),
n=1

where the principal branch of the logarithm function is used throughout in the right hand
side. Note that the right hand side is obtained by applying a (negative) logarithm factorwise
in (314), and by an argument as in the proof of Proposition [8.8 one sees that the sum is
absolutely convergent, uniformly in compact subsets of C\ (—o0, 0], and that it does indeed
define a logarithm of I'(z).

Using Lemma [BI3] the definition of logI'(z) can also be written in a slightly different
way:
Lemma 8.15.

N N
logI'(z) = ]\}1_{11 (zlogN - Zlog(z +n)+ Zlogn), Vz € C\ (—o0,0].
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Proof. The relation (320]) can be written as
N

logl'(z) = —log = —vz—l—]\}i_IE})OZ(% —log(z+n) +logn>.

n=1

By Lemma 813 this is

N N
= —logz—l—]\}l_:r)ICl)O(zlogN—Zlog(z—l—n) —i—Zlogn),

which agrees with the stated formula. O
Corollary 8.16.

NZN!
I'(z) = Li
(2) Nl—r>l}>oz(z+1)~-~(z+N)’

VzeC\{0,-1,-2,...}.

We come next to Stirling’s formula, an asymptotic formula for I'(z).
Theorem 8.17. For any fixed € > 0 we have
(321) logl'(2) = (2 — ) log z — z + log V21 + O(|2| ™),

for all z with |z| > 1 and }arg z} < m—e. (The implied constant depends on € but of course
not on z.)

Proof. Given any z with |z| > 1 and }arg z} <7 —cand any N € Z", we have

ilog(ern) = /Oivlog(szr)dLrJ = [U“J log(z+r)]T:N — /ONﬂdr

r=0— z+r
N LTJ
:Nlog(z—l—N)—l—logz—/ dr.
o Z+r

. This motivates the following: Set

Note that |r] “on average equals r — 37

Bi(r)=7r—1 Bi(r) == Bi(r) — |r] = Bi(r — |r]).

2
Then the above is (using principal branch logarithms throughout)

N 1 N &
-3 B
0o Ztr 0 Z+T

¥ By (r)
= Nlog(z + N) +logz — (N—(z—i—%)(log(szN)—logz))+/ dr
o 2+T
Y By (r)
(322) :(z+N—|—%)log(z+N)—|—(%—z)logz—NjL/ z+rdr'
0

Here by construction the function B;(r) has average 0; more precisely we have f:H By(r)dr =
0 for all integers n. Hence the last integral above can be expected to be fairly small, and
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this should become visible by integrating by parts. It is safest to first split the integration
into intervals on which Bi(r) is continuous:

n—l—lB ’f’——
/0 dr_Z/ z+rdr_z/ z+r+n

(323) Z(o 0+ /0 —(; r_:;) ar) = /0 "= Lrgi_jy_ ) 4.

n=0

Here the numerator in the last integrand is a bounded function of r and hence the integral
is O(f,° |z+r[72dr). If z > 0 then this is = O(f;"(z +7)"2dr) = O(z™"), but to treat
our case of general complex z with ‘argz‘ < m — ¢ we need to be slightly more careful:
Note that for all 7 > 0 we have |z + 7| > |z|. (Proof: If |argz| < 7 then Re z > |¢|
and thus |z 4+ 7] > Re (2 +7) > [z| +r > [z|. On the other hand if § < |argz| <7 —¢
then |Im z| > |z| and thus |z + 7| > |[Im z| > |z|.) Also note that for r > 2|z| we have
|z 47| > (r — |z|) > r. Hence we get:

00 2|z| 00
/ |z 47| 2dr < / 2|2 dr+/ r2dr < |27t
0 0 2|2|

Collecting our computation so far we have proved that
N
(324) Zlog(z +n)=(2+N+1)log(z+ N)+ (3 —2)logz— N+ O(|]z] ).

(The implied constant depends only on £.) We also need to compute ZTZLVZI logn, and this
we can do by taking z = 1 and replacing N by N — 1 in the above computation (let’s
assume N > 2). However we cannot follow the above computation all the way to (324)),
since this would give an error term O(1) which is too imprecise for us. Instead we use (322)

and ([323) to get

Zlognz(N+%)10gN—(N—1)+/o (T_Lrg gfr_vj)dr,

n=1

and here the last integral equals (writing f(r) = 3(r — [r])* — 1(r — [r]), and using the
fact that this is a bounded function)

PP o (G o (G P o (G PRI

2 2
1 r 1 r N T 1
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Combining our results so far we obtain (for any z with |z| > 1 and ‘arg z} <7 —¢ and any
N > 2):

N N
zlog N — Zlog(z+n) +Zlogn

n=0 n=1
=zlog N — (2+N—|— %)log(zth) + (z— %) logz+N+O(|z|_l)
+(N+3)logN—(N-1)+ A+ O(N")

z+ N

=(z—3)logz— (z+ N +3) log +A+1+0(]z[7") +O(NT),

where A = floo % dr. Note that for every z € C we have

Jvlglgo(z+N+2)log N _]VIngl)O(z+N+2) N+OZ(N )) ==z

Hence

N N
logT'(z) = AP_r)noo (zlogN - Z log(z +n) + Z log n)

n=0 n=1
(325) =(z—3)logz—2z+A+1+0(|2]).
To determine the constant A we may for example set z = % + 4y and let y — oco. Then by

(B19) we have
7r 7r

PGz +iy)| =T +iy)l(z —iy) = sin(r(X +iy))  cosh(my)’

which implies (as y — 00)

2 2w
1 . _ 1 _ T 1

and on the other hand by (325]) we have
log |[I(% +iy)| = Re logI'(3 + iy) = Re (iylog(3 +iy)) — 3+ A+1+0(y ")
= —yarg( +iy) + A+ L1+ 0(y™") = —y(Z — arctan %) +A+1+0(y™)
=—Zy+i+A+1+0(y "),

where we used the fact that A is real by definition. Together these two asymptotic formulas
imply that A + 1 = Jlog2m = logv/2r. Hence ([B25) agrees with the stated formula,
B321). O

We come next to an integral formula which is often taken as the definition of I'(z):

) =—3y+ %log27r + O(e‘zwy);

Proposition 8.18. For every z with Re z > 0 we have

(326) I'(z) = /000 e 't dt.
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Proof. Set f(z) = [;~ e~"t*~1dt. Using the bound [¢*~!| < t®¢#~! we see that the integral
is uniformly absolutely convergent in any compact subset of {z : Re z > 0}; hence f(z)
is an analytic function in D = {z : Re z > 0}. Integration by parts shows that for any
zeD,

T =T T
f(z+1)= lim e " dt = lim ([—e‘tt'z] + z/ e ! dt) = zf(2).
0

T—o00 0 T—o00 t=0

Since also I'(z + 1) = 2I'(2), it follows that the function g(z) := 1{8 (z € D) satisfies

g(z+1) = g(z) for all z € D. Note also that g(z) is analytic in D. Next we set

log ¢

h(¢) = g(7 -

) (CeC\{0}),

where for each ¢ we choose any of the possible values of log { which have positive imaginary

part, so that 1‘2’% € D. Since different choices of log ¢ differ by an integer multiple of 27,

the resulting values for 222¢ differ by an integer; so from g(z+1) = g(z) it follows that h(()
is well-defined, i.e. h(¢) does not depend on the choice of log (. Hence h(() is an analytic
function of ¢ € C\ {0}.

We wish to bound h(¢) as |¢| — 0 and |¢| — oo, and for this it suffices to bound g¢(z)
in a vertical strip of width 1, say for 1 < Re z < 2. It follows from Theorem [BI7 that for
1 <x<2andy>1 we have

log|I'(z £ iy)| = Re logI'(z + iy) = Re ((z — § + iy) log(z + iy)) — z + log V21 + O(y ™)
= (z — 3)log |z +iy| — yarg(z +iy) — x + log V21 + O(y™")
>0— gy—2+log\/27r+0(y_l)

For any fixed ¢ > 0 the above expression is > —7(1 + ¢)y for all sufficiently large y, and

thus }F (x £ zy)‘ > e 3049 Op the other hand f(x +1iy) is bounded in the whole strip
1 <z <2, since

| f(z+iy)| < /000 e 'l dt = f(x).

2m< — %‘log KH we see that this

implies h(¢) = O(|¢|771+9)) as |¢| = 0 and h(¢) = O(|¢[1079) as |¢| = oo. It follows that
h(¢) has a removable singularity at 0, i.e. h(({) extends to an entire function. Similarly
h(¢™1) also has a removable singularity at ¢ = 0 and it follows that h(() is a bounded entire

Hence }g x £ 1y) ‘ = O(eg(“’s)y) as y — oo. Using ’Im

function, hence a constant. Hence also g(z) = % is a constant function. To compute the
constant, we need only note that I'(1) = 0! = 1 and f(1) = [~ e "dt = 1; hence g(z) = 1

for all z € D, and this completes the proof of the propos1t10n O
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8.3. Problems.
Problem 8.1. Prove that v = —I"(1).
Problem 8.2. Prove that T'(3) = /7.

Problem 8.3. Prove that “@F®) _ fl

T oth) o 2711 — z)Ptdx for all a,b € C with Rea > 0,
Reb > 0.

Problem 8.4. Prove Legendre’s duplication formula,
[(22) = 77 22%7'T(2)0(z + 1).

Problem 8.5. Prove the following asymptotic formula for the absolute value of I'(z) in a
vertical strip: For any fixed real numbers a < b we have

(327) ID(x +iy)| = |D(x —iy)| = V2ry" 2e 3 (1 4+ O(y ™),
uniformly over all € [a,b] and all y > 1.

Problem 8.6. Prove that for any fixed ¢ > 0 and a € C we have

(328) logI'(z+a) = (z+a—1)logz — 2z +1log vV2r + O(|2| ),

for all z with |z| > 1, |2+ «a| > 1 and |arg(z+ )| < 7 — . (The implied constant depends
on ¢ and « but of course not on z. Also in the right hand side we use the principal branch
of the logarithm function.)

Problem 8.7. Prove that for any fixed € > 0 we have
I"(2)
I'(2)

for all z with |z| > 1 and ‘argz‘ <7T—e.
[Hint. One method of proof is to use Theorem RI7 and Cauchy’s integral formula for

FF/((ZZ)) = L logI'(z). Compare the proof of ([280) in Proposition [Z.3l Note that we generally
wish to use Cauchy’s integral formula with a circle which is as large as possible, in order

to minimize the error term.]

1
2 —logz — — -2
(329) 08z — 5 +O0(|2]7?)
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The procedure used in the proof of Theorem BT to estimate the sum YN log(z + n)
can be generalized, and repeated to get successively more precise estimates; this method is
called Euler-Maclaurin summation, and we outline it in the following problem.

Problem 8.8. Recall that Bi(r) := r — % and Bi(r) := Bi(r — |r]). We now define the
Bernoulli polynomials, B, (r) (n = 2,3,...), recursively by the relations B/, (r) = nB,_1(r)
and [ B,(r)dr = 0.

(a). Prove that this determines B,(r), n = 2,3,... uniquely, and compute B, (r) for
n=234

(b). Prove that B,(1 —r) = B,(r) for all even n, and B, (1 —r) = —B,(r) for all odd
n. Also prove that B,(0) = B,(1) = 0 for all odd n > 3. Hence deduce that B,(r) is
continuous for n > 2.

(c). Prove that for any h € Z*, any real numbers A < B and any function f € C"([A, B])
we have the Euler-Maclaurin summation formula:

(330)
/ f (@) do + Z [ <’“—1>(a:)]:j +(—1)r! /A i ’;L('x) £ () da.
AZS%B

[Hint. Use integration by parts repeatedly. Note that in the proof of Theorem [BI7 we
showed this formula for f(n) = log(z + n) and h = 1; see ([B22)); also (B23) is a first step
towards getting the formula for h = 2.]

(d). Using the above, prove the following more precise version of Stirling’s formula: Write
B, := B,(0); this is called the nth Bernoulli number; note that 0 = B3 = By = By =

by part (b). Let m be any fixed non-negative integer. Then for any fixed € > 0 we have

(331)

e = (-~ o~ B+ 3 0

for all z with |z| > 1 and ‘arg z‘ <7m-—e. (The implied constant depends on m and € but
of course not on z.)

Problem 8.9. (a). By repeated differentiation of the formula (3I3)), prove that

> i Z Vz € H, k€ Zay

z— m)
meZ

(b). Using the formula in (a), prove that for any k € Zso, the Eisenstein series Fj(z) =
> (mm)0,0) (M + nz)~2 defined in Problem B.I3] has the following Fourier expansion:

2(2mi)? > .
Ei(2) = 2C(2k) + 1) Z oap—1(m)e’™™  (Vz € H),

where o9y, _1(m) = >, &
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9. THE FUNCTIONAL EQUATION

(Davenport chapters 8-9.)

9.1. The case of ((s).

Theorem 9.1. The function ((s) can be continued analytically over the whole plane and is

then meromorphic, its only pole being a simple pole at s = 1 with residue 1. Furthermore,
C(s) satisfies the functional equation (for all s € C\ {0,1})

(332) A(s) = A1 —5)  when A(s) =7 2°T(Ls)((s).

The function A(s) is also analytic in the whole plane except for simple poles at the points
s=0 and s =1.

Remark 9.1. Tt is customary to define

£(s) = Ls(s — 1)r 2T (L)C(9).

Then the above theorem shows that £(s) is an entire function which satisfies the symmetry
relation £(s) = &(1 — s).

Proof. We start with the integral definition of the I'-function: We have
(333) [(3s) = /OO etz ldt (o> 0).
0
cf. Proposition BI8 Substituting t = n?rz we get
(334) W_%SF(%s)n_S = /Oo:ms Le™m*m o,
0

Hence for ¢ > 1 we have

o

(335) W ET(gs)C(s) = Y m =T

l\DI}—A
||

.. M

l\.’)\»—l
fl)
|

3
:\

8
QU
S

— / x%s—l (Z 6—n27r:c) dx
0 n=1
where the change or order is justified by the fact that we have absolute convergence
Z/ }1'58 1 —nwx}dx_Z/ O’ 1 _nﬂxdl’—Zﬂ'_EUP )n_°<oo.
n=1

Let us now write

Ze"” (x > 0)

n=1
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so that

(336) W_%SF(%S)C(S) = / 2257w (2) do = / 27 w(z) da +/ 22wz da
0 1 1

Note that

where

da)= Y ™™ (2>0)

n=—oo

is a classical theta function, which is known to satisfy the simple symmetry relation

(337) Iz = 229(x), Vo> 0.

(We give a proof of this below; cf. Theorem [0.2) It follows that

(338) wie™) = =3+ W) = =L+ Le29(x) = =1 + Lo7 4 2rw(a).
Hence

/ x_%s_lw(:c_l) dox = / g35] (—% + %x% + x%w(:c)) dx
1 1

1 1 o 1
=3 + g +/1 x_%s_iw(x) dx,

and now from (336) we get

(339) A(s) = m BT(3)C(s) = — +—

—i—/ (x%s_1+x_%s_%)w(x) dx
1

We have proved this under the assumption that o > 1. But the integral on the right
converges absolutely for any s, uniformly for s in any compact subset of C, since

(340) w(z) =0(e™™) as T — 0.

[Proof of (340): Since n* > n for all n > 1, we have for every x > 0: w(z) <Y 07 e "™ =

===, and this is < e7™ as 2 — o0.]

Hence the integral in (339) represents an everywhere analytic function of s, and the
formula (B339) gives the analytic continuation of ((s) over the whole plane. Since W%SP(%S)_l
is an entire function, the only possible singularities of {(s) must come from the two simple

poles of the right hand side of (339) at s = 0 and at s = 1. However I'(3s)™* = 0 at s = 0;
hence the only possible pole of ((s) is at s = 1, and indeed since W%F(%)_l = 1 we find
that ((s) has a simple pole at s = 1 with residue 1.

Note also that (B39) implies the functional equation ([332), since the right hand side of
([339) is unchanged when s is replaced by 1 — s. O
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To complete the above proof we still have to prove the symmetry relation of the theta
function ¥(z), (B37). We shall prove this in a more general form, which we will need shortly
when we turn to the functional equation for the general Dirichlet L-function:

Theorem 9.2. For any a € C and x > 0 we have

o0

(341) Z e—(n+a)27r/m :ZI}'% Z e—n27TIE+27rina'

n=—oo n=—oo

Proof. We fix x and a as above, and set
Ft) = e trer /e,

Now by Poisson’s summation formula we have (note that the function f satisfies all the
conditions in Lemma [5.15] with flying colors):

(342) Yo et = N fn) = Y fn).

Here
]?(?/) = / e~ (tro)?m/z o =2miyt gy / exp(—z (t + izy + a)2 — mxy? + 27rz'ya) dt
(343) = e—ﬂxy2+27riya /Oo e—g(t+z’xy+a)2 dt

Now for any 6 > 0 and 8 € C we have

(344) / e SR gy — / e~ dt.

oo

This simply expresses a movement in the path of integration from the real axis to another
line parallel to it. [Details: After performing the substitution t,., =t + Re § in the left
hand side integral, we see that we may assume Re f = 0, thus § = ¢i for some ¢ € R.
Now for T' > 0 we let Ry be the rectangular path in the complex plane going from —7T to
T, then to T + ci, then to =T + ¢i and then back to 7. By Cauchy’s Theorem we have
Ja, e~ dt = 0, which gives

T T
/ e dt + / e~ dt — / e~ 0+ gy + / e dt =0
_r St -T St,2

where S7; is the line segment going from 7" to 1"+ ci, and St is the line segment going
from =T + ¢i to =T. Now for t on Sp; we have t = T" + ¢4 for some ¢; between 0 and
¢, and thus Ret?* = T? — ¢ > T? — ¢* and ‘e“gﬂ < %’ ¢=9T*  This bound implies that
fST,l e dt — 0 as T — oo. Similarly me e dt — 0 as T — oo. Hence the above
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T T
lim ( e dt — e~ d(t+ei)? dt) =
T—oo _T T

identity implies that

g.e.d.] Hence we may continue the computation from (343) as follows:

J/C\(y) — e—mvy2+27riya/ 6_%t2 dt {subst. +— \/EU} — e—ﬂmy2+27riyax%A’

o0

where A is the positive constant A = [ e~ ™ du. Using this in (342) we get

[e.e]

—n?2 ;
§ e~ (n+a)’m/x __ sz 2 e n7rw+27rma.

n=—oo n=—oo

In particular taking o = 0 and applying the last formula twice we conclude A = 1. Hence
we have proved (B341). O

Using the functional equation for {(s) we can give a basic description of where the zeros
of ((s) are located. Recall that we have defined £(s) = (s — 1)7T_%SF(%8)C(S) and that
this is an entire function satisfying £(s) = £(1 — s). (cf. Remark [0.1]).

Corollary 9.3. (i) The zeros of £(s) (if any exist) are all situated in the critical strip,
{0 < o < 1}, and these zeros are placed symmetrically with respect to the real azis, and
also symmetrically with respect to the central line o = %

(ii) The zeros of ((s) are identical (in position and order of multiplicity) with those of £(s),
except that ((s) has a simple zero at each of the points s = —2, —4,—6, . . ..

Proof. We know from the Euler product that ((s) does not have any zeros in the half-plane

{o > 1}. We also know that 1s(s— 1)7r_%sf‘(%s) # 0 for all s in this half-plane. Hence £(s)
does not have any zeros in {oc > 1}. Because of the symmetry relation £(s) = £(1 — s) it
follows that &(s) does not have any zeros in {o < 0} either.

Hence all the zeros of £(s) must lie in the critical strip {0 < o < 1}. It follows from
£(3) = @ that these zeros are placed symmetrically with respect to the real axis, and
it follows from £(s) = £(3) = (1 —3) that the zeros are also placed symmetrically with
respect to the line o = £. Hence (i) is proved.

Next note that the relation £(s) = 2s(s — 1)m~ 25F( s)((s) shows that the zeros of ((s)

can differ from those of £(s) only in so far as the function h(s) = 3s(s — 1)7r_%sl“(%s) has

some zeros or poles. Note h(s) = (s — 1)w ’SF( s + 1); hence the only zero of h(s) is at
s =1 (a simple zero), and this is not a zero of elther £(s) or ((s), since we know that ((s)
has a simple pole at s = 1 (and thus (1) # 0). The only poles of h(s) are simple poles at
s = —2,—4,—6,.... Since these are points where £(s) is analytic and not zero, it follows
that they must be simple zeros of ((s). This proves (ii). O



ANALYTIC NUMBER THEORY — LECTURE NOTES 155

Remark 9.2. In fact the zeros of £(s) (if any exist) are all situated in the open critical strip,
{0 < o0 < 1}. This follows by combining the above corollary with Theorem [7.4]

Definition 9.1. The zeros s = —2, —4, —6, ... of {(s) are called the trivial zeros; the other
zeros of ((s) are called the non-trivial zeros.

9.2. Gauss sums (II). Let x be a Dirichlet character modulo ¢. In order to prove the
functional equation for the Dirichlet L-function L(s, x), we first need to express the function

n +— x(n) as a linear combination of the imaginary exponentials n +— e(%), for m =
0,1,...,g—1 (or “mmod ¢q")

Note that the Dirichlet characters x € X, are exactly the multiplicative characters on
Z/qZ (i.e. characters on the group (Z/qZ)*, cf. §4.5)), while the functions n — e(%) are

the additive characters on Z/qZ (i.e. characters on the group Z/qZ with its usual addition).
Thus what we wish to do here is to express the multiplicative characters in terms of additive
ones.

Definition 9.2. For any Dirichlet character y modulo g we define the Gaussian sum 7(x)
by

(345) )= Y xime(2).

meZ/qZ

Note that if (n,q) = 1 then, letting n~! be a multiplicative inverse of n in (Z/qZ)*,
_ _ m ., m _ hn

(316) x(m)7(x) =x(n) > Xlm)e() = 3w tm)e(T) = D7 x(h)e().

meZ/qZ 4 meZ/qZ q h€eZ/qZ q

This gives the desired expression for x(n), provided that (n,q) = 1 and that 7(x) # 0.

The following lemma shows that if y is primitive, then the final relation in (346]) holds
for all n.

Lemma 9.4. Let x be a primitive Dirichlet character modulo q. Then for every n € Z/qZ
which is not in (Z/qZ)* we have

(347) 3 y(h)e(h—") ~0.

hEZ/qZ

Hence for all n € Z/qZ we have

(348) W@ = > xhye(*H).
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Proof. Now to prove (347), let n be any element in Z/qZ which is not in (Z/qZ)*. Set
a = q/(n,q); then we can run through all the elements h € Z/qZ by writing h = ac + b

with ¢=0,1,...,(n,g) —land b=0,1,...,a — 1, and thus
a—1 (n,q)—1 a—1 (n,g)—1
b b
Z X(h)e( ) X(ac + b)e (M) = e( n) X(ac+b),
heZ/qZ b=0 =0 q b=0 c=0
. (ac+b)n bn acn __ _cn
where in the last step we used the fact that e(T) = (—), since T o © Z.

But Y is a primitive character since x is, and note that ¢ { a, since (n,q) > 1. Hence by
Problem [.4] the inner sum in the last expression vanishes for every b. (Indeed, note that
Y(ac+b) is periodic with period (n, ¢) in the variable ¢; hence the inner sum can be written

as (" 9) S 97 X(ac +b), and this is 0 by Problem E4l) This proves the formula (347). O

We next prove a result which in particular entails that 7() # 0 for every primitive x, so
that the formula (B48)) indeed solves the problem of expressing y as a linear combination

of the imaginary exponentials n — e(%).

Lemma 9.5. Let x be a primitive Dirichlet character modulo q. Then
(0] = >

Proof. The standard method to prove this type of result would be to expand |7(x)|* as a

double sum. This turns out to be a slightly non-trivial but quite useful learning experience;
cf. Problem below. Here we give instead a very simple, but somewhat less direct proof:

By (B48)) we have

h1€Z/qZ ho€L/qZ q

We now add this relation over all n € Z/qZ. The sum of the values of ‘X(n)‘z is ¢(q), and
the sum of the exponentials is 0 unless h; = ho (mod q) Hence

Dr@ =a Y. x(M)x(h) = q0(q).
heZ/qZ

This gives the stated formula. 0

Let us note that in the special case x = (%) € X4 (with d # 0, d = 0 or 1 (mod 4) as
usual) we have already proved an exact formula for 7(x). Indeed, by Theorem (with

2070 spell this out completely explicitly: We have Y onez Iz ("Th) = 0if ¢ 1+ h. (Proof: We have

n n+1)h
6(%)2%2/(12 e(Th) = ZnGZ/qu(( Z ) ) = 2nezsan ey q h)  This proves the claim, since e( ) # 0 when
g1 h.) Note that in the remaining case, ¢ | h, we trivially have Znez/qz e qh) =q.
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n = 1) we have

d d if d >0
(349) (D))= Ve
: iv/Id] if d <0.
(Note also that the case of general n in Theorem [5.13] can be seen as a direct consequence

of (349) together with (348]).)
9.3. The functional equation for a general Dirichlet L-function. The following was

first given by Hurwitz in 1882 (in the special case of real characters):

Theorem 9.6. Let x be a primitive character modulo ¢ > 3 (thus x is nonprincipal).
Then the Dirichlet L-function L(s,x) has an analytic continuation to an entire function.
Furthermore, L(s,x) satisfies the following functional equation:

g2 “1(sia
(350) {(1—s,X) = W&(s,x) when &(s,x) = (7/q) 72T (3(s + a)) L(s, x).

Here a=0if x(=1) =1 and a =1 if x(—1) = —1. The function £(s, x) is also entire.
(Note that we always have y(—1) = %1, since x(—1)? = x((=1)?) = x(1) = 1.)

Proof. The proof is along the same lines as the proof of Theorem @.1], but with some new
technicalities.

Substituting ¢t = n’nx/q in (333) we get
(351) W_%SQ%SF(%S)TL_S = / w25l me/a gy (0 >0).
0
Hence for o > 1 we have
1 [ee]
0

T2 T(s)L(s,x) = Y 7 #q= T (Ls)x(n)n™ =Y _ x(n) / w3 LT/ gy
n=1 n=1

— / 251 <Z X(n)e_"2”/q> dx
0 n=1

where the change of order is justified as in the proof of Theorem

Let us first assume y(—1) = 1. Then we have x(—n) = x(n) for all n € Z, and x(0) = 0,
and hence we can write the last formula as

(352) 7 E T (L) L(s,x) = 2 / (e, x) da
2 J

where

(353) Yl x) = Y x(m)e ™™ (z>0).

n=—oo
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A symmetry relation between ¥ (x, x) and ¥(x~',%) can be deduced from (348]) and The-
orem 0.2 with = replaced by z/q¢:

) = 3 (D xlm)e( ) )emrieet

q

— Z X Z e 21z /q+2minm/q

m=1 n=-—0o

(354) = q/x Z e n+m/q WQ/SC

m=1 n=-—00

— (Q/l' % Z 6—(qn+m 27 /(qx)

m=1 n=-—0o

= (g/x)? > X(Oe ) = (g/z)2 (a7, %).

{=—00

8

Now we split the integral in (352]) into two parts and obtain

1

—/ :Eés‘ltb(:v,x)dévﬂtéf e (e x) da
1 1

E(s.x) =1 2°q* T (§8) L(s,X) = 5

1 / ° 1 1 q o 1,1

= - v (2, x) dr + ——/ x” 27 2)(x, ) dx
2./ 27(X) L1

This expression represents an everywhere analytic function of s, i.e. we have proved that
(s, x) is an entire function. The expression also gives the analytic continuation of L(s, x)
over the whole plane; we see that L(s,y) is an entire function since F(%s) is never 0.
Moreover, replacing s by 1 — s and x by X in the above formula we get

1 g [ 1 [ i,
=50 =50 [ e d s [ e

Now note that
(355) T(X)T(X) = ¢,

since 7(X) = X_,nez/z X(M)e(m/q) = 3 i X(M)e(—=m/q) = 37, cp)m X(—m)e(—m/q) =
7(x), where x(—m) = x(m) comes from our assumption x(—1) =1, and 7(x)7(x) = ¢ by
Lemma [0.5] Hence the above formulas imply

5(1 - SvY) =

i.e. we have proved ([B50) in the case x(—1) = 1.
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We next turn to the case x(—1) = —1. The previous argument fails, since now the
function ¥(x, x) simply vanishes (since x(—n) = —x(n)). We modify the procedure by
replacing s with s 4+ 1 in (B51]), giving:

(356) a3 I (L (s 1)) = / n2*ie T dy (0> —1).
0

In the same way as before this yields, when o > 1:

7S CIR(L (5 4 1)) (s, x) = / (Z nx(n n27rx/Q) e

n=1

(37) 5 [ eiteoeitan,
0

where

(358) Yi(z,x) = Y nx(n)e ™/ (x> 0).

To prove a symmetry relation for v (x, x) we use a differentiated version of Theorem [0.2]
Namely, differentiating ([B341]) (written with “y” in place of “x”) with respect to «, we obtain

o0 o0

2 .
(359) _r (n + a)e—(n+a)27r/y — 27.”/,3;% Z ne—n27ry+27r7,noc'
Y

n=—00 n=—00

Setting here y = z/q and a = m/q we get

o0

(360) Z ne " Te/qF2mimn/q _ Z(q/ip)% Z (n+ m/q)e_ﬂ(n—i-m/q)?q/m‘

n=—oo n=—oo

Using this we can now carry out a computation analogous to (354]):

( 101 x X ZX i ne—n27r:v/q+2m‘nm/q

n=—oo

q o0

= i(g/x)? Y_X(m) Y (n+mfq)e /el

m=1 n=-—0oo
q 0o
~ighat Y Kl 3 (g e
m=1 n=-—0oo

W

RN S
:Zq2x

S (e = igra i (a7 X)
l=—00
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Using this symmetry relation in ([B57) we obtain
5(8 X — 2(s+1)qz(s+1)r( (S—I—l

/wlxx 2dx+ / (7 x =3 dx
1 1 g 1
25/ 1 (z, )22 dif+——/ Py (z,X)x" 2% dx.
1

This again gives the analytic continuation of £(s, x) and L(s, x) to entire functions. Fur-
thermore, using the fact that now when x(—1) = —1 we have

(361) T0)T(X) = —¢
(the proof is exactly as for (855) except that we now have x(—m) = —x(m)), we obtain

L1

102
é- 1- 5,X) = 5 Sy X)s
150 = 25,0
i.e. we have proved (B50) in the case x(—1) = —1. O

Corollary 9.7. Let x be a primitive character modulo q > 3.

(i) The zeros of (s, x) (if any exist) are all situated in the critical strip {0 < o < 1}, with

neither s = 0 or s = 1 being a zero. These zeros are placed symmetrically about the line
L

o ==

(1) The zeros of L(s,x) are identical (in position and order of multiplicity) with those of

&(s,x), except that L(s,x) has a simple zero at each point s = —a, —a — 2, —a — 4, .
(Here again we write a =0 if x(—1) =1, a =1 if x(—-1) = —1.)

Proof. We know from the Euler product that L(s X) does not have any zeros in the half-
plane {o > 1}. We also know that (r/q)~ " ['(21%) # 0 for all s € C. Hence (s, x) =

(W/q)_sgaf(HT“)L(s, X) does not have any zeros in {o > 1}. The same argument applies
to show that £(s,X) does not have any zeros in {o > 1}. Because of the symmetry relation
1

E(1—s,%) = f&i&(s, x) it follows that (s, x) does not have any zeros in {o < 0} either.

Furthermore since L(1,x) and L(1,%) are non-zero (cf. (28))) we see that £(1,x) # 0 and
£(1,%) # 0; hence also £(0, x) # 0 and £(0,) 0.

Combining the functional equation with £(1 —s,%) = £(1 — 3, x) we obtain ( )5(3 X) =

£(1 —3,x), and this relation shows that s is a zero of (-, x) is and only if 1 — 3 is a zero
with the same multiplicity. Thus we have proved (i).

Next note that the relation &(s,x) = (7/q)~"='T I'(££2) L(s, x) shows that the zeros of

L(s, x) can differ from those of £(s, x) only in so far as the function h(s) = (W/q)_sgaf‘(s%")
has some zeros or poles. But h(s) does not have any zeros, and the only poles of h(s) are
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simple poles at s with =% € {0, -1, -2, -3,...}, in other words at s = —a, —a — 2, —a —

.. All of these points lie in {o < 0} except the point s = 0 in the case a = 0; hence we
know that £(s, x) is analytic and non-zero at each of these points. It follows that each of
these points must be a simple zero of L(s, x). This proves (ii). O

Definition 9.3. The zeros of L(s,x) with o < 0, as well as the zero s = 0 in the case
x(—=1) =1, are called the trivial zeros; the other zeros of L(s, x) are called the non-trivial
2€ros.

9.4. Problems.

Problem 9.1. Recall that H= {7 € C : Im 7 > 0}. The Jacobi Theta Function is defined
by

(z]71)= Zezmm min®r (z€C, 7€ H).

nez
(a). Prove (e.g. as a consequence of Theorem [0.2) that

o1 DTt e e

1

(b). In particular the function 6(7) := ©(0 | 7) satisfies the relation 9(——) = \/ZH(T)
T i

(V7 € H). Use this relation, together with the trivial relation 6(7 +2) = 6(7), to prove the

following: Set
A= {(Z Z) € SL(2,Z) : ab=cd = 0mod 2}

(this is a subgroup of the modular group SL(2,Z), which is called the theta group). Also
set Rg :={z € C : 28 =1}. Then there exists a function 7 : A — Rg such that

a7+b . a b 1/2 a b
9(07__'_0[)—7“((6 d))-(m‘—l—d) -0(7), v ¢ d €A, T€eH,

where (e + d)'/? is defined by requiring —m < arg(cr + d) <

[A fact which you may use: The group A is generated by (} %) and Carah

(c). Prove that the set F := {7 € H : |Re(7)| < 1, |7| > 1} is a “fundamental domain
for A\H”, in the sense that (i) H = UpeaT(F) and (ii) T1(F°) N To(F°) = B for any two
Ty, T, € A with T # £T5. (Notation as in Problem B.13(c).)
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Problem 9.2. (a). Prove that the functional equation for {(s) can be written in the following
form:

(362) C(1—s) =2(2m) " cos(Zs)T(s)¢(s).

(b). Prove that if x is a primitive Dirichlet character modulo ¢ > 3 then the functional
equation for L(s, x) can be written in the following form:

(2m)sT sin(§s) ifa=1

2i%q° z if a =
(363) L(1—57) = et §e(39) Wa=08pi (o).
(x)
(c). Prove that the functional equation in (b) can also be expressed as

¢ 'T(s) (7™ 4 x(=1)e™/?)r(x) L(s, ).

(2m)®
Problem 9.3. Prove that if x is a Dirichlet character modulo ¢ which is not primitive, and
if the corresponding primitive Dirichlet character is x; modulo ¢; = ¢(x), then

(365) 00 = () (o )r0n)

[Hint: Compare Davenport p. 67.]

(364) L(1—s,x)=

Problem 9.4. When trying to prove the formula ‘7‘ } = /q (cf. Lemma[0.5) by expanding

‘7‘()()‘2 as a double sum one encounters the so called Ramanuyan sum cq(n);

(366) cln):= e(@) (q € Z*, n € Z)qZ).
me@jay

(a). Prove that

(367) ) =3 u<%>d: ¢?£)M<(qqn>).

dl(g;n) n ’

(Remark: the first of these two formulas is often the one which is most convenient to use
in applications.)
(b). Use (a) to prove that |7(x)| = /g for every primitive character xy modulo g.

Problem 9.5. (a). (Difficult!) Give an alternative proof of the analytic continuation and
functional equation for ((s) (in the form (862)) by expanding I'(s)((s) in the same way as
we expanded I'(2s)¢(s) in the proof of Theorem @.1

[Hint. After some computation we arrive at the integral [;° £— —dzx, which we wish to
analytically continue (as a function of s) from the original region of convergence {o > 1},
to the whole complex plane. Thls can be done by instead studying [, = o === dz, where C'is
a curve going from —oo to “—¢”, encircling 0 once and then going back to —oo. To get the
functional equation one may try to change the contour C' in a way to pick up contributions

from the residues of Z,z at the points z = 2min, n € Z \ {0}.]
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—n—1
(b). Prove (e.g. from the computations in (a)) that {(—n) = (—1)"n! ResZ:(](Z 1) for
eZ

all nonnegative integers n.

n By . . . .
(¢). Prove that ((—n) = (—1)" =4 for all nonnegative integers n, where B, is the Bernoulli

number defined in Problem B.8(d).
[Hint. Use (b). One way to obtain the formula is to first prove that the Bernoulli polyno-

mials B, (r) defined in Problem B satisfy 2= = 370 Poldon for 2 1 € €, |2 small. In

fact this relation is often taken as the definition of the Bernoulli polynomials.]

(d). Prove that ((2m) = 22m—17r2m% for all m € Z*.

Problem 9.6. (a). Give an alternative proof of the meromorphic continuation of {(s) to the
whole complex plane using Euler-Maclaurin summation (cf. Problem [R.g]).

(b). Can you also find a proof of the functional equation using this method?

(c). Compute ((—n) using this method, and compare with Problem [0.5(c).
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10. THE INFINITE PRODUCTS FOR &(s) AND &(s, x)

(Davenport Chapter 12)

10.1. The infinite products for £(s). Recall that we have defined
1 _ s S
(368) £(s) = g3(s — Dr T ()(s),

and that this is an entire function which satisfies £(1 — s) = £(s) (Remark @0.I)). Also
recall that the zeros of £(s) (if any exist) are all situated in the open critical strip, {0 <
o < 1}, and these zeros are placed symmetrically with respect to the real axis, and also
symmetrically with respect to the central line o = % Also recall that these zeros coincide

exactly with the non-trivial zeros of ((s). Cf. Corollary [0.3] Remark 0.2l and Definition 0.1

We will now apply the Weierstrass factorization theorem, Theorem [R.7, to £(s). We first
determine the order of &(s).

Proposition 10.1. There is a constant C > 0 such that
(369) £(s5)| < eClslloslsl when |s| is sufficiently large.

On the other hand there does mot exist any choice of Cy > 0 such that |£(s)] < O(e“)
as |s| — oo. Hence £(s) has order 1.

Proof. Since £(1 — s) = &(s) it suffices to prove (B69) when o > 5. Obviously

|2s(s — 1)7r_%8‘ < @l

when |s] is large (where we can take C; to be any fixed constant > $log ). Also Stirling’s
formula Theorem [R.IT applies, since ‘arg(%s)} < %7‘(‘ because of o > % > 0, and this gives

‘F(%S)‘ < 66’2|s\log|s\

when |s] is large (where we can take Cy to be any fixed constant > 1). Finally recall from
Proposition [73 that [((s)| < |z for all s with o > 5 and [t| > 1; also ((s) is bounded in
the half plane {o > 2}, since there |((s)| < Y7, n=2. Hence always

[C(s)] < e

when o > 7 and |s| is large (where we can take C3 to be any fixed constant > 0). Now
([B69) follows by multiplying our three bounds (and we see that we can take C' to be any
fixed constant > ).

Finally to prove that [£(s)| < O(e“!*l) cannot holds as |s| — oo it suffices to consider
real s tending to +o00. Indeed for such s we have ((s) — 1 while logT'(s) ~ slogs by
Stirling’s formula; hence certainly &(s) > e%99198¢ for all sufficiently large (real) s. O
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Theorem 10.2. The entire function &(s) has infinitely many zeros py, pa, . ... These have
the property that > |pn|717¢ converges for any € > 0 but Y. |pa|™" diverges. Furthermore
there are constants A, B such that

(370) £(s) = eAtBs f[<1 _ i)es/pn
and .
(371) g((;) =B+;<S_1pn+pin>.

Proof. This is a direct consequence of Weierstrass factorization theorem; see Theorem R.7],
Remark B2 Proposition B8 (cf. Corollary for the present case) used together with
Proposition [I0.11 O

The following consequence will be the basis for much of the later work on ((s):

Proposition 10.3.

¢'(s) _ 1 i 1I'(5 +1) 1 1
O R log”_ﬁr( +1)+;< +‘>’

where the sum is taken over all the non-trivial zeros p of ((s).

Proof. We write (368)) in the form

C(s5) = (35) 7 (s = )7 w2 T (3) 'E(s) = (s = 1)7'w2°T(§s + 1)~ 'E(s):
Taking the logarithmic derivative of both sides we get

¢'(s) Ly LG +1)  €(s)
2 . 1 .
o) (o = o TR e
Using now (B71]), this gives the stated formula. O

The above formula exhibits the pole of ((s) at s = 1 and the nontrivial zeros at s = p.
The trivial zeros at s = —2, —4, ... are contained in the I'-term, since, by Lemma [R.14]

1T'(3s +1) 1 = 1
o A S D)< S )
(873) - 2T(ds+1) 27+s+2+;1 st2+20 o) 2T Zs—l—Qn on

We next show that the constants A, B, though not very important, can be evaluated.

Proposition 10.4. The constants A, B in [B70) are given by

A_1
€ =3
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and
(374) B = —3y—1+ jlogdm ~ —0.023

where 7y is Euler’s constant. Furthermore if p = [ + i~y are all the nontrivial zeros of ((s)
then

1
(375) B:—Z;:—2Z@%¢

P v>0

where in the first sum we group together the terms from p and p.
Proof. By (B368)),
(376) £(1) = $r 3T (4) lim(s — 1)¢(s) = 4.

whence £(0) = 1 and therefore e* = 1 by B70).

2
As regards B, we have

B: = —

from (BT7I) and the functional equation £(s) = £(1 — s).

We next use (372) to evaluate % For this we note that, by (B73),

11(3) YA 1 .
(377) 2T(3) __57_;<1+2n_%)—_57+1_1°g2
(for note that log2 =3 (=1)™"'m~!, cf. (236)). Hence we obtain:
& _ G s 1
S e o2l
dn - TTRTE) Jiri(g(s) +5-1)

! 1
¢ls) | )
C(s) s—1

The last limit is easily calculated using the first two terms of the Laurent expansion of ((s)
at s =1: ((s) = 55 + v+ O(|s — 1]) as s — 1; cf. Problem [2. This implies that

— 1. _ 1 — I
=37 — 1+ ;logdr £1_IH<

¢(s) Lo —(s—1)72+0(1) 1
¢is) s—1 (s=1)t'+~v+0(s—-1|) s—1
= _s—% (140(s=1P) - (1=~(s =1+ O(]s— 1) + 3—%

=v+0(s—1%) =~ as s— 1.
Hence we obtain the formula (B74)).
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Finally to prove ([B75), take s = 1 in (B71]) and recall that we have proved B = —%,((11));
this gives

Here (because of £(s) = £(1—s)) we know that when p runs through the zeros of £(s) (with
multiplicity) then so does 1 — p, and hence if the sum p p~! converges then the above

relation can be rewritten into 2B = —2 5" p~!, as desired. However we have to be careful,
since we know that > |p|™! diverges.

We claim that >~ p~! converges, provided one groups together the terms from p and p.
For if p = B+ ¢y then

23 P
378 p ot < =
(378) B2+ |pl?
and we know that Y |p|™2 converges. This concludes the proof of (375). O

Remark 10.1. From (B74) and (B75) together it is easy to see that || > 6 for all nontrivial
zeros of ((s). [Proof: Let p = 8 + iy be a nontrivial zero with |y| minimal. Then since
the zeros are placed symmetrically both about the real axis and about o %, we may

assume that v > 0 and g > % Hence by ([B374]) we have —B > ﬁ22+572 > ﬁ2—1m? > 1 Jrl,yg; hence
7>/ (-B)"'—1~+0.023"T—1> 6]

10.2. The infinite products for &(s,y). Next we apply similar considerations to the
L-functions. Let x be a primitive character modulo ¢ > 3. Recall that we have defined, in
Theorem 0.6

(379) E(s,x) = (m/q)~20+0T(

where a = 0 if x(—1) = 1 and a = 1 if x(—1) = —1; the function (s, x) is entire, and
1 1
i1q3

(s, x), wherein ‘T(x) ‘ = 1. Also recall that the zeros of £(s, x)

H—G)L(s,x),

we have (1 — s,%) = fgf)
(if any exist) are all situated in the critical strip, {0 < ¢ < 1} (with no zero at s = 0 or
s = 1), and these zeros are placed symmetrically with respect to the central line o = %,
but in general not symmetrically about the real axis. Also recall that these zeros coincide

exactly with the non-trivial zeros of L(s, x). Cf. Corollary [0.7 and Definition 0.3

Proposition 10.5. There is a constant C > 0 (in fact independent of q) such that
(380) €(s, x)| < eClslloels] when |s| is sufficiently large.

On the other hand, there does mot exist any choice of C1 > 0 such that |£(s, x)| < O(e“ )
as |s| = oo. Hence &(s, x) has order 1.
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Proof. Since £(1 — s,X) = i&ig(s, x) it suffices to prove (B80) when o > 1. Obviously
[(r/q) 2] < O

when |[s| is large (where we can take C) to be any fixed constant > 1|log(7/q)|). Also
Stirling’s formula (Theorem B.I7T) applies, since ‘arg(%(sjta))} < im because of 0 > 1, and
this gives

IT(3(s+a))| < eClsllogls]

when |s| is large (where we can take Cs to be any fixed constant > 1). Finally we have the
trivial bound

(381) |L(s,x)| < 2q]s| (when o > 1),

which follows directly from the formula L(s, x) = s [~ A(z)z~*~ dz, with A(z) = Y, _, ., x(n),
cf. Example (Details: Note that |A(z)| < ¢ for all , by Lemma B.I3 and the fact that
[x(m)| <1 for all m. Hence we get |L(s,x)| < |s| [~ gz dx < |s] [;~ gz~ dz < 2q|s|,
as claimed.) Hence

|L(s, x)| < €@

when |s| is large (where we can take C5 to be any fixed constant > 0). Now (B80) follows

by multiplying our three bounds (and we see that we can take C' to be any fixed constant

> 1).

Finally the proof that |¢(s,x)] < O(e?!) cannot hold is exactly as in the proof of
Proposition IOl O
(We remark that we give an improvement of (B8] in Problem [I0.I(a) — although still

very basic and far from optimal.)

Theorem 10.6. The entire function &(s, x) has infinitely many zeros py, pa, . ... These have
the property that > |pn|717¢ converges for any € > 0 but > |pa|™" diverges. Furthermore
there exist constants A = A(x), B = B(x) such that

(382) £(s, x) = et ﬁ (1= )erlen,

n=1 Pn
and
(383) R S =y
&(s,x) “=\S—pn pn
Proof. This follows from Corollary 8.9 and Proposition [T0.5 O

The following consequence will be the basis for much of the later work on L(s, x):
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Proposition 10.7.

L'(s,x) 1E+ 5 1
’ :——log———%jLBx—l— ).
L5 ) ST vy W XPX 5)
Proof. This follows from (B79) and (383)). O

We can give explicit expressions for A(y) and B(x); the latter in terms of L(1,x) and
L'(1,x) (recall that we know L(1,x) # 0). However it seems to be difficult to estimate
B(x) at all satisfactorily as a function of gq.

Proposition 10.8. The constants A(x) and B(x) in Theorem [I0.8 are given by

el 1+ ag—a
Ax) = 14 L(1.v
€ - — aX
w0
and
LX) 1, a4, 1
(384) B(X):—L(1 = —§log;+5”y+(1—a)log2

where 7 is Euler’s constant. Furthermore B(X) = B(X) and

(385) Re B(x Z Re -

(and here Re >0 for all p).

Proof. Using (382) with s = 0 and then &(1 — s, x) = * (‘5)5(3 X) and B79), we get

zaql-‘,- ap—a

iaq% . ia
1 p—
& £(1,%)

t\.’)\»—t

A0 = £(0, y) = (m/q)” %(Ha)r(%(l +a))L(1,X) =

\_/

(X

\]

\]

As regards B(x), using (883) with s = 0, the functional equation £(1—s, x) = Z4-£(s, X),
and then ([B79), we get

Ce0 €00 ML® . g 1T/
386 BW=foy ey Biv 2 %x aT(ig)

Note here that, by (B73),

1T'(3) ) - 1 1 .
e — ) = —1y—log2
2T(d) ~ 2 Z<2n—1 2n> 27 08
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(alternative: this also follows from &t — L) 1 and (B77)), and

T(s+1) — T(s)
1)1
°T(1) 2"

Hence we obtain (384)).
The formula B(Y) = B(x) is clear e.g. from (384]).
Finally to prove (387), note that (386) and (B83)) give

1, > 1 1
B(x) = — i((l :)) —B(Y)—;<q+p—n>,

where p1, pa, ... are the zeros of £(s, x) (with multiplicity), so that 7y, s, ... are the zeros
of &(s,%X). Using B(X) = B(x) this implies

> 1 1
2Re B(x) = — E <Re — + Re _—)

But we know that 0 < Re p, < 1 and p, QE {0,1}; hence ‘arg D) ‘ § 5 and thus
‘arg (1/ pn)‘ < 5 and Re _1 > 0; similarly Re = > 0. Since all terms Re =
in the above sum are non—negatlve we may change the order of summation arbltrarlly We

use the fact that the sequence 1 — py,1 — Py, ... is a permutation of pi, ps, ... (since the

Zeros pi, P2, - - - lie symmetrically about the line 0 = l). Furthermore Re _l = Re pln. Hence
9Re B(x) = Z(Re — +Re —) - —QZRe —

i.e. we have proved (B8H). O

Remark 10.2. If x in Proposition [[0.8 is real then B(y) = —55/((11’;()) is real and hence (385)

gives B(x) = —>_, Re %. Also in this case the zeros p are placed symmetrically about the

real axis, so that writing p = 8 + iy and using Re 2= 52-?- > we obtain

S ST EEPI T Bt

p real >0
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10.3. Problems.

Problem 10.1. Let x be a non-principal Dirichlet character modulo q.
(a). Prove that for any fixed 0 < § < 1,

(387) L(s, x)| < (q(1+[¢)' ™", for all s with o >,
where the implied constant depends only on § (i.e. it is independent of ¢ and s).

(b). Prove that for any fixed A > 0, € > 0,
+2)+ >
log(|t] +2) +log g/’

|L(s, x)| < log(|t| +2) + log g, for all s with o > max(a,l

where the implied constant depends only on A and ¢.
(c). Prove that for any fixed A > 0, € > 0,

A
% log(lt| +2) + log q)?,  for all s with o > (1— )
LG5, 0] < (log([t] +2) +logq)",  forall s with 0 > max(e, 1 — )

where the implied constant depends only on A, €.

[Hint for (a)-(c): Start with the formula L(s, x) = s [~ A(z)z~*"! da as in the discussion
of (B81]), but generalize it by including the sum »,_ _ x(n)n~* for some arbitrary X > 1,
i.e. in an analogous way as (282) generalizes (278]). Then compare the proof of Prop. [[3]]
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11. ZERO-FREE REGIONS FOR ((s) AND L(s, x)

11.1. A zero-free region for ((s).

Theorem 11.1. There exists a constant ¢ > 0 such that ((s) has no zero in the region
c

>1- . °
7= T og([t 1 2)

Proof. As in Theorem [7.4] the proof is based on the elementary inequality
(388) 3+ 4cost + cos 20 > 0, Vo € R,

but we can now make a sharper argument since we have access to the infinite product
formula for ((s) ((368)), Theorem [[0.2)). It is more convenient to work with C( than
with log ((s), since the analytic continuation of the latter to the left of 0 =1 is obv1ously
difficult. Recall that < = — 3% A(n)n~°, thus

j ZA 7 cos(tlogn) (0 >1).

Hence, using (388)),

(389) 3(—28) +4(—Re H) + <—Re %) >0 (0> 1)

As in the proof of Theorem [.4] we will now fix some ¢ (say ¢ > 2) and let 0 — 17 in the
above inequality

Since _T has a simple pole at s = 1 with residue 1, we have for 1 < o < 2:
¢'(o) 1
— < O(1).
(o) Sa—1 oW

The behavior of the other two functions near ¢ = 1 is obviously much influenced by any
zero that ((s) may have just to the left of ¢ = 1, at a height near to t or 2¢. This influence
is rendered explicit by the formula from Proposition [10.3}

(390) L g i AEGED s Ly,

C(s) s—1 2T(5+1) s—p p

where the sum is taken over all the non-trivial zeros p of ((s). Here the I' term is bounded
by O(logt) if t > 2 and 1 < ¢ < 2 (this follows from the asymptotic formula in Problem
R.7). Hence, in this region,

(391) _Re ) < O(logt) — > Re ( L l).
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The sum over p is non-negative, for if we write p = § + iy (thus 0 < § < 1, v € R) then

1 - 1
= g ﬁ2 Z 0 and Re - = ﬁ2 Z 0
s=p |s—pl p ol

Hence (for 1 <o <2,t > 2)

Re

¢'(o + 2it) <
C(o+2it) —
and furthermore, if we choose t to coincide with the imaginary part v of one fixed zero
p = B+ 17, and take just the one term Re s%p in the sum which corresponds to this zero:

('(o +1it)
m < O(logt)

(392) —Re O(logt),

1
—Re — m

Substituting our upper bounds in the inequality ([B89), we get (when 1 < ¢ < 2 and
t =~y for some zero p = B +i7):

3 4
— O(1) + O(logt) > 0
p— 0—6+ (1) + O(logt) > 0,
i.e. there is an absolute constant A > 0 such that
4 3
393 < Alogt.
(393) 0_5_0_1+ og

Note that this is also true, trivially, for ¢ > 2. From the last inequality it follows that (by
solving for 1 — f3):

4 4 1—A(c—1)logt
—5 + Alogt —5 + Alogt —5 + Alogt
We now make the choice 0 —1 = ﬁogt, in order to obtain a positive numerator in the last
expression. This yields
1
394 1— .
(394) B»k%t

Finally, since ((5) = ((s) and since ((s) has no zero arbitrarily near o = 1 with [¢| < 2, we
can also say that for every t € R, if there exists any zero with p = § + it then (possibly
with a smaller implied constant than in (394])):

1
log(|t] +2)
This completes the proof. O

(395) 1- 8>

We remark that the above zero-free region can be improved. The sharpest known zero-
free region today, which was obtained independently by Vinogradov and Korobov in 1958,
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essentially says that the power of log in Theorem [I1.1] can be reduced from 1 to %: There
is an absolute constant ¢ > 0 such that ((s) does not have any zeros in the region

c
(logt)3 (loglog t)3

See §I1.3] around (@27)) for some further comments.

(396) t>3, o>1-

11.2. Zero-free Regions for L(s, x). It is easy to extend the previous results to the zeros
of L(s,x) when x is a fized character. But for many purposes it is important to also have
estimates that are explicit with respect to ¢. This raises some difficult problems, and the
results so far known are better for complex characters than for real characters.

The key to proving zero free regions is the following generalization of (BEQI)

Lemma 11.2. For any Dirichlet character x modulo q and any s = o + it with o > 1 we
have

L'(, x0) L'(o +it,x) L'(o +2it, x*)
_Z\%X0) _ _ >
3( L(U,X0)>+4< Re L(J+it,x))+< Re L(J+2it,x2)) =

where xo is the principal character modulo q.

(397)

Proof. Recall that logarithmic differentiation of the Euler product formula gives

L(s,x) s
T~ > x(n)A(n)n (0 >1).

n=1

(398) -

cf. (I13) in Example 3.7l From this we see that the left hand side of ([897) equals
Z A(n)n™ - Re <3X0(n) + dy(n)eitlosm 4 X(n>2€—2itlogn).
n=1

We claim that each term here is > 0. If (n,q) > 1 then the nth term vanishes, since
xo(n) = x(n) = 0. Now assume (n,q) = 1. Then yo(n) = 1, and x(n) = € for some

a € R, so that the nth term equals A(n)n=7 (3 + 4 cosf + cos 29) with § = a — tlogn; and
this is > 0 by (388)). O

Note that when Y is a real character (and only then) we have x* = xq, and this affects
the argument when using ([897) to get a zero-free region for L(s, x).

When treating the last two terms in (397) we will use the following:

21Before continuing reading this section, it may be useful to recall Problem [7.7]
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Lemma 11.3. For any primitive Dirichlet character x modulo ¢ > 3 and any s with
1 <o <2 we have

(399) —Re

L'(s,x) 1
T05.2) < Zp:Re p— + O(logq+log(\t| + 2)),

where the implied constant is absolute, and where p runs through all the non-trivial zeros
of L(s,x), or a (possibly empty) subset of these.

Proof. This is a simple consequence of Proposition [0.7 (which only applies when x is
primitive!). This proposition says:

L'(s,x) q 1I'3+9%) 1 1
L(s,x) 210g7r 2F(§+%)+B(X)+Z< * )’

L'(s,x) g 1 T'(:+9) 1 1
—Re =2 = Llog = 4+ ~Re —2—2 — Re B(x) — Re ( —)
L(s,x) * "7 2 DI(3+%) ) 2 s—p p
Here recall that Re B(x) = —>_, Re% (an absolutely convergent sum, all terms being non-

negative), cf. (B8G). We also note that the I' term above is O (log(|¢|+2)), for all 1 < o < 2
and t € R, as follows from the asymptotic formula in Problem B7 Hence we get (399),
with p running through all the non-trivial zeros of L(s, x).

Finally note that all terms in the sum over p are > 0 (thus giving a contribution < to

the right hand side of ([899)), for if p = [ 4 7y is any zero then Re sTlp = ‘;’__52 > 0 since

o>1and <1 O

We now give results on zero-free regions. The following two theorems collect results
obtained by Gronwall (1913) and Titchmarsh (1930,1933). We start with the case of x
complex.

Theorem 11.4. There exists an absolute constant ¢ > 0 such that for every q € Z+ and
every complex Dirichlet character x modulo q, L(s,x) has no zero in the region

(400) o> 1 - logcq|t\ Zf ‘t| > 17
~eg WIS L

(Of course, the assumption that x is complex implies that ¢ > 3, and that x is non-
principal.)

Proof. Without loss of generality we may (and will) assume t > 0, for the zeros of L(s, x)
with ¢ < 0 are the complex conjugates of the zeros of L(s,Y) with ¢t > 0, since L(3, x) =

L(s,X).
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Let us first assume that x is primitive.

We will use Lemma [IT.21 Concerning the first term in (897) we note that

L’ (o, Xo ¢'(o) 1
(401) o) ZXO NS —Hg < -1t o0

for 1 < o <2 (the implied constant being absolute).

We choose t > 0 to be the imaginary part of a non-trivial zero p = 8 + iy of L(s, x).
Then by Lemma [[1.3] where in the sum we retain only the one term corresponding to our
selected zero p, we have

L'(oc+ti 1
(402) —Re L((a j—_ti,’;c)) <= 3 + O(logq + log(t + 2)) for 1 <o <2.
Concerning the last term in (B97) we cannot always apply Lemma directly to x? (mod
q) since this character may not be primitive. Instead we let y; be the unique primitive
character modulo q; = ¢(x?) that induces x? (thus x; = x? if x? is primitive). Note that
x? is non-principal since Y is complex; hence ¢; > 3 and Lemma applies to x1, giving
(when we take the p-sum to be over the empty set)

L'(o + 2ti, x1)
L(o + 2ti, x1)

Also recall that L(s, x?) and L(s, x1) are related by L(s, x*) = L(s, x1) [1,,(1 = x1(p)p™*)
(cf. Lemma A.22); thus

(403) —Re < O(log ¢ + log(t + 2)) for 1 <o <2.

L'(s,x*) xi(p logp
+
L(va ) Z -
so that
L'(s,x*) L'(s, (logp)p~
(404) - ‘ <y e D < Nlogp<logg (0> 1).
L(s,x?)  L(s, P %q:

Combining this with (403]) we conclude

L' (o + 2ti, x?)
4 — 1 1 2)).
(405) Re Lo 1200 <O(ogq+ og(t + ))

Using now Lemma [IT.2 combined with (401]), (402), (405) we get
4 3

< .
o p = U_1+O<logq+log(t+2)>

Exactly as in the argument between (393)) and (394) this is seen to imply

1-8> 3
p log ¢ + log(t + 2)
and this implies that (400) holds with an absolute constant ¢ > 0.
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It remains to treat the case when y is not primitive. Then let y; modulo ¢; be the
primitive character which induces . Since y is complex so is x1, and hence ¢; > 3 and the
above result applies to x1, i.e. L(s,x1) has no zero in the region

(406) az{l_m e > 1,

1— ¢ if ¢ < 1.
0g q1

But recall that L(s, x) = L(s, x1) [],,(1 = x1(p)p~*); hence the only zeros of L(s, x) addi-
tional to those of L(s, x1) are on o = 0; i.e. also L(s, ) is without any zero in the above
region. (We here assume — as we may — that the absolute constant ¢ > 0 has been fixed to
be smaller than log 3, so that (40€) implies ¢ > 0.) Finally, since ¢ > ¢, the region given
by ([A06) contains the region given by (400); hence the theorem is proved. O

Note that the above theorem in particular applies for ¢ = 0; thus it gives a new proof of
the fact that L(1,x) # 0 for each complex character y!

We next turn to the case of x real.

Theorem 11.5. There exists an absolute constant ¢ > 0 such that for every q € Z* and
every real nonprincipal Dirichlet character x modulo q, L(s,x) has at most one zero in
the region

(o) ,o [P Tz
Tl <,
log g

and if L(s,x) has such a zero then this has to be a (simple) real zero.

Proof. We may assume t > 0. Let us first assume that x is primitive. The bounds (40T]) and
(@02) remain true in the present situation, with the same proofs. However the discussion of
L' (0+42ti,x2)
L(o+2ti,x2)
the corresponding primitive character is the trivial character y; = 1 (modulo ¢; = 1), i.e.
L(s,x1) = ¢(s), and Lemma[IT.3] does not apply to this x;. For ¢ large there is no problem;

we have —Re %/((Z:;ZZ)) < Oflogt) for 1 < o < 2, t > 2, as we saw in (392); however for ¢

small the term :11 from (B90) may blow up. Now if we go through the argument between
(390) and ([392) again we find that, for all t > 0 and 1 < o < 2:

needs modification, since now x? is the principal character modulo ¢, and hence

¢'(s) 1
—R <R O (log(t + 2
SOE e— 7 (log(t +2))
Since we also have LL/((;;‘;)) — %l((;)) < logq (cf. (@04)), which holds without change when ?

is principal), we conclude that, for all 1 <o <2, ¢ > 0,
L' (o + 2it, x?)

e —_—
L(oc+2it,x?) = o—142it

—Re +0 <logq + log(t + 2))
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Using this together with Lemma [I1.2] (401]) and (402), we get

4 3 1
< Re ———— O(l log(t 2),
a—ﬁ_a—1+ e<7—1+22'tjL 0g.q +log(t +2)

where now ¢t = > 0, the imaginary part of some non-trivial zero p = 5+ iy of L(s, x). In
other words, there is an absolute constant A > 0 such that
4 3 o—1

< AL ith L:=1 log(t + 2).
cf—ﬁ_<7—1+(<7—1)2—|—41€2jL ’ A 0g ¢ +log(f +2)

Note that (with an appropriate choice of A) this is also true, trivially, for o > 2; i.e. the
inequality holds for all & > 1. It follows that

4

c—B>—
o1 T (o— 1)2+4t2 + AL

(0—1)2
4 = +4t2 — AL(o —1)
3
o—1 + (o— 1)24-41‘/2 + AL

(408) —1-8> -1 =
: + (o— 1)24-41‘/2 + AL

o—1

We wish to choose 0 = 1 + % for some constant § > 0 with A5 < 1. Then the numerator
62
T 2F4aLe

that 4L*t? is large enough; thus let us assume t = ~v > —, where ¢ is a positive constant.
Then 1 — m A(5>1—4,2
0 > 0 so small that 1-— " 0~ — AS > 0. Note that for any such ch01ce of constants ¢, 0 > 0,
and with 0 = 1+ £, the last expression in ({08) is > + =

of the last expression equals 1 — A9, and this is positive so long as we assume

Ad, and we see that for any choice of ¢ > 0 we can fix

W (with the lmphed

constant depending on ¢’ and ¢). Hence, if we also notlce % < lcgq, we have proved the
following: For every ¢ > 0 there exists some ¢ > 0 such that for every ¢ > 3 and every real
primitive Dirichlet character x modulo q, L(s,x) does not have any zero p =  + iy in the

region

c
409 > 1-— .
(409) 7= log ¢ - log g + log(t + 2)

Hence to complete the proof of Theorem [[1.5]it now only remains to discuss the zeros of
L(s,x) . For this we will not use Lemma [[T.2} instead we consider L((: ;‘))
for 0 > 1. On the one hand we have the crude lower bound (for any 1 < o < 2)

o0

— Zx(n)A(n)n_” > — ZA(n)n_” = i_/((;f)) > == i 1 + O(1).

On the other hand, if p = B 47 is any zero of L(s,y) with v > 0 then also p = —iyis a
zero of L(s,x) (since x is real), and hence Lemma [IT.3] (where in the sum we only retain
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our fixed p and p) gives

L'(o,x) 1 1 20 — B)
20 - <R O(logq) = ———5—— +O(logq).
Combining these two inequalities we get
2(c — B)

1
< Alogq,
G-pr+y? o1 o8l
where A > 0 is an absolute constant. Note that (with an appropriate choice of A) this
is also true, trivially, for ¢ > 2; i.e. the inequality holds for all ¢ > 1. Now assume
0 <~ < 3(c—p). Then

8 2(c — p) 1
Al
50-B) (0-BR+y o-1 8
= o0—-0> s
%+5Alogq
1§ 8 (0_1):3—5A(a—1)10gq

5 +5A4logg -2 +5Alogg

and hence if we take 0 =1+ then we get

_1
5Alogq

1-0>——.

P 15Alogq
Recall that this was proved under the assumption that 0 < v < %(a — f); in particular
it holds if 0 < v < (00— 1) = I()Tllogq' Let us also note that a very similar argument
applies to prove that if p;, po are any two real zeros (or a real double zero) of L(s, x), then
min(py, po) < 1 — (15Alogq)~!. [Details: If py, py are two real zeros (or a double zero) of

L(s,x) with 0 < p; < py < 1, then Lemma 1.3 gives, for any o > 1:
L 1 1 2
— (%) <—Re( + )+O(logq) < —

L(o, x) o—p1 0= p2 o —p

which is the same as ([10) with § = p; and v = 0. The rest of the proof is as before.]

+ O(log q),

Hence we have proved: There exist some constants ¢ > 0 and ¢ > 0 such that for every
q € Z* and every real primitive Dirichlet character x modulo q, L(s,x) has at most one

zero in the region

c c

and [f>1———,
log q log q

and if L(s,x) has such a zero then this has to be a simple real zero.

Combining our results around (@09) and ([@II) we obtain the statement of the theorem 3
except that y is restricted to be primitive. Using this it is now easy to extend also to

(411) 0<~<

22Here, of course, we first choose ¢ > 0 so that (@II) holds; then apply [@Q9) for this .
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the case when y is a non-primitive, non-principal real character, exactly as in the last
paragraph of the proof of Theorem [11.4l O

Remark 11.1. In connection with Definition we may now note that if y is a primitive
character modulo q > 3 then the non-trivial zeros of L(s,x) are exactly those zeros which
lie in the open strip {0 < o < 1}. Indeed, Theorem [IT.4] and Theorem together with
the fact that L(o,x) # 0 for ¢ > 1 imply that L(s, x) # 0 for all s on the line o0 = 1. Hence
by Corollary (especially the symmetry about the line o = 3) it also follows that L(s, x)
does not have any zero on the line 0 = 0, except for the trivial zero at s = 0 if a = 0.

We will next discuss results which say that if an “exceptional” zero as in Theorem [I1.5]
occurs, then at least it occurs only very seldom, i.e. only for very few values of q. The
following result is due to Landau 1918:

Theorem 11.6. There exists an absolute constant ¢ > 0 such that for any two distinct
real primitive characters x1,x2 to the moduli q,qa > 3 respectively; if the corresponding
L-functions have real zeros By, B, then

min(fy, f2) < 1

- log q1qa
(Note that the possibility ¢; = g2 is not excluded in the theorem.)

We first prove a uniqueness lemma for primitive characters which ought to have been
made clear in §4.6

Lemma 11.7. If x1 and x2 are primitive Dirichlet characters modulo q; and qs, respec-
tively, and if there is some Dirichlet character x which is induced by both x1 and X2, then

X1=X2 and q1 = ¢ = C(X)-

(In other words: A Dirichlet character cannot be induced by two distinct primitive
Dirichlet characters.)

Proof. Note that for given y, Lemma [.2]] gives the uniqueness of a character y; € X,
inducing x under the assumption that q; = c(x). Hence it now suffices to prove ¢; = ¢o =
c(x). In fact it suffices to prove ¢; = ¢(x) since ga = ¢(x) will then follow analogously.

Since x; induces x, we have ¢; | ¢ and x(n) = xi1(n) for all integers n with (n,q) = 1.
Hence ¢ is a period of [x(n) restricted by (n,q) = 1] and thus ¢(x) | ¢; (by Lemma [£20]).
Next note that if n,n’ are any integers with (n,q;) = (n/,;¢1) = 1 and n = n/ (mod ¢(x)),
then there are some t,t' € Z such that (n+1tq;,q) = 1 and (n' +t'qy,q) = 1 (as in the proof
of Lemma A2T]), and then

xi(n) =xi(n+tq) =x(n+tq) =x(n"+t'q) =x1(n" +t'q) = x1(n'),

where the middle equality holds since n+tq; = n'+'q; (mod ¢(x)). This shows that ¢(y) is
a period of [x;(n) restricted by (n,q;) = 1]. Hence since x; is primitive we have ¢; < ¢(x),
and this combined with ¢(x) | ¢1 gives ¢1 = c(x). O
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Proof of Theorem[I1.6. Note that yix2 is a Dirichlet character modulo ¢;qs. If x1x2 is
principal then xi(n)x2(n) = 1 whenever (n,¢1¢2) = 1, and since y;(n) = £1 this implies
x1(n) = x2(n) whenever (n,q1q2) = 1, i.e. x1 and Y2 induce the same Dirichlet character
modulo ¢1q2. This is impossible by Lemma [IT.7 since y; and o are distinct primitive
characters. Hence x1x2 s nonprincipal.

Now if x" modulo ¢’ is the unique primitive character which induces xix2 then

L'(s, xix2)  L'(s,X)
L(87X1X2> L(‘S?X/)
exactly as in (d04]). Also, by Lemma [I1.3]
L'(o,X')
———=2 < O(log¢ Vo € [1,2].
o) (logq'), o€ [1,2]
Combining these two we get, since ¢’ = ¢(x1x2) < q1¢o:

/
_% < O(logqig2) +O(logq') < O(log iga), Vo € [1,2].
Lemma [I1.3] also gives
_L/(U>Xj) - 1
L(o, x;) o— B
Now consider the expression

C/(U) — L/(U’ Xl) _ Ll(g’ X2) . L/(U> X1X2) — - n n n)In=°
(o) Tlox) " T~ Lo — 2= A am) 1 +xam)n™ 2 0.

On substituting the previous upper bounds, and also —g((;)) < ﬁ + O(1), we get
1 1

0<U_1—0__B1+O(10gq1)—0

<logqiqu (o0 >1),

+O(logqj), Vo € [1,2].

n=1

1
~ 3 + O(log%) + O(log Q1Q2)7

i.e.
1 L 1 - 1
o— B o— [ o —

1 + O(log q1¢2)-
This implies

: < ! + Al
0
where A is an absolute constant. Exactly as in the argument between (893)) and ([B894) this
is seen to imply

1-— min(ﬁl, BQ) > .
log q142
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Corollary 11.8. There exists an absolute constant ¢ > 0 such that for any q > 3, there is
at most one real nonprincipal character x € X, for which L(s,x) has a real zero [ with
B>1-—

1og q’

Proof. Let ¢ be as in Theorem [I1.6l We may assume ¢ < 1. Now assume that y; and
X2 are two nonprincipal Dirichlet characters to the same modulus ¢ > 3, and assume
that the corresponding L-functions have real zeros f31, 2, respectively. Let x; modulo
q; be the primitive Dirichlet character which induces x; (j = 1,2). Recall that all the
zeros of L(s, x;) additional to those of L(s, x}) have real part equal to 0, since L(s, x;) =
L(s, x}) Hp|q(1 X;(p)p~*). Hence if 81,8y > 0 then f; is a zero of L(s, x}) for j = 1,2,

and Theorem [[T.0 gives min (5, f2) < 1 — W < 1 — 33575+ This is also true, trivially, if
either 31 or B9 is < 0 (since ¢ < 1 and log g > 1). This concludes the proof. O

Corollary 11.9. There is an absolute constant ¢ > 0 such that if ¢ < g2 < q3 < ... 1S
the (possible) sequence of positive integers q with the property that there is a real pm’mitive
X (mod q) for which L(s,x) has a real zero B satisfying 5 > 1 — then g1 > q] for all
j=1,2,...

logq’

Proof. Let us write ¢ for the absolute constant in Theorem [[T.601 Now if ¢; < ¢o < ... is
the sequence as above, so that for each j there is some real zero 8; > 1 — =5 of L(s, x)

logg
for some x € X, then Theorem [I1.G] gives, for all j > 1, ’

Cl

o s min(f, ) > min(1 - 1) 1
log ¢;qj+1 log g; log gj+1 log g;

hence
/

c
log g;qj+1 > - log g;,
and hence if we made the choice of c as ¢ = %c’ then g;qj41 > q]?-’, which gives the result. [

Corollary 11.10. There is an absolute constant ¢ > 0 such that the following holds. For
any z > 3, there exists at most one Teal primitive x to a modulus ¢ < z for which L(s, x)
has a real zero B satisfying B > 1 —

log z®

Proof. Again write ¢ for the absolute constant in Theorem 1.6 Let z > 3 and assume
that, contrary to the claim, there exist two distinct real primitive characters x; € X,
X2 € Xgpy @1,¢2 < z such that L(s,xj) has a real zero f3; satisfying §; > 1 —

/

j =1,2. Then Theorem [I1.6] gi in(f, fa) < 1— 1ogq1q2 <l-5= L and this
is a contradiction if we have made the ch01ce c= lc’ OJ

The only obvious general upper bound for a real zero of an L-function corresponding
to a real primitive x is that which can be derived from the class-number formula relating
L(1, x) and a class number h(d), and using h(d) > 1:
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Proposition 11.11. There is an absolute constant ¢ > 0 such that for any real zero 3 of
an L-function corresponding to a real nonprincipal Dirichlet character x modulo q, we have

c
412 <l 47—,
) g2 (log g) '+

where, as usual, a =0 if x(—=1) =1 anda =1 if x(—1) = —1.

Proof. We first assume that y is a primitive character modulo g (¢ > 3). Then y = (4) for
some fundamental discriminant d = 4+¢q, by Theorem [4.35] and by Dirichlet’s class number
formula, Theorem [5.4], we have

2 _p(d) ifd <0,
L(1,y) = { VM @) - (w € {2,4,6)).

ESAp(d) if d >0,

This immediately implies

L(1,x) > Jd|* {1 ifd<0

log |d| ﬁd>0}
since h(d) > 1, and if d > 0 then g4 = L(z + yvd) > (1 + Vd) so that logey, >

log 1(1++/d) > log d (recall that if d > 0 then d > 5, since d is a fundamental discriminant).
Recall that d > 0 holds if and only if y(—1) =1 (Lemma 4.37), i.e. if and only if a = 0.
Hence the above lower bound can be expressed as

a

(logq)'~
CE

Now let o be any real number in the interval 1 — T < o < 1. Then by the mean value
theorem we have

L(la X) - L(U> X) = (1 - U)L,(€> X)
for some ¢ € (0, 1), and since L'(§, x) = O(log” ¢) by Problem [0.1(c), we conclude that
L(o,x) = L(1,x) — Al — 0)log’q,

where A > 0 is an absolute constant. Combining this with (413]) we see that there is an
absolute constant ¢ > 0 such that

- % <5<1= L(o,x) > 0.

g2 (logg)'*e ~

This proves the proposition. 0
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11.3. *Alternative method. There is an alternative method, due to Landau (1924), of
obtaining zero-free regions for L-functions, which does not use an infinite product formula
for the L-function, and thus in which the analytic character of the L-function for ¢ < 0
need not be known.

We will here explain this method, borrowing from Titchmarsh [59, Ch. III].
To get started we prove the following; the Borel-Carathéodory Theorem:

Theorem 11.12. Suppose that f(z) is analytic in the open disc |z — zo| < R and has the
Taylor expansion

(414) F(2) =) calz = 20)"

Furthermore suppose that

(415) Re f(z) < U for all z with |z — z| < R.
Then

21 —
(416) e < w Vn > 1,

and, in |z — 2| <1 < R we have

2r

(417) |f(2) = f(20)] < R_T(U—Ref(zo))a
m) (5
(418) }f m'( )\ <z —25"%)’”“ (U —Re f(z), ¥m>1.

(Note that below we spend some extra work to obtain the precise constants “2” in (416]),
(@17), (I8)). This constant is in fact the best possible, as may be seen by considering the
function f(z) = z/(1 + 2), for which Re f(z) < 3 throughout |z| < 1. However, for the
application in the present section these precise constants are not important.)

Proof. In fact we have already gone through most of the steps needed for the proof of this
theorem, when we proved Lemma We give a quick review (f(z) now takes the role
of g(z) in the proof of Lemma R2): If we write ¢, = a, + ib, (a,,b, € R) then from the
Taylor expansion ([{I4]) we get

Re f(re) = Zanr" cosnf — Z b, ™ sin nf, (0<r<R,0eR),
n=0 n=0
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where the series are uniformly absolutely convergent with respect to 6 for fixed r. Hence
by basic Fourier analysis we get, for n > 0,

2T
(1 + 0po)ma,r™ = / (Re f(re™)) cosn db;
0

27
— (1 = dpo)wbpr™ = / (Re f(re")) sinnf dé.
0
Hence for any n > 1 we have

} < /O%‘Re f(rew)‘ df = —2mag + /O%QRG f(TeiG)} + Re f(reie)) de

< —2rRecy + 4nU™,

|an|r"
7|bp 1™

where U™ := max(0,U), and thus

2v/202UF —
e = /a2 + b2 < V22U~ Reco)

,r»n
We may improve the constants slightly as follows. If we set (for n > 1 fixed) w = arg(c,)
then |c,| = c,e™ = Re (cne_i“’) = a, cosw + b, sinw and the above formulas for a,,b,
imply

2T
7|en|r™ = mr"(a, cosw + b, sinw) = / (Re f(re”)) (cosw cos nf — sinw sin nd) df
0

= /0 7T(Re f(re”)) cos(w + nb) do,

and hence as above
mlen|r™ < —27Re ¢ + 4nUT.

Finally we may apply this last inequality to the function fi(z) := f(z2) — a where « is any
real constant; note that fi(z) satisfies the bound (410) with U — « in place of U, and f;
has the same Taylor coefficients ¢, as f except that ¢y is replaced with ¢y — «; hence we
obtain

Tlea|r™ < —27Re (co — ) + 4n(U — a)t =27 (2(U — @)™ + a — Re o).
To get the best bound possible here we take o = U, and thus conclude
e r™ < 2w (U — Re c).

This is true for all r € [0, R), and letting » — R~ we obtain (416). Now (417) follows from
(10) as follows: Let us write Sy = 2(U — Re ¢p) for short. Then

) = 1ol =[S entz = | < el < 0 D0/ R = 5
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i.e. (4I17) holds. Similarly ([@I8) follows from (416) as follows:

f(m (2)] = ’Z (n—1) n—m+1)cn(z—zo)”_m‘
Sﬁoinm—n---(n—mm -

Landau’s method to obtain zero-free regions depends on the following two lemmas.

Lemma 11.13. If f(s) is analytic in the disc |s — so| < r and f(so) # 0, then
f'(s) 1 log M
o) 2

S <=
where the implied constant is absolute, p runs through the zeros of f(s) such that |p— so| <
1
37, and

for all s in the disc |s — so| < 37,

M i sup ;((Si))

Proof. The function g(s) = f(s)[],(s — p)~1 is analytic for |s — so| < 7, and not zero for

: s eC, \s—so|§r}.

|s — so| < 37 If s lies on the circle [s — so| = r then each p satisfies [s — p| > Lr > |59 — p|,
and hence
S() —

)g ‘ < M.

‘f (so0) ’ ’f(so)‘_

This inequality therefore holds for s 1n81de the circle also, by the maximum principle. Now
consider the function

where the branch of the logarithm is chosen so that h(sg) = 0. This function h(s) is analytic
for |s — so| < 37, and in this disc satisfies
h(so) =0, Re h(s) < log M.

Hence by the Borel-Carathéodory Theorem (cf. (@I7)) in Theorem IT.I2), for any s with
|s — so| < 3r we have

2.1y 16 log M

(%r — Zr) T

[W(s)] <
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This gives the result stated. U

Lemma 11.14. Suppose that f(s) is as in the previous lemma, and also that f(s) has no
zeros in the right-hand half of the circle |s — so| < r. Then

f'(s0) log M
f(s0) SO( g;“ )

If furthermore f(s) has a zero py between sy — %7’ and sg, then

“Re f'(so0) < O(logM) 1

—Re

fls0) — r —po
The implied constants in both big-O’s are absolute.
Proof. Lemma, gives
f'(s0) log M
—Re < ( ) Re
f(50) Z S0 —

where p runs through the zeros of f(s) such that [p — so| < ir. By assumption we have
Re (s9 — p) > 0 for each p and thus Re ( ) > 0. Now both clalms follow at once. O

We can now prove the following general theorem, which we will later apply with special
forms of the functions ¥ (t) and 0(t).
Theorem 11.15. Assume that
C(s)=0(v(1)) for all s witht>1 and 1 —0(t) < o < 2,

where ¢ : [1,00) = [e,00) is an increasing function and 0 : [1,00) — (0, 1] is a decreasing
function satisfying
(419) log(0(t)~") < logw(t), vt > 1.
Then there is a constant ¢ > 0 such that ((s) has no zeros in the region
(2t + 1
(420) 150, o>1— 2+

log(2t 4+ 1)

Proof. Let f+iv be a non-trivial zero of ((s) with v > 0. Then from Remark [[0.1] we know
that v > 6. Take oy arbitrary with 1 < gy < 2 and set sy = 0¢ + iy and s{, = g¢ + 2i7;
then recall that we have the inequality (cf. (389)):

(421) 3(- 2((;72))) +4(-Re CC/((SSS))) + (~Re CC/((SSS))) >0 Voo > L.

We have for all (cf. Problem 2.1)(a))

C(og +it)~ Z,u o0l — <Z n_”()) = 00)) = O(aol— 1).
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We set 7 = 0(2y+1) < 1. Then by the assumptions, since 6 is decreasing and 1) is increasing,
all s with 1 —r <o <2and 1 <¢ < 2y+ 1satisfy ((s) = O(¢(t)) = O(¢(2y + 1)). This
bound trivially also holds when 2 < ¢ < 3, since then ((s) = O(1), while 9(t) > e. Using
the last two bounds it follows that for all s with |s — so| < r and all & with |s' — sp| < r
we have

Cls) | _ A2y +1) )| _ o2y +1)
‘C(so)’_0< oo — 1 ) and ’((s’o) _O< oo —1 )
Applying Lemma [[T.T4] to these two discs we obtain (since % >e)
¢'(s0) 1 Y(2y+1)
22 reiy <0 (am (o)
and, if 8 > o9 — %r,
¢'(s0) 1 Y(2y+1) 1
2 R <0 (g (eE ) - s
Also recall that
¢'(00) 1
(424) ~(o0) < p—1 + O(1).

Using the last three inequalities, (422), (423), ([@24), together with (42II), we obtain

3 (27 + 1) 4
oo — 1 mm+¢f%(cm—1>)_

+O(1)+O< > 0,

oo —f

i.e. there is a constant A (i.e. a number independent of ), which we choose to satisfy
A > 1, such that

4 _ 3 A 1Og(w(2v+1)>_

+
0-0_/8_0-0_]. 9(27—}—1) 0’0—1

This implies (we here solve for 1— 3, and use the abbreviations ¢ := ¥ (2y+1), 0 := 0(2y+1),
x:=09—1)

Ax P

(425) B> s 1-8> 4 S log(E)
TP ETTA Y TPE3TA N\ YT A

S gle() S +gles(3) 2 tglel)

Let us fix a constant 0 < a < é (i.e. a number independent of 7) so small that

log(6(t)~!
(426) Aa(2+ |logal) < 1 and Aa(stlzul) %) <1
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(Note that the supremum in the last inequality is < oo, because of our assumption (419]).)

We now choose = = a@. Note that 0 < z < %, so that og = 1 4 z lies in the interval

l<og< % < 2 as it should. We also have

Az ¢, log(v/x)
R log(;) = Ag—————= = Aa<1 +

log log 1 log(a‘l)) log(6~1)
log ¢

g logd /" logd
< Aa(2+ |logal) + 1 < 1,

by ([@20). Hence the numerator in the last expression in (@28)) is > 1, and the denominator
is

3 A 4. 3 1 7T
Sy gy <24 =L,
x+90g(x)<x+2x 2"
Hence (d25)) implies
1—521:17:9 0 _a 6(2v+1) |
7 Tlogy  Tlog(2vy+ 1)

i.e. we have proved the desired bound (420)). Recall that this was derived under the as-
sumption that g > o9 — %r; but in the other case we have

0 1 0
1 1 L _Ng<1 -2~
log ¢ 20 <1+ (3 2)9 = 6log)’

i.e. (420) holds in this case as well. O

B<oy—ir=1l4+z—30=1+a

In particular we can take 6(t) = 3, ¢(t) =t + 2 in Theorem [T.I5 (this is ok by (281)) in
Proposition [7.3]); then the conclusion is that there is a constant ¢ > 0 such that ((s) has

no zeros in the region t >0, 0 > 1 — m, i.e. we have a new proof of Theorem [TT.1]

As another example we state the sharpest known zero-free region today, which was

obtained independently by Vinogradov and Korobov in 1958: There is an absolute constant
¢ > 0 such that ((s) does not have any zeros in the region

(427) t>3, o>1- - .
(logt)3(loglogt)s
This can be deduced from the following bound:
3 1
(428) C(s) = O<i§100ma"(o’l_”)2 log§ t) for all s with 3 <o<2,t>2

with an absolute implied constant. This bound follows from the (independent) work of

Vinogradov and Korobov (1958) on bounding exponential sums of the form > _ _, n™" =
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D acn<y € 18" and similar sums; cf. Richert [47] It follows from (428)) that we may take

~ rloglog(t +10)\ 5 B

in Theorem [[T.T5] and this gives the zero-free region (427)).

Finally let us remark that it is known that ((1 + it) is unbounded as t — oo (cf., e.g.
Titchmarsh [59, Thm. 8.9(A)]), and hence it is impossible to obtain from Theorem
a full vertical strip o > 1 — ¢ as a zero-free region (since the assumptions of the theorem
necessarily imply ¢ (t) — oo as t — o0).

11.4. Problems.

* Problem 11.1. Can you prove Theorem [[T.15 using the infinite product expansion of ((s)
instead of Lemma [IT.13] Lemma [IT.T4F

23Richert [47] only formulates this result for % < o <1, but it is a simple task to extend it further to
also cover 1 <o < 2.
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12. THE NUMBERS N(T') AND N(T,x)

12.1. The number N(T).

Definition 12.1. For each 7' > 0, we let N(T') be the number of zeros of ((s) in the
rectangle 0 <o < 1,0<t <T.

Recall that Riemann in his memoir made the following conjecture:

T T T
(429) N(T) = o log 57 " 5=t O(logT) as T — oc.
m

This asymptotic relation was proved by von Mangoldt (1905), and we will give a proof in
this section.

Definition 12.2. For 7" > 0, if T" is not the ordinate (viz. the imaginary part) of a zero of
¢(s), we set

(430) S(T) = —Aparg((s),

where L denotes the line from 2 to 2 + 47 and then to % +4T. If T is the ordinate of a zero
then we define S(T) = limg_p— S(T") P4

We remark that S(7") may equivalently be defined as

S(T) = larg(( +14T),

provided that the argument is defined by continuous Variation along L, or, equivalently, by
continuous horizontal movement from 400 + i7" to i 5 + 1", starting wzth the value 0, and

“going below” any zero on the line t = T. [The two definitions are equlvalent becaus.
}C(s)—l}SZZO:Qn“’ZEW —1 < 1forall s with o > 2, and also [((s)—1| < ((o)—1 =0
as o — 00.]

Theorem 12.1. We have

T T T 7 B
(431) N(T) = —logo—— o+ 5 +5(T) + 0T, ¥I'>1

Proof. Let T > 1 be given. We may assume that 1" does not coincide with the ordinate of
a zero of ((s), since the remaining case will then follow by taking a limit 7" — 7'~ (using
the fact that both N(T") and S(7T') are left continuous by definition).

24Thus we define S(T') so as to be left continuous. Note that this differs from e.g. Titchmarsh [59] who
defines S(T') to be right continuous. Correspondingly Titchmarsh also defines N (T') to be right continuous,
whereas our N(T) is left continuous

Z5Here we use the fact that ¢(2) = Z-, cf. Problem[@.5(d). However all we need here is that ((2) < 2, and
this can be proved more easily by an mtegral estimate: ((2) =14+ 34+ o n 2 <1431+ [[Ta2de=1.
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Recall that the zeros of ((s) in the strip 0 < o < 1 are identical in position and order of
multiplicity with the zeros of £(s), and that {(s) does not have any zeros outside this strip.
Cf. Corollary 0.3] Remark 0.2l Also recall that £(s) does not have any zeros for s € R (cf.
Remark [[0.]). Hence by the argument principle we have

1
N(T) = 5 Apargg(s)
where R is the rectangle in the s plane with vertices at
2, 2+, -1+, -1,

described in the positive sense. Note that for s real £(s) is real and never zero, and £(s) > 0
for large real s; hence £(s) > 0 for all real s. Hence there is no change in arg{(s) as s
moves along the base of the rectangle R. Further, the change of arg(s) as s moves from
% + 14T to —1 + 4T and then to —1 is equal to the change as s moves from 2 to 2 + i7" and
then to % + 1T, since

E(o+it) =€6(1—o —it) = &(1 — o +it).
Hence
N(T) = %AL arg £(s),

where L denotes the line from 2 to 2 + i7" and then to 3 + i7" (just as in the definition of
S(T), Definition T2.2]).

Now recall that, by definition,

£(s) = 3s(s — D 2T (Ls)¢(s) = (s — D #T(Ls + 1)¢(s),

and hence
N(T) = %(AL arg(s — 1) + Aparg(n™2%) + Ap arg(T(3s +1)) + A arg(g(s))).
We have
Aparg(s — 1) = arg(iT — ) = b + O(T™)
and

Ap arg(w_%s) = Ap(—3tlogm) = —1T log .

Next to compute Ay arg'(3s + 1) we recall that we have defined logT'(z) as an analytic
function in z € C\ (—o00,0] (cf. Definition B3]), and the definition immediately implies
logI'(2) € R for all z > 0. Hence

ApargT(3s+ 1) =Im logI'(2 + 3iT).
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Applying here Stirling’s formula (Theorem [8.17) in the version proved in Problem (with

o = 2) we obtain

ApargT(3s+1) =Im log (3 + L7
=Im [(% + 3iT) log(5iT) — 3iT + log V2m + O(T_l)}
—Im [(3 + LiT)(log(LT) + ;m)} — T4 o(T)
=1Tlog(3T) — 3T + 3n+O(T™).
Finally we have by definition
Aparg((s) =nS(T).

Collecting these facts we obtain

1
N(T) = —Ay arg{(s) =4 — 5=Tlogm+ =Tlog(3T) — =T+ 2+ O(T™") + S(T)

T T T 7
= log — — — 4+ = T .
or 085 ~on T T +OTT)

O

Now the asymptotic relation conjectured by Riemann, ([@29)), follows from Theorem 2.1
together with the following bound.

Theorem 12.2.
(432) S(T) = O(logT) as T — oo.

We will give two proofs of this result. The first proof is due to Backlund (1914,1918),
and basically only uses the fact that we have a bound on the growth of ((s) in the critical
strip, cf. Proposition [T.3l

First proof of Theorem[I2.2. (We follow Ingham [28, p. 69].) We may assume from start
that 77 > 10. We may also assume that 7" is not the ordinate of a zero of ((s), since
the remaining case will then follow by taking a limit 7 — T~. Let m be the number

(necessarily finite, as will appear) of distinct points s’ on L (excluding end-points) at which
Re ((s') = 0. Then

(433) S(T) = %AL arg C(s) <m + 1,

for, when s describes one of the m + 1 pieces into which L is divided by the points &/,
arg ((s) cannot vary by more than 7 since Re ((s) does not change sign. Now no point s
can lie on the line segment between 2 and 2 + T, since, as we have seen, |Re ((s) — 1} <
}C(s) — 1} < tm? —1 < 1 when ¢ = 2. Thus m is the number of distinct points o of the
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interval % < 0 < 2 at which Re {(0 +iT") = 0, and this is the number of distinct zeros of
the function

9(s) =3 (C(s +1iT) + ((s — iT))
on the segment % < s < 2 of the real axis. (This is so because for real s we have g(s) =
5(C(s +iT) + (s —iT)) = 5(C(s +iT) + ((s +4T)) = Re ((s +iT).)

Since g(s) is analytic, except at s = 1 £ ¢7", and not identically zero (since g(2) > 0 as
seen above), the number m is finite, and we obtain an upper bound for m by using Jensen’s
formula (Proposition B3) for the disc with center s = 2 and some radius R € [1.6,1.9]
chosen so that g(s) does not have any zeros on the boundary |s — 2| = R. P9 Note that gis
analytic in a neighbourhood of our disc since 7" > 10. Hence, if sq, ..., s, are all the zeros
of g(s) in our disc |s — 2| < R:

1 2w ]
Z 0g — = — / log|g(2 + Re™)| d — log|g(2)].
|SJ‘ 21 Jo

Note that log‘ " > 0 for each s;, and if 1 < 8; < 2 then log‘ > log > 0; hence the
above gives

_ 1 2m ;
(434) m < (log12) 1<% /0 log|g(2 + Re")|df — log‘g(Q)D.

But by (281]) in Proposition [I.3] (with § = 0.1) we have
lg(s)| < 3|¢(s +iT)| + 2[¢(s —iT)| < D)’ < T
for all s with |s — 2| = R (the implied constants being absolute). Using this together with
9(2) = 1] < ix* — 1 in [@34), we get
m < logT.

This completes the proof, in view of ([#33). O

We will next give a proof of Theorem based on studying the infinite product expan-
sion of ((s) (following Davenport’s book).

Lemma 12.3. If p = 5 + iy runs through all the nontrivial zeros of ((s) then

1
————— = 0(logT T .
;1+(T—7)2 O(logT) as T — o0

Proof. We start with the inequality (391]), which states that

¢'(s) ;Re<s— 1)

(435) —Re (s) 5

26Using Remark Bl we can simply fix R = %, say.
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for 1 <o < 2andt > 2. In this formula we take s = 2 + ¢T", where we keep T > 10,
say. For such s we have }i((j))‘ == A(n)n | < 3007 Aln)n72 = —% = 0(1), and
hence

zp:Re<

As we have seen earlier we have Re S%p > (0 and Re % > 0 for all zeros p, and since

1
s—p+Re;> <O(logT).

R 1 2—p S 1 S 1 1

e = e

s—p @2=BP+T =72 4+T—-7)?2 "4 1+(T—9)?

we obtain the assertion of the lemma. O

Two immediate corollaries of the above lemma are:

Corollary 12.4. The number of zeros of ((s) with T —1 < v < T + 1 is O(logT), as
T — oo.

Corollary 12.5.

P
~@(T—1,T+1)

We can also deduce the following:

Corollary 12.6. For any s witht > 2 and —1 < 0 < 2 and s not coinciding with a zero
of ¢, we have

/
%g: E:Sip+omyy

[t—vI<1
Proof. By Proposition [0.3] applied at s and at 2 + it and subtracted,

¢'(s)  ¢(2+1t)

¢(s)  ¢(2+it)

1 N 1 1T +3s) | 1T'(2+3it) 22( 1 1 )

s—1 1+it 2T(1+43s) 202+ lit) s—p 2+it—p/’

The first two terms in the right hand side are O(¢t™!), and by Stirling’s formula (cf. Problem

7)) we have

1V +2 1T7(2+ Lat 1 1+14
1 1-1is
:——1(1— 2 ) ot = o™,
2 B\ T o Ly +O() =0¢™)
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Furthermore (as also pointed out in the proof of Lemma [2:3) < (22:;;)) = O(1). Hence

¢'(s)
¢(s) :O(l)+zp:(s—p_2+i1t—p>'

For the terms with |y — t| > 1, we have
L 1 ’ _ 2—o0 < 3
s—p 2+it—pl |(s—p)2+it—p)| " [yt
and the sum of these is O(logt) by Corollary IZ.5l As for the terms with |y — ¢ < 1, we

have |2+ it — p| > 1, and the number of terms is O(logt) by Corollary I24l This gives the
result claimed. U

Second proof of Theorem[12.2. As before we may assume that 7" > 10 and that T is not
the ordinate of a zero of ((s). From the definition of S(7") we have

. oco+iT . C/(S> . B 2-+iT mc/(s> )
ms(r) = / sy 5= O / v )

2+2T
(436) O(logT) Z / ds,

+iT
|T— 'y\<1

where in the last step we used Corollary I2.6l Now (since ﬁ equals the logarithmic
derivative of s — p) we have for each p:

2+iT 1
(437) / Im ds = A arg(s — p),
1T S—=p

where L' is the line segment from % + 7" to 2 4 ¢7T". This last number has absolute value
< 7. The number of terms in the sum in (436]) is O(logT"), by Corollary [2.4 Hence we
conclude

7S(T) = O(logT).
U

We conclude by some remarks. Note that if the ordinates v > 0 of the zeros of ((s) are
enumerated in increasing order v; < v, < ..., then, as a simple consequence of Theorem

2.1l and Theorem [12.2]
438 n ~
(438) " g n

(Cf. Problem [211) The following result also holds:
(439) Tim (Y1 = 7m) =0.

2mn

as n — oo.
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This was proved by Littlewood in 1924; note that is it not a consequence of (438)) or of
Theorems [12.1] 12.2]

We also remark that Littlewood (1924) proved that
T
(440) / S(t)dt = O(logT) as T — oo,
0

and this indicates a high degree of cancellation among the values of the function S(7"), and

in particular shows that it is appropriate to retain the term % in Theorem [12.1]

12.2. The Number N(T, x).

Definition 12.3. For each Dirichlet character x and each T' > 0, we let N(T, x) be the
number of zeros of L(s, x) in the rectangle 0 < o < 1, [t| < T

(Note that it is no longer appropriate to consider only the upper half-plane, since the
zeros are not in general symmetrically placed with respect to the real axis.)

Theorem 12.7. For any primitive Dirichlet character x modulo ¢ > 3 and any T' > 2 we

have
T T T

(441) IN(T,x) = —log 4= — — 4+ O(log T + log q),
2 2r 27

where the implied constant is absolute.

Proof. The proof is on the same lines as the proofs of Theorem I2.1] and Theorem I2.2], but
it is convenient now to consider the variation in arg&(s,x) as s describes the rectangle R
with vertices
S—dT, B+iT, -3+iT, —%—iT,

so as to avoid the possible zero at s = —1. As before we may assume that 7' is not the
ordinate of a zero of L(s, x), since the remaining case will follow by taking a limit 77 — T~
Our rectangle R includes exactly one trivial zero of L(s,x), at either s = 0 or s = 1 (cf.
Corollary @.1(ii)), and therefore

21 (N (T, x) + 1) = Agarg&(s, x).

The contribution of the left half of the contour is equal to that of the right half, since by
the functional equation (Theorem [9.6])

(5,0 = W1 — 53 = Wer—s,,
i9q2 19q2

and thus

arg&(o +it,x) = c+argé(l — o +it, x),

where ¢ is a constant independent of s = o + it.
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Recall that by definition £(s, x) = (q/7)2¢ T (1(s+a))L(s, x). Hence (if we denote by
R’ the right half of R)

T(N(T,x) +1) = Ap arg(q/m)2¢ T + Ap arg'(3(s + a)) + Ap arg L(s, x).

Here
A arg(g/m)* ) = Tlog(g/)

and, by Problem B (with o = 1 + 1a)

Apargl(L(s+a)) =Im logT(3(3 +iT +a)) — Im log'(3(3 —iT + a))

=2Im logT'(§ + 3a + 3i7)
=2 (=4 + Ja+ L) log(1iT) ) = T+ O(T)
=TlogiT — T + O(1).

Combining these formulas we obtain

T qar T

IN(T, x) = ?logg—%jL ARrargL(s X) + O(1),
and hence to complete the proof of the theorem it now suffices to prove that
(442) Ap arg L(s, x) = O(log T + log q).

This will be done by extending Lemma [12.3] and Corollaries [2.4HI2.6] to the present situ-
ation.

Lemma 12.8. If p = S + iy runs through all the nontrivial zeros of L(s, x), then

T —7)

where the implied constant is absolute.

1
;ﬁ = O(log ¢ + log(|T| + 2)), VT e R,

Proof. The proof is completely similar to the proof of Lemma 2.3t We start with the
inequality in Lemma EI:E{L which says that for any s with 1 < o < 2 we have

ZRe

with an absolute implied constant. In this formula we take s = 2 + iT; for such s we have

5;((;;: ‘_ > et An)x( )n_s‘ <3 Aln)n? = _Cc((22)) = O(1), and hence

—Re

+ O(logq + log(|t] + 2))

1
p < O(log g + log(|T| +2)).

zp:ReS_
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Now since
Re 1 _ 2—0 > 1 > 1 1
s=p 2=BP+T -7 4+ T —7)?* " 4 1+(T—9)?
we obtain the assertion of the lemma. O

The following two corollaries follow immediately from the lemma:

Corollary 12.9. For any T € R, the number of zeros of L(s,x) with T —1 <~y < T+ 1
is O(log q + log(|T| +2)).

Corollary 12.10.

1
> == Ologa+loa(T]+2). ¥ eR

~@(T—1,T+1)

We can also deduce the following:

Corollary 12.11. For any s satisfying —1 < o < 2, |t| > 2 and L(s,x) # 0, we have

L'(s,x) 1
= —— + O(logq+log|t|).
L(87 X) ; S—p ( | ‘)
[t—I<1

Proof. The proof is quite similar to the proof of Corollary[I12.6l By Proposition[10.7, applied
at s and at 2 + it and subtracted,

L'(s,x) LQ2+it,x) 1I'(5+3) 1I7(1+ 4 + 3it) Z( 1 1 )
2+ s—p 2+4it—p/

. + .
L(s,x) L(2+1it,x) 2T(8+3)  2D(1+ %+ 1it)
By Stirling’s formula (cf. Problem B.7)) we have (since || > 2)
104 +35) 1T(1+¢+3it) 1 ( S+3
1+ 4+ it

—= = =—=1lo

2T(5+3)  2T(1+4+4i) 2°°
1 1-1o

=—=1 (1_ 2 ) -1y _ -1y
3 108(1 = g 2) + O = Ol

)+ o)

Furthermore, as pointed out in the proof of Lemma [I2.8], LL,((22::§)) = O(1). Hence

L'(s,x) 1 1
X — o (-— 50—
L(s, x) ()+; s—p 24it—p
For the terms with |y — t| > 1, we have

1 1 2—o0 3
- B }: B S 27
s—p 2+it—pl |(s=p)2+it—p)| " |yt
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and the sum of these is O(log g+log |t|) by Corollary[I2.10. As for the terms with |y—t| < 1,
we have |2 + it — p| > 1, and the number of terms is O(logq + log |t|) by Corollary 129
This gives the result claimed. 0

Finally we can now give the proof of the bound ([@42), viz.
Ap arg L(s, x) = O(log T +logq),

where we recall that 7' > 2 and R’ is the sequence of line segments going from % —1T to
% — T, then to g +¢T" and finally to % + 7.

For all s with o > 2 we have |L(s,x) — 1| < 307, n™7 < 3> ,n~2 < 3 (cf. footnote

25)); hence

2—iT / 24T /
Aparg L(s, x) = O(1) +/ Im L(s,x) ds — / Im L'(s. %) ds

L( X) LT L(s, x)
2+2T
O(logq+logT Z / ds— Z / ds,
7—7,T +iT
|—-T— 'y|<1 |T— 'y\<1

where in the last step we used Corollary [2.11] Each term in the last two sums has
absolute value < 7 (cf. (@37)), and the number of terms in each sum is O(logq + logT),
by Corollary Hence we conclude that (d42) holds, and this completes the proof of
Theorem 1271 O

Finally let us note several consequences of Theorem [I2.71 First of all a fact about the
number of zeros in certain fixed bounded intervals, as ¢ — oo:

Corollary 12.12. Given any constant C' > 0 there exists some Ty > 0 such that for every
q > 3 and every primitive Dirichlet character x modulo ¢ we have

N(Tp, x) > Clogg.
Proof. This is a direct consequence of Theorem 27 (cf. Problem 23] below). O

In particular, using the above corollary for any fixed C' > 0 shows that the estimate

> g = Ollog)

14 ~2

(which comes from Lemma with 7" = 0) is essentially the best possible.

We next give some extensions of the N(T,x)-asymptotics to the case of imprimitive
characters.
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Corollary 12.13. For every Dirichlet character x and every T > 2 we have
T c(x)T

T
1 - _
(443) sN(T, x) o log o o + O(log T + log ¢(x)),

where the implied constant is absolute.

Proof. Let x1 (mod ¢;) be the primitive character which induces x. Then ¢; = ¢(x). (Cf.
Lemma 2T and also Lemma [IT.71) Recall that L(s, x) and L(s, x1) have exactly the same
zeros in the strip 0 < o < 1, because of the formula L(s, x) = L(s, x1) [ [,,(1 — x1(p)p™);
hence N(T,x) = N(T,x1) for all T > 0.

Now the corollary follows from Theorem [I2.7] applied to x1, if ¢; > 3. In the remaining
case we have ¢; = 1 and x; is the trivial character, thus L(s, x1) = ((s) and N(T,x1) =
2N(T) (cf. Definition T2.1]), and the corollary follows from Theorem 2.7l TheoremI22 [

As we have noted in §1T1.2] the formula L(s, x) = L(s, x1) [[,,(1 — x1(p)p~*) implies that
the zeros of L(s,x) are exactly those of L(s,x1) together with the zeros of
Hp|q(1 — x1(p)p~®), and the latter all lie on the imaginary axis, ¢ = 0. For purposes
of also counting these zeros we define the following counting function:

Definition 12.4. For each Dirichlet character y and each 7' > 0, we let Nz(T, x) be the
number of zeros of L(s, x) in the rectangle —2 < o < 2, [t| < T.

(Thus if x is primitive and nontrivial then Ng(T, x) = N(T,x) + 1, cf. Corollary [@0.7])
Corollary 12.14. For all Dirichlet characters x modulo q and all T > 2 we have
T T
(444) Ng(T,x) = —logo—+ O(T'log(q + 1)),

where the implied constant is absolute.

Proof. Let x; mod ¢ be the primitive character which induces y. Then by the above
discussion we have

(445) Ng(T,x) = Nr(T, x1) + No,

where Ny are the number of zeros of Hp|q(1 — x1(p)p~*) with |[t| < T. For each p | ¢ with
x1(p) # 0 (viz. p{ ¢1) we have

—5 —(lo s N i
l—xilpp =0<c¢ (log p) =x1(p) <= s =

ogp (arg x1(p) + 27k) (k€ Z),

since |x1(p)| = 1. Note also that each of these zeros is a simple zero of 1 — x;1(p)p~*, since
41— x1(p)p~*) = x1(p)p~*logp # 0 for all s. Hence the number of zeros of 1 — x;(p)p~*
with [t| < T'is < O(Tlogp+ 1) = O(T'log p), and thus

(446) No <) O(Tlogp) = O(T'logq).

plg
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(This is true also for ¢ = 1, since then Ny = 0.) We also have Ng(T,x1) = N(T,x1) + 1
(if ¢ > 3) or Ng(T',x1) = N(T,x1) = 2N(T) (if x1 = 1), and hence by Theorem [I2.7] or
Theorems we have

ro gl T T T
Ngr(T, x1) = — logg - + O(logT + logql) = log oy + O(Tlog(q1 + 1))
T T
(447) = —log — + O(Tlog(q + 1)).
T 2m
The corollary follows from (445), (446), (447). O

12.3. Problems.
Problem 12.1. Prove ([@38)). [Hint. Compare Problem [7.11]

Problem 12.2. Give an alternative proof of the bound (442), by imitating the first proof of
Theorem [12.2], on p. 193]

Problem 12.3. (a). Prove Corollary 12.12]

(b). Prove the following generalization of Corollary Given any constant C' > 0 there
exists some Ty > 0 such that for every ¢ > 1, every primitive Dirichlet character x modulo
q, and every T > 0 we have

N(T + Ty, x) — N(T,x) > C(log g + log(T + 2)).
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13. THE EXPLICIT FORMULA FOR ()

(Davenport Chapter 17.)
ifn=yp"

]
Recall that A(n) = {Oogp erice
otnerwise.

Definition 13.1. We set
(448) Y(x) =Y An)
n<x

This is sometimes called Tchebychev’s (auxiliary) ¢-function.

In this lecture we will prove von Mangoldt’s formula which expresses ¢(z) as a sum over
the zeros of Riemann’s ((s). This formula was stated in Riemann’s memoir (1860) and
proved by von Mangoldt in 1895.

The function v (x) has discontinuities at the points where z is a prime power, and in
order that von Mangoldt’s formula remain valid at these points, it is necessary to modify
the definition by taking the mean of the values on the left and on the right:

Definition 13.2. We set

(449) dol) = 5 (Jim (1) + lim (1)),

t—axt

In other words, ¥o(z) = ¢ (x) when z is not a prime power, and ¢y(z) = ¢(z) — LA(z)
when z is a prime power.

Theorem 13.1. For any x > 1 we have
xP (0 1 _
(150) vle) =2 =37 SO g,

where p runs through all the nontrivial zeros of ((s), and the sum is to be understood in
the symmetric sense as

(451) Jim. Z —  (p=B+i).
M<T

We will give the proof for x > 2, and leave the case 1 < x < 2 as an exercise; cf.
Problem [I3.1] below.

Remark 13.1. In ([@50) we may note that C = log 27r; this follows from Proposition [1
and ([B74) in Proposition 0.4l
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The basic idea of the proof of Theorem [I3.1lis to use the discontinuous integral

| petico s 0 if0<y<l,
Y .
e 1 ify>1

(true for any ¢ > 0; see Lemma [I3.3] below for a more precise statement), to pick out the
terms in a Dirichlet series with n < z, by taking y = x/n. Since

(453) S A(m)n = _¢6s)

¢(s)

for ¢ > 1, we may hope to obtain

5 i o [T (S

for ¢ > 1, at least with some appropriate interpretation of the integral (see Lemma
below for a precise statement which gives the above identity upon taking 7' — oo). Finally
we try to move the contour in ([@54) to the left, all the way to ¢ — —oo. Clearly, on
a formal level, this gives ([@50), since the right hand side in ([@50) is just the sum of all

residues of _%’((;))x_: (in particular the residues coming from the trivial zeros of ((s) at
s=—2,—4,—6,... add up to — 300 T = _log(1 —z72)).

When carrying out the details of the argument outlined above it is best to work through-
out with an integral over a finite interval; 5 [ et (—CI(S)> £ ds (with T large), and bound-

) 27i Je—iT ¢(s)
ing all errors uniformly with respect to x and 7. This eventually leads to the following
theorem, which immediately implies Theorem [I13.1, but is more precise and more useful:

Definition 13.3. For z > 0 we let (z) be the distance from x to the nearest prime power,
other than x itself in case x is a prime power.

Theorem 13.2. For any x > 2 and T > 2 we have

= — I—p — @ - 1 0 — 2 T
(455) o) = %:T e~ 3losl— )+ R@ D),
where
xlog?(zT) , x
(456) |R(z,T)| < g# + (log x) mm(l, T(:c>)’

where the implied constant is absolute.

We will give the proof in the next several pages, proving several lemmas as we need them
along the way.
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Lemma 13.3. Set

1 +iT s 0 f0<y<1,
Y .
. 1 ify> 1.
Then, for anyy >0, ¢c>0,T >0,
C i 1 1 ) . 1
(458) ‘](ij) _ 5(y)‘ < {y IIllIl( ' 7T log y] ny #
= ify=1.

Proof. Suppose first y > 1. By the residue theorem we have

L, J ds = Resszoy— =1,

2m Jo s s

where C' is the rectangle with vertices ¢ — T%, ¢ + 1%, —X + T%, —X — T, described in
the positive sense, with arbitrary T > 0, X > 0. Let X — oo, keeping T fixed. Then the
integral along the side (=X + T'i, —X — T") tends to zero, since the path is of fixed length
2T and |y*/s| <y~ /X < 1/X for all s on the path (since y > 1, X > 0). Hence

1 c+T1 1 c—T1 ys 1 c+T1

— Y ds=1-— Yods+ — Y ds=1—J,+ J,

21t Jo_p; S 21t J _oo_7i S 27 ) _orri S

say. Here J; and J, are absolutely convergent and

1 c ycr yc
Jo| < — —do = ——.
2‘ 2T /_OO T 7 2nT logy
This proves the bound |I(y, T)—d(y)| < #ﬁ)gy‘. It remains to also prove |I(y,T)—d(y)| <

y¢, and this is most easily proved by replacing the vertical path of integration by the arc
I of the circle with center 0 which goes from ¢ — i7" to ¢ + ¢1T" and which lies to the left of
o = c. By the residue theorem we have

‘J1}7

1 c+iT s 1 s
D y— ds =1 + — y— dS,
21t Jo_im S 2mi Jr s

and here, since the circle of which I" is part has radius R = v/c? + T2,
L [y L y°
Ve Mgy
’2%@' /1“ s IS o R Y
and this completes the proof of (458) in the case y > 1.

The case y < 1 is entirely similar (cf. also the proof of Lemma [8]), we take both the
rectangle C' and the circle arc I to lie on the right of o = ¢, and there is no residue inside
the paths of integration.
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The remaining case y = 1 is easily treated by direct computation. With s = ¢ + it we
have

1 c+T4 d 1 T — it 1 T
— _S = — 76 ! Zdt:—/ 70 dt {t:CU}
270 Jooqpi S 2w J_p 2+ 12 T 2+ t2
1 Te 1 11 1
= —/ du = - — —/ du,
T Jo 14u? 2 T/Cl—i-u2
and the last integral is positive and < 1 ;jc ZZ = . U
Now define
1 c+iT C/(S) s
459 J(z,T (-5 )% ds.
( ) (x ) 27”’ c—iT C(S) S ’
Lemma 13.4. For any x >0, ¢ > 1 and T > 0 we have
1 c
460 J(z,T) A(n ( 7) © Aa),
(460) ‘ (x, Z )(z/n)¢ min TToga/n) + T (x)

(n#)
where we understand A(x) := 0 unless x is a prime power.

C (5) =3  A(n)n"*% for o > 1 we have

c+iT 00 c+iT (x/n)s
J(@,T) 27?@/ _ds_ZA 27?@/ s s,

T

where the change of order is permltted since the sum Y 2 A(n)n™* is known to be uni-

formly convergent for all s on the finite path of integration. Applying now Lemma 3.3
(where we sacrifice some factors m in the denominators) we get

‘ ZA 5(x/n) ‘ < i An)|— / o (5’3/8”)8 ds — 8(z/n)
(na)

— 21 Joir
n#x

+ ZA@)

1

< 3 A)(/n) min(1, W) + ZA@).

NE

Nl

(

nz)
This completes the proof, since Y >, A(n)d

1
(x/n) = o(x). O
Next by estimating the series on the right of ({{60) we will prove:

Lemma 13.5. Foranyxz >2, 1 <c <3 and T > 0 we have

+ (log x) min(l, T?@)

x¢ rlogz

Te—1) T

(461) |, T) - ()] <
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Here and below all implied constants are absolute.

Proof. We first consider all terms in (@G0) for which n < 2z or n > 2z. For these, | logz/n|
has a positive lower bounds, and so their contribution to the sum is, if we assume from
nowon 1 < c <3,

C

2° — e 10 ((c) x
(462) < T;A(n)n - T<_ <(C)) <=1

Consider next the terms for which %x < n < x. Let z; be the largest prime power less
than z; we can suppose that %x < x1; < z, since otherwise the terms under consideration
vanish. For the term n = z1, we have?]

logE = —log(l —
n
and therefore the contribution of this term to (@60) is

) < (log z) min(l, ﬁ)

ZL’—ZL’1> Tr— 1
>
T

< A(flfl) min(l, ﬁ

For the other terms, we can put n = x; — v, where 0 < v < il’, and then

logg >logﬂ:—log(1—1> >
n n

r1/ T T

Hence the contribution of these terms to (#60) is

z1logx 1 xlog? x
< Y A(xl—l/)-%<< ng >, o< ;j .

0<v<iz O<v<iz

The terms with x < n < %x are dealt with similarly, except that x; is replaced by s,
the least prime power greater than x. [Details: We can suppose that x < x5 < %x, since
otherwise the terms under consideration vanish. For the term n = x5, we have

’logf’ = —log(l _ —x) > 27
n Hip) o)
and therefore the contribution of this term is

< A(x9) min(l, %) < (logx) min(l, m>

For the other terms, we can put n = x5 4+ v, where 0 < v < ix, and then

Y

T T To v v v
‘log—‘:—log—>—log—:—log<1— )2 > —.
n n n To + V To + V T

2THere and several times below we use the inequality —log(1 — ) > ¢ for all 0 < ¢ < 1, which follows
from the Taylor series —log(1 —¢) = > o2 n~ 1t
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Hence the contribution of these terms is

T zlogx 1 xlog? x
< Y Ay +v) 7 < Tg > - < 7% o]

0<v<iz 0<v<iz

The lemma follows by collecting the above estimates, and noticing that the last term
. : X 10, 21}
£A(z) in (@OO) is < H&-L, O
We next optimize the choice of c:

Corollary 13.6. For any x > 2 and T > 0, if we take ¢ = 1+ (logz)™! in the integral
J(x,T), then

zlog?x

(463) | J(z,T) — o(z)| < + (log x) min(l, i)

T(x)

Proof. Direct from Lemma [I3.5 since ¢ = 1 + (logx)™! gives 1 < ¢ < 3 and #:1) =
exlogx zlog?x
T L TR O

The next step is to replace the vertical line of integration in J(x,T) = ﬁ fccjg (— CC/((j))) % ds
by the other three sides of the rectangle with vertices at

c—1iI, c+qI, U+, -U-—1T,

where U is a large odd integer, and where we keep ¢ = 1 + (logz)™! as in the corollary.

Thus the left vertical side passes halfway between two of the trivial zeros of ((s). The sum
of the residues of the integrand at its poles inside the rectangle is (since —% has residue
—1 at s = 1, residue 1 at each simple zero p of (; residue 2 at each double zero p of (, etc.)

) z=2m
D Pl ORI Sl

[v|<T 0<2m<U

Hence, so long as there is no zero p = 8 + iy with v =T, we obtain

RN w0 p2m
(464) J(x,T>:—./(— s+ {3 Z SO L
2 J ) ) s D R D=
where L is the broken line going from ¢ — T to —U — T, then to —U + 4T, then to ¢+ T

In order to have good bounds on the integrand along the horizontal sides of L we wish to
stay as far as possible away from the zeros of ((s). We achieve this as follows: Start with
an arbitrary 7' > 2, say. Then by Corollary [2.4] there are at most O(logT') zeros p = S+i7y
with 7' < v < T + 1. Hence by replacing T by an appropriately chosen 7" € [T, T + 1] we
can ensure that

(465) [y = T| > (log 7)™
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for all the zeros p = 3 4 ¢y. Note that the new T still satisfies T' > 2.
We recall further Corollary [12.6] which implies that

¢'(s) 1 o
(o) = 2 5=, 0lsT)
[v—=T|<1

for all s = 0 + 4T with —1 < ¢ < 2. With our present choice of T satisfying (463), each
term s%p is O(log T'), and the number of terms is also O(logT'); hence
(o +iT)
C(o+1T)

— O0((logT)?) for —1<o<2.
i’(((‘:__g)), and hence the contribution from LN{-1 < ¢ < 2}
to f, (~5) 5 ds s, since ¢ = 1+ (loga)

The same bound also holds for

¢ 4 logT)?1 a° yo=c  2¢(logT)? _ x(logT)?
466 log T dor = ] < .
(466) < /_1( ogT) T T logzlo=—1 T'logx < Tlogx
In order to bound the integrand in [ I (—g((j)))m—: ds for the remaining part of L, i.e. that

part of L which lies in the half plane {o < —1}, we first prove:
Lemma 13.7. Let D C C be the half-plane {oc < —1} minus a disc of radius % around
each of the points s = =2, —4,—6,.... Then

28\ <log(2ls|), VseD,

where the implied constant is absolute.

Proof. This is an easy consequence of the functional equation. It is easiest to use the
functional equation in its unsymmetric form, cf. Problem [0.2)(a):

C(1—s) =2(2m) " cos(Zs)T(s)¢(s).

Taking the logarithmic derivative of this relation we obtain

¢A—s) _ I'(s)  ('(s)
_m = —log(2m) — %7? tan(%ﬁs) + T(s) + o)
Thus, replacing s with 1 — s:
(467) ~86) _ og(am) — dreot (bms) + =) £U=9)

¢(s) Fl-s)  ¢(1-s)
This is an identity between meromorphic functions in the whole complex plane. Assuming

now s € D, the complex number 1 — s has real part > 2, and thus %/((11__;)) = O(1). We also
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have, by Problem [8.7]

(1 —s)

T sl =s)+ O(11 = s|™") =log |1 — 5| + O(1) = O (log(2]s])).-

Finally we have cot(3ms) = O(1) for s € D. [Proof: Since f(s) = cot(3ms) satisfies
f(3) = f(s), it suffices to prove f(s) = O(1) for s € D with ¢t > 0. Now note that

e%m's + e‘%m's 1 4 e™is
f(S) =1 Lois —Llris - _1 mis '
€2 — e 2 — €
Here Re wis = —nt < 0 so that }e’ris} < 1. Note also that if €™ is close to 1 then
o = arg(e™*) is close to 27k for some k € Z, and 7t = — log}e”s} is close to 0, so that

s must lie in the disc of radius % about the point 2k, contradicting the condition s € D.
Hence |1 — e™| > 1 holds for all s € D. Since also |1 4 ™| < 1+ [e™¥] < 2 we conclude
that f(s) = O(1) for s € D.] These bounds together with ([A67) give the lemma. O

It follows from the above lemma that for s on the horizontal parts of L N {o < —1} we
have

¢'(s) 2*

((s) 5
since 7' > 2 and (logu)/u is a decreasing function for u large (in fact for all u > e). Hence

the contribution from the horizontal parts of LN {o < —1} to fL(—CC/((SS)))%S ds is

log(2|s|) , logT
s ST

(468) <

logT [~ logT[ a7 jo=-1 log T
og/ :og[x} <<og

7d .
T _UCE 7 T llogxlo=—v  Txlogzx

Similarly, on the vertical part of L we have

((s) ot _logU
C(s) s u
and thus the contribution from the vertical part of L to | L(—CCI((;)))%S ds is
logU [T U TlogU
469 dt :
(169) < [ ava< T
Combining (H66]), (468), ([69) we have now proved
' : log®T  logT Tl
/(_C(S))x_dsz()(x og” " logT ogU>.
L. C(s)’ s Tlogx  Txlogx UzV
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Note here that the second error term is subsumed by the first. Using the above bound in
([@G4), and then letting U — oo (which makes the error term 22Y tend to 0) we get

UxU
_ v (0)  omawlog?T
J(%T)—I_;T?_W_;_QmjLO(TlogI)

B P C/(O) 1 _9 X log2 T

) _x_I%T?_W_§1Og(1_x >+O<Tlogx)'

Finally using this together with Corollary we obtain the formula (455)—(@56) stated in

. 2 2. 2 2
Theorem [I3.2] (since the sum of the two error terms mTl‘l’fgg and H8-L iy  log Thelos o o

z log? (zT
gT( )).

Note that we have proved this formula subject to a restriction on 7', cf. (@63, but this
can now be removed: The effect of varying T by a bounded amount is to change Z| S|<T %
in ([@55) by O(logT) terms, and each term is O(x/T); hence the change of the sum is

O(%), and this is covered by the estimate on the right of (456]). 00O

13.1. The prime number theorem — again. (Davenport Chapter 18.)

Using the explicit zero free region for {(s) which we proved in Theorem [[T.1] we will now
prove the prime number theorem with an explicit error term. We could do this by going
through the same steps as in §7, now being able to be more explicit about the choice of
path L in §7.4 However now that we have proved the explicit formula for ¢y(x), we are
able to reach our goal in a much quicker way:

Theorem 13.8. There is an absolute constant ¢ > 0 such that

(471) Y(x)=x+ O(ze‘c‘/@) as T — oo.

Proof. Tt clearly suffices to prove the claim for integers © — oo. Thus from now on we
assume that x > 2 is an integer. Recall from Theorem [13.2] that, for any 7" > 2,

= — $_p _ @ _ 1 0 _ ZE'_2 T
(472) () = %:T > "t " 30—+ R@ D),
where
(473) |R(z, T)| < :Clog#(ﬂﬂ) + (log z) min(l, fo)) < xlogT(:cT)7

where the implied constants are absolute, and where the last step follows from (z) > 1,
which is true since x is an integer. It follows from Theorem [[T.T] that there is some absolute

constant ¢; > 0 such that § <1 — 27 holds for each zero p = § +ivy of ((s) with [y| < T.
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Hence for each p in the sum in (472]) we have

log x

‘:)sp} =P < pe T MioeT

and thus

:L’p —c log = 1 _ log x 1
—| < we” “ToeT — = 2xe “'losT —.
> 2T > S

lvI<T ly|<T 2<y<T

(Recall that |y| > 6 > 0 for all p.) Here by partial summation, if N(7") denotes the number
of zeros in the critical strip with ordinates between 0 and 7" (as in Definition [2.1]):

1 r N(T r TlogT
Y oo- / () = 20 +/ 12N (L) dt < logT+/ 8 gt < log?T,
9crer | 2 T 2 2 t
where we used N(t) < tlogt for ¢ > 2, which follows from Theorems I2.1], I2.2l Hence
P og

‘ > z—’ < z(log T)%e 1o

i<t 7
Using this together with ([A72)) and ([@T73]) we get

2
(4T8)  0(e) = tnla) + Olloga) = o + Ologa -+ aflog e~ BT + TELED)),

This is true for all integers x > 2 and all T > 2. Let us now keep x > 3 and choose
T = V182 (thus T > e > 2); then log T = v/log z, and we thus obtain

(logz + v/log z)?
ovoge )

But note that for any fixed constant § > 0 we have log z < log® < €?V'8® as x — oo (cf.
footnote [I6]). Hence if we fix ¢ to be an arbitrary constant satisfying 0 < ¢ < min(¢y, 1),
we get

(476) Y(x) =2+ O(ze‘c\/@) as T — o0.

(475) U(z) =2+ O(logm + z(log z)e~crvicer 1 -

This completes the proof. O

Remark 13.2. We give some motivation for the choice of 7" in ([@T74]): Assume that z is large.
It is easily seen that the term “log 2” is subsumed by at least one of the other error terms in

: — logz . . . . 1 2 T
([@74)); and since z(log T)%e”“'1sT is an increasing function of 7' and =227~/ OgT(m )

function of T' (at least when 7" > 10), the optimal choice of T" is to make z(log T’ )26_01%
and M roughly equal. Thus, taking the logarithm, we wish to choose T so that
logx +2loglogT — ¢y 11;’5; ~ log x + 2loglog(zT) —log T'. Here the two “logz” cancel, and
it seems reasonable as a first try to assume that the log log-terms are negligible. Hence we

are led to choose T so that ¢; 11;)5; =logT, viz. logT = \/cilogxz and T = eVerlos®  And

indeed, this choice of T gives the end result ¢(x) = x40 <:Ee‘CV logm) , where ¢ is any positive

is a decreasing
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constant satisfying ¢ < \/cy. It is now also easy to see that this is essentially the best
log =
possible bound that can be deduced from (@74, for if T' > eV1'8% then x(log T)Qe_q% >

—c log x

1B _ : log2 («T _ :
xe Verlesr — pemvVealogT gand if T < everlos® thep %@) > ge~VelosT je the error term
in (@T4) is always > xe~Verlose,

Theorem 13.9. There is an absolute constant ¢ > 0 such that

(477) m(x) = Lixz + O(:Be_“logx) as T — oo.

This is the form of the prime number theorem proved by de la Vallée Poussin 1899.

Proof. This follows as a simple consequence of Theorem using partial integration. (Cf.
Problem 3.6 and Remark [611) First of all recall from Remark 6.2 that ¢ (z) — O(v/z) <
Y(z) < ¢(x) as © — oo; hence Theorem implies (with the same constant ¢ > 0)

(478) Y (r) =2+ O(xe‘“log:”) as T — 00.

Next, since J(x) := > _ logp and 7(z) ==} _ 1 we have

(479) r(a) =3 1= /2_ L oy = 2@ /2 L ) dy.

logy - log x ylog’y

Using now (478), which must in fact hold for all > 2 if we take the implied constant
sufficiently large, we obtain:

p<z

T re—cViogz o1 z g=cVlogy
(480) = ——+0( )+/ : dy+0</ C e dy)
log x log z o log®y o log”y
Here by integration by parts (“backwards”; cf. the first line of the proof of Lemma [6.1]):
x | T ody 2
481 dy = = Li 1).
(481) log:c+/2 log®y Y /2 logy+log2 iz+0(1)

Furthermore, regarding the last error term in ([@80Q), for all y € [/, z] we have /logy >

\/%logz > %\/log:z, and hence if x > 4 then

z ,—cylogy Vz x
/ 672 dy < / dy + / ¢ 2eVioaw dy < ze 2eVIoeT,
2 log”y 2 Nz
Hence we conclude
m(x) =Lix + O(:ce_%“log:”)

This proves [ T7), with 3¢ in place of c. O

28This is better than the restriction we obtained in the proof of Theorem 38 “c < min(cy,1)”, but this
is of course important only if one is interested in giving an explicit value for ¢ (which would also require
that we first give an explicit value for ¢;).



214 ANDREAS STROMBERGSSON

Remark 13.3. By estimating f; e;:gzloygy dy a bit more carefully one sees that one can actually

take the constant ¢ in ([ A77) to be the same as in Theorem [[3.8] (as opposed to “3¢” which
we obtained in the above proof). See Problem [I3.2] below.

Remark 13.4. Note that the deduction in Davenport’s book of Theorem [13.9] from Theo-
rem 477 is slightly different from what we did above, since he uses m(z) = >, _, 1[; gﬁ as
an intermediate function between 1 (z) and 7(x), whereas we used ¥(z) as an intermediate

function.
Remark 13.5. Theorem was improved to

(log z)
(log log z)1/%
independently by Vinogradov and Korobov in 1958. (Cf. Problem 3.3 below.)

3/5

(482) m(x) =Liz + O(x exp(—c )) as T — 00,

Finally we point out how much better error term we would obtain in the prime number
theorem if we assume the Riemann Hypothesis, or a vertical strip as a zero-free region.

Proposition 13.10. If there is an absolute constant % < © < 1 such that g < © holds for
all zeros p = B+ iy of ((s), then
(483) Y(z) =z +0(xPlog’z) and nw(x)=Liz+ O(z°logx) as T — oo.

In particular if the Riemann Hypothesis holds, viz. © = =, then

1
27
U(x) =x+ O(ZE% log?z) and w(z)=Liz+ O(ZE% log ) as T — oo.

Proof. Mimicking the proof of Theorem [13.8 but using the fact that we now have ‘:E”} =
2? < 29 for all p in the sum in ([@T2) we get
xlogz(:cT)>
T Y

for all integers > 2 and all T > 2. Here for large x we take T' = 2'~©; this gives the first
relation in ([E83). (As in the proof of Theorem [[3.8 we first obtain this relation only for all
large integers x, but this implies that the relation actually holds for all large real x.)

Next mimicking the proof of Theorem [3.9] but using ¥ (z) = = + O(2° log® z) in place
of Theorem [13.8 we obtain

© 1002 T 01002 x

ﬂ(x):LiijO(ij/ &gzydy):hx—ir()(xglongL/ yg_ldy),
logx 2 ylog'y 2

and this leads to the second relation in (483). O

b(@) =2+ 0(1+2%(log T)? +

Let us also note a converse to the above result:

Proposition 13.11. If ¥(z) = z + O(x%) as x — oo, for some fivzed « < 1, then f < «
for all zeros p = 5+ iy of ((s).
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Proof. Recall from (I16]) that

_¢ S) = s/m@b(z)x_s_ld:z (0 >1).

Now define R(z) by ¢ (z ) = x + R(x); then
¢'(s)
¢(s)

We proved this for o > 1, but 1f¢(a:) =2+4+0(z%) as  — oo then R(z) = O(x%) as © — o0
and hence the integral fl x)x~*" ' dz represents an analytic function in the half-plane

- s/ “dr+s R e ldp = 2 T+ s/ R(zx)x*" ! da.
1 1

S —

{0 > a}, so that the above relatlon gives a meromorphic continuation of C( to {o > a}

with no poles except a simple pole at s = 1. This implies that {(s) does not have any zero
s with o > «a. O

13.2. Problems.
Problem 13.1. Prove Theorem [I3.1]in the case 1 < z < 2.

Problem 13.2. Let ¢ be an arbitrary positive constant. Prove that

* g—cV/IoEy po—cvIoET
/ s—dy < ——5— as T — 00,
o log®y log” x
and conclude from this that if ¥(z) = = + O(:L'e_CVIOg:”) as * — 00, then w(r) = Lix +
ze—cViosw
O( Tog 7 ) as r — 00.

Problem 13.3. By using the zero-free region (d27) proved independently by Vinogradov and
Korobov in 1958, prove that there is an absolute constant ¢ > 0 such that

1 3/5
(484) m(x) =Liz + O(x exp(—c%)) as T — 00.
Problem 13.4. Prove that for every x > 1,
2

e )
‘“(z)‘?_;pww”«o Y

where in the first sum, p runs over all nontrivial zeros of ¢ (s)
[Hint. This can be proved by mimicking the proof of the explicit formula for ¢ (z) in the
present section. However things can be very much simplified in this case of ¢, (z)!]

27" 27"—1

r=1
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14. THE EXPLICIT FORMULA FOR %(x, X)

Definition 14.1. For any Dirichlet character x we set
(485) ¥la,x) =Y x(mAn).
n<x

We also set
1
(486) vo(,x) = 5 (lim ¢ (t, x) + lim ¢(7, x)).

Thus ¢o(z, x) = ¥(z, x) when z is not a prime power, and o (z, x) = ¥(z, x) — 3x(z)A(x)
when z is a prime power.

The sums 9 (z, x) play much the same part in the prime number theorem for arithmetic
progressions as that played by ¥(z) in the prime number theorem itself, but now there is
an aggregate of ¢(q) such sums, one for each charater, instead of a single sum.

To start with we prove the analog of Theorem [[3.21 As usual we write a = 0 if x(1) =1
and a = 1 if x(1) = —1. Let us also define b(x) to be the 0th coefficient in the Laurent

expansion of LLI((SS;’:)) at s = 0. Thus b(x) = LL/(((?’;‘)) if x(—1) = —1, while
r 1
(487) if x(—=1)=1: % = +b(x) + O(s) as s — 0.

(Note that b(x) can be expressed in terms of B(x) using Proposition [10.7])

Theorem 14.1. For any q > 3, any primitive Dirichlet character x modulo q, and any
x>2,T>2, we have

a—2m

(483)  dole)=— 3 L (l—a)logr—bx) + > o + R(z, T),

2 —
<t P mea

m=1

where the sum is taken over all the nontrivial zeros p = B+ iy of L(s, x) with |y| < T, and

(489) |R(z,T)| < %logz(qa:T) + (log z) min(l, ﬁ)

where the implied constant is absolute.

The proof is a direct mimic of the proof of Theorem [13.2, and as in that proof we prove
some lemmas as we need them along the way (note, though, that some of the lemmas in
the proof of Theorem [[3.2 can be used without any modification).

We let x be a fixed primitive Dirichlet character modulo ¢ > 3. Let us define

(7).

1 c+iT

490 J(x,T) == —
( ) (ZE, ) 271-2 oiT
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Lemma 14.2. For any x >0, ¢ > 1 and T > 0 we have

1 c
(491) [ J(x,T) = ol )| Z A(w) (/n)* min (1 W) + ZA@)
(n#)
where we understand A(x) := 0 unless x is a prime power.
Proof. Since —LL/((SS;’:)) => > x(n)A(n)n=° for o > 1 we have
1 cHiT 5 o0 1 c+iT (I’/TL)S
T)=— An)n™° —ds = A(n)—
S ) = 5 [ Sox A Tt = >y [

where the change of order is permitted since the sum Y>> x(n)A(n)n™* is known to be
uniformly convergent for all s on the finite path of integration. Applying now Lemma [13.3]
(where we sacrifice some factors 7 in the denominators) we get

60.7) = Y-\ /)] < Y- Al \zm/*ﬁ#ds—wm\

(n;ﬁx
1

n)(z/n)° mm( ,W) —I—%A(x).

w*nMEE

This completes the proof, since Y -, X(n)A(n)é(:c/n) = oz, X). O

Corollary 14.3. For any x > 2 and T > 0, if we take ¢ = 1+ (logz)™! in the integral
J(x,T), then

zlog? x

(492) (2, T) — vo(x, )| < + (log ) min(1,

)

Proof. This follows from Lemma exactly as in the proof of Lemma together with
Corollary I3.6] since the right hand side in (91]) is identical with the right hand side in

(@60). O

We next replace the vertical line of integration in J(z,T) = ﬁ CC_JFZZTT( LL(SX ) ds by
the other three sides of the rectangle with vertices at

c—iT, c+il, —U+il, —U—

where U is a large integer = 1 + a (mod 2), and where we keep ¢ = 1 + (logz)™! as in

the corollary. Thus the left vertical side passes halfway between two of the trivial zeros of
L(s,x). The sum of the residues of the integrand at its poles inside the rectangle is (since
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( ;‘)) has residue 1 at each simple zero p of L(s, x); residue 2 at

each double zero p of L(s, X): etc.)

Ll(s7
L(s, x) has no poles, and 7

xP '(s,x) 2* p@mma)
_ Z = —Ress:(](i((s’;())?) - Z “@m—a)

0<2m—a<U

If x(—1) = —1 then L(0, x) # 0 and hence Ress:()(LL’((;:;c)) %) — LL’((&;)) = b(x). However, let

us now assume x(—1) = 1. Then the function L) 2* yas a double pole at s = 0. To get

L(s,x) s
h9ld of the residue we use ([@87) and dils:cs = (log z)x® to see that the Laurent expansion of
—LL((Z’;‘)) Zat s =0is
L'(s,x) z* 1 1 1 1
X T _ (1, >._.(1 ] 2):— 1 b(xy))~ + O(1).
T05.x) s (S—l— (x) +O(s) ; + (log z)s + O(s”) 82+(og:c+ (X))S—l—O( )
Thus
L'(s, x) z°
— =) =1 .
Ress_o( T 5 ) ogx + b(x)

Hence in general, so long as there is no zero p = § + ¢y with v = T', we obtain

(193)
J(x,T)—L/F(—L/(S’X))fds—{zx—p+(1—a)1oga:+b(x)+ ) ﬂ_))}

271 L(s,x)/ s G p s —(2m —a

where I' is the broken line going from ¢ — T to —U —iT', then to —U + T, then to ¢+ T

In order to have good bounds on the integrand along the horizontal sides of L we wish
to stay as far as possible away from the zeros of L(s, x). We achieve this as follows: Start
with an arbitrary 7' > 2, say. Then by Corollary there are at most O(log(qT")) zeros
p =P +iy with T <~ < T+ 1. Hence by replacing T by an appropriately chosen
T" € [T,T + 1] we can ensure that

(494) Y =T >

log(qT)

for all the zeros p = 3 4 ¢y. Note that the new T still satisfies T' > 2.
We recall further Corollary [2.11] which implies that

L'(s,x) 1
Ty Z P + O(log(qT))

[v—T]<1
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for all s = 0 + 4T with —1 < ¢ < 2. With our present choice of T" satisfying (494]), each
term STlp is O(log(qT)), and the number of terms is also O(log(¢7")); hence

L'(o+1T, x)

——= =01 T f —1<o<2

L(o 41T, x) (og (g )) o =7=
The same bound also holds for LL((Uﬂ and hence the contribution from 'N{—1 < o < 2}
to [.(— L(j;‘ )£ ds is, since ¢ = 1+ (logz) ™",

7 1 T o=c Cl 2 T 1 2 T
(495) < / log?(¢T) = do = —2 (4T) z°log™(qT) _ wlog”(¢T)
-1

T T [logx]a_—l T log x T logx

L ((85 ;‘) )£ ds for the remaining part of I', i.e. that

part of I" which lies in the half plane {o < —1}, we first prove:
Lemma 14.4. Let D C C be the half-plane {o < —1} minus a disc of radius 1 around
each of the points s = —a,—a — 2, —a —4,.... Then

L/

In order to bound the integrand in fr(

(s
L ‘ < log(qls)), Vs e D,
where the implied constant is absolute.

Proof. We use the functional equation in its unsymmetric form, cf. Problem [@.2(b) (applied
with X in place of x):

L(1—s,x) = E(X)Ql_sﬂ_sqs_% COS(%W(S — a))F(s)L(s,Y),

m\»—t

where (x) = ( (thus |e(x )} = 1). Taking the logarithmic derivative of this relation we
obtain
L'(1—s,x) ["(s) | L'(s,X)
—— 22 —logq — log(2m) — % ir(s — e
T —s) ogq — log(2m) — irtan($m(s — a)) + I'(s) + (5. %)
Thus, replacing s with 1 — s:
L(5,%) Mi-s)  L(1-5%)

4 - 22 =log q — log(2m) — Lmcot (2 e
(496) T05.2) og q — log(27) — imcot(3m(s +a)) + =5 " I(1=s%)
Assuming now s € D, the complex number 1—s has real part > 2, and thus L(ll - ;‘)) =0(1).
We also have 11:((1 8) = O(log(2]s])) and cot(3m(s +a)) = O(1) for all s € D, exactly as in
the proof of Lemma [I3.7 These bounds together with (496]) give the lemma. O

It follows from the above lemma that for s on the horizontal parts of I' N {o < —1} we
have

]
og(qlSDxa < log(qT) .,
|s] T

‘L’(s, X) x*
L(s,x) s
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since 7' > 2 and (logu)/u is a decreasing function for u large (in fact for all u > e). Hence

the contribution from the horizontal parts of ' {oc < —1} to fr( s x)> ds is
log(qT) / ! log(qT) o=—1 _ log(qT)

107 gaT) [ o gy BT [ 7 o= JoglaT)
(497) < T U v T logxlo=—U < Txlogx
Similarly, on the vertical part of I' we have

D(s )| _ losal)

L(s,x) s U ’
and thus the contribution from the vertical part of L to [i.(— L((; ;‘) )£ ds is

log(qU) / "y, Tlog(qU)

498 dt €« ————=.
(498) ST LY S T

Combining ([#95)), (497), (A98) we have now proved

L'(s, )\ zlog*(qT) | log(¢T)  Tlog(qU)
/F( L(s, X)) d O( Tlogx Txlogx UxV )

Note here that the second error term is subsumed by the first. Using the above bound in

(493), and then letting U — oo (which makes the error term %&%w tend to 0) we get

(199) I =-3S L (—a)logr—b)+ 3 29“" (M)

P = 2m — Tlogx

Finally using this together with Corollary [[4.3 we obtain the formula (488)— (IZEQI) stated in

Theorem [[4.]] (since the sum of the two error terms ml}’gl WD) and mlog L 2log” ()t bg’s

zlog?(qxT) )
— 7 )

Note that we have proved this formula subject to a restriction on 7', cf. (94)), but this
can now be removed: The effect of varying T by a bounded amount is to change Z| S|<T x:
in ([@88) by O(log(qT)) terms, and each term is O(x/T'); hence the change of the sum is
O(%@T)), and this is covered by the estimate on the right of (489). This completes the

proof of Theorem [14.1] OO0

Corollary 14.5. For any q > 3, any primitive Dirichlet character x modulo q, and any
x > 2, we have

a—2

2m —

(500) ¢0(I,X)Z—Z%—(1—a)logf—b > 5

p m=1
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where the sum is taken over all the nontrivial zeros p = [ + iy of L(s,x), and should be
understood in the symmetric sense as
(501) lim —.

T—o00 P
[v|<T

From the point of view of application to the distribution of primes in arithmetic progres-
sions with a variable modulus, Theorem [I4.1] (and even more Corollary [4.5) is of little use
as it stands. It contains the unknown b(x), and it contains terms x*/p for which p may be
very near either 1 or 0, and finally we also need a formula for non-primitive characters .
Regarding the second point, recall that Theorem IT.4l and Theorem state that there is
an absolute constant ¢ > 0 such that L(s, x) has at most one zero within a distance ¢/ log g
of s = 1 (and so also at most one zero within a distance ¢/logq of s = 0), and this one
zero is itself real and can only occur when y is a real character. It is important to have
this zero visible explicitly in the formula for ¥ (x, x).

In order to have a precise statement, we make the following definition.

Definition 14.2. Let us fix once and for all a numerical constant 0 < ¢ < i such that

both Theorem [I1.4] and Theorem [I1.5 hold with this constant ¢c. Now for any nonprincipal
Dirichlet character xy modulo ¢ we call a zero p = 8+ i~y of L(s, x) exceptional if it satisfies

7| <land > 1— oeq- BY Theorem [I1.4] and Theorem [IT.5] an exceptional zero can only

occur if x is real, and if it occurs then it is real and unique (for given x); we will denote it
by S1.

Note that all exceptional zeros satisfy [; > %, since 5, > 1 — 1o§q with ¢ < i and ¢ > 3.

Note also that if L(s, x) has an exceptional zero /3y then also 1 — f; is a zero of L(s, x) (cf.
Corollary [0.7(i)).

Theorem 14.6. If x is a nonprincipal character to the modulus q, and 2 <T < x, then

zh1 : : ;P
(502) W) = - {6_1 s t} -3 4 RGT),

0 otherwise opet p

where Y denotes summation over all the zeros p =  + iy of L(s,x) with 0 < 3 < IE
excluding the zeros 1 and 1 — By if they exist, and where
(503) |R(z,T)| < 2T ' log?(qx) + 21 log z,

the tmplied constant being absolute.

(Although the error bound in (B03) is much worse than the one in Theorem [I4.1] the
above formula is still more convenient in many situations.)

291f y is primitive then these zeros are exactly the nontrivial zeros (cf. Remark IT.1)). However if y is
not primitive then we have not defined the concept of “nontrivial zeros”.
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Proof. We will first assume that x is primitive, modulo ¢ > 3.

We may assume that z is an integer, since the effect on 1 (z, x) of replacing = by the
nearest integer is O(log ), which is covered by the bound in (G03).

Given now any 2 < 7T < z with x € Z we have (x) > 1 and hence by Theorem [T4.1k

Yo(z,x) = — Z x—p—(l—a)log:r—b +Z

<t P

—2m

S Tee—— + O( log (qu))

where the sum is taken over all the nontrivial zeros p = 5+ iy of L(s, x) with |y| < T

Using also ¢(x, x) = vo(z,x) + O(logz), T < x and Y ~°_, g;;i’: <>, x k= ﬁ we
get

(504) W(x,x) = — Z v b(x) + O(a:T_l logz(qx)).

Iv|<T

Next to get control on b(x) we recall that by Proposition [[0.7 we have (an identity of
meromorphic functions on all C):

L'(s, 1 1T/(s +¢@ 11
(s X):——logg——M%—B(X)jLZ( +—),
p

L(s, x) 2 7m 2D(3+9) S=p P

where p runs through all the nontrivial zeros of L(s, x) (in particular all p are # 0). If we
take s = 2 in this formula we obtain

M:_ll q 1M+B(X)+Z<L+l)-
2 —

L2x) 2 %7 2T1+9)

Subtracting the last two relations and using LL,g ’;‘)) = 0(1) and % = O(1) we get
) 2

L'(s,x) 15+ %) 1 1
L(s,x) _O(l)_§F(§+%) +;<s—p_rp>'

Now if @ = 1 then =272 ig analytic at s = 0, whereas if a = 0 then DGH9) has the

(§ 7) F(2+2
Laurent expansion —2s~* + Cj + O(s) as s — 0. Hence since b(x) by definition is the Oth
coefficient in the Laurent expansion of £ s, x)) at s = 0 we conclude
) = 0(1) = 30 (%4 52 )
~\p 2-p/

Note that for the terms in this series with |7| > 1 we have

1
YL 7l =2 ey < X 5~ Otos

[v1>1 [v|>1
M>1
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where in the last step we used Lemma [[2.8 with 7" = 0. Similarly, using the fact that
12— p| > 1> 1472 when |y| < 1 we get

Z’r’ 1+ 7 = O(logq),

|’Y|<1 |*/|<1

again by Lemma [I2.8 with 7" = 0. Hence we obtain

1
b(x) = O(logq) — Z ~
p p
<
We can therefore rewrite (504) as
P 1
(505) P =—3 “% +3 O log?(qz)).

lv|<T
lv[<1

If L(s, x) does not have any exceptional

(cf. Definition [4.2) and hence since the zeros are placed symmetrically about the line

o=1 = O(log q) for all p. Also the number of p’s with

|7] < 1is O(log q) by Theorem 2.7 with 7" = 2, and hence Z|’Y|<1 p~' = O(log? q), so that

- hold (for recall that the nontrivial zeros p = [ + iy of L(s, x) are exactly the
(602)-(503) p gl X y
same as the zeros of L(s, x) which satisfy 0 < § < 1; cf. Remark [IT.]).

Next assume that L(s,x) does have an exceptional zero ;. We use >’ to denote sum-
mation over the nontrivial zeros p ezxcluding the zeros 51 and 1 — f; if they exist (cf. the
statement of the proposition). We then get from (B05]):

1P 1 -1 TP
— + - — — + O (2T ' log?(qx)).
2 PP A 1=p ( (02))

lv]<1

ID(%X) = -

lv|<T

Just as before the second sum is O(log? ¢) and can hence be absorbed in the error term. We
P11
) 1-p1

2% log x for some o between 0 and 1 — 1, and z%logx < zilogx since 0 < 1 — 1 <

Hence we again obtain (502)—(503).

Hence the theorem is proved in the case of y primitive modulo ¢ > 3. Finally we extend
the proof to the case of a general nonprincipal character x modulo ¢. In this case we let
x1 modulo ¢; = ¢(x) be the corresponding primitive character. Then ¢; > 3 since y is

nonprincipal, and thus (502)-(503) hold for x1, g1, viz.

can also omit the term 3;*, which is O(1). Finally, by the mean value theorem,

sl

zP1

— if ist 1P
@D(I,Xl):—{ﬁl o eX'ISS}_ Z I—+O<:)§T og? (Q1:I?)+9:4log:)3>

0 otherwise opet p
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where >’ denotes summation over all the zeros p = 3 + iy of L(s, x1) with 0 < 3 < 1,
excluding the zeros §; and 1 — (3, if they exist. Recall that L(s,x) and L(s,x1) have
ezactly the same zeros in the strip 0 < 3 <1, since L(s, x) = L(s,x1) [1,,(1 — x1(p)p™).
Furthermore if L(s, x) has an exceptional zero 1 then 5; > 1 — 1qu >1-— h)qul’ and hence
f1 must also be the (unique) exceptional zero of L(s, x1). It follows that the sum

{xﬁill if 5q exists} r P
0 otherwise opet p

is exactly the same for L(s, x) as for L(s, x1), except when L(s, x1) has an exceptional zero
p1 but L(s, x) does not have any exceptional zero. In this latter case the two sums differ

exactly by 9”11:;11 (since this term appears in the Y'-sum for L(s, x) but not for L(s, x1)),
and using 1 — logcql <p <1-— @ we can bound this difference as follows:
" lega) + = o Hog z)
= 0gq)+ ———F— = ogq+ z*logx).
1= b SUT 5, g g

Furthermore note that

(2, x) =¥z, x1)| < D An) =) > logp=0(logz) > logp

n<z plg v=>1 plg
(n,q)>1 p'<z
(506) = O((log x)(log q)) = O(:);T_l log?(qx) + 21 log :)3),

where we used T' < x in the last step. It follows from these observations that (502)—(503)
hold for our ¥, q. O
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15. THE PRIME NUMBER THEOREM FOR ARITHMETIC PROGRESSIONS (1)

(Davenport Chapter 20.)

Definition 15.1. Given ¢ > 1 and a with (a, q) = 1, we write m(z; ¢, a) for the number of
prime numbers which are < x and congruent to a modulo ¢, viz.

m(x;q,a) = #{p : pis a prime number < z and p = a (mod q)}.

Recall that ¢(z, x) = >, <, x(n)A(n). We now also define another y-function which is
more directly related to the counting which we are interested in.

Definition 15.2. We set

(507) Glaiga)= Y Aln).

n<x
n=a (mod q)

The relationship between ¢ (z; ¢, a) and ¥ (x, x) follows immediately from Lemma [[5; we
have, if (a,q) =1,

1

(508) (x5 q,a) = )

3 X(@)v(a. ).

XE€Xq

Recall the definition of an exceptional zero; Definition [4.2l We will now assume that
the constant ¢ in Definition [14.2]is so small that also Corollary [[1.§ holds with this ¢; thus
for each ¢ € Z* there is at most one x € X, for which L(s, x) has an exceptional zero.

Theorem 15.1. There exists an absolute constant ¢; > 0 such that for all x > 2 and all
integers q,a satisfying ¢ > 1 and (a,q) = 1, we have

caa) = -2 _ Xula)z™ re—c1VIOET
o) ) = i =gt + Ol )

where the implied constant is absolute. In (B09), x; denotes the single real character modulo
q, if it exists, for which L(s, x1) has an exceptional zero y; if such x1, 81 do not exist then
the corresponding term in ([B09) should be omitted.

Proof. The cases ¢ = 1 and g = 2 follow from Theorem [I3.8 hence from now on we assume
q > 3. Let us first note some trivial bounds on the terms involved in (B509): We have

(510) Y(x3q.0) < (loga) Y 1<(log:c)<§+1>.

n<x
n=a (mod q)
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Using this together with ¢(q) > L
below Definition [[4.2)) we see that, for all x > 2, ¢ > 3:

(cf. Problem [I5.]) and §; > 2 (as remarked just

4

q,a) — I Yl(a)xﬁl = E (0] T og T
(511) Ul g.0) = o+ A = O(oglax) +logr),

where the implied constant is absolute. Hence (509) is true in a trivial way whenever
2log(gz) +logz < re~VIeT i e whenever

(512) z log(qr) < we~1Viosr,
q

In particular it follows that if c5 is any fized number with co > ¢y, then (509) is true in a triv-
ial way whenever q > e2V1%8%  [Proof: For every X > 2 we have SUPy>1, pep2,x] 7 108(q2) <
00; hence it suffices to check that (BI2) holds for “x large”; more spemﬁcally We may as-
sume that z > 2 is so large that e©2vI8® > ¢. Now note that for x fixed, %log(qx) is a
decreasing function of (real) ¢ for ¢ > e; hence it now suffices to prove that (5I2) holds for
q = V18 This is verified by a direct computation: For any z > 2 and ¢ = eVI°e® we
have

z log(qz) = we~2Vios® (ch/log:E + log :E) & pe~1Viosz (since ¢ > ¢1),
q

as desired.]

We now turn to proving (509) also in the nontrivial case, when (512) does not hold. We
will use (B08)), which we here recall:

(513) bag0) = —— 3 (@@, v).

ola) %,

The contribution of the principal character xo € X, to the sum on the right provides the
main term. To estimate this main term we first note that

(514) | (2, x0) = ) A(n) < (logg)(log z),

(n,g)>1

where the last step follows as in (506). By Theorem [I3.8 there is an absolute constant
c3 > 0 such that

() = x + O(ve @VIET), Vo > 2.
Hence

¥(z,x0) =« + O (ve VI8 4 (log ¢)(log z)), Vo > 2,
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and using this in (513) we get

: a—i L Y(a)(x L:z:e_ck“"/@ 0 og T
(B15) $iws0:0) = g5+ gy 2o X! 20 +0( 554 + (logq)(log )} ).
XF#X0

Next, for every x € X, with x # xo and any 7" € [2, 2| we have, by Theorem [14.6]

zP1

- 1 1 /P 1
(516) o) = - { n o emts} - 3+ 0o og¥gr) + ¥ logr).

0 otherwise o P

where Y denotes summation over all the zeros p = B + iy of L(s,x) with 0 < 8 < 1
excluding the zeros 5, and 1 — f3; if they exist. By Theorem IT.4] and Theorem IT.5, every
p = B + iy occurring in the > '-sum satisfies

g <1

c
log(qT)
(where ¢ > 0 is the constant which we have fixed in Definition [4.2]). Hence

log «

‘x”‘ = 1P < pe el

and thus
p og T

Z,ZE—:O(:Ee_CIOlg(%T) ,i)

<t P a<r el

Here the last sum can be estimated using the counting function N (7', x) (cf. Definition 12.3))
and the fact that N(¢, x) < tlog(qt) for all t > 1 (cf. Corollary T2.13):

1 T T
> / _/ t=dN(t, x) ST_lN(T7X)+/ 2N (t, x) dt
1 1

1<y|<T \p\

T T
< log(qT) +/ t~'log(qt) dt < <1 +/ t dt) log(¢qT) < (logT) log(qT),

1 1

and since each p with |y| < 1 satisfies 5 > oeg Py Theorem IT.4l and Theorem and

the [ <» 1 — [B]-symmetry, we also have

/1
> o] SN - logg < log’q,

ly|<1

so that

r1
(517) Z 7 < (log T)log(qT) + log*q < (log T +log q) (log T + log q) = log®(qT).
IyI<T
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Using these bounds in (516) we get
(518)

B . .
T2 if B exists

ID(%X) = - { o

_ +0 <xe_clol§<gqu> log?(¢T) + 2T " log(qz) + 7 log :c)
0  otherwise

Let us now assume q < evV'°8%_ We may also assume z > 3. We choose T' = eViogz (note
2 < T < z), and then find that the error term in (5IJ) is

c logzx

< ze 2 Vis (24/log x)z + z(log z)%eVies® 4 2t logx < we 4VIBT

where ¢, > 0 is any fixed constant satisfying ¢, < min($,1). Hence:

B1 . .

L~ if B exists —ca/TogT
519 , — — B1 +O cav/logx )
(519) ¥l x) {O otherwise } <xe )

Using this for each x € X, x # xo in (513) we get

T Xi(a)r” R - —wm)
5@ stap O e g lioga)} + e V),

where the interpretation of the i, f1-term is exactly as in (B09). It follows from this that,
under our present assumption ¢ < eV8% (509) holds with ¢; = min(cs, ¢4)! On the other
hand if ¢ > eV°8% then by using ¢; < ¢4 < 1 and our remark just below (5IZ)), we see that
(509) holds in a trivial way. O

Y(x;q,a) =

Remark 15.1. The choice of T in (5I8) can be motivated in very much the same way

as in Remark Thus: We want to choose T so as to make ze “PstD log?(qT) and
T~ 'log?(gz) roughly equal. Taking the logarithm we see that this means that we wish
to make —clogz';% + 2loglog(qT) ~ —logT + 2loglog(gx), and if the loglog-terms are
negligible this gives (logT)(logT + logq) =~ clogx. If we don’t wish to be specific about
the constant factor in the exponent in the final bound (viz. ¢; in (509)) then all we have
to do is to choose T' so that (logT)(logT + log q) is both < logx and > log z; i.e. both
(log T')? and (log T')(log ¢) should be < log x and one of them should also be > log x. Since

we are assuming log ¢ < /logx this is seen to be fulfilled by choosing logT <> /logz.
log = log x

Also, just as in Remark [[3.2] (and using e Costam) log?(qT) > ze et log? T) we see that

no matter how we choose T, the error term in (GI8) is always > we~Veloer,

Remark 15.2. Note that the restriction “q < exp[C/(log x)%] ” made in Davenport’s book (p.
122 (7)) is not necessary for the statement of Theorem [I5.1] (which is a modified version of
Davenport’s statement near p. 123 (9)). However, as we saw in our discussion near (512]), for
any fixed C' > ¢4, the statement of Theorem [5.1lis trivial (in fact worse than the trivial
bound) outside the range ¢ < exp [C(log :)s)ﬂ On the other hand, for any C’ < ¢; the

statement of Theorem [[5.1]is nontrivial when ¢ < V6% in the sense that the main term
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% in (B09)) is asymptotically larger than the error term O(:Ee_cl Vlogx); viz. ze~c1Vioe® / %

tends to 0 as  — oo, uniformly with respect to ¢ in the range 1 < ¢ < e¢'Viog®,

[PI"OOf: Ie_clvlogx/ﬁ = ¢(q)e‘clvlogl‘ < qe_clx/logl‘ < e(C'—c1)Vlogz _ O.]

It is in the possible term containing 3; that one of the main difficulties in the theory of
the distribution of primes in arithmetic progressions shows itself. The only universal upper

bound that we have for 3, is Proposition [I.LT] which stated 8, < 1 — 1(105 7 for some
q2(loggq

absolute constant ¢ > 0. This leads to:

Corollary 15.2. For any fixed constant 6 with 0 < § < 1, we have

x foas
520 Y(r;q,a) = —— + O(:L’e_cl logm)
(520) ( ) ¢(q)
for all x > 2 and all integers q,a with (a,q) =1 and 1 < q¢ < (logx)*=°. Here ¢c; > 0 is
the absolute constant from Theorem [I5.1], and the implied constant in ([520) depends only
on J.

Proof. As before we may assume ¢ > 3. It follows from Theorem [I5.1] combined with
Proposition [T (viz. f; < 1 — —%—) that

q2 (log q)?
. o x log
(521) U(x;q,a) = m +0 (@ exp(—cE,m) + xexp(—clx/log x)) )

Using now 3 < ¢ < (log )79 it follows that there are some positive constants A, A’ (which
only depend on 0, ¢;, ¢5) such that

1 1
cs 10g1; > ¢ ngl : :%(logx)%J’%‘S > c1\/logx — A, Vo > 2.
g2log’q ~ " A(logz)z7s’ A

Hence, using also ¢(q) > 1,

Y(w3q,0) = @ + 0 (e (A 4 1)) = T4 O (e V).

Remark 15.3. Note that the severe restriction ¢ < (logx)'~? is essentially necessary if we

want the error term in Corollary [15.2] to be of the form O(xe‘chOg:”) with some constant
C > 0. Indeed, if ¢ > logx then the first error term in (521)) is

ieX <—c 10&) > rex <—10g —c ﬂ)
o(q) P sq% log?q’ — P 1 5log2(logzn) ’

30por simplicity we sacrifice one factor log ¢ in the case a = 0.
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and since logvglgfgmm)/\/logx — 0 as © — oo, this error term is not O(:Ee_CVlogx) for any

C > 0, unless logg > +/logz. Thus: For any choice of ¢ = ¢(z) such that ¢ > logx
and logq = 0(\/10g :B) the error term in (52I) is worse than O (ze~VI°8*) as x — oo, no
matter how small we fix the constant C' > 0 to be.

However, even though we get an error term which is worse than O(xe_c*/@), the
formula (521)) is still nontrivial for larger values of ¢. In fact so long as we keep 3 <
q < (logz)?7°, the error term in (521 is asymptotically smaller than the main term,
%. Furthermore, also for much larger values of ¢ the formula (521]) implies the bound
U(x;q,a) <K %, which is not trivial. Cf. Problem below.

Next we prove (after Page, 1935) that the asymptotic result of Corollary [5.2] holds for
a much wider range of ¢, so long as we allow a fairly small (unknown!) set of exceptions:

Corollary 15.3. There ezists an absolute constant c > 0 and a function q1 : Rso — Z>3
which satisfies qi(x)log* q(z) > logx as x — oo, such that for all x > 2 and all integers
q,a satisfying g > 1, q1(x) 1 q and (a,q) = 1, we have

x —cev/logx
(522) U(x;q,a) = W + O(a:e ‘/17),

where the implied constant is absolute.

Proof. Let us write ¢g > 0 for the absolute constant “c” in Corollary IT.I0} by possibly
decreasing cg we may assume c¢g < ¢; where ¢; > 0 is as in Theorem [[5.Jl We start by
defining the function ¢; : Rsy — Z>3. For any x > 2, by Corollary [1.10] applied with
z = max(eV'°8%, 3) there is at most one real primitive Dirichlet character x to a modulus

q1 < eV'°e® for which L(s, ) has a real zero 3 satisfying 3 > 1 — - Weset ¢ (x) :=q

if such a y exists, and otherwise ¢ (x) := ev!os®,

Note that if ¢ = qi(z) < eV'e® and 3 is the corresponding real zero then ——lffgw >

1
1— 8> q *(logq)~? by Proposition IT.IT} hence ¢;(x)(logqi(z))* > logz, and this is
obviously also true for those z where ¢;(x) = eV1°82.

Now consider an arbitrary = > 2 and arbitrary integers ¢,a with ¢ > 1, ¢;(x) t ¢ and
(a,q) = 1. If ¢ € {1,2} or ¢ > ¢V1°8® then (522) holds trivially, by the argument in the
beginning of the proof of Theorem [I5.1] (since ¢g < ¢; < 1). Hence we may now assume
3 < g < eV°8% By Theorem [I5.1] we have

caq) = 2 _Y1(@)$61 re—c1VIoEE
(523) vlzie. ) = g = e+ Ol )

where x1, 51 are as described below (B09). If x4, ; do not exist then by convention the
corresponding term in (523]) should be omitted and hence (522)) holds (since ¢g < ¢1). Now
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assume that yi, f; exist. Let x} be the unique primitive character modulo ¢} := ¢(x1)
which induces x1. Since 8y is a zero of L(s, x1) and L(s, x1) = L(s, x1) I [,,(1 = xa(p)p™)
and (3, > % > 0, B, must also be a zero of L(s, x}). On the other hand ¢} < ¢ < eV'°8® and

¢, # q1(z) (since ¢} | ¢, ¢1(x) 1 q); hence the definition of ¢, (z) implies that f; <1 — T
Hence

‘Xl 2| A T
B 3¢ Q)
and this together with (523)) 1mphes (G22). O

Finally, let us see what we can deduce when assuming the Generalized Riemann Hypoth-
esis, GRH, that is, the hypothesis that for each Dirichlet character y, every zero of L(s, x)
which lies in the open critical strip {0 < ¢ < 1} in fact lies on the line o = . (Note that
((s) is included here, by taking xy = 1.)

Theorem 15.4. If GRH holds, then for all x > 2 and all integers q,a withq > 1, (a,q) =1,
we have

(524) U(x;q,a) = m + O(aﬁ log 93),

where the implied constant is absolute.

Proof. Since the Riemann Hypothesis holds by assumption, we have by Proposition
(525) Y(x)=x+ O(x% log? ), Vo > 2.

Thus (524)) holds if ¢ = 1 or 2. Note also that if ¢ > 2% and z > 2 then (x5 q,a) <K z3 log x
(cf. (51I0)) and 3 < 7iomg K 22 log z (where we used the fact that ¢/ log ¢ is an increasing
function of ¢ for ¢ > e), and this implies that (524)) holds trivially. Hence from now on we
may assume 3 < q < T2,

Let yo be the principal character modulo ¢. Then (525), (5I4) and ¢ < x2 imply
(526) ¥(, X0) = 2 + Ofa? log* ).

Now let y be an arbitrary nonprincipal character modulo g. Then L(s,x) does not have
any exceptional zero because we are assuming GRH, and hence by Theorem [I4.6]

p 1
U(z, x) = — Z % + O(:I:T_1 log?(qz) + 21 log a:), VT € [2, 2],
Iy[<T

where the sum is taken over all the zeros p = f+ivy of L(s,x) with0 < f < 1land |y| <T.
But GRH implies that § = % for each such p; hence

W(x,x) = O(:)s% Z Ip| ™t + 2T log?(qz) + 27 log :E)

lvI<T
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We proved in (BI7) that 3, o [p|™" < log?(¢T). Hence, taking T' = 27, and using also
3§q<x%,weget
}@b(x, X)} < 72 log? z.

Using this for each nonprincipal character y mod ¢, and also using (526), we obtain (524))
via the formula (BG08]). O

Remark 15.4. Note that even with the powerful hypothesis of GRH, we do not get any
1

useful result if ¢ > zz. In fact as was seen in the above proof, the formula (524) is “worse

than trivial” whenever ¢ > 2, since then both Y(z;q,a) and % are O(x% log ZL’)

15.1. Consequences for m(z;q,a). To go from asymptotic information about ¥ (z;q, a)
to asymptotic information about 7(z; ¢, a) is an exercise in partial integration, and is com-
pletely similar to the proof of Theorem As an intermediate step we use ¥(x; ¢, a), the
natural generalization of J(x):

Definition 15.3. We set
d(xiq,a) = Y logp.

p<z
p=a (mod q)

Thus ¥(z;1,0) = 9(x), just as ¥(x;1,0) = ¢(x) and m(x;1,0) = 7(z).
We first note that 1(z; ¢, a) and 9(x; ¢, a) are asymptotically quite close.

Lemma 15.5. For all x > 2 and all integers q,a with ¢ > 1 we have
0 <¥(x39,a) —Vasq,a) < P(z) — V() < V7,

where the implied constant is absolute.

Proof. The first and second inequalities follow from

U(xig.a) —d(ziga)= > An).
n<x
n=a (mod q)
n not a prime

The last bound was proved in Remark [l

Theorem 15.6. Let ¢; > 0 be the absolute constant in Theorem [I5.1. For all x > 2 and
all integers q, a satisfying ¢ > 1 and (a,q) = 1, we have

. — L e Yl(a) s (B1 ( —cl\/@>
(527) 7(x;q,a) e Lix e Li(z™) + O( ze ,
where the implied constant is absolute. In (527)), x1 denotes the single real character modulo
q, if it exists, for which L(s, x1) has an exceptional zero (By; if such x1, /1 do not exist then
the corresponding term in (527) should be omitted.
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Proof. Let z,q,a be arbitrary with x > 2, q,a € Z, ¢ > 1, (¢,a) = 1. From Theorem [I5.1]
and Lemma [15.5] we immediately obtain

T X, (a)z™
o2%) Vs = ola) Xalﬁgq;ﬁl * 0(:,;6—01@),

where the implied constant is absolute. Here and in the remainder of the proof we use our
convention that each term containing (1, x; should be omitted if there is no exceptional
zero for any Dirichlet character mod q.

Next we note

(529)  7(x;q,a) = Z 1 —/

p<z
p=a (mod q)

Using here (528) we get

1z Xila) 2™ +O<I 6_01@>+ 1 [ 1
) Ja

) T 9y,
di(y; q,a) = (z:q, >+/ Mdy-
2

logy log x ylog®y

“ olg)logz  ¢(q)B logx log © 6(@) Jo log?y "
o) [*_y” teie
530 — dy+0( | “——ay).
(530) ¢(q)ﬁl/2 ylog?y v </2 log” y y>

Here the first and the fourth term together give W (le + O(1 )), just as in (48T]). Next,

the second and the fifth term together give, by substituting ¢ = ¥ in the integral and then
using (@81 again, with z” in place of z,

Xl(a)( 2, / i dt) Xi(a) (L'(xm) + O(l))

_ = — 1 .

¢(q) \log(x) = Jon log”t ¢(q)

Finally the two error terms in (530) are both O(ze *V's*) (cf. Problem regarding
the second of the error term). This completes the proof. U

From Theorem [I5.6] one may derive analogues of Corollaries [5.2] [5.3] for 7(x;q,a). We
do not pursue this; instead we conclude by stating what can be said about 7 (z; ¢, a) modulo
GRH:

Theorem 15.7. If GRH holds, then for all x > 2 and all integers q,a withq > 1, (a,q) = 1,
we have

(531) m(x;q,a) = @ Liz + O(x% log z),

where the implied constant is absolute.

We leave the proof as an exercise (see Problem [[5.4]).
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15.2. Problems.

Problem 15.1. (a). Prove that ¢(q) > L for all ¢ > 2.
(b). Prove the stronger fact that ¢(q) > - for all ¢ > 3.

Problem 15.2. In this problem we prove and make more precise the claims in Remark [15.3]
(a). Prove that if we keep 3 < ¢ < (log )% for some fixed constant § > 0, then the error
term in (521]) is asymptotically smaller than the main term, i.e.

% exp(—c5llo%) + xexp(—cm/log :c)

q2 log”q

— — 0 as T — 00,
#(@)

uniformly with respect to ¢ in the range 3 < ¢ < (logx

(b). Prove that in the range (logz)? < ¢ < e“V87  the formula (521)) is equivalent with

the bound

)2—6‘

U(x;q,a) = 0(@)-

Note that this is not a trivial fact!

Problem 15.3. To make the condition on ¢;(z) in Corollary [5.3 a tiny bit more explicit,
prove the following: A function ¢, : Ry — Zsg satisfies ¢ () log* ¢ (z) > logz as z — 00

if and only if ¢ (z) > (logﬁ% as & — 0.

Problem 15.4. Prove Theorem [I5.7}

Problem 15.5. (Difficult!?!) Let @ : R™ — R™ be an increasing function satisfying Q(z) <
T'7% as © — oo, for some fixed € > 0. Prove that the following two statements (A) and (B)
are equivalent:

(A). “(z;q9,a) ~ (g 8 © — 0o, uniformly with respect to all integers ¢ with 1 < ¢ < Q(x)
and all integers a with (a,q) = 1.7

(B). “m(z;q,a) ~ de(lj) as © — oo, uniformly with respect to all integers ¢ with 1 < ¢ < Q(x)
and all integers a with (a,q) = 1.7

Remark 15.5. We here list the various ranges, in increasing order, for which (A) and (B)
hold, either unconditionally or modulo (successively more powerful) conjectures:

e (A) and (B) are known to hold when Q(x) = (logx)?>~°, for any fixed 6 > 0; cf. (52I)) and
Problem [5.2(a).

eThe Siegel-Walfisz Theorem which we will prove below shows that (A) and (B) hold
when Q(z) = (log x)4, for any fixed A > 0 (but these results are non-effective when A > 2).
oIf there are no Siegel zeros, then (A) and (B) hold when Q(x) = ¢“VI8% for any fixed
C € (0,¢1); cf. Theorem I5.1 and Remark [[5.21

eUnder GRH, (A) and (B) hold when Q(z) = zz(logz) 2%, for any fixed ¢ > 0; cf.
Theorem [15.4]

elt has been proposed that (A) and (B) should hold even in the much larger range Q(z) =
z'7¢, for any fixed € > 0! (Cf., e.g., [20, §IV.2.].)



ANALYTIC NUMBER THEORY — LECTURE NOTES 235
16. SIEGEL’S THEOREM
(Davenport Chapter 21.)
Siegel’s Theorem (Siegel 1935, [54]), in the first of its two forms, reads:

Theorem 16.1. Let ¢ > 0 be given. Then for every q > 3 and every real primitive
character x modulo q,

(532) L(1,x)>q ",

where the implied constant only depends on €.

It follows that for every fundamental discriminant d we have

(533) h(d) > |d]z~°  if d<0,
and
(534) hd)logeq>d2=c  if d> 0.

Cf. Theorem [£.35 and Theorem [5.4l Again, the implied constant only depends on ¢.
In its second form, Siegel’s Theorem reads:

Theorem 16.2. For any € > 0 there exists a positive number c(g) such that, for every
q € 27" and every real Dirichlet character x modulo q,

(535) s>1—c(e)g® = L(s,x) #0.
Proof of the implication Theorem[I16.11 = Theorem[16.2. Let ¢ > 0 be given. Then by

Theorem [6.1] applied with %5 in place of ¢, there is a constant C7; > 0 which only de-
pends on ¢ such that

L(lv X) > C’lq_%€

for every ¢ > 3 and every real primitive Dirichlet character y modulo ¢q. Furthermore there
is an absolute constant Cy > 0 such that

‘L/(S>X)‘ S 0210g2qa Vs € [1_ loéq’l}’
by Problem [[0.1c). Hence
L(s,x) > C’lq_%‘E — Cy(1 — s)log?q, Vs € [1 L 1],

- logq’

and hence
Cy g 2°
s>1- L1 ;
Cylog” q
Hence with a suitable choice of 0 < ¢(¢) < 1, (635)) holds for all ¢ > 3 and all real primitive

characters y modulo q.

= L(s,x) > 0.
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Finally if x is an arbitrary Dirichlet character, then if y; modulo ¢; is the corresponding
primitive character, we know that L(s, x) and L(s, x1) have exactly the same zeros in the
half plane {¢ > 0}, and hence L(s,x) # 0 for all s > 1 — ¢(g)g; © (this is true also when
¢ = 1, ie. L(s,x1) = ((s); cf. Remark [01). But ¢; < ¢; hence ¢=¢ < ¢;° and thus
L(s,x) #0 forall s >1—c(e)g®. O

Remark 16.1. One can also show by a fairly direct analysis that Theorem = Theo-
rem [I6.1l See Problem [I6.1] below.

It follows from Theorem 6.2 that any real zero S of L(s, ), for real nonprincipal Y,
satisfies

(536) B<1—cle)g ™.

This is a much superior estimate to any we have had hitherto. It has, however, the disad-
vantage of being noneffective, in the sense that it is not possible, with existing knowledge,
to assign a numerical value to c(e) for a particular value of ¢ (for example for e = ). Sim-
ilarly Theorem [16.1] is also noneffective, meaning that we do not know of a way, for a
particular value of €, to assign a numerical value to the implied constant in (532)). Also the
class number bounds from below, (533)) and (534]), are noneffective.

Proof of Siegel’s Theorem [16.1. Suppose that y; is a real primitive character modulo ¢; >
3, and s is a real primitive character modulo g > 3, where ¢; # ¢2. As we noted in the
proof of Theorem [I1.6 x;x2 is a nonprincipal character modulo ¢;qs. Set

(537) F(s):=((s)L(s, x1)L(s, x2)L(s, x1x2)-

Then F(s) is analytic in the whole complex plane except for a simple pole at s = 1, and
its residue at this pole is

(538) A= L(1, x1)L(1, x2) L(1, x1x2)-

A key step in the proof is to bound F'(s) from below for s < 1 near 1 in a way which shows
that if A is small then F(s) > 0 for some s < 1 near 1:

Lemma 16.3. There is an absolute constant C' > 0 such that for any % < s < 1 which
satisfies O < (1 — 8)(qiq2) 179, we have F(s) > 0.
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Proof. Using the Euler products for {(s) and each L(s, x) we get

(1—p=*)~" if (), xa(p)} = {1} )
(L—p)"  if {xa(p), x2(p)} = {0}
(539) =TI 4@=p72)7% if a(p) xe(p)} = {~1} or {~1,1}
Pl @=p)7 if {xa(p), x2(p)} = {0, 1}
L(1—p™2)7 if {xa(p), x2(p)} = {0, -1} )

It follows from this that F'(s) is given by an absolutely convergent Dirichlet series for o > 1:
(540) F(s) =) a.mn™,
n=1

where a; = 1 and a,, > 0 for all n. [Detailed proof: We define a,, (n > 1) to be the unique
multiplicative sequence corresponding to the product (539), i.e. set a; = 1 and for each
prime p define a,- (r =1,2,3,...) by the power series relations (for |z| < 1)

( (p), x2(p)} = {
( (), x2(p)} = {
a; + apz + ap2z2 +apsz3 +.o..=0 (1 =222 if {alp), xe(p)} = {1} or {-1,1}
( (p), x2(p)} =A{
( (p), x2(p)} = {

and finally for composite n > 1 define a,, (uniquely) by multiplicativity. Then a, > 0 for
all primes p and all > 1 (since (1—2)"' = 1+4+2+2%+...and (1—-2%) "t =1+22+214...
have all Taylor coefficients > 0), and hence a,, > 0 for all n. Now since (539]) was obtained
by multiplying together four convergent Euler products, we know that the infinite product
(539) converges for each s € C with ¢ > 1. Applying this fact for s = ¢ > 1 and using
Lemma (with f(n) := a,n™7) we obtain >~ a,n"° < oo for all ¢ > 1; hence the
Dirichlet series in the right hand side of (540]) has abscissa of absolute convergence o, < 1.
Finally the equality in (540) follows from (539) and Proposition 27 (with f(n) = a,n~*).]

It now follows just as in the argument on p.[I7(top) that F'(s) has a power series expansion

F(s)=Y bu(2=9)™  (when |s—2| < 1),

m=0
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with by > 1 and b, > 0 for all m. Since F'(s) is analytic in the whole complex plane except

for a simple pole at s = 1 with residue A, the function F'(s) — ﬁ is entire. Note also
A —)\Z (2—s)™ (when [s —2] < 1);
s—1 1- (2—19) — 7
hence the function F'(s) — i has the power series expansion
(541) F(s 3—1_2 N2 —3s)",  VseC.

(The power series must have radius of convergence = oo since the function in the left hand
side is entire.)

On the circumference of the circle |s — 2| = 2, the function ((s) is bounded, and by
Problem [[0JJ(a) the L-functions satisfy

(542) L(s,x1) = O(\/E), L(s, x2) = O(\/q_2), L(s, X1x2) = O(\/Q1CI2)-
Here and in all “big O’s” in the rest of the proof, the implied constant is absolute. Thus
F(s) = O(Q1QQ) for all s with |s —2| =3
Similarly from (538) and Problem [0.Ii(a) (applied in a crude way) we get A = O(q1¢2),
and hence 25 = O(q1¢2) for all s with |s — 2| = 2. Hence
A
s—1

Hence by Cauchy’s inequalities for the coefficients of a power series, applied to the function

(B4T), we have

F(s) -

=O0(qg)  for all 5 with |s — 2| = 2

b = A = O(q192(3)™).
Hence for any real % <s<1landany M € Z* we have

D b =A2=9)" =) Oag()™2-5)") =0(ae) > ()™ =0(ne()"),
m=M m=M m=M
and thus (using also b; > 1 and b, > 0 for all m)
>\ M-—1 o)
F(s)—s_lzmzo(b )(2—s)™ Z: A)(2—s)™
M-1
>1-2) (2-5)" = 0(qpE)M)
m=0
2—s)M 1
(543) SNk it S PN
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where A is an absolute constant which we can take to be > 1. Now choose M as the
smallest positive integer for which Aq1q2(%)M . Then in fact < AQ1QQ( WM < % and
hence

log 2 <log(Aqigz) + M log(2) < log 3;
and thus

M <
log(3)

< O(1) + 4log(qiq2)

and
(2 - S)M _ eMlog(l—l—l—s) < eM(l—s) < 60(1)4—4(1—5) log(q1¢2) < O((QlQ2)4(1_s)).

Using this together with Aqqu(%)M < % in (543) we get

(544) F(s)> 1 o(ﬁ(qm)‘*(l—s)).

Here the implied constant is absolute, and hence we obtain the statement of the lemma. [

We now complete the proof of Theorem [16.1]using the above lemma. We distinguish two
cases, and the distinction depends on the given positive number € > 0. If there is a real
primitive character for which L(s, x) has a real zero between 1 — ie and 1, we choose x; to
be such a character and f; to be the zero in question. Then F(f;) = 0, independently of
what x2 may be. Otherwise, if there is no primitive character for which L(s,y) has some
real zero between 1 — —5 and 1, then we instead choose x; to be any real primitive character
and [, to be any number satlsfylng 1-— —5 < B1 < 1. In this case F'(f;) < 0, independently
of what x» may be, since ((s) < 0 When 0 < s < 1P7 and the three L-functions in (37)
are positive when s = 1 and do not vanish for §; < s < 1.

Hence in either of the two cases we have F'(f;) < 0, no matter what x, may be, and
hence by Lemma [16.3]

A (1 - B8)(qug) ),

where the implied constant is absolute. From now on we keep x; and [, fixed. Let xs be
any real primitive character to a modulus ¢z > ¢;. Then by (538) and Problem [I0.T|(b),

A < (log g1)(log(q1g2)) L(1, x2),
again with the implied constant being absolute. Hence

L(1, x2) > g5 """ (log gp) !

where the implied constant depends on qi, 1 (and thus ultimately on €), but not on ¢, xa.
Since 4(1— 1) < ie the last inequality implies L(1, x2) > ¢;°. Recall that we have proved

31Proof: ¢(s) € R for all s € R, s # 1, and ((s) < 0 for all s < 1 sufficiently near 1, since ((s) has a
simple pole at s = 1 with residue 1. Hence it suffices to prove that {(s) # 0 for 0 < s < 1, and this follows
from Remark [10.1]
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this for all g5 > ¢; and all real primitive characters ys modulo ¢;. By possibly increasing the
implied constant we may now allow ¢» to be arbitrary > 3; i.e. we have proved (632). O

Remark 16.2. Regarding the noneffectiveness pointed out earlier: Note carefully that by
the very nature of the above proof one cannot give an explicit value for the implied constant
in (532)). This is because, in the “first case” above, the lower bound on L(1,x) is given in
terms of a supposed counterexample to GRH; a large real zero 5, to some L(s,x). So if
GRH is true but remains unproved, then the above proof cannot be exploited to give an
explicit lower bound on L(1, x).

Remark 16.3. The discussion of the “second case” in the above proof can be simplified by
referring to Problem [I6.] below. In fact, if there is no primitive character for which L(s, x)
has some real zero between 1 — és and 1, then by Problem [I6.1] we have L(1,x) >. @
for all ¢ > 3 and all primitive characters y mod ¢, and this is a bound which is quite a bit
stronger than Theorem [I6.1]

Remark 16.4. Note that the bound which we obtain in (544]) has a better constant in
the exponent than Davenport’s p. 128(8), simply because we used better bounds on the
L-functions, cf. (542)); but this has no effect on the quality of the final result, Theorem [TG.1]

Remark 16.5. The choice of M in (543]) can be motivated as follows: We would really like to

choose that M which makes 1 — )\% — Aqlqg(%)M as large as possible. However in the
end we are only interested to know whether there exists some M for which that expression

is positive (cf. the statement of Lemma [I6.3)). Then )\% < 1and Agp(3)M < 1;

and in the opposite direction we have that if (*) [)\% < % and Aqlqg(%)M < %] then
the desired positivity holds. Hence since we anyway allow unknown implied constants in

our bounds, we may just as well ask if there is some M which satisfies (*). Now since

)\% is an increasing function of M, and Aqqu(%)M is a decreasing function of M, it

is clear that if (*) holds for some M, then (*) holds for M as chosen in the proof text!

Remark 16.6. Another brief and simple proof of Siegel’s Theorem was given by Goldfeld
[18]. Tt is a quite useful exercise in relation to this course to work through the details of
that proof!

16.1. * Some history. [I here more or less copy Davenport pp. 127-8 verbatim, mainly for myself to learn
and collect these classical references.]

Siegel’s theorem was the culmination of a series of discoveries by several mathematicians. The problem
of proving that h(d) — oo as d = —oo, or even of proving that h(d) > 2 if —d is sufficiently large, was
propounded by Gauss, but no progress toward its solution was made until much later. Hecke proved that

if the inequality g < 1 — l(fg2q holds for the real zeros of L-functions formed with real primitive characters,

then h(d) > cs|d|z/log|d|. (We will prove a result in Problem 6. below which when combined with
Dirichlet’s class number formula immediately implies Hecke’s result.) In particular this conclusion would
follow from the GRH.

In 1933 Deuring [13] proved the unexpected result that the falsity of the classical Riemann hypothesis
for {(s) implies that h(d) > 2 if —d is sufficiently large, and shortly afterward Mordell proved that this
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assumption also implies that h(d) — oo as d — —oo. Their work was based on a study of the behavior, as

d — —oo, of
o> Qawy,

Q (z,y)€z2\{0}
where () runs through a representative set of forms of discriminant d.

In 1934, Heilbronn [26] took a further important step forward. He proved that the falsity of the GRH
implies that h(d) — 0o as d — —oo. Together with the result of Hecke, this gave an unconditional proof
that h(d) — oo as d = —o0, and so solved Gauss’ problem.

Also in 1934, Heilbronn and Linfoot proved that there are at most ten negative discriminants d for which
h(d) = 1. As nine such d were known,

(545) —3,—4,—7,—8,—11, 19, —43, —67, —163,

the question was whether there is a tenth such discriminant. If there were, then the L-function L(s, xq)
would have a real zero 8 larger that % In 1966, Baker [2] and Stark [55] proved independently that there
is no such tenth discriminant. Baker noted that his fundamental theorem in transcendence theory provides
a solution of this class number problem in view of earlier work of Gelfond and Linnik. Stark was inspired
by a paper of Heegner [25] in which elliptic modular functions were used to show that there is no tenth
discriminant with class number 1. It was long thought that Heegner’s argument was incomplete, partly
because it seemed to depend on an unproved conjecture of Weber. However, in retrospect it has now been
found that Heegner’s proof is essentially correct; the obscure details have been clarified by Deuring [14]
and Stark [56].

In 1976, Goldfeld [T9] showed that an effective lower bound for the class number of imaginary quadratic
fields could be constructed, if there exists an elliptic curve E defined over the field of rational numbers,
whose Mordell-Weil rank is 3, and whose associated L-series has a zero of order 3 at s = 1. The existence
of such a curve was established by Gross and Zagier [21], which enabled Oesterlé [45] 44] to show that

1 2P
(546) ) 2 g5los d) ] (- %)

p<|d|

for all quadratic discriminants d < 0 (viz., d = 0 or 1 (mod 4) and Vd ¢ Z).

We remark that for positive d, Gauss conjectured that h(d) = 1 infinitely often, and this has still not
been contradicted or justified. (Cf. [8 p. 151].)

16.2. The prime number theorem for Arithmetic Progressions (II). (Davenport
Chapter 22.)

Using Siegel’s Theorem [16.2]together with Theorem [I5.1we now obtain the Siegel- Walfisz
Theorem:

Theorem 16.4. For any fixed constant N > 0 we have

(547) Y(w;q,a) = @ + O(xe_cl\/m)
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for all z > 2 and all integers q,a with (a,q) =1 and 1 < q < (logx)"N. Here ¢, > 0 is the
absolute constant from Theorem [15.1, and the implied constant in (547) depends only on
N, but is non-effective.

Proof. We may assume ¢ > 3. It follows from Theorem [I5.1] combined with Theorem
that

(548) U(x;q,a) = L) +0 (i exp(—c(s)%) +x exp(—cl @)) :

(g ¢(q)
where the implied constant is absolute. If we take ¢ = :,%N and keep ¢ € [1, (logx)"] then
logz > _log2 _ (logz)3. Hence the first error term in (548) is subsumed by the second

T 7 (logx)3
error term, so long as we take a sufficiently large implied constant. Hence we get (547]).
Note that the required implied constant depends on ¢(g), and hence is non-effective. O

Remark 16.7. I prefer the statement of Theorem [[6.4] (which is the same as e.g. [40, Ch.
11.3 (Cor. 19)]) over Davenport’s p. 133(4), since Theorem [16.4] is stronger due to the
constant in the exponent being independent of N: Theorem [16.4] almost directly implies
Davenport’s p. 133(4) with an absolute implied constant 3 but (as far as I can see) to prove
the opposite implication is just as difficult as proving Theorem [16.4] itself. Note that the
only difference between the proof of Theorem [[6.4] and the proof of Davenport’s p. 133(4)
is that in the former we choose € to be strictly smaller than ﬁ

We also give the analogous result for the more basic function v (z, x), which will be useful
to refer to a few times in later sections. (We leave the proof as an exercise; see Problem
below.)

Theorem 16.5. For any fized constant N > 0 the following bound holds for all x > 2, all
integers q with 1 < ¢ < (logx)Y, and all nonprincipal Dirichlet characters x modulo q:

(549) Y(x,x) = O(xe_c“/m)

Here ¢y > 0 is an absolute constant, and the implied constant depends only on N, but is
non-effective.

We also give the corresponding result for w(z; g, a), which is called by the same name as
Theorem [16.4], the Siegel- Walfisz Theorem.:

32Proof: Assume Theorem [I6.4]and let N > 0 be given. Then there is a constant C; > 0 which depends
on N such that ‘w(x;q,a) — ﬁ| < Crze V1987 whenever 2 > 2, (a,q) = 1 and 1 < ¢ < (logz)N. We
also have |1/)(a:;q,a) — %‘ < YP(x,1,0) + x = () + < Cax for some absolute constant Cy > 0, by
Theorem [[.10 or (more elementarily) by Tchebychev’s bound ([262). Now by fixing the positive constant
C(N) sufficiently small we have min(Cle’cl\/m, Cg) < 205e CWMNIVIoge fo1 a1l 7 > 2. Tt follows that
|1/)(a:;q,a) — ﬁ| < 2Cyze~CWNVIgT whenever z > 2, (a,q) =1 and 1 < ¢ < (logz)Y, and we are done.
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Theorem 16.6. For any fixed constant N > 0 we have

1
550 m(x;q,a) = —— Lix + O(me‘c”logm)
(550) ( ) o(q)
for all z > 2 and all integers q,a with (a,q) =1 and 1 < q < (logx)™N. Here ¢, > 0 is the
absolute constant from Theorem [15.1, and the implied constant in (B50) depends only on
N, but is non-effective.

Proof. We may assume ¢ > 3. It follows from Theorem combined with (Li(2) < 2%
and) Theorem that

(551) m(x;q,a) = leijO(@ exp< (5)10;r ) —i—xexp( @)),

where the implied constant is absolute. From here the proof is the same as for Theorem [16.41
O

16.3. Goal for the remainder of the course: Good bounds on average. One of the
main goals for the remainder of this course is to prove the following simple and far-reaching
result of Bombieri:

Theorem 16.7. For any positive constant A, there exists a positive constant B such that
for all x > 2 we have

Y
(552) 2 s max [Vl ) - o

1
q<z2 (logz)~B

< z(logz)™4,

where the implied constant only depends on A.
(In fact we will prove that one can take B = A+ 5 in the above statement; thus trivially
also every B > A + 5 works.)

Note that, up to factors of logz, Theorem [16.7 gives what GRH gives on average!
Namely: If GRH holds then by Theorem [I5.41 we have

max max ‘w Y, q,a J ’ < 12 log? z,
(aq)=1 y<z ¢(q)
uniformly over all  and ¢, and adding this over ¢ with 1 < ¢ < x%(log 7))~ P we get

Y ‘ 2-B
max max 1q,a) — ——| < z(logx ,
2 (a.q)=1 y<o vvia.a) ¢(q) og2)

g<a? (logz)~B
i.e. (552) holds with B = A 4+ 2. We also point out that for x large and for “almost” all q
in the range 22 (log #) ™8 < ¢ < z2(log z) %, Theorem [6.7 implies an asymptotic formula
for ¢ (x;q,a) of essentially the same quality as what GRH gives (viz., up to log-factors)!
Cf. Problems [16.3] and [16.4] below for precise statements.
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16.4. Problems.

Problem 16.1. Prove that for every nonprincipal real character y modulo ¢, if 5; denotes
the largest real zero of L(s, x) (so that 8; > —1 by Corollary 0.7(ii)), then

1
(553) L(1,x) > min(1 - B, @),

where the implied constant is absolute. (In particular this result shows that Theorem [16.2]
implies Theorem [I6.1] i.e. the opposite of the direction we proved on p. 233])

Problem 16.2. Prove Theorem [16.5]

Problem 16.3. Prove that if GRH holds, then for each A > 0 the following holds for all
x > 2 and all integers ¢,a with 1 < ¢ < x%(log 7)™ 2 and (a,q) = 1:

x
554 U(x;q,a :—<1+O log )~ ),
(554) (@i0.0) = 57 (14 0((loz) )
where the implied constant is absolute. Also prove that for any ¢ with 22 (log) 1 ? < ¢ <,
the above bound implies the bound in Theorem [I5.4] except for an extra factor loglogx.
(Thus in the range z2 (logz) 42 < ¢ < z2(logz)~*~2 the bound (554) is essentially the
best we can prove using GRH.)

Problem 16.4. Prove the following consequence of Theorem [I6.7 Let A, B > 0 be as in
Theorem [[6.7, and take any constant C' with 0 < C' < A. Then for every = > 2, setting
Q = z2(log )5 there is a subset S C {1,2,...,[Q]} with #S < Q(log )~ such that for
every ¢,a with 1 < ¢ <@, ¢ ¢ S and (a,q) =1 we have

) _ oz 2)C—4A
(555) Vwg.0) = 55 (14 0((log)* ™),

where the implied constant depends only on A.

Remark 16.8. Since #S5/Q — 0 as * — oo, we may in particular say that “(555) holds
for almost all ¢ < @ as * — o0”; hence also “Y(x;q,a) ~ % holds for almost all ¢ <

B

23 (logz) B as x — 00

Remark 16.9. In particular for any K > 0 we know that we can take A =2K +1 and B =
2K +6 in Theorem [I6.7} if we also take C' = K + 1 then we see that if Q = z2 (log 2) 256,
then

x
¢(q)
for all ¢ < @ with the possible exception of at most Q(logz values of ¢. This is a
slightly stronger statement than what Davenport states on p. 162 (lines 6-10), with B +» K.

b(aiq,0) = = (1+0((loga) ™)),

)~K-1
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17. THE POLYA-VINOGRADOV INEQUALITY
(Davenport Chapter 23.)
The following is the Polya-Vinogradov Inequality:
Theorem 17.1. If x is a nonprincipal character modulo ¢ and M € Z, N € Z>, then

M+N
(556) ‘ > x ‘ < 2¢>logq.

n=M+1

Proof. The following elementary argument is due to Schur. First assume that x is primitive
(and nonprincipal; thus ¢ > 3). Then by Lemma [0.4] we have

() = = S wae (),

T(X) = q
where |7(X)| = /g by Lemma[@.5 Hence

(In the last step we used X(¢) = 0; this is true since x is nonprincipal.) The inner sum is
a finite geometric series which equals

e(a(M—;N—H)) o 6(a(M+1))

Hence
M+N q—1 q—1 q—1
1 1 1
G557 | > x| <q —————=q§ —g
ngﬂj—kl a=1 ‘6(q) a—1 ‘sm Wa/q = sin 7m/q

1

sin(mz) 1S

To bound the last sum in a convenient way we note that the function f(x) =

convex in 0 < x < 1, since f'(r) = —m(sin7z) 2 cos(mr) is an increasing function of z in
this interval. Hence
1 a—i—%é
(558) <3 [ i
a—2i6
2

for all a0 satisfying 0 < o — %5 < a4+ %5 < 1. [Proof: Since f is convex we have
fla) < w for all h € [0,36]. Integrating this inequality over h € [0,24] we

obtain 14 f(« _2f0 (f(a+h)+ f(a—h))dh 2fa+6 ) dzx; hence (553).]
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Using (B58) with § = % and a = %, %,...,% we get, from (557)),
M+N 2q—1 1
2 1 2 1
‘ Z X(n)’éq_%-q/ ' %dx:2q%/ . dx
=M 41 i Sln(ﬂ'l’) i 51n(7mj)

Now sin(rz) > 2z for 0 < z < 1, so that the above is

L [Pdr o
< 2q2 / — =q2logq.
L 2x
Hence we have proved
M+N
(559) | > x| < ablogg
n=M+1
for primitive x.
Suppose now that y mod ¢ is not primitive, but still nonprincipal. Let x; mod ¢, be the
corresponding primitive character. Then ¢; | ¢, and we write ¢ = ¢;r. Hence
M+N M+N

Y oxm)= > xln).
n=M+1 T(L=1\§+11

Now >, #i(d) =1 or 0 according as m =1 or m > 1 (cf. the solution to Problem 3.7), so
that the above is

= Y xam) D ould =Y pd) Y xam) = udxid) D xa(m).
n=M+1 d|(n,r) d|r n=M+1 d|r MA1 o) MAN
dln d == d

1
In view of (559), the inner sum has absolute value < ¢ log ¢1, so that

M+N

1 1 1
‘ > X(”)‘ <qi(logq) Y |u(d)| < qf(logq) Y 1< qi(logq)-2 Y 1
n=M+1 d|r d|r d|r
d<y/r
1 1
(560) < g} (log 1) - 2/7 = 2¢2 log 1 < 2¢2 log g,
where we used the fact that d — 5 gives a bijection between the set of divisors d | r with
d > /r and the set of divisors d | r with d < y/r. This completes the proof. O

Remark 17.1. In (B60) we proved the bound }_, [u(d)[ < 2/r, but of course one can give

much sharper bounds as r — oo. Note that 3, |u(d)| = 2¢(") " where where w(r) is the
logr

number of distinct primes in the prime factorization of r. We have the bound w(r) < ToglogT

for all r > 3 (cf. Problem [[7.1l below); hence 2% < exp(C log)lg();r) — rrzior where C' > 0
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is some absolute constant, and in particular for any fixed £ > 0 we have 2°(" <7< (Vr > 1)
where the implied constant depends on e. For our purpose in (560) it is most natural to

use this fact with the fairly large choice ¢ = %; and as seen in (560) we then get a good

numerical value (“2”) for the implied constant.

Remark 17.2. If we ask for a bound on ‘ZnM:J;\ZVH)((n)} which only depends on ¢ then
Theorem [I7.1] is close to best possible, and modulo GRH the optimal bound is in fact
Vv/qloglog q. More precisely: Schur has proved that

1
mj@x‘r;\[x(n)‘ > %\/5
for all primitive x mod ¢, and Paley (1932) has proved that

d
mj@x‘% (5)‘ > %\/Eloglogd

for infinitely many quadratic discriminants d > 0. In the opposite direction Montgomery
and Vaughan [38] have shown that, assuming the GRH,
M+N
‘ Z X(n)‘ < y/qloglogq
n=M+1
for all nonprincipal characters x mod gq.

Remark 17.3. However, if we allow the bound to also depend on the length of the sum, N,
then there are useful, better bounds, obtained by Burgess [7] (cf. also [30, Ch. 12]). For
example Burgess proved that
M+N
> )] < g
n=M+1
for any nonprincipal x mod q.

17.1. Problems.

Problem 17.1. Let w(q) be the number of distinct primes in the prime factorization of g.

(a). Prove that w(q) < 102)1%)(;(1 for all ¢ > 3.

(b). Prove that the bound in (a) is the best possible, i.e. limsup,_,

w(q) loglogg
ey~ >V

Problem 17.2. (= Problem [I85)(a), home assignment.) Let d(n) be the number of divisors
of n. Prove that for any € > 0 there is some constant C'(¢) > 0 such that d(n) < C(e)n®
for all n > 1.
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18. FURTHER PRIME NUMBER SUMS

(Davenport Chapter 24.)

In 1937 Vinogradov (see [63, Ch. IX]) introduced a method for estimating sums > f(p)
in which f is oscillatory but not multiplicative. His starting point was the following. Let
P = Hp<N% p. Then for n in the range 1 < n < N we have (n, P) = 1 if and only if

n =1 or n is a prime number in the interval N I <n < N. [This fact is what the sieve of
Eratosthenes is based on.] Hence

(561) FO+ Do f)= D fn) =Y ut) Y frt).

n<N t|P r<N/t

1
N2 <p<N (n.P)=1 N

We stress that in “}° n<y 7 and “° _y),” it is implicitly understood that the summation
(n,P)=1 -

variable (n and r, respectively) runs through all positive integers satisfying the stated

condition; this convention about all summation variables being positive integers is used

several times below (and has been used in previous sections).

[Proof of the last identity in (561)): (This can be seen as an application of the inclusion-
exclusion principle.) Given n with 1 < n < N, the total factor of “f(n)” in the last double
sum is: 3 yp ((t) = 32y, py #(1), which equals 1if (n, P) = 1, otherwise 0 (cf. the solution

tln
t<N

of Problem [B.7); hence the last double sum equals > ,<ny f(n), as desired.]
(n,P)=1

Thus we are led to bound sums of the kind >, _, f(rt). We need to show that these
sums are small. However, we cannot hope to get much cancellation when t is nearly as large
as IV, for then the sum contains few terms. Therefore Vinogradov rearranged the terms
arising from ¢ | P, dN <t < N, but this entailed great complications. Later Vaughan [61]
found a new version of Vinogradov’s method in which the details are much simpler; this is
the method which we will present here.

The sum which we will actually treat is >y f(n)A(n), and not }_ 5 f(p) ! However,
it is not difficult to carry over bounds on one of these sums to bounds on the other; cf.
Problem [I8.I] below for an example.

Vaughan’s method leads to the following fundamental bound on »_ 5 f(n)A(n).
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Proposition 18.1. For any function f : ZT — C and any real numbers N,U,V > 2 with
N > UV, we have

> rmAm)| < Y| m)[Am) + 10gUV) 32| 7 firt)
n<N n<U t<UV r<N/t

(562)  +(logN)S " max ‘Z f(dh)‘+N%(logN)3 max_ A(f, M, N, V),
1<h<w

1<w<N/d U<M<N/V
<V

where A(f, M, N, V') denotes any non-negative real number satisfying
1 1
563) | Y b Y afk)| ANV ) (X Jal)’
M<m<2M  V<k<N/m M<m<2M k<N/M

for all complex numbers b,,, c;.

Proof. For given U,V > 2 we let
(364) Fls)= 30 Amm™,  Gls) = 3 pld)d ™,
m<U d<V

and note the identity (for o > 1)

Cls) _ s) — ((s)F(s)G(s) — ('(s)G(s _¢ls) s))-(1—=((s)G(s
5y = P8~ COF(IG) = ()G + (= = F()) - (1= GG,

Calculating the Dirichlet series coefficients of the four functions on the right-hand side, we
get

(565) —

(566) A(n) = a1 (n) + az(n) + az(n) + as(n),
where
(567) ai(n) = {é\(n) iz i g
(568) az(n) = — > A(m)p(d);
sk
d<V
(569) az(n) = ) p(d)logh:
hd=n
d<V
(570) as(n) = = 3 Am) (Y u(d).
mk=n dlk
Wy d=v

[Proof of (B67)—(E70): (B67T) is clear by definition. For the other three we use the following
general formula for multiplication of Dirichlet series, in the half plane where both series
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are absolutely convergent:

(571) (f: ann_s) (i ﬁnn_s> = iénn_s, where 9, = Z 34
n=1 n=1 n—1

md=n

(To see this formula one first notices that the left hand side equals > 07 >~ v, Ba(md)~,
and then for each n > 1 collect all terms with md = n.) Using (B71) and ¢'(s) =

—> % (logn)n= we get ([B6I). Also using (B7I) and — C(s — F(s) = Y, ~p Am)m~
and 1= ((5)G(s) = 1= X52 (L 0ld) )b~ = = 3232, <Z;ﬂ'fv pld) )k~ we get (ET0).
Finally using (57I)) we also have the general formula for a triple product;

(i awn™) (i Bun™) (i ") = f: 0un~*,  where 0, =Y @B,
n=1 n=1 n—1 —

mdr=n

and using this we immediately get (568).]
We multiply throughout by f(n ) and sum; then

(572) > fn =51+ 53 + 53+ Sy,
n<N
where
(573) Si =Y f(n)ai(n
n<N

Note that the first term in the right hand side of (562]) is just the trivial bound on }Sl‘.

We write Sy in the form

=Y > f)Amu(d) =~ Y flmdr)A(m)u(d)

n<N mdr=n mdr<N
m<U m<U
d<V d<v
=— E A(m)p E f(rmd)
m<U r<N/(md
d<v
(574 - (T A(m)u(d)) > s
t<UV “md=t r<N/t
m<U
d<V

Again we have a linear combination of the sums »_ i (rt) but now we can control the
range of ¢ by ensuring that UV is substantially smaller than N. Using

d)' < E A(m) <logt <logUV
mS_U mlt
A<V



ANALYTIC NUMBER THEORY — LECTURE NOTES 251
for t < UV we get
(575) 15| < (logUV) 3 ‘ 3 f(rt)‘.
t<UV r<N/t
We next treat Ss:

(576) =Y fn)> pd)logh= > f(hd)u(d)logh="> u(d) Y  f(hd)logh.

n<N hd= hd<N d<v h<N/d
dSV d<v

We again wish to express this in terms of sums ), f(hd), which we can hope to bound.
Let us introduce the (temporary) notation Fy(w) := >, ., f(hd). Then by integration by
parts:

S f(hd)logh = /iV/d(logw)dFd(w): [(1ogw)Fd(w)}w:N/d_ /1 M Fa(w)

w=1— w
h<N/d

and hence

‘Z f(hd) logh‘ <log< )‘Fd< >‘+< sup ‘Fd(w)D /1N/d%u

h<N/d 1<w<N/d

< 2(log N) max ‘ Z fhd‘

1<w<N/d

(Here we only have to let w run through the integers in the interval [1, N / d], since Fy(w) =
Y 1<h<w f(Rd) only depends on the integer part of w; hence there are only finitely many
choices of w (for given N, d) and thus we can certainly write “max” in place of “sup”.)
From this we conclude that

(577) 95| < (tog ) Y max ‘Z f(dh)‘.

Remark 18.1. Note that (577) says exactly the same thing as the bound in Davenport’s
book, p. 140(3);

|S5] < (log N) max ’ Z fdh’
d

1<w<N/d
<V w<h<N/d
[Proof: Note that for each integer w with 1 < w < N/d we have

| saw|=| X sam - X gam|<| Y sam|+| X )

1<h<w 1<h<N/d w<h<N/d 1<h<N/d w+1<h<N/d
< 2m@x’ E f(dh)‘.
w
w/'<h<N/d
Hence

max’ Z fdh’<2max’ 3 f(dh)’

w' <h<N/d
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Similarly

)

Irvlﬂalx‘ Z f(dh)‘nggx‘ Z f(dh)
1<h<w

w/<h<N/d

and this completes the proof.]

Finally we treat S4, which is the most complicated sum:

Si= Y fmain) == 3 Fn) > Am) (D u(d)).
mk=n

n<N n<N dlk
m>U d<v
k>1 =

Note here that > 4x p(d) = 0 whenever 1 < k < V' (compare the solution of Problem [3.7);

hence =
(578)
Si==>_Fm) Y Am(Dond) == D Am) Y (D u(d)fm).
n<N mk>:[? dﬁli/ U<m<N/V V<k<N/m dzil%/

We apply dyadic decomposition in the m-variable:

oo s > {0 X A X ()}

Me{2°U2'U,22U,..} “~M<m<min(N/V,2M) V<k<N/m d|k
M<N/V d<v

and for each M we view the expression within the brackets as a bilinear form, ((b,,), (cx)) +—
> mi f(mE)byc. Now as in the statement of the proposition (cf. (B63)) we assume that
A =A(f,M,N,V) >0 is such that

1 1
(580) ‘ S S ckf(mk;)) < A( 3 |bm|2>2< S |ck|2>2
M<m<2M  V<k<N/m M<m<2M k<N/M
for any complex numbers b,,, ¢x. Then from (579)), by applying (580) with

and cr = Z w(d),

b - A(m) ifm < N/V
™00 else

and using |¢;| < 3 4 1 = d(k) where d(k) is the divisor function defined in Problem 3.9(a),
we get

84| < (log N)  max A(f,M,N,V)-( 3 A(m)2>%<z d(k)z);.

U<SM<N/V
M<m<2M k<N/M
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Here the sum over m is bounded by noting that

(581) > A(m)* < (logz) Y A(m) < zlogz,  Vz>2.
m<z m<z
For the sum over k we have
(582) D d(k)? < z(log2z)®, Va1,
k<z

cf. Problems [I84], I8H] below (where we also show that this bound is best possible). Com-
bining these estimates, we see that

i 3
(583) 54| < N2(log N) US%%VA( f,M,N,V).

Combining (572)) and (573) with (575), (B77) and (E83), we obtain (562)). O

Remark 18.2. In some situations sharper estimates can be obtained by treating .S, more

carefully: Write
Sp= =D+ Y =S+5

t<UV t<U  U<t<UV

Then treat S%, as we did Sy, and S5 as we did Sy. This method will be used in the proof of
Bombieri’s Theorem, in §21]

Let us now discuss what is needed for the bound in Proposition [I81] to be non-trivial.
To be specific, let us from now on suppose that |f(n)| < 1 for all n. The trivial bound on

> nen f(n)A(n) then is
> rmAm)| < 3 Am) < N,

and we would like the bound in Proposition [I8to be asymptotically better than this, viz.
to be = o(N) as N — ool The first term in (562) is unproblematic so long as U = o(N),
since anU‘f(n)‘A(”) <> n<vMn) < U. Next, the trivial estimate on the second term

in (562)) is
(logUV) 3 ‘ 3" fr) ‘ (logUV) Y §<< N(log UV)?;
t<UV r<N/t t<UV

hence we do not require much cancellation in the sums -, v, f(rt) to show that the second
term in (562) is o(/N). Similarly, the trivial estimate on the third term in (562)) is

(log N) max ’ Z f(dh) ’ (log N) Z— < N(log N)(log V),
d<v

== 1<h<w d<v

and again we see that we do not require much cancellation in the sums ), f(dh) to
get o(N). Finally regarding the last term in (562) we point out that a trivial choice of
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A(f, M,N,V) (when |f(n)] <1 for all n) is A(f, M,N,V) = (2N)z. Indeed; this is seen
to be ok by Cauchy’s inequality: For all choices of complex numbers b,,, c;, we have

Y b > afem)| < (X ) (X )

M<m<2M V<k<N/m M<m<2M V<k<N/M
1 N 1 1
<@nt( 3 mal) () (X al)”
M<m<2M V<k<N/M
1 1
—evE (Y ) (X )
M<m<2M V<k<N/M

since the number of integers m with M < m < 2M is < 2M. Using this choice of
A(f, M, N,V) the last term in (562) is

(SIS

Nz(logN)> max A(f,M,N,V) < N(logN)?;

USM<N/V
thus we need only a slightly sharper bound for A to get o(N).

Remark 18.3. However, let us note that if f is totally multiplicative and unimodular (viz.
| f(n)| =1 for all n) then we cannot improve on the bound A(f, M,N,V) < Nz. Indeed,
if we choose b,, = f(m), c, = f(k) we get, assuming M < X say,

3V
> b Y afmk)= Y flm) > fE)f(m)f(k)
M<m<2M V<k<N/m M<m<2M V<k<N/m
= 2 Ml > fwmf= 3 >
M<m<2M V<k<N/m M<m<2M V<k<N/m

> Z Z 1>>M-%:N,

M<m<2M N_ N
<ms a1 <k<zp7

while

[NIES

(2 k) (X k) <art(X) =k

M<m<2M V<k<N/M

so that we are forced to take A(f, M,N,V) > N 2. For this reason the principal applica-
tions of the method described in this section involve functions f which are not multiplica-
tive.

For most functions f we are not able to determine the optimal choice of A(f, M, N, V).
However, in the following proposition we give a very useful approach to finding a “good”

A.



ANALYTIC NUMBER THEORY — LECTURE NOTES 255

Proposition 18.2. If |f(n)| < 1 for all n, then for any real numbers N,U,V > 2 with
N > UV, we have

(584) ‘Z f(n)A(n)‘ < U+ (logN) Z mgx‘ Z f(rt)‘

n<N t<UV w<r<N/t

1
. — N\ 2
N3 ’ ( | ' )"
+ Nz(log N) Ugrl\gl%}](V/VVSrjnSalsfi/M Z Z f(mj)f(mk)

V<k<N/M M<m<2M

m<N/k

m<N/j

Proof. By Cauchy’s inequality we always have

|2 X o< 5 ) (2 | X )

M<m<2M V<k<N/m M<m<2M M<m<2M V<k<N/m
1 1
2\ 2 _ NN 2
(X )X 6 X a Y fmfmh)
M<m<2M V<j<N/M V<k<N/M  M<m<2M
m<N/j
m<N/k
: :
2\ 2 2 N
(Xl (X el X | S smiifn))
M<m<2M V<j<N/M V<k<N/M'M<m<2M
m<N/j
m<N/k

where in the last step we used }cj@} < 11¢j|* + 1|ck]? and the symmetry between j and k.
It follows that we can take
1
ALMN V)< max (S|S0 fmg)Fmk)|)”
SISNIMEN, oM M<m=ant

m<N/k
m<N/j

Hence the fourth term in (B62) is covered by the second line of (B84]). Next we note that
both the second and the third term in (562]) is subsumed by the second term in (584)) (recall
Remark [I81] regarding the third term in (562])).

Finally note that, using |f(n)| <1, the first term in (B62)) is < >, ., A(n) < U. (This
is the only place where we need the assumption |f(n)| < 1!) This completes the proof of

(B62). O

18.1. Example: An exponential sum formed with primes. (Chapter 25 in Daven-
port.)

Vinogradov first used his method to estimate the important sum

(585) S(a) =Y A(n)e(na).

n<N
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Bounds on this sum are of fundamental importance in the proof of Vinogradov’s 3-primes
theorem, cf. the next section. We will use our general estimates of the previous section to
bound S(«a). It turns out that the result depends on rational approximations of «:

Proposition 18.3. If o« € R and

1
(586) \a—g}s? (¢€Z*, a €, (aq) =1),
then

(587) 1S(a)| < (Ng~% + N5 + N2g2)(log N)*,

where the implied constant is absolute.

Remark 18.4. For any given real number a € R there does exist a rational approximation
7 satisfying (586]), and if « is irrational then there actually exists an infinite sequence of
distinct such rational approximations. This follows from the following well-known theorem

by Dirichlet on Diophantine approximation.

Lemma 18.4. For every a € R and every real QQ > 1, there is a rational number g such
that

1<qg<Q; (a,q) =1.

Proof. For each j = 0,1,2,...,|Q] we pick 5; € [0,1) so that ja = f; (mod 1). Let
B, B1s - - ’B,LQJ be a permutation of 5y, 81, ..., B|g such that 0 = By < ) < ... < ELQJ < 1;

then since Z]@l(ﬁj’ — Bj_1) + (1 = Blg)) = 1, at least one of the differences 5} — 8;_, (j €

{1,2,...,[Q]}) and 1— |, must be < ﬁ < % Hence either there are 0 < j < k < | Q]

such that |5, — Bk| < é or else there is some 0 < j < [@] such that |1 — ;] < %; in fact
in the second case we must have j > 1 since 3 = 0. In the first case it follows that
(k= j)el| < % (where ||5]| denotes the distance from § to the nearest integer), and in the

second case it follows that H jozH < %; hence there is some ¢ with 1 < ¢ < [@Q] such that
1

< 20"

1

qQ

U

anH < % This means that there is an integer a such that ‘qoz — a‘ < %, Viz. ‘oz — g

Finally if d = (a,q) > 1 then we can replace (a,q) with (a/d,q/d) and then ‘a — %‘ <

continues to hold while also (a,q) = 1.

Remark 18.5. Returning to Proposition [[83] we note that the trivial bound on S(«) is
}S(a)} <> .<nA(n) < N. Hence Proposition gives a power saving versus the trivial
bound for any « for which we can find a rational approximation g to a satisfying (586))
and N¢ < ¢ < N'7¢. (Here ¢ is some fixed small positive constant.)

Remark 18.6. * (External reading.) To further appreciate the error term in Proposition [I83]
we mention a basic concept from diophantine analysis: An irrational number o € R is said
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to be of (diophantine) type k if there is a constant C' > 0 such that

(588) )a—g) >q%, forall a €Z, g€ Z".

The smallest possible value of k is kK = 2 (by Lemma [I84), and in fact, for any given
k > 2, the set of a’s of type & is of full Lebesgue measure in R. Cf. Problem below.
[Also, by the deep Thue-Siegel-Roth theorem, if « is irrational and algebraic, then « is of
type k for any k > 2.] Now if « is fixed and of diophantine type &, then one can prove
that Proposition implies ‘S (oz)‘ < N7 as N — oo, where the exponent 7 is any fixed
number with

4 2k —1
(589) T>maX<5, — )
(Cf. Problem below.) In particular, for (Lebesgue-)almost every o € R we have
‘S(oz)‘ < N3t as N = oo, for any £ > 0; and by Thue-Siegel-Roth this holds in particular
when « is irrational and algebraic (e.g. when o = v/2). We also see that we get a power
saving versus the trivial bound for any « which has a diophantine type. (The complement
set, viz. the set of irrational a’s which don’t have a diophantine type are called the Liouville
numbers; this set is quite “small” in the sense that it has “Hausdorff dimension 07 —
although the Liouville numbers are still uncountably many, and form a dense set in R.)

Proof of Proposition[18.3. The bound is trivial if NV < 10; hence from now on we assume
N > 10. By Proposition [I8.2] we have, for any U,V > 2 with UV < N:

(590) |S(a)| = ’Z A(n ’ < U+ (logN) Z mgx‘ Z e(rta)’

n<N t<UV w<r<N/t

1
N3 (log N)? ( ‘ -
+ N (logN)* | max | max > > e(m(j—k)a)

V<k<N/M M<m<2M

m<N/k

m<N/j

)

We note the following general bound, for any 8 € R and any integers N; < N,

s | )| - (Rt OO ) < nin (o - My, )
n=N1

where ||| denotes the distance from /3 to the nearest integer. Here the first bound Ny — N,
follows simply since the number of terms in Zgi N, 18 N2 — Np +1 < Ny — Np, and the
second bound, IIBII’ follows since |e((Nz +1)8) — e(N18)| < 2 and |e(8) — 1| > ||8]|. Using
(BAT)) we can bound the second term in (590) as follows:

N 1
(592) (log N) Z max‘ Z e(rtoz)‘ < (log N) Z mm( )

w [te]
t<uUv w<r<N/t t<Uv

We give a lemma on how to bound this type of sum:
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Lemma 18.5. Ifa € R and

1
(593) ‘“‘%’3@ (€Z", a€Z, (a,q) =1),
then for any N, T > 1 we have

N 1 N
594 in( —, — —+T log(24¢T).
(594) Zmln(t,||m||)<<(q+ +q> 0g(2¢T)

t<T
We postpone the proof lemma. Using the lemma we get from ((92]):

(log N) Z max‘ Z e(rta)‘ < (log N)(% +UV + q) log(2qUV')

t<uv " w<reN/t
N
(595) < (— LUV q) (log 2gN).
q

Next, the last term in (590) is, using (B9,

1 1 %
Nz(log N)? ( ' (M 7)) '
ENlog N e v e 2 min (k= g)ell
V<k<N/M

Here note that for each integer j in the interval V < j < N/M we have

Z min(M,m) < Z min(M, m>

—J

V<k<N/M —N/M<m<N/M
N 1
< M+2 Z min(—,—).
W m’ [[mal

Hence the last term in (590) is in fact

it (e 5 ()

U<SM<N/V |ma||
1<m<N/M
: 3 NN )é 3
< Nz(log N) U<%%)J<V/V<M+ . + a7 +a (loggN)

< (NV™2 + Ng~2 + NU % + N2¢z) (loggN) ",
where we again used Lemma [I85 Using this bound together with (595]) we get from (590):
S(a)] < (UV 4+ ¢+ NV~2 + Ngz + NU 7 + N2gz) (loggN)"
We now make the choice U =V = N %, and obtain
‘S(oz)‘ < (N% +q+Ng 2+ N%q%) (logqN)4.
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If ¢ < N then this implies the desired bound, (587)). On the other hand if ¢ > N then
(BRT) is trivial, since then |S(a)| < 3, oy Aln) <K N < Nzqz. This completes the proof
of the proposition. N O

It remains to prove Lemma [I8.5]

Proof of Lemma[I8.3. Write t = hg+r with 1 <r < ¢ and put § = a—2 (thus || < ¢72).
Then ta = (hq +r)(B+ %) = ha+ (ra/q+ hgB + rp3) with h € Z and thus

1
me( IR me(hq+r rafa TR

0<h<T/q r=1

We consider first those terms for which h = 0,1 < r < %q. For these terms we have
78] < 5, so that the contribution of these terms is

(596)
1 1 =1
< Z Z 71§2 ﬁ<<qz—<<qlog(2q).
1<r<q/2 7 E me(Z/qZ) % T 2q 1<m<gq/2 ¢ 2 n=1 n
m#Z0 (mod q)

For all remaining terms we have hqg + r > (h + 1)g, and thus the contribution of these
terms is

N 1
< > me( (h+ 1)q’ ||m/q+hq5+rﬁ||)

0<h<T/q r=1

Now note that for fixed h, and for any given interval I C R of length ¢!, there are at most
4 values of r, 1 < r < ¢, for which

(597) %—l—hqﬁ—i—rﬁef—l—Z.

(Notation: A+ B={a+0b : a€ Abec B}, forany A, B C R.) [Proof of the claim: Let
J be the interval I translated by —hg and made ¢~! longer at each end (in other words
the interval is expanded by a factor of 3, from its central point). Then since |rg| < ¢!
for all » with 1 < r < ¢, (597) can only hold if L€ J+ L, viz. ra € qJ + qZ. Here qJ is
an interval of length 3 and therefore there are at most 4 congruence classes b € Z/qZ for
which b € qJ + gqZ. Hence since (a,q) = 1, there are at most 4 integers r with 1 <r <g¢q
such that ra € qJ + ¢Z.]

We use this fact for the ¢ intervals I; = [jg~!, (j+1)¢'], 7 =0,1,2,...,¢— 1, and note

that when ra/q-+hqB+7f belongs to [;+7 we have ||ra/q+hgf+rB|| > min(},1- 1),
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and thus
N N
min( N 1 >< (Sir ifj=0o0rqg—1
(h + 1>q7 lea/q + hqﬁ + Tﬁ“ o ﬁ else.
min(j,g—j—1)
Hence
g [q/2]
. N 1 N q
g )< 5 (e 5
os%wq; (h+1)q" |lra/q+ hgB +rf| Oggm (h+1)q Zl j
N T
(598) < 7 log(2T") + (E + 1>qlog(2q)

Adding the bounds in (596) and (598) we obtain the bound claimed in the lemma. O

18.2. * Equidistribution of pa mod 1. [I didn’t get time to write this section yet, but
I will hopefully mention it briefly in class.]

18.3. Problems.

Problem 18.1. Let f : ZT — C be a given function satisfying |f(n)| < 1 for all n, and set
S(X) =2 <x f(MA(n) and T(X) = _x f(p). Assume that

S(X)=0(X") as X — oo,

1

where a is some fixed constant, 5

< a < 1. Then prove that
T(X)=0(X%) as X — oo.

* Problem 18.2. Recall the definition of o having diophantine type x; see (B88). Prove that
for any given x > 2, the set of a’s of type x has full Lebesgue measure in R.

* Problem 18.3. Let a be an irrational number of diophantine type k, let S(«) be as in
(587), and let 7 be any fixed number with

4 2K — 1)
5 2k /
Then prove (using Proposition I83) that |S(a)| < N™ as N — oo.

(599) T > max(

Problem 18.4. Carry out the details of the proof of (£82), Y, .. d(k)* < z(log2z)? for all
z > 1, given in Davenport’s book. -
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Problem 18.5. (a). Prove that d(n) <. n®, for any fixed € > 0 and all n > 1.

[Hint. If n has the prime factorization n = []7_, p;’ then d(n) = [T/_,(a; +1).]

(b). Prove that ) >~ d(n"é ggs when o > 1.

(c). Prove that there exist real constants cs, s, ¢1, ¢ and some constant a < 1, such that

(600) Z d(k)* = csz(log 2)® + crz(log z)? 4 crz(log ) + cox + O (2%), as r — 0.
k<z

Also prove that c; = 772, and hence }_, _ d(k)* ~ n%z(log x)* as © — oo,

[Hint. One approach is to work with the integral 5* 5 fcctlg ggs — ds using the technique of

§13L however we need not move the vertical line of integration all the way to —oo; it suffices
to move it from ¢ = ¢ > 1 to ¢ = some appropriately chosen number between % and 1.]

(d). This part is only for fun, for those who are interested; it gives no credit on the home
assignment. Use a computer to find numerical approximations to the constants cs, o, 1, ¢o,
and compute some values of the three functions z — >, d(k)?, @ — czx(logz)® and

x — c3x(logx)? + cox(log x)? + crz(log ) + co.
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19. SUMS OF THREE PRIMES

(Davenport Chapter 26)

Hardy and Littlewood showed ([23]), assuming GRH, that every sufficiently large odd
number is a sum of three odd primes. In their argument, the hypothesis was required to
provide estimates corresponding to our estimates of S(«) in (585). In 1937 Vinogradov [62]
used his new estimates to treat sums of three primes unconditionally:

Theorem 19.1. (Vinogradov, 1937.) There ezists some X > 0 such that every odd integer
n > X can be expressed as a sum of three odd primes.

The proof of Theorem [19.1] which we will give in the present section gives the existence
of X as a non-effective constant! In this respect it is worse than the original proof by
Vinogradov in [62], which gives an effective constant. In fact, according to [36, p. 321],
by working out numerical bounds on the implied constants in Vinogradov’s proof, one can
show that every odd integer n > 33 is the sum of three odd primes. (To get a feeling for
the size of this number we may note that 109846168 < 33" — 16846169 )

It is still not known whether every odd integer n > 9 is the sum of three odd primes;
the best known lower bound today is due to Liu and Wang (2002, [37]; also see the survey
in [36]): Every odd integer n > €3% is the sum of three odd primes. (We note 10316 <
3100 11347 )

To prove Theorem [19.0] instead of considering the number of representations of n as a
sum of three primes, we deal with the related quantity

(601) r(n) = Y Alk)A(k2)Aks).

(Here and below we will continue to use the convention that all summation variables by
default run through all positive integers satisfying the given conditions, except variables
named “p”, which instead run through all primes satisfying the given conditions.) Thus
r(n) is a weighted counting of the number of representations of n as a sum of three prime
powers. We obtain a kind of generating function for r(n) as follows: Setting

(602) S(a) =Y Alk)e(ka)

k<N

as in §I8.1] we see that

(603) S(@)? =" r'(n)e(na),
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where 7’'(n) is defined in the same way as r(n) but with the further restriction that all the
k; are < N, viz.

(604) rn) = Y A(k)A(k2)A(ks),
k1,k2,k3<N
k1+ko+ks=n

Thus r'(n) = r(n) for n < N. As S(a)? is a trigonometric polynomial, we can calculate
r(N) by the Fourier coefficient formula

(605) T’(N):/O S(a)*e(—Na) da.

We shall find that the integrand is large when « is near a rational number with a small
denominator; by estimating the contributions made by these peaks, we will prove the
following;:

Theorem 19.2. For any fited A > 0 we have
1
(606) r(N) = 56(N)N2 + O(N*(log N)™),

for all integers N > 2, where the implied constant only depends on A, and where
1 1
N) = 1——— 1+4—)).
(607) SN) (mHN( @-1)2))(1)%( +(p—1)3)>

Remark 19.1. If N is even then &(N) = 0, so that (606) says r(N) = O(N?(log N)=4);
but in fact one can see in a direct way from the definition that 7(N) = O(N(log N)*) (cf.
Problem [I9.7)). Hence for N even the result of Theorem is quite weak!

For N odd we have (using Proposition [2.6])
1
s >[(1-——) >0
W g (p—1)

i.e. §(N) is bounded from below by a positive constant which is independent of N. In
particular Theorem implies that r(N) > N? for all sufficiently large odd N.

Theorem [19.1] follows as a fairly easy consequence of Theorem [19.2. In fact the con-
tribution made to r(N) by proper prime powers can be seen to be < N %(log N)? (this is
carefully proved in ([609) below) and hence Theorem [[9.2]implies the following more precise
result:

Theorem 19.3. There exist some positive constants X and ¢ such that every odd integer
N > X can be expressed as a sum of three odd primes in > cN?(log N)™ ways.
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Proof of [Theorem[19.2 = Theorem[19.3]. Recall that we have defined
r(n)= > A(ki)A(k2)A(ks).

k1,k2,k3
k1+ko+kz=n

Hence, writing P for the set of prime numbers,

(608) > (ogp))(logps)(logps) =r(n) = > Alki)A(k2)A(ks),
P1,P2,P3 k1,k2,ks
p1+p2+p3=n k1+ko+ks=n
{k1,k2,k3}Z P

and here

> Alk)A(R)A(Rs) <3 D A(k)A(ko)A(ks)

k17k27k3 k:l k‘z k:3
k1+kao+kz=n k1+k2+k3 n
{k1,k2,k3}Z P k1¢P
YooY (ogp) Y Alko)A(ks),
2<r<logon p<pl/r ka,k3

ko+ks=n—p"

where in the last step we substituted k; = p”. We may continue, overestimating the inner
sum in a trivial way:

< > > (ogp) > (logn)’

2<r<logy n p<n1/r ko,k3
- ko+ks=n—p"

= Y > (ogp)n—p" — 1)(logn)?

2<r<logyn p<pl/T

< TL(IOg n)2 Z Z l()gp =n logn Z ,19 1/7’

2<r<logan  p<nl/r 2<r<logy n
(609) < n(logn)? Z nt" < n(log n)z(n% + (log, n)n%) %(log n)?.
2<r<logy n

Using this bound on the last term in (608]) together with the result from Theorem that
r(n) > n? for all sufficiently large odd n > 3 (cf. Remark [9.1]) we see that (608]) implies
that

Z (log p1)(log p2)(log ps) > n”

P1,P2,P3
p1+p2+p3=n

for all sufficiently large odd integers n. Here logp; < logn holds for all p; appearing in the
sum; hence

3 2
E (logn)® > n”,
P1,p2.p3
p1+p2+p3=n
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VizZ.
#{(p1.p2,p3) € P* : p1+ps+p3 =n} > n’(logn) >

for all sufficiently large odd n. Finally note that for n odd, the only way for some of the
primes in p; +pa+p3 = n to be even (i.e. = 2) is if n—4 is a prime and then two of py, pa, p3
equal 2 and the third equals n — 4. Hence the number of triples (pi, pa, p3) of odd primes
with p; + pa + p3 = n is > n?(logn) ™3 — 3 > n?(logn) =3, for n sufficiently large. O

Remark 19.2. One may argue that when counting the number of ways to express n as a
sum of three primes, what we really should count is the number of “genuinly different”
representations, i.e. count the number of equivalence classes into which the set

{<P1,P2,p3> €P’ :pi+pt+ps :n}

is partitioned if we consider (py, p2, p3) and (p}, ph, p5) to be equivalent whenever (p}, py, ps) =
(Pr(1), Pr(2), Pr(3)) for some permutation 7 of {1,2,3}. However since each equivalence class
contains at most six triples (p, pa, p3), Theorem [[9.3 remains true also with this interpre-
tation.

We now embark on the proof of the main result:

Proof of Theorem[19.2. We divide the range of integration in (603]) into subintervals for
detailed treatment. Let P = (log N)?, Q = N(log N)~2, where B > 0 will be specified
later in terms of A. We assume that N is so large that

1>2

Pz Q
For1<¢< P,1<a<gq, (a,q) =1, we set

a 1 a 1
610 Mga)= [2-L 24 1]
(610) (¢, a) . o7t o

These sets M(q, a) are called the “major arcs”, and we think of each 9t(q, a) as an interval,
or “arc”, on the “circle” R/Z (the real numbers modulo 1), which we will identify with
[0,1); thus 99t(1, 1) can be thought of as the “arc” [0, Q ' JU[1 —Q~',1). We note that any

two major arcs M(q, a) and M(¢, ') with . #+ Z—: are disjoint, since
s
g ¢! 7 q¢ " P Q
We also let 9t be the union of all major arcs 9t(q, a), and let m be the complement in [0, 1)
of M. Note that m is also a finite union of arcs on R/Z; we call these the “minor arcs”.

‘a a’>1 1 2

/

We now estimate the contribution of the major arcs to the integral (605). To this end
we first determine the size of S(«) for a € M(q, a). We write o = ¢ + 3 so that |f] < Q!
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and

= A ( 2)e(kB).

k<N

Here the factor e(k/3) oscillates quite slowly, so it should be possible to control S(«) if we can

control the sum ), A(k)e(%“) over a variable range; and since the function k£ — e k“

is periodic modulo ¢ we wish to write it as a linear combination of Dirichlet characters
modulo ¢ (this can only be done if we restrict to k’s with (k,q) = 1, since otherwise
x(k) = 0 for all x € X,), so as to express things in terms of our well-studied functions
P(x,x) = Y pep X(K)A(K). Using Lemma [[5] we see that for all k € Z,

e(ka/q) if (k,q) =1 _ ma\ |1 if m =k (mod q)
{0 if (k,q)>1}_ Z e<7> {O ifm;ék(modq)}

me(Z/qZ)*
_ @ m(z/) e(%) ZX X x(k ZX (mz/ e(%)xon))x(k)
- @ 2; () x(a)x (k)

(cf. (B40) concerning the last step). This is our desired linear combination formula. Using
it we get

= 3 AW )el)+ 3 awe(F)eths)

il &
- @ > @@ Y ARx®eks) +0(F Y Aw))
XE€Xq k<N plg r<log, N
1 N
=—— ) 7(Xx(a) [ e(zB)di(z,x) log N
g 2 TN f +O(3 tos )
(611)
1

= 5 X;;(Y)X(a) (e(Nﬁ)w(N, X) — 2mif /1N e(z8)v(z, X) d:c) n O<(10g N)2>,

where in the last step we used Zp‘q 1 =w(q) <logq <logP <logN (cf. Problem [I7.1]);
the implied constant is absolute. In order to bound ¥ (x, x), we note that by Theorem [I6.5]

with 2B in place of “N” ¥(x,x) = O(:L'e_clvlog””> holds for all nonprincipal x € X, and

all z > 2 with (logz)?® > ¢. Here ¢; > 0 is an absolute constant, and the implied constant
depends only on B but is noneffective! It follows that for all  with exp (q%) <z <N we
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have
(612) Yz, x) =0 <Ne_clm> .

Furthermore for all x with x < exp (q%) we have

(0] < ¥(@) = O(x) = O(exp(g7) ) = O(exp(PFH) ) = O(eV™).
Thus (612) in fact holds for all 1 <z < N, and hence

N
(013) (VBN ~ 208 [ elaf)ulan) de = O((1+ |B|N)Ne V),
1
for each nonprincipal x € X,.
To treat the principal character x, € X, we define R(x) through
U(x,x0) = |=] + R(x).
Now for all 1 < 2 < N we have

blaov) = @) = Y0 3 AW = (@)~ O logN) = v(x) - O(log? N

plg r<log,x plg

in the same way as in (6I1]), and hence by Theorem [I3.8],
R(z) = ¢(z) — |z] — O(log* N) = O<xe—cm/m) +O(log? N) = O( Ne—WW)

for all 1 < a < N, where ¢, > 0 is an absolute constant. Hence

e(NB)U(N, xo) — 2ri /1 e(zB)(x, xo) de

= (B —2ris [ " e(af)x) do) + ((NOR(N)  2rif / " e(a)R(w) do)
(614)
_ /_ e(wB)dlx) + O ((1+[B|N)Ne e/ ),

where the last step follows by “backwards integration by parts”. We give the integral (the
“main term”) in the last line the name 7'(3), and note that it equals

N

7(3)= [ etwBdla) =Y elhd).

k=1
Using (613) and (614) in (6I), together with the fact that 7(xo) = p(q) and |7(x)| < /g
for any x (mod ¢) (both these facts follow from Problem [0.3]) we now get:

« :M 3 e—csViogN c3 = min(cy, ¢
S(e) = 53 T(B)+0(a* 1+ [BIN)N ) (5 = min(ez, 1)),
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But |B|N < Q7 N = (log N)? and ¢z < P2z = (log N)2? and thus

a) = @ e—c1viog N
S(a) = ¢(q)T(5)+O(N )

where ¢4 > 0 is any fixed constant strictly less than c¢3. Consequently (using also ‘” @ (5)‘ <
7(8)] < )
S(a) = —5((%)3T(ﬁ)3 + O N eViEn),
q

This holds for all « € M(q, a), and hence the contribution of the arc (g, a) to the integral
([607) is (again using Q~'N = (log N)?)
p(g) [ aN / Ve s 2 —esVIoEN
el ——— T(B)’e(—NpB)dB + O Nee~ Vel |,
¢(q)? ( q ) -1/Q (B)°el ) ( )

where ¢5 > 0 is any fixed constant strictly less than c¢,. Summing over the various major
arcs, we see that

(615) /smS(a)se(— Z Q) /I/Q T(B)’e(—=NpB)djB + O(Nze_cﬁ‘/m),

2250 g

where ¢ > 0 is any fixed constant strictly less than cs, and where ¢,(n) is Ramanujan’s
sum,

which we introduced in Problem

We now estimate the integral and the sum occurring on the right hand side of (61H).
The sum T'(3) only depends on S mod 1 and is a geometric series with sum

e((N+1)B) —e(B)

= O(min(N, [187)).

o)1
Hence
1-1/Q 1/2
[ mepas—o( [ sas) - 0(@?) = o(wog N) ),
1/Q 1/Q
so that

1/Q
/ T(8)e(—NB) df = / (—~NB) B + O(N*(log N)~2%).
1/Q
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The integral on the right equals

1

[ Y dkrhrmp)a-na= S 1

0 <k koks<N };ki’k%fggzjvv
1+k2+k3=

viz. the number of ways of writing N in the form N = k; + ko + k3 with positive integers
k1, ko, k3, and this is

= 3(N—1)(N —2) = 1N*+ O(N).
Hence
1/Q
/_ o T(B8)’e(—NB)dB = AN* + O(N*(log N) 7).
Using this in ([6I15]) we get
/m S(a)e(~Na ; g((qq))g (1N2 +O(N*(log N)72#) ) + O N2 -eovios)
5 M) o £ S o),

Using the trivial estimate |c,(N)| < ¢(q) together with the fact that ¢(q) > ¢/logq for all
q > 2 (ct. Problem [I5.1]) we see that

>l z

q<P

so that the above gives

/ S(a)’e(~Na)da = = “(qq))g 0(N2(1og N)—2B).

Next, again using |c,(N)| < ¢(q) and ¢(q) > q/logq (Vg > 2), thus ¢(q) >. ¢* ¢ (Vg > 1)
for any fixed 0 < € < %, we get

w(q) 1
‘; ¢(q)3cq(N)’ = q;» ¢(q)>

<. (P o 1)—1—1—25 < P—1+25 — (log N)_B+2€B,

(o]
§ :q—2+2e S / 1'_2+2E dr
q>P P—

1

and thus if we choose € = == we have

‘Z g((qq))gcq(N)’ < (log N)~B+!
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(where the implied constant depends only on B). Hence

1(q) —B+1
;é(q)?) Z¢ N)+ O((log N) ).

Here the infinite sum can be factored as an Euler product if we recall from Problem
that

6(g)
¢<(i>“(<q,qfv>>

q,N)

cg(N) =

and (thus) ¢,(N) is multiplicative as a function of ¢. Hence, by Proposition 2.7 and since
w(p®) =0 for all a > 2,

= 1(q)
2 d(q 56a(V)

~II0 o) <TI0 - 555)
- pHN(1 - ﬁ) p]g@ + ﬁ) — &(N),

cf. our definition (607)). Hence we conclude:

(616) /m S(a)e(~Na)da = %6(N)N2 + O<N2(log N)—B+1).

To complete the argument we must show that the minor arcs contribute a smaller amount.
We note that

‘/S Nozda‘</}5 }da<sup\s /}S )|’ da
(617) < sup}s /}S )[* da

and here the last integral is

/\S \da_/ZZAkl (k2)e((k1 — ko)) da

k1<N ko<N
= ZAkl ZA]@ / — ko)a) da
ki<N ko<N
(618) =Y A(k)* < (logN) > A(k) < Nlog N.
k<N k<N

(Here the first two lines were simply a proof of Parseval’s formula, in the present situation.)
Finally for every o € m Dirichlet’s theorem on Diophantine approximation (Lemma [I8.4)

says that there is a rational number a/q such that ‘a — %‘ < é, 1<¢<Qand (a,q) =1.
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If ¢ < P then a € M(a, q); hence in the present case we must have P < ¢ < ). Hence by
Proposition we have
1S(a)| < (Ng~2 + N5 + N2gz)(log N)* < (NP_% + N5 + N%Q%)(log]\f)4
< N(log N)~(B/2+4,
Hence
sup|S(a)| < N(log N)~(#/2+

acm

and hence from (GIT) and (6I8) we conclude that
‘ / S(a)’e(—Na) da‘ < N2(log N)~(B/2+3,
This together with (616]) gives the desired result, on taking B = 2A + 10. O

19.1. Problems.

Problem 19.1. Prove that for all even positive integers N we have r(N) < N(log N)*.
[Hint. For each nonvanishing term in (60I]), at least one k; must be a power of 2.]

Problem 19.2. Prove (using Theorem [[9.2) that if ¢(/V) is the number of ways to write N
as a sum of three odd primes, i.e.

t(N) = #{(p1,p2,p3) : pr+p2+ps =N},
then
S(N)N2
1 t(N) ~ ———— N .
(619) (N) 200z N)? as N — oo

[Hint is available upon request (astrombe@math.uu.se) — I don’t want to spoil things for
those who first want to work without a hint.|



272 ANDREAS STROMBERGSSON

20. THE LARGE SIEVE

(Davenport chapter 27.)

The large sieve was first proposed by Linnik in a short but important paper of 1941, [35].
In a subsequent series of papers, Rényi developed the method by adopting a probabilistic
attitude. His estimates were not optimal, and in 1965 Roth substantially modified Rényi’s
approach to obtain an essentially optimal result [48]. Bombieri further refined the large
sieve, and used it to describe the distribution of primes in arithmetic progressions [4], see
the next section.

Rényi’s approach to the large sieve concerns an extension of Bessel’s inequality. We recall
that Bessel’s inequality asserts that if ¢, ¢,, ..., ¢y are orthonormal members of an inner
product space V' over the complex numbers, and if £ € V, then

(620) > 1E o) < 11EI”

In number theory we frequently encounter vectors which are not quite orthonormal. Thus,
with possible applications in mind, we seek an inequality

R

(621) > 1€, < Allg)*.

r=1

valid for all &, where A depends on ¢y, ..., ¢p; we hope to find that A is near 1 when the
¢, are in some sense nearly orthonormal. Boas has characterized the constant A for which

(621)) holds [3]:

Proposition 20.1. If ¢, ..., ¢x are arbitrary vectors in an inner product space V', and
A >0, then the bound

R
(622) D& )P <AEIP,  vEeV,
r=1
holds if and only if
R R R
(623) S wide,. ,) <A Jul’,  Vuy,...up€C.
r=1 s=1 r=1

(Note that the double sum in the left hand side of ([623)) is always real, since u,us(®,., ¢,) =
ust, (@, ¢,) for all r, s.)

Proof. Clearly (622)< (623) holds when A = 0, both statements being equivalent with
¢, = ... = ¢ =0 in this case. Hence we may now assume A > 0.



ANALYTIC NUMBER THEORY — LECTURE NOTES 273

First assume that (623) holds. Take & € V arbitrary. Then for any us,...,ugr € C we
have

R 9 R R
0<fe=2ue - (6= une-3uo)
R 7;1 R
= ||€]1” - Zurw =D (& 9) + YD wi(e,, b,),

r=1 r=1 s=1

R R
= [|€* - 2Re Zm,m +ZZ Uy (D,, ),

r=1

and by (623]) this implies

R R
0<[€]>—2Re > (& ¢,) +AD |u, ™
r=1 r=1

We here take u, = (€, ¢,)/A; then the above inequality simplifies to read

1 & 2
0 < Ilelf = 5 >l 6,)
r=1
i.e. (622) holds.

Conversely, now assume that (622) holds. Let wuy,...,ug € C be arbitrary and set
&=>" up,. Then

R R " . n )
el = (& 3o we) = 3wt e0 < (Sf) (Sl o)’
< el (St

where we used (622) in the last step. If & # 0 then we divide both sides of the above
inequality by ||€|| and square; this gives (623). Note that (623)) also holds in the remaining
case & = 0, trivially. O

Using the above lemma we will now prove:

Theorem 20.2. Let ¢, @, ..., ¢ be arbitrary vectors in an inner product space V' over
the complex numbers, and set

R
(624) A=max) [(¢, ¢,)|
s=1
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Then
u 2 2
(625) Yl o) <Alg”,  veev
r=1
Proof. Given i, ..., ur € C we have |u,u,| < 3|u.|* + 3|u,|? for all , s, and hence

Zzurus b, ¢,) SZZ L + Lusl?) | (@, b \—Zm\ Z\ b, &,)|
r=1 s=1 r=1 s=1
< (mraxZ‘(qﬁr,rﬁs)‘) Z 2.
s=1 r=1

Hence (623]) holds with A as in (624]). Hence by Proposition 20.1], (625]) holds. O

Following Davenport and Halberstam ([11], 1966), we consider the large sieve to be an
inequality of the following kind:

Definition 20.1. Given N € Z* and § > 0, we say that the number A = A(N,d) > 0
satisfies the large sieve inequality for N, 9, if the following holds: For any M € Z and any
sequence of complex numbers {a,}, if we set

M+N

S(a) = Z ane(na),

n=M+1

then for any R € Z* and any real numbers ay, ..., ag, satisfying ||a, — as]| > 9§ for] all
r # s, we have

R M+N
(626) SIS@IF <A S
r=1 n=M+1

The value of M is in fact irrelevant in the above definition, since for any K we can put
K+N

T(a)= Y ay—gne(na) =e((K - M)a)S(a),

n=K+1

and then T has frequencies in the range K +1 <n < K + N and |T ()| = |S(a)] for all
a € R. We also note the following:

Proposition 20.3. Given N, 6, if A satisfies the large sieve inequality for N, 9, then
A > max(N,0" ! —1).

33Recall from p. that ||3]| denotes the distance from § to the nearest integer; thus ||a,. — asl] >
means that o, (mod 1) and a, (mod 1) have distance > § on the “circle” R/Z.
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Proof. Taking M =0, a, =1 (Vn), R = 1 and a3 = 0 in Definition we see that A
must satisfy ‘S(O)‘2 < AN, viz. N2 < AN, viz. A > N.

It remains to prove A > §~! — 1, and here we may clearly assume § < 1 since the

inequality is otherwise trivial. Note that for any choice of aq,...,ar € R, we have
1 R ) M+N
/ > [S(an +8)|"dB = R/ ISBIPdB=R > lanl’,
(U n=M+1
and hence there is some § € R for which
M+N
Z\S w+ B =R Y el
n=M+1

Note that the points {a, + 8}2 | are separated by at least § (mod 1) if and only if the
points {a, }2, are so separated. Hence we conclude that A > R holds for every R € Z*
such that there ezists a set of R points separated by at least § (mod 1). But such a set
of points exists if and only if Rd < 1, and so the largest choice of R is R = [§']. Hence
A> 67 >61—1 O

The above proposition shows that the following theorem is essentially the best possible.

Theorem 20.4. The large sieve inequality holds with A = N + 3571,

Proof. If R =1 then

R M+N M+N
Z}S(ar }S ap)|” = ‘ Z ane(nay) < N Z |an|?,
r=1 n=M+1 n=M+1

by Cauchy’s inequality, i.e. (626]) holds even with A = N. Hence from now on we may
assume R > 2, and thus § < % Using also our remark that the exact value of M is
irrelevant we see that it suffices to show that

(627) Z‘ 3 axe(kan)|

r=1 k=—K

< (2K 43571 Z |ax|”

)

for any § < % and K > 0. (For note that the number of terms in ZfZ_K is N=2K +1,
and thus (627) actually implies that the large sieve inequality holds with A = N —1+3§7!
if N is odd, but A = N + 357! if N is even, e.g. by taking a_x = 0 in (627)).)

We will now apply Theorem [20.2] for the inner product space

V= €2 = {w = (xk)keZ DX € (C, Z |l’k|2 < OO},

keZ
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with the standard inner product (x,y) = >, ., 21¥). Given some numbers b, > 0 (k € Z)
such that >, by < 0o, and by > 0 when —K < k < K, we set

if —K<k<K
else,

bk
E=(Grez €V, &= {gk k
and, for each r =1,... R,
&, = (bri)kez € V; Ori = b e(—ka,)

Then Theorem 20.2 says that
K

Z} Z are(kay.) § Z ak|2b,;1

r=1 k=—K k=—K

where

R
A= maXZ‘ o, b, ‘—maXZ‘ Z bke —ar))‘ :m?XZ‘B(as—ar)
s=1

s=1 k=—o00

where

= > be(ka).

k=—o00

Hence in order to prove (621) and thus completing the proof of Theorem 20.4], it now suffices
to choose the by’s in such a way that by > 1 when —K < k < K (and by > 0, Vk € Z and
> x b < 00 as before) and such that

R
(628) Z‘B(as —a,)| <2k 4 357

s=1

forall r € {1,..., R}.

We may first note that if we were to take b, = 1 for —K < k < K and b, = 0 otherwise,
we would obtain the inferior estimate

R
(629) Z‘B(as — )| < 2K + O(5 log(671)).

(Cf. Problem below.) To obtain a sharper estimate we take “smoother” by, namely
1 if |k| < K,
by =q1— (k| -K)/L if K<|k|<K+1L,
0 if |k| > K+ L,
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where L is a positive number to be chosen later. To write B(«) in closed form we first note
the identity (for o ¢ 7Z).

S (T =lile(a) = e(ja) - #{j1.ja € {1, ..., T} : j1 — jo = j}

\jISJJ ; li1<J J 2
= D2 D2 el =)o) = |3 elio)

Cge((J+Da) —e(a) 2 je(zJa) —e(—3Ja) 2 rsinmJay?
B e(a) — 1 ’ 1 e(da) —e(—La) ‘ B ( sin o ) ’

We apply this identity firstly with J = K 4 L and secondly with J = K, and then subtract
and divide by L. This gives:
B sin®(m(K + L)a) — sin®*(n K )

Ble) Lsin?(ra)

(v ¢ 7).

Hence by letting o — 0 we get B(0) = 2K + L (as is of course also clear directly from
B(0) = > bg). The above formula also implies

1
B < <
}(“”-Lsm%ﬁa)—zuwaw’

Va € R\ Z.

(In the last step we used sin?(ra) > 4Ha 2; to prove this it suffices to consider 0 < a < %,
since both sides of the inequality are even and periodic modulo 1 as functions of «; and for
0 < o < 3 the inequality follows from sin(ra) > 2, which is clear since sin(ra) is concave
for0<a< %)

Fix an arbitrary r € {1,2,..., R}. Now since B(a,; — «,.) only depends on a; mod 1, we
may as well assume that all points aq, s, ..., ag lie in (a, — %, oy + %] We order these
points as o _¢ < o_g < ... < ay_g where S is adjusted so that of, = c,.. Then since our
points are separated by at least §, we have Ha; — arH > |s|d for all s, and hence

iam%—%)

—BO)+ Y. |Bll-a)
1-S<s<R-S
s#£0

<2K+L+2 _—
- Tt ;4L5252

— <

where we used the fact that ((2) < 2, cf. footnote 25 on p. T39I Now set L = [§~!]; then
the above is

<K +6 '+ 140" <2K +3671,

since § < 1. Thus we have (628), and the proof is complete. O
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Remark 20.1. Note the very simple and beautiful proof by Gallagher [17] given on pp. 156-7
in Davenport’s book, of the fact that the large sieve inequality holds with A = 7N + §~1,
which is sharper than Theorem 20.4] when NJ is small.

Atle Selberg has proved that the large sieve inequality holds with A = N + 4§71 — 1,
which is sharper than both Theorem 20.4] and Gallagher’s bound. (Cf. the survey article
paper [39] by Montgomery, as well as Vaaler [60], and Bombieri [5].)

We now give some applications of the large sieve. Our starting point will be the following
special case of the large sieve inequality.
Proposition 20.5. For any Q, N € Z*, M € Z and any complex numbers a,,, we have

M+N

(630) S % ’S( )‘ (N+3Q°) Y ™

q<Q 1<a<q n=M+1
(a,9)=

Proof. This follows by applying the large sieve inequality (Theorem [20.4]) with the points
a, being the so called Farey fractions with denominator < @), i.e. all the points in the set

Fo={0:1<0<4<Q (0a) =1}

If and “, are two distinct such fractions, then

a d

a_d|_lad—dq/ 1 _ 1T
qg ¢ qq qq’_QQ’

and hence we can apply the large sieve with 6 = Q2. This gives the stated inequality. [J

We now use the above result to formulate the large sieve in the manner of Rényi.

Theorem 20.6. Let N be a set of Z integers in the interval M +1 < n < M + N, and
let Z(q,h) denote the number of these integers which are congruent to h (mod q). Let P be
a set of P prime numbers p, with p < Q for allp € P. Let 0 < 7 < 1, and suppose that
Z(p,h) =0 for at least Tp values of h (mod p), for allp € P. Then

N + 3Q?

1 7 <
(631) - TP

Proof. We use Proposition 20.5 with a,, specialized to be the characteristic function of the
set V, so that S(a) = >, . e(na). Then for any ¢ > 1 we have

S =S TS () = D RS

a=1 meN neN meN neN a=1



ANALYTIC NUMBER THEORY — LECTURE NOTES 279

The innermost sum is ¢ if m = n (mod ¢), but 0 if m #Z n (mod ¢); hence we get

:qz Z 1:qz#{(m,n>€N:mznzh(modq)}:qZZ(q,h)z.

meN neN h=1 h=1
n=m (mod q)

We can use this to get an upper bound on the variancd! of Z(q, h);

q

(632) Vig =3 (ztah) - 2)"

et q
averaged over ¢ running through prime numbers. Indeed, for any g € Z* we have
q q q
7N\ 2
¢*V(q) = QZ<Z(q, h) — 3> —q) Z(q,h)* =22 Z(g,h)+ 2°
h=1 h=1 h=1

q
:qzz(qvh>2 _Z27
h=1

and combining the above relations we get

(633) cf‘/(q)Ii\s(g)\z‘ﬁ:il‘s<g>

since S(0) = Z. Let us here specialize ¢ to be a prime; ¢ = p. Then

SN - = 1s()

2
)

2
)

(a,p)=1
and hence ([633)) together with Proposition implies
(634) > rV(p) < (N +3Q°)Z

p<Q

This inequality (which is of interest in itself) was proved for an arbitrary subset
N C{M+1,M+2,...,.M + N}. Now assume that A satisfies the assumption made
in the theorem; then for each p € P there are at least Tp values of h (mod p) such that

(Z(p,h) — %)2 = Z?/p?, and hence V(p) > 7Z%/p?, by (632). Hence (634)) implies
TPZ* < (N +3Q%7Z,
which completes the proof of Theorem [20.6l U

346 be precise, V(q) is the variance of Z(q, h) for given q if h is taken to be a (discrete) random variable
with uniform distribution in Z/¢Z. To see this we need only note that the expected value of Z(q, h) equals
%Zzzl Z(q,h) = %. Note that our V(q) differs from Davenport’s V(q) by a factor of %, which we have

inserted to make V(g) truely be the variance of Z(q, h).
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Remark 20.2. To appreciate the strength of the bound in Theorem 20.6, suppose that N
is the set of squares in the interval 1 < n < N with N large. Set () = N%, and let P be
the set of odd primes p < N >. Then Z (p, h) = 0 for quadratic nonresidues h (mod p), so
that Z(p, h) = 0 for at least 5(p — 1) values of h. Hence 7 = 5 and P ~ 2Nz /log N, and

we obtain the bound Z < N3 log N, which is not far from the truth, Z ~ Ns.

Remark 20.3. One can prove that for a fized set P of P primes, and a fired 0 < 7 < 1, if
Zy is the largest possible cardinality of a set A of integers in the interval 1 < n < N such
that Z(p, h) = 0 for at least 7p values of h (mod p), for all p € P, then

(635) lirn——H A=) gy

N—oo

peEP
(cf. Problem below). On the other hand Theorem implies the bound
1
lim sup — N

N—o0 N TP

This is often a lot weaker than (635)), but in the special case when 7 ~ % it agrees with
([635), up to a constant factor. However, a key feature of Theorem 20.6]is of course that it
gives a very useful bound in cases when NV is not extremely much larger than P!

[Details: The fact that = > (1 —7)” for all P> 1 and 0 < 7 < 1 is easily checked e.g.
by differentiation: For given P > 1 we have to prove that the function f(7) = 7(1 — T)P
is always < & for 0 < ks < 1. Now f'(1) = (1 — 7)P7H(1 = (P + 1)7); hence f(r) is
increasing for 0<7< %5 and decreasing for 5 <71 <1, and for all 0 < 7 <1 we have

+1 P+1
f(r) < f(P—+1) = P+1(1 - P—+1)P +. Note also that if 7 = P+1 then (1 —7)7 ~ et as
P — oo, and the same holds if 7 = % in particular if 7 = P we have (1 —7)F > 1= #

for all P > 1]

Finally we give an application (due to Gallagher) of the large sieve to estimating averages
of character sums. Let X be the set of all primitive characters y € X,.

Theorem 20.7. For any M € Z, Q, N € Z* and any complex numbers a,, we have

M+N M+N
(636) > 5 Z) S anxm)| <(V+3@) Y el
1<q<Q xeX n=M+1 n=M+1

Proof. Recall from Lemma [0.4 and Lemma [0.5 that, if x € X7,

) = 1 ox ()
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for all n € Z, and that the Gauss sum 7() has absolute value }7‘ } = /q. On multiplying
both sides by a, and summing, we see that
M+N q M+N q
1 hn 1 h
> anx(n) === > %) > ane() = == > x(ws (%),
eyt (S s v/ 0 0 q

where we write S(«a) = Zth\f[VH ane(na) as before. Hence, for any ¢ > 1,

|3 anof =3 T sws () <5 S[Sxms()f

XEX n=M+1 ex; h=1 XE€Xy h=1
q q
-2 > xS (") s (%)
b Xy hi=1 ha=1 q q
1= o h _
P> S()8(7) 20 Xtx(h),
1=1 ho=1 X€Xq
and using Lemma [[.5] we get
o(q) hy ’2
_ 29 s
. 255
(h1,q)=1
Hence
M+N
> s 2] S wwf<Y ¥ s <0430 Yl
1< <Q Xex n=M+1 1<4<Q (1h<1i21)<q n=M-+1

where in the last step we used the large sieve inequality in the form of Proposition 20.51 [

20.1. Problems.

Problem 20.1. Prove that if b, = 1 for —K < k < K and b, = 0 otherwise, then the bound
(629) holds.

Problem 20.2. Let P be a fixed set of P primes and let 0 < 7 < 1 be a fixed number. For
each N € Z" we let Zy denote the largest possible cardinality of a set N of integers in the
interval 1 < n < N such that Z(p, h) = 0 for at least 7p values of h (mod p), for all p € P.
Prove that

(637) ZNNNHM as N — oo.

peEP p
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21. BOMBIERI’S THEOREM

(Davenport Chapter 28.)
Definition 21.1. For ¢ € Z*, a € Z with (a,q) =1 and x > 1 we put

(638) E(z;q,a) = ¥(x;q,a) — 3@

(639) E(z,q) = max{|E(z;q,a)| : a € Z, (a,q) =1},
and

(640) E(z,q) = max B(y, q)-

The following theorem by Bombieri says that E*(z, ¢) is significantly smaller than z/¢(q)

for most ¢ < z2 (logz) ™.

Theorem 21.1. Let A > 0 be fized. Then for all x > 2 and all Q) in the range x%(log )4 <
Q < 2 we have
(641) Z E*(z,q) < 22Q(log z)?,

1<¢<Q

where the implied constant only depends on A, but is non-effective.

(The dependence on A and the non-effectiveness of the implied constant only arises at
the very end of the proof when we apply Siegel’s Theorem; cf. (670) below.)

Remark 21.1. Note that Theorem 2T.T]implies Theorem [[6.7l (Proof: For any given A > 0
we may apply Theorem 1.1 with Q = :B%(log 2)~MA+5) and A + 5 in place of A, to deduce
that Z1gqgm%(1ogm)fw+5> E*(x,q) < z(logx)™4, viz.

) —A
max max 1q,a) — ——| < x(logx)™ .
> nax max ¥(yi g, a) 20 (log )

1<q<z? (log z)—(A+5)
Hence the statement of Theorem [[6.7 holds with B = A+ 5.)

Remark 21.2. To assess the strength of the bound in Theorem 2.1l we note that for each
y > 1 there are at most % + 1 integers 1 < n < y, n = a(mod ¢), and hence, given any
large x we have for all ¢,y < x and all a:

xlogx and Yy xlog(q+ 1) < xlogw

¢(q) q q
oy of Problem I5.T). Thus

log

U(y;q,a) K

(we used ¢(q) >

zlogx
E*(z,q) < qg ., Vg<u
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Consequently we have the trivial bound

1
(642) Z E*(z,q) < Z : (;g:z < z(log z)?

1<q<@ 1<¢<@

for all @ < z. (Note that we don’t get any better bound by this trivial approach even if we

take @) to be significantly smaller than x; for instance if () ~ ~ zTow we still obtain the same
bound, >, < E* (7,q) < z(logx)?.) From this we see that the result of Theorem 211l is

trivial for Q > 7 (logz)®. We also see that the result of Theorem EII] never represents
more than a log power saving versus the trivial bound (642]), since the bound in the right
hand side of (641 is always > x(log x)>~* where A is the fixed constant in Theorem 2T.11
However, this log power saving is a very important one: As we saw in Problem [16.4],
Theorem 211 implies that the asymptotic relation ¥ (x;q,a) ~ % holds for x large and
for “almost” all g-values in a range which is essentially of the same quality as what GRH

gives! (Namely: In the range ¢ < z2(logz)~ 3, where B is any fixed constant > 5.)

We now start on the proof of Theorem 2I.1], which falls into several parts. (Note that
we have structured the proof in a slightly different order than in Davenport’s book.) The
main work will be spent on proving the following bound. Recall that we denote by X7 the
set of all primitive characters xy € X; cf. p. 280

Proposition 21.2. We have, for all x > 2 and Q) > 1,
(643) Z (4 Z max‘w Y, X ‘ < x+x6Q+x2Q )(log Qz)?,

q<Q XEX* N

where the implied constant is absolute.

Theorem RT.Tlis in fact a (comparatively) direct and easy consequence of Proposition 21.2]
combined with our estimates from the prime number theorem for arithmetic progressions,
in particular Siegel’s Theorem. This deduction, Prop. = Theorem 2171 is carried out
on pp. 29TH295]

Remark 21.3. The bound (643)) can also be expressed as follows:
z if Q < o
Z e Z max‘w Y, X } < 28Q ifzs<Q<as (log Qz)*.

q<Q XEX* - x%QQ if 13 <Q

In order to prove Proposition we will use our method of estimating Y _ . f(n)A(n)
from I8 In Remark we observed that this method fails if f is multiplicative; in
particular we are not able to bound W(m, X)} by this method. Nevertheless we can use the
method to bound an average of M(:c, X)‘ over various Y, by using the large sieve. More
precisely, we will use the large sieve to deduce the following estimate:
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Proposition 21.3. For any real Q, M, N > 1 and any complex numbers {a,,} and {b,},

we have
(644) Z (4 rilea]é(’ Z Z by X (Mmn ’
= e
< (M + Q)5 (N + Q%) %(Z |am|2>2<2|b | ) log(2M N).

m<M n<N

Proof. We use the large sieve in the form of the inequality (cf. Theorem 20.7))
(645) Z Z ’ Z amx(m ’ <M+Q) Y Jaml
¢ XGX m<M

and similarly for {b }n<n. Using also Cauchy’s inequality we get

> 5t Z| 5 3 aahaton)

xeX m<M n<N

-ZZ(FM )i )

q<Q xeXg
- <q<QxeX* ‘Z mX ) <<Q EX* ‘Z nX )
(646) <1+ QN+ Q3 (Y lanl) (X I0nl?)

m<M n<N

To introduce the condition mn < wu in the inner summation we will use the following
formula:

Lemma 21.4. For any T > 0,8 > 0, € R with § # |a| we have

T oasintB 1 if |al <8 1
(647) /_Te — dt_{o 7 lal > 8 +O(T\ﬁ |0‘H)

where the implied constant is absolute.

Proof. By Lemma [13.3] we have, for all y > 0 with y # 1, and all ¢ > 0, T' > 0:

1 c+iT s c
—./ Yods—o(y)| < —2—.
27t Jo_ip S ©T| log y|

where d(y) = 0if 0 <y < 1 while §(y) =1 if y > 1. Here we may let ¢ — 07 to conclude

T s
i./ y—ds—é(y)‘g 1

21 i s 7T |logy|




ANALYTIC NUMBER THEORY — LECTURE NOTES 285

In the integral we substitute s = it; this gives
1 y 1
dt = § 0(7>, VT >0, y € R\ {1}.
2 |_, 7t (v) + T|logy| Y Aty

We apply this formula for y = e®7? and y = e*~#, and subtract; since = (e(o”rB) e(a_ﬁ)“) =
e®@sintf3 this gives:

T
o SIn S ot B - ( 1 1 )
dt =0 -0 T > 0.
[ =0 =8+ O ) T
Here if 3 > |a| then §(e®™P) = 1 and §(e*?) = 0, while if 0 < 8 < |a| then §(e*t?) =
5(ea—6). We also have T|a1+5\ < T\Bi\all and T\al—m < TlﬁilaH’ since 8 > 0. Hence we get

(647). O

Applying the above lemma with 5 = logu (u > 1) and a = —log(mn) (m,n € Z*) we

obtain
/T —— sin(tlog ) g — 1 tf mn < u N O( mn‘ 1)’
-7 mt 0 if mn>u

so long as mn # u. Multiplying this formula with a,,b,x(mn) and adding over all (m,n) €
{1,...,[M]} x{1,...,|N|} we get, for any u > 1 which is not an integer, and any T > 0:

Z Z by X (MN) / A(t, x)B(t, X)%l;)gu) dt

™

(648) +O<T— > lambn

)
m<M n<N )

where

= > amx(m B(t,x) = ) bax(n)n*.

m<M n<N
When proving (644) it is no loss of generality to assume that u only runs through the

numbers of the form u = k + —, where k is an integer, 1 < k < MN. (This is because
the inner sum » /> <y ambnx(mn) in (644) only depends on the integer part of u,

mnu

equals 0 for u < 1, and is constant for all u > MN.) For all such v = k + 5, and all
(m,ny € {1,...,[M]} x {1,...,N|}, using the fact that |log | > min(1, | — 1|) for all

a > 0, we have:
) > min< ,

|sin(tlog )| < min(1, [tlogu|) < min(1, |¢|log(2M N)).

u:t% ) 1 1 1
—1‘) :m1n< D >> > ——
U U

o 57| > min
og— min| 1, N

We also have
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Hence from ([648)) we conclude

Z Zamnxmn

m<M n<N
mn<u

max

<</_T}A(t,x)3(t,x)\mm(| 0 log(2MN)> dt+— 3 Z b

<</_Z}A(t,x)B(t,x)\min<‘ it 1Og(2MN)> it + M3N§ (Z - ) (§V|bn|2>%,

where in the last step we used Cauchy’s inequality. Multiplying the above bound with %
and adding over all (g, x) with 1 < ¢ < Q, x € X, we get

1
«§2¢(Q) X;; e m<M n<N )’
<</ Z¢ Z‘Atx tx‘m1n< , log 2MN))dt

mn<u
xeX

(649) +2TNZ<;Q% ; 1) (n%mmp)%(;vwnp)%.

ni

Here by (646) (applied with a,,m~, b,n~" in place of a,,,b,) we have
Z > A X)B(t x| < M+Q2)%(N+Q2%(Z\am|> (Z|bn|2)§.
q<Q (b( ) XEX* n<N

(The implied constant is absolute, just like all other implied constants on the last few
pages. In particular the last bound is uniform with respect to ¢ € R.) Using this and

quQ%ZX@(;lSZqSQq<<Q2 we see that (649) is
1 1 T
M 2N 2\ 1 m25 bn2§/ . i,l uA) d
< (M + Q)2 ( +Q)2<n;/[\a |) (7;| \) _Tmm<Iﬂ 0g(2 )) t
38 ) N
—|—M;N2Q2<mz<;/[‘am|2>2<z|bn|2>2-

n<N

Taking here T = (MN)? we obtain (644). O

Proof of Proposition[21.2. If Q* > x then (644]) implies (643)) on taking M = 1, a; = 1,
b, = A(n), N = z.
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We now assume Q? < x, and prove ([643)) using the identity of §I8 (cf. (572), (573), (574),
(B76), (577), (B78), where we take y in place of “N” ): For any given U, V,y > 1 we have

4

(650) Yy, x) =Y Sy x. U, V),
j=1
where
(651)  Si(y,x,U.V)= > An)x(n)=O0(U);
n<min(U,y)
(652)  Saly.x.U,V) = Z(ZA @) 3 x(ro)
t<UV md= r<y/t
mSU
d<Vv
(653)  Sa(yx.UV) =D uld) D x(hd)logh = O((logy) Y- max [S7x(n))):
d<v h<y/d d<v = =7 h<w
650)  SiyoeUV)=— > Am) Y (3 ud))x(mk)
U<m<y/V V<k<y/m dlk
d<v

In the following discussion, from here until relation ([664)), we consider z, @, U,V as given,
and satisfying z > 2,1 < Q < /z, U,V > 1, UV < z; and we work with absolute implied
constants in all “big O” and “<” bounds. We will later choose U and V' as functions of @
and z.

By (650) we have

q a
(655) %Mg};& max[w(y, 0] < DD 5o D max| Sy x U V).

J=1q<@Q XXy

~

To treat the contribution from Sy (viz., j = 4) in (655]) we will apply dyadic decomposi-
tion to the m-variable in (654]). We first note that for any given real number M € [2, 2], if
we put

Ve by, = d<v

I A(m) if max(U, M) <m < min(&,2M) Yoap p(d) if K>V
AU else; 0 else;

35Note that the assumptions U,V > 2, UV < N made in Proposition I81] are not needed for the quoted
identities to hold. Note however that the sum (654)) is empty (i.e. S4 =0) if UV > y.
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then
Y s T am 3 (St i)
ka0 i iy

(656) = Z ngg;c Z Z ambkx(mk)'.

1<q<Q XGX 1<m<2M 1<k<z/M

mk<y

[Proof: For fixed ¢, x in the above sum one checks by inspection that if the pair (m, k) occurs
in the first sum, then it also occurs in the second sum and gives the same contribution there.
On the other hand if the pair (m, k) occurs and gives a nonzero contribution in the second
sum then a,, # 0 forces U < m and M < m < 2M, and b, # 0 forces V < k, and
furthermore mk < y so that k < y/m and m < y/k < y/V; thus the pair (m, k) also occurs
in the first sum and gives the same contribution there.]

Now if we replace “max,<,” by “max,cg” in the last line of (656]) (thus making the total
sum larger), then this expression is exactly of the same form as the left hand side of (644
(with M < 2M and N « x/M); hence Proposition RT.3| gives that (650) is

(Q2+M)< )( S A(m )( S d(k)2)§10gx
M<m<2M V<k<z/M
< (Q+M%)(Q+x%M_%)(MlogM)%<%log3x)§log:c
< (Q%é + QzM™% + QM2 + ) (log z)?

(cf. (BR8I) and (B82) and recall 2 < M < z). Adding the above bound over M = 2*U for
all integers p > 0 with 2#U < x/V we obtain

Z Z max‘S4 y,x, U,V }

1<q<Q XEX*
< Z (Q%2% + Qu(2"U) " + Qu?(2U)} + ) (log x)°
@ b2a)
(657) < (sz% L QaU " +QaV 7 + z)(log z)".

To treat Sy we consider two ranges of ¢ in (652), namely ¢t < U and ¢ > U. That is, we
write

52(,% X U7 V) = Sé(yv X U7 V) + Sg(yu X U7 V),
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where
Sh(y 0 U V) = = 300 Atmu(d)) D xrt)
1<U md=t r<y/t
d<v
and

Sy UV) == > (X Amud) Y- x(rh).

U<i<tiVv ;nfé:(} r<y/t
d<v
(Note that S) = 0 if y < U.) We treat S exactly as we did S;. Namely: We first note
that for any given real number T' € [2, z], if we put

Zmd< t A(m)p(d) if max(U,T) <t <min(UV,2T)
ay = ZL<\(/J

0 else

and b, =1 (Vr), then

> i 2 e

1<q<Q

> (3 Amula@) 3 x0)

U<t<UV md=t r<y/t
T<t<2TT m<U

A<V
(658) = Z Z max Z Z azb, x(rt)].
15020 ® XEX* vt

1<t<2T 1<r<z/T
tr<y

Now if we replace “max,<,” by “max,cr” in the last line of ([658)) (thus making the total
sum larger), then this expression is exactly of the same form as the left hand side of (644
(with M < 2T and N <« z/T); hence Proposition 1.3 gives that (G58)) is

o @ eni (@D (X (5 aommia)) (3) oas

T<t<2T md—
e
Here note that for any ¢ € Z* we have
ordy (t)
(660) D)< XA =30 3 M) = 3 ord () 1ogp = logt.
mlt plt r=1 plt

mS_U
d<V
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and hence (659) is
1 1.1 2.2 (T 3
< (Q+T2)(Q+22T72)(Tlog”T)? (T) log x
< (Q%é + Q2T 2 + Qu2T? + ) (log z)*.
Adding the above bound over T'= 27U for all integers 7 > 0 with 27U < UV we obtain
(661) Z Z maX‘S” v, . U V)| < ( Q%2 + QaU~2 + Qu2UzV2 + z)(log z)®.

1<q<Q XEX -

We next treat S): Using (660) we have
3y, U V)] < 3 (logt)| 32 x®x(r)| < (g 1) 32| 37 x(r)],
t<U r<y/t t<U r<y/t

and by the Pélya-Vinogradov inequality, Theorem [T}, we get, if x € X with ¢ > 1,
S (y. x. U, V)| < (log U)Uq? log g < q2U(log qU)?,

since such a x must be nonprincipal. On the other hand for ¢ = 1 (viz. x = the trivial
character) we have the bound

So(y, x, U, V)| < (logU < y(logU
|55y, x | < (log );t y(log U)?.

Combining these estimates we find that

Z gb(q) Z max}S Y, X,UV}<<xlogU Z q2 (log qU)?

1<q<Q XEX 2<q<@Q
(662) < z(logU)? + Q32U (log QU)? < (2 + Q3U) (log z:)*
(since we are assuming Q* < z and U < ).

We treat S5 as we did S5: From (653) and the Pdlya-Vinogradov inequality (Theorem
7)) we have, if x € X with ¢ > 1,

|S5(y, x. U, V)| < (logy) Y g% loggq < ¢2V (log qz)?,
d<v

while if ¢ =1,
Yy
[S5(y,x. U V)| < (logy) Y 5 = y(logy)(log V) < y(logyV)*.
A<V
Hence

Z ¢(Q) Z maX}SS y X, U,V } L7 long Z qz 1qux

1<q<Q 2<q<@Q

(663) < (z+ Q%V) (log z)?.
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Using the estimates (651)), (657), (661)), (662) and . v gt
2. % > max|u(y, x)] < (Q% + 2+ QuU™t +QuV™2 4+ UsViQus

9<Q XE€Xg
(664) + QU + Q3V) (log z)*,
If 23 < Q< 22 then we take U = V = I%Q_l, and get

Z m Z rggg}w(yv><)‘ < (Q2x% +x + Q%LL’% —+ x%)(]ogx)‘l < Q2f17%(10gf1,’)4
q<Q xXeX}

(we used 25 < @ in the last step to see that all of z, 25, Q325 are < Q2l’%). In the other
case, 1 < (@ < ZE%, we take U =V = ZE%, and get

> % > max|y(y, )| < (Q*F + 2+Qat + QFx7)(logz)’

y<z
q<Q XEXg

< (Q%% +x+ Qa:%)(log r)*

(we used @ < 23 in the last step to get Q%:B% < Ql’%). Hence in both cases ([643) holds,
and we are done. O

Remark 21.4. The choice of U,V in (664) can be motivated as follows: For any given number Y € [1, z],
if we vary U,V € [1,Y] in such a way that that UV = Y then (664) is minimized, up to at worst a
factor 2, when U = V = /Y. [Proof: For fixed Q > 1, z > 2 we set f(U) = QzU~% + Q3U, so that
our task is to minimize the function f(U) + f(Y/U) over U € [1,Y]. By symmetry (U < Y/U) we may
assume 1 < U < /Y. By differentiation we find that f(U) is decreasing for U < Uy and increasing for
U > Uy, where Uy := (2/2)3Q!. Hence if VY < Uy then f(U) > f(\/Y), while if VY > Uy then
f(Y/U) > f(v/Y). Hence in both cases we have

FU)+ f(Y/U) = f(VY),

which proves the claim.] It follows from this that we may keep U = V when minimizing (664)); thus our
task is to choose U € [1,z] so as to minimize

QrU™% + UQz* + QU = QaU™% + (Qu* + QF)U.

IfQ < 23 then this expression is <> QIU*% + QZE% U and in the usual way we see that this is minimized
(up to an absolute constant) by making both terms equal, viz. by taking U = 23. On the other hand if
Q > 23 then the above expression is <>> QU2 + Q3 U, which is minimized (up to an absolute constant)
by taking U = 23Q 1.

Finally we now use Proposition 21.2] to prove Theorem 21Tt

Proof of Theorem [211. Recall that (by Lemma [L5])

1
U(y; q,a) = ) ngi(a)w(y, X)-
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From v(y, xo) we wish to subtract the main term y; hence we put

X = {w(y,x()) —y if x=Xo.

Then

R R T o PR
U(y; q,a) 50 = 7 X;qx( W (y, X),
1:

and hence, for all y,¢ > 1 and all a with (a, ) =
| B(y:q,0)| < Z ¥/ (3, X))

Since the right hand side is independent of a we conclude that also

Z\wyx

xEX

For any x € X, we let x; denote the corresponding primitive character. Then ¢'(y, x) and
' (y, x1) are nearly equal, since

Y'Yy, x1) — Z Z x1(p")logp = O(ZHZEzJIOgP>

plg 1<k<log,y plg
= 0((10g >y logp) = O((log y)(log C.I)) = 0((log qy)2>-
plg
Hence
E(y;q) < (log qy)* + @ > (g, x0)]

and thus for all z,q¢ > 1,

1
E*(x;q) < (log qz)* + —— > max|¢/(y, x1)|-
ola) S5 vse

Hence we get the following bound on the left hand side of (G41l), for any z, @ > 1:

* 2 1 /
> g < Y ((oggw) +@X§r§ggw<y,xl>\)

1<q<Q 1<q<Q

< Q(log Qx)* Z Z max‘w ?/>X1)}

1<¢<Q xeXy

Here in the last double sum, y; visits every primitive character which has modulus ¢; < @),
and no other primitive characters. Moreover, any fixed primitive character y; modulo
¢1 < @ appears in the above double sum exactly for those x’s which are induced by 1, i.e.
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for exactly one y € X, for each ¢;-multiple ¢ € {q1,2q1,3¢1,4q1, ...} with ¢ < @, and for
no other y’s. Hence we get, writing ¢ = kq;:

(665) > E(z,9) < QUog Q)+ Y > rggg}w’(%xl)\( > : )

1<q<Q n<Qxiex; 1<k<Q/q1 o (kay)

Here we note the general inequality
1 1 1
o(kar) =k [T (1= =) > ka [T (1= =) TT(1 - =) = 6(0)tan).
p p p
plkq1 plk pla
which implies (for any ¢; € Z* and z € R, z > 1)

1 1 1
2 o) S o) 2

1<k<z N <, ()

Next, to bound ) ., . ﬁ we use the fact that ¢(k) is multiplicative (and positive) to
see that

1 ¢ s
:pgz<1+Pi1 +p(pl—l) +p2(pl— ) +-) :g<1+ <pi1>,§p—’“)
_ H(H— (p—l)(ll—p_1)> :H(1+ (pfl)2)’

p<z
and thus, taking the logarithm:
1 P P B 1 2p—1
log Z m < ;logo—k 7(1)_ 1>2> < Zi(p_ 0= Z( + 7)

" — 1)2
1<k<z <z s P p(p—1)

— Z(p_l + O(p_2)) = (Zp_l) + O(1) =loglog(z+ 1) + O(1),

p<z p<z

by Proposition [6.5l Exponentiating back we get

1
Y < log(z + 1).
S, oK)

Hence, if we from now on assume () < z, we get that for all ¢ < @),

1 1 1 1 Q log x
> s et = aw < ae sl ) < gy

1<k<Q/q1 1<h<Q/q «
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Using this in (665), we conclude, writing now ¢, x in place of ¢, x1,

> E(@.0) < QUogQa)? + (logx) - s 3 maxlu/(v. )]

y<z
1<q<@ q9<Q XEXH

Hence we see that in order to prove Theorem R2I.T]it suffices to prove that for all > 2 and
all Q) with x%(log r)7A<Q< z2 we have

(666) > @ > max|i(y, x)| < 22Q(logz)™.

q9<Q XEXE

We now bring the bound (643)) into use. First note that for any U > 1, by taking ) = 2U
in ([643); then sacrificing all terms with ¢ < U in the left hand side and dividing by U
(using q/U > 1 for ¢ > U), we get

(667) Z @ Z I;lg;(}w(y,x)} < (% + ot +:):%U> (logUz)*.

U<q2U XEXg

Hence, for any given Q; with 1 < Q; < @, by summing the above over U = 2* where k runs
through all integers with %Ql < 2k < 20Q), we get (also using the fact that ' (y, x) = ¥ (y, x)
for every nontrivial primitive character x)

1 , 1
> o) > I;}gf\w (y,x)] < ; > ) > r;lg;cw(y,x)\

Q1<g<Q XEXg L 2k <q<2k+1 XEX
3@1 <2k<2Q

x 5 1
< Z <2—k + 2% +x22k> (log 2Qz)*
logy (3 Q1)<k<log,(2Q)

(668) < (Qi +26logQ + ﬁ@) (log Qz)*.
1

Let us now assume x > 3 (without loss of generality) and take Q; = (logx)?. Using

z2(logz)™* < Q < 2 we then see that the bound in (G68) is < z2Q(logz)*, and thus we
have

(669) Z ﬁ Z mgxw’(y,x)‘ < z2Q(log z)".
togmrcazq X9 =

XEX;
Finally to treat ¢ with ¢ < (logx)?, note that by Theorem 6.5 applied with N = A + 1,
for all y with exp (q%ﬂ) <y <z and any nonprincipal Dirichlet character x € X, we have

(670) (Y, x) = O(ye V") = O (weV1%T)
But for y with 1 <y < exp (qﬁl) we have the even stronger bound

[0y, x)| < ¥(y) <y < exp(qa) < exp((logz) ).
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Hence in fact

max|(y, x)| < zecVE",
y<z

Adding this over all ¢ with 2 < ¢ < (logz)? we get, since ¥(y,x) = ¥'(y, x) when Y is
nontrivial and primitive,

(671) Z @ Z mgx}¢’(y’ X)} < (log ;E)A . pe—cVIogT o z(log :L')_A < :L'%Q
A XEXS y=*

Finally when y is the trivial character we have, for all y with 1 <y <z,
W)/(y, X)} = W(y) — y} & ye VIoBY « gpemoVIoeT ZE%Q.

Adding this together with (669) and (671]) we obtain (666). Hence Theorem 21.T]is proved.
U

2<q<(log z)
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