ON THE UNIFORM EQUIDISTRIBUTION OF LONG
CLOSED HOROCYCLES

ANDREAS STROMBERGSSON

Abstract

It is well known that on any given hyperbolic surface of finite area, a closed horocycle
of length € becomes asymptotically equidistributed as { — o0. In this paper we prove
that any subsegment of length greater than €'/*7¢ of such a closed horocycle also
becomes equidistributed as { — 00. The exponent 1/2 + ¢ is the best possible and
improves upon a recent result by Hejhal [He3]. We give two proofs of the above result;
our second proof leads to explicit information on the rate of convergence. We also
prove a result on the asymptotic joint equidistribution of a finite number of distinct
subsegments having equal length proportional to €.
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1. Introduction
Let I" be a cofinite Fuchsian group acting on the Poincaré upper half-plane .7 with
metric ds = |dz|/y. We assume that I" \ .7 has at least one cusp. By an auxiliary
conjugation, we may then assume that I' \ # has one cusp located at oo and that the
isotropy group ' is generated by the translation S(z) = z + 1.

For any y > 0, the curve {x +iy | x € [0, 1]} is a closed horocycle of length 1/y
on I'\JZ. When y — 0, this curve is known to become equidistributed on I'\ 5¢ with
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508 ANDREAS STROMBERGSSON

respect to the Poincaré area y. (Recall that du = y~2 dx dy.) Investigations related to
this fact have been carried out by a number of people over the years, including Selberg
(unpublished), Zagier [Z], Sarnak [S], Hejhal [He2], [He3], and Flaminio and Forni
[FF].

By elementary functional analysis, the equidistribution fact just mentioned is
equivalent to the assertion that

1
/0 Flx +iy)dx — FR)du)

w(TN\ ) Jr\e
holds for every compactly supported function f € C(I' \ ) asy — 0F.

In [He3], Hejhal asked the following question. To exactly what degree of unifor-
mity does this equidistribution result hold? Specifically, for numbers a = a(y) <
S = B(y), under what conditions do we have

1 [P 1
e R e ey A (C LIIC B
asy — 07
The main result in [He3] is that there exists a positive constant ¢(I') < 1/3,
which depends only on the group I', such that (1.1) holds as y — O so long as f — «a
is kept bigger than y“(")=¢_ The proof is based on spectral-theoretic techniques. (The
constant ¢(I") obtained in [He3] depends on the smallest eigenvalue 1; > 0 of the
Laplacian on T\ JZ; in particular, [He3] gives ¢(I') = 1/3 if and only if 1; = 3/16.)
For fixed o and f, a proof of (1.1) was outlined earlier in [He2, page 44], and
the same assertion can also be obtained using ergodic-theoretic techniques (see [EM,
Theorem 7.11* as well as [Sh]).
In this paper, we improve the result from [He3] to show that, for any Fuchsian
group I' as above, we may in fact take ¢(I') = 1/2. In other words, we prove the
following.

THEOREM 1

Let T be a cofinite Fuchsian group such that I \ 2 has a cusp at oo, with I'oc =
[z z+1]). Let 0 > 0, and let f : 77 — C be any fixed, bounded, continuous, and
I-invariant function. Then

1 B
— / Flx +iy)dx — £ du) (12)

1
w(l\ 52) /r\%

uniformly as y — 0 so long as f — o remains bigger than y'/>=°.

*The proof in [EM] is for closed horocycles, that is, « = 0, § = 1, but the proof can be adapted to work for any
fixeda < .
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The exponent ¢(I') = 1/2 is the best possible result because, as remarked in [He3,
page 840], it is easily seen that there are numerous cases of a = a(y), f = f(y) with
B — a = [const] y!/? as y — 0 such that all of the horocycle segments [a, f] + iy
stay far out in one cusp of I \ JZ.

We give two different proofs of Theorem 1. In §3 we give a proof using ergodic
properties of the horocycle flow on I' \ PSL(2, R). This approach leads to a more
general version of Theorem 1 in that we obtain asymptotic equidistribution on the
unit tangent bundle of I" \ 5Z. We also replace the boundedness assumption on f by
a weaker condition on the growth of f in each cusp.

Our second proof of Theorem 1 is given in §§4 and 5. This proof uses spectral
theory and yields a stronger result than Theorem 1 as we also obtain explicit infor-
mation on the rate of convergence in (1.2) (albeit for a more restricted class of test
functions f). Such information does not seem possible to obtain using the ergodic
methods of §3.

We remark that our approach in §§4 and 5 is different from the one used in
[He3], although both are based on spectral-theoretic techniques in a completely clas-
sical style. The present proof uses the spectral expansion of the given test function f
in a direct way, and the argument ultimately relies on uniform Rankin-Selberg-type
bounds on the Fourier coefficients ¢, of the eigenfunctions. In case there are small
eigenvalues present (0 < A < 1/4), we also need to use bounds on sums of the
form Z,]l\,:l cpe(na). For a Maass cusp form, this sum is known to be bounded by
O(N 1/ 2Jr8); however, for a noncuspidal Maass waveform, the best possible uniform
bound is O(N'~V1/4=4) which we prove in Proposition 5.1 (see also Remark 5.2).

We should mention a recent paper by Flaminio and Forni, [FF], in which a de-
tailed analysis is made of the invariant distributions and the cohomological equation
for the horocycle flow on I" \ SL(2, R). One possible alternative approach to the ques-
tion of the rate of convergence in (1.2) would be to build on the results in that paper,
adapting the technique in [FF, §5].

We next turn to another natural question concerning the deeper properties of the
asymptotic distribution of the closed horocycle [0, 1]+ iy. To what extent are we able
to assert that distinct subsegments [a;, a; + €] +iy (j = 1,..., N) tend to become
more and more decorrelated position-wise on I" \ .7 as y — 0? This question was
raised by Hejhal in [He2] in connection with a heuristic and numerical study of the
sum

=

-1

x+j .
Sy n(x) = F(T + zy).
0

~.
Il

Here F is a test functionon I' \ %7, x € [0, 1],and N — oo, y — 0 in such a way
that Ny — 0. The numerical studies in [He2] carried out on the nonarithmetic Hecke
triangle groups I' = Gs and I' = G7 showed that for several choices of functions F'
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(of mean zero), the value distribution of N~1/2 . Sy, (x) with respect to x € [0, 1]
clearly approached a Gaussian curve. However, for the arithmetic group I' = G3 =
PSL(2, Z), this Gaussian behavior broke down completely, and an explanation of this
phenomenon was given based on the existence of Hecke operators on PSL(2, Z).

In §6, we study this question for fixed N by applying, on the group PSL(2, R)",
the topological rigidity of unipotent flows proved by Ratner in [R2] together with a
theorem by Shah [Sh, Theorem 1.4] on the asymptotic equidistribution of expanding
translates of certain orbits on homogeneous spaces. We prove in Theorem 4 that unless
there are Hecke symmetries present to force correlations, distinct segments [a;, o j +
¢] + iy indeed go decorrelated, and even jointly equidistributed, as y — 0 (with
¢ fixed). As an application, using the central limit theorem for independent random
variables, we show that on any nonarithmetic Hecke triangle group I' = G (i.e.,
L=5o0rL =7),if y = y(N) tends to zero sufficiently rapidly as N — oo, then the
value distribution of N~1/2. S, y(x) indeed has a Gaussian limit, as expected from
[He2] (cf. Corollary 6.5 and Remark 6.6). We should stress, however, that we do not
know of any way to make “sufficiently rapidly” effective in this statement, and we
are still very far from being able to prove any result about S, y(x) in the case that
receives most attention in [He2], namely, y = N —l-¢

In the last section, §7, we state some further extensions and applications of The-
orem 1; in particular, we present a new result on the value distribution of the general-
ized theta sum

O (x +iy) =y Y flny!Pen’x),
nez

which was studied by Marklof in [Mar1].

2. Some preliminaries on I' \ 7 and the distribution of cusps
We start by introducing some notation that is in force throughout this paper. (To a
large extent, our notation is the same as in [Hel, page 268].)

We let I be as in the introduction; that is, I" is a cofinite Fuchsian group having a
normalized cusp at co. We let .# C J# be a canonical (closed) fundamental domain
for T\ 2, and we let 1 = 00, 112, ..., 7 (Where k = 1) be the vertices of .% along
0 = R U {o0}. Since .7 is canonical, 71, ..., 1, are ['-inequivalent.

We denote
1 1
5= (0 1).

Foreach k € {1, ..., k}, we choose Ny € PSL(2, R) such that Ny (#;) = oo and
such that the stabilizer I', is [T], where Ty = N 1S’lNk. We will always keep
M= (39).

Since .Z is canonical, its intersection with {z € 5# | Imz = B} for B large is a
vertical strip [x, x + 1] x [B, 00) C .7; without loss of generality, we may assume
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that .# was chosen so that x = 0. Then, by modifying Ny for k = 2, ..., x, we can
ensure that

Ni(Z) () {z € # | Imz = B} =10, 1] x [B, 00) 2.1)
holds for all k € {1, ..., x} and for all B = By, where By = By(I') > 1 is a constant

fixed once and for all.
For B = By, the corresponding cuspidal region in .% is called ¢ p:

s = N ([0, 11 x [B, 00)) C Z. 2.2)

‘We then define .
T =7 — | ) Gs. (2.3)
k=1

This is a bounded region.
Closely related to the above splitting of the fundamental domain is the invariant
height function, %t (z). This is defined by

%r(z) = max max ImNyW(z) (z € ) 2.4
ke{l,....x} Wel
(cf. [1, (3.8)]). The function #1(z) is well known to be continuous and is I'-invariant
and is bounded from below by a positive constant that depends only on the group I'.
Notice that we have #1(z) — oo when z € .% approaches any of the cusps.

One important step in the ergodic-theoretic proof of Theorem 1 is carried out in
this section. We show that it is not possible for a positive proportion of the horocycle
segment [a, B] + iy to escape into some cusp as y — 0, so long as we keep f —a =
y1/2=9_ A precise form of this statement is given in the following proposition.

PROPOSITION 2.1

Given any number ¢ > 0, there exists a continuous, I -invariant function f : 5 —
[0, 1] which has compact support on I' \ JZ, such that the following holds. For any
0 > 0, there is a yy > 0 such that

1 B
B—al,

forall0 <y < ypandall a, B € R such that f — o 2 yl/2=90,

fx+iy)dx21—c¢

Without much extra difficulty, we can in fact prove a stronger result, the use of which
later on allows us to replace the boundedness assumption in Theorem 1 by the weaker

assumption f(z) = O(V%r (2)).
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Given any constant M = 0, we define the cutoff function

x ifx2>2 M,
]y = _ 2.5)
0 otherwise.

PROPOSITION 2.2
Let 6 > 0 be given. We then have

B
%a/ V% (x +iy)dx = 0(Q) (2.6)

forall0 <y < landall a, p € R such that p — o = y'/?>=%_The implied constant
depends only on T and J. Furthermore, given any M = 10, there is some yy =
yo(M, 0) > 0 such that

/,/L%(x-i-ly)Jde jsi 2.7

forall0 <y < ygand all a, B € R such that f — a = y'/279.

Proof of Proposition 2.1 using Proposition 2.2

Take M = 10 so large that 25K/\/M < g,andlet F : Rt — [0, 1] be a continuous
function satisfying F(y) = 1 for0 <y < M and F(y) = O0fory = M + 1. Set
@) = F(%r(2)). Using f(z) 2 1—/1%r ()] s Yz € 5#) and (2.7) in Proposition

2.2, we obtain the desired result. O

Proof of Proposition 2.2
We first prove the second assertion, (2.7). Using (2.4) and Ng[T;] = [S]Ng, we see
that the left-hand side in (2.7) is bounded from above by

>y

k=1 Woe[Tx\I

dx, (2.8)

where [T;] \ T denotes a set of representatives of the cosets {[Tx]W | W € I'}. We
temporarily fix some M = 10, some y € (0, 1), and some «, £ such that f — a =
1/2—6
y .
Take k € {1, ..., «}, and look at any Wy € [T;] \ T that gives a nonzero contri-
bution to (2.8). erte NiWo = (4%). Then there is some x € [a, ] for which

Y

M S Im N Wo(x +iy) = ——————.
= eWolx +1y) le(x +iy) +d|?

2.9)
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Hence (¢%) ¢ [S] since M > y. Using Lemma 2.3 below (with j = 1, Nj =
((1) ). we now get |c| = 1. From (2.9) we also get |c| < (My)~ Y2 and |x +d/c| <
y120e|='M~1/2 < (B — a)M~"/2, and hence

ﬁ«/_ﬁa, vept b= (2.10)

d
—— € [u,v], where y =0 —
c

Now notice that

/ VUIm NeWo(x + )]y dx </ \/ (cx+d)2+(cy)2J
Sy e gy
el Jy Viu—1

(We substituted x = —d/c & y/u — 1.) Using (u(u — 1))/ < (u — 1)~1/2 for
1 <u<2and (u(u—1))"2 < 2/u for 2 < u, we see that le(u(u — 1) 2qu <
2(1 +log D) for all D = 1. Hence

B 2y 1
VIIm N Wo(x +iy) ]y dx < —(1+210g( ))
/a M lc] VMy|c]
In conclusion, we see that the left-hand side in (2.7) is bounded from above by
( ( ] )) @2.11)
W VMylc|

where the inner sum is taken over all Wy € [T;] \ T such that 1 < |¢] < (My)~ /2
and —d/c € [, v] for (¢ 1) = N Wo.

Sums similar to the inner sum in (2.11) also occur in §5, where we prove a bound
on sums of Fourier coefficients of Maass waveforms of residual type. The following
three lemmas give useful inequalities related to these types of sums.

LEMMA 2.3
Let j,k € {1, ..., «x} be given. Take (‘Cl Z) € NkFN;I. Then

lcl 21, unless k= jand (“14) € [S].

Proof
We write 7 = (¢4) = NeWN; ' with W € T'. We then find that 7ST~! = ( 72 )

" %
and TST! € Nkl"Nk_l. But Nkl"Nk_1 is a Fuchsian group having oo as a cusp, with
stabilizer (NxI' N, 1)OO = [S]. Hence by Shimizu’s lemma (cf. [Shi, Lemma 4] or
[Mi, Lemma 1.7.3]), we have either | — ¢2| > 1 or TST ! € [S]. In the second case,
T~!(00) is a fix-point of S, and thus T~!(c0) = oo, which gives W(n;) = n and
hence k = j and W € [Tx] = N, '[SINk, and (¢ 5) = NWN, ' € [S]. O
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We define

d
Q’;,,(X) = jj{Wo =N () e [T\ T ’0 <lel £ X, - € [ﬂ,v]}. (2.12)

c

LEMMA 2.4
Foranyk € {1,...,k}, u <v, and X > 0, we have

() S 0 =X+ 1.

Proof (Cf. [1, Proposition 2.8])
Let M be the set occurring in the right-hand side in the definition of €X (X).If Wy =

Y
Nk_1 (¢5)and W) = Nk_1 (ﬁ// Zi) are any two distinct elements of M, then W()W(’)_1 ¢
[7%] and (¢ Z)(‘Z,/ Z/,)_l = NkWoW(/)_lNk_1 c Nkl"Nk_l. Hence by Shimizu’s lemma
(cf. the proof of Lemma 2.3), we have |cd’ — dc’| =2 1. But 0 < |c|, || £ X; hence

/
a c_l‘ >ed |7 = x 72
¢ cl™ -

The lemma now follows by ordering the elements in M by increasing quotients
d/c and then adding the above inequality over all pairs of consecutive elements in M.
o

LEMMA 2.5

Let real numbers < v and 1 = A = B be given, and let 3y, refer to a sum over
a set of representatives Wy = N,:l(‘c’ Z) € [T\ T restricted by A < |c| £ B and
—d/c € [u,v]. We then have the following bounds:

1 2 ;
Z < W—w)B* P+ A% forany 0 <6 <2,

P =2-6
Wo
1 0
E — < W—wWA* P+ A forany §> 2,
P =o6-2
Wo
1 B 1 B
—log (=) 20 - B+ log ().
;M og(i5) S20 - B+ Llog (3
0

(Notice that the second bound also holds for B = oo, as follows by taking the limit
B — 0.)

Proof
This is proved by standard integration by parts and by the use of Lemma 2.4. We give
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the details for only the third sum. We have, for any y € (0, 1),

(o)<,

0

1 B\ .  I° B By 1Y),
= |:;log (;)Cw(x):L:Ay —i—/Ay (x—zlog (;) + ;)Qﬂv(x) dx.

Here the first term is at most zero, and thus by Lemma 2.4, the whole expression is

B 1 B |
= /A (P log (?) + ;)((V — )x% + 1) dx.

-7

e (F)aek

Substituting x = B/u, we obtain that the whole expression is

B/(A=7) log(u) + 1 1 [B/A-y)
= - ,u)B/ g(u—gdu + E/ (log(u) + 1) du
1 1

S@v- ,u)B[%]u:OO + %[u log(u)]zzf/(A_y)

u=1

:2(1)—,u)B+Aiylog(Afy).

The desired inequality follows by letting y — O. O

We continue onward with the proof of Proposition 2.2. If My > 1, then the sum in
(2.11) is empty; if My < 1, Lemma 2.5 implies that the sum is bounded from above
by

2y [20v — w) 4v — p) 1
el e ()

From (2.10) and M > 10, it follows that v — u < 2(f — ). Using g — a = y'/>79,
we finally conclude that

1 B
,8——01/ VIZr(x +iy)]y dx (2.13)

24k 1
<= 4ok y5(1 +2logt (—))
VM v My
This holds forall 0 < y < 1 and all &, # € R such that # — a > y'/279 The second
assertion in Proposition 2.2 follows immediately from this inequality.
The first assertion, (2.6), follows from (2.13) with M = 10 and the inequality

VI < V10 + /1% @ . -
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3. Proof of Theorem 1 using ergodic theory

Let G denote the group PSL(2, R). In this section we give a proof of Theorem 1 based

on the ergodic properties of the horocycle flow on I' \ G. We start by recalling some

basic facts concerning the geodesic and horocycle flow and the standard identification

of G and Ty 57, the unit tangent bundle of 7 (cf. [S, §1], [M, §3.1], [Mar2, §2.3]).
We use the notation

x. (1 x (Y O _ (cos¥  —sind
S '_(0 1)’ a(y).—(o l/ﬁ)’ k(ﬁ)_(sinﬂ cosz?)'

We let T15¢ denote the unit tangent bundle of J#. T15¢ is parametrized by
(z,0) €  x (R/2nZ), where 6 is an angular variable measured from the upward
vertical counterclockwise. The action of G on 777 is given by

T(z,0) = (T(2),0 — 297 (2)), 3.1)

where

Ir(z) = argcz+d) for T = ((Z z) .

We now identify 77.5# and G (as manifolds) through

G — T, T —> T(i,0) = (T(@), —2970)). (3.2)
The inverse of this identification map is given by

¢ — G, (x +iy,0) —> S*a(y)k(—6/2). (3.3)

Under this identification, the left- and right-invariant Haar measure on G corre-
sponds (up to a multiplicative constant) to the Liouville volume measure v on T}.57,

given by
dxdydb

dv(z,0) :==du(z)do = ;2 34

We let g; and h; denote the geodesic flow and the horocycle flow on 77.77 (cf.,
e.g., [M, §3.1] for the intrinsic geometric definition of these flows). Under our identi-
fication 7.7 < G, g; and h; are given by

¢(T) =Ta(e'), h(T)=TS (for T €G,teR). (3.5)

As before, we let " be a cofinite Fuchsian group with a standard cusp at oo, and
welet M = '\ T2 =T\ G. Clearly, a (closed) fundamental domain for the action
of I on T1.77 is given by

F =7 x (R/22Z) C T\ .
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Hence, in particular, v(M) = 2z u(#). The flows g; and h, induce well-defined
flows on M, which we again denote by g;, A,. It is well known that the volume mea-
sure v on M is invariant under the horocycle flow 4; and is ergodic. The same fact
also holds for the geodesic flow g; (cf., e.g., [CFS, Chapter 4, §4]).

A point p € T15¢ belongs to a closed orbit of the horocycle flow on M if and
only if it determines a closed horocycle encircling one of the x cusps, that is, if and
only if

pE FN,:l(z,O) forsomek € {1,...,k}, z€

(cf.,e.g.,[S, §1]).
Our goal in this section is to prove the following theorem. We write

P (p) =% () forp=(z,0) e 1 7.

THEOREM 2
Let 6 > 0, and let f : T\ # — C be any fixed, continuous, and T -invariant function
satisfying the growth condition

I[f(PI = Cv2r(p), VpeTi, (3.6)

for some positive constant C. Then

1

I ,
ﬁ——a/a fx+iy,0)dx — D

/ F(p)dv(p) 3.7)
M

uniformly as y — 0 so long as B — o remains bigger than y'/>=°.

Clearly, this is a generalization of Theorem 1 stated in the introduction.

The fundamental result on which we build our proof of Theorem 2 is the fact that
all the ergodic measures for the horocycle flow #; on M are explicitly known. If w is a
Borel probability measure on M, invariant and ergodic under the flow %;, then either
o is just the volume measure v normalized by a factor v(M)~! or the support of @
is a closed orbit h of the flow A; (and then w has uniform mass along §). This is a
special case of Dani’s result in [D1], [D2]. (Dani’s result was later vastly generalized
by Ratner in [R1]; cf. also [R3].)

We let . be the union of all closed orbits on M that is, we let

7 =] (N2 x {0) c M, (3.8)
k=1

where 7 is the projection map 7157 — I \ T1s¢ = M. We call . the singu-
lar set. By an application of ergodic decomposition, the characterization of invariant
measures stated above implies the following proposition.
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PROPOSITION 3.1

Let @ be a Borel probability measure on M invariant under the horocycle flow. As-
sume that w(”) = 0. Then w is equal to v(M)~'v, the unit normalized volume
measure on M.

We use the following notation for subsets of the singular set .
K
Sas= )7 (N7 ® x[A, Bl x {0))) C 7.
k=1

Here A, B are any numbers such that 0 < A < B.
In the proof of the next lemma, we use the same idea as in [R3, page 21 (bottom)].

LEMMA 3.2

Let 0 > 0 be given. Then, for any numbers 0 < A < B and ¢ > 0, there exist a
number yy > 0 and a continuous, I -invariant function f : T\ — [0, 1] which has
compact support on M = T\ T\, such that

f(p)=1 forall pe Zsp 3.9

and
1
f—a
forall0 <y < yoand all a, p € R satisfying f — a = y'/>79,

B
/ flx+iy,0)dx S ¢ (3.10)

Proof

Let J, A, B, & be given as in the lemma. Let fo(z) be a function as in Proposition
2.1 (fo(z) depends only on I' and ¢). Since fp(z) has compact support in I' \ 52,
we can take 7 > 0 so large that I < e’ A, and %1 (z) < 0.5¢ A for all points z in
the support of fo. Let F(y) be a continuous function satisfying (.7 4 .7 p) S FE<
X057 A,2¢T (B+1)] ON R* (where y denotes the characteristic function). Recall the
definition of the geodesic flow g;, (3.5). We define f(p) for p € T19¢ by

f(p) = F(% (g7 (p))).

It is now clear that f(p) is a continuous, ['-invariant function on 77.7# and that
f(p) has compact supporton M = I'" \ T1.77.

To prove (3.9), let p € #4 p. Then p = n(N;I(x + iy, 0)) for some x € R,
y€I[A, Bl jefl,....chand gr(p) = n(N; ' (x+ie"y,0)). Write 2/ = N; ' (x +
iely). Fork = j and W € [T}], we then have Im NyW(z') = ely. For all other
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(k, W) € {1,...,k} x T, we have, writing (¢ ) = NyWN; ',

€Ty

1 T
(cx+d)?+ (celfy2 = ~ 7

ImN W () =

since e’y > e’ A > 1,and ¢ > 1 by Lemma 2.3. This shows that #(z') = ey €
[eT A, e B], and hence f(p) = 1.
To prove (3.10), notice that for all x + iy € 2,

fx+iy,0)=F(%(x +ie'y,0) < 1— folx +ie’y).

Also, for each sufficiently small y, we have y!/>70 > (eTy)!1/279/2 Hence by the
property of fy(z) from Proposition 2.1 (with /2 in place on d), we have

1 [P 1 [P
—/ f(x+iy,0)dx§]——/ fox +iefy)dx < e
B—oa g B—oa g
for all sufficiently small y and all a, f € R satisfying f — a > y!/?>79. O

Proof of Theorem 2
Let 0 > 0 be fixed. Let Co(M) denote the Banach space of all real continuous func-
tions on M vanishing at infinity, with the norm being the supremum norm, || | =
sup,ep | f(p)I. Let Ci(M) denote the dual of Co(M).

Fory > Oand a < B, define Ay , 5 € Cj(M) by

1 B
M) = 5= [ fG+iv.0dx. € o,

We first prove that Theorem 2 holds for all functions f € Co(M). Let J denote
the set of all limit points in the weak *-topology on Cj(M) of the set {Ay o5 | ¥ >
0, B —a = y'/?27% when y — 0. It suffices to prove that .7 = {A,}, where A, is
givenby A, f =v(M)~! [}, fdv.

Take A € .7. Then there are sequences {y,},° . {an}, . {Bn},—, such that

n=1"
yi>y2 > oo limy ooy, =0, 8, — oy 2 y,i/z_() for all n, and

lim Ayn,an,ﬁn (f) = Af
n—-oo

for all f € Co(M).
Let o be the unique Borel measure on M such that

Af:/Mfda), f € Co(M).

It is clear that (M) < 1. Also, by Proposition 2.1, for any ¢ > 0 there is a function
f € Co(M) suchthat | f|| £ 1and Af = 1 — ¢, and thus (M) = 1 — ¢. Hence we
have (M) = 1.
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Furthermore, w is h;-invariant since, for any fixed f, ¢, we have

ACf 0 hy) = Afl = Tim [Ay, a5 (F 0 h0) = Ay, (F)]

) 1 an+tyn Pn+tyn )
<timsup [/ +/ 17 G+ i )]
On

n—oco Pn — Ap

2|t
< lim sup llya A1

n—00 n — On

n

Finally, Lemma 3.2 implies that (4 p) < ¢ forall A < B, ¢ > 0; hence
(&) =0.

Now Proposition 3.1 forces w = v(M)~!v, as was to be shown.

To complete the proof of Theorem 2, we now use an approximation argument to
treat the general case of functions f € C (M) restricted only by the growth condition
(3.6). Given such a function f, and given any number ¢ > 0, we can find M = 10
such that

on / VI dv(p) < = (3.11)
and
23’% < 18_0’ (3.12)

where C is as in (3.6). (To see that (3.11) can be achieved, one applies the decom-
position of .# into the bounded region .#p and the cuspidal regions %;p (cf. (2.3));
one then uses the fact that #1 (z) is bounded on .%#p and that, for B sufficiently large,
% (z) = Im Ni(z) on ¢;p.) We let F(y) be a continuous function on R satisfying
xo,m = F < xo,m+1), and we define

fi(p) = F(%r(p)) - f(p).
Clearly, f1 € Co(M), and by (3.6), we have
|f(p)— Ailp)| £ CV % (p)ly. VpeTit. (3.13)

By what we have already proved, f] satisfies the conclusion (3.7) in Theorem 2. Using
this fact together with (3.11), (3.12), (3.13), and (2.7) in Proposition 2.2, we now obtain

1P ,
= [ rerioa—— [ poae)| <

for all sufficiently small y and all a, # € R such that f — a > y!/>79_ Since & was
arbitrary, this concludes the proof of Theorem 2. O
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4. Spectral theory and the rate of convergence in (1.2)

Let D = )12(51—22 + %) denote the non-Euclidean Laplacian, and let ¢, ¢1, ... be
the discrete eigenfunctions of —D on I' \ .77, taken to be orthonormal and to have
increasing eigenvalues 0 = 19 < 41 < A < --- . In general, we do not know if the
set {¢o, ¢1, ...} is infinite or not. We let E¢(z, s) be the Eisenstein series associated
to the cusp #; (cf. [Hel, pages 280 (Definition 3.5), 130 (Definition 11.7, Theorem
11.8), 296 —297]). We recall that whenever ¢, (im = 1) is not a cusp form, we have
0 < Ay < 1/4, atleastone of the Ex(z, s) hasapoleats = s, = 1/2+4/1/4 — Ay, €
(1/2, 1), and ¢y, is a linear combination of the residues of Ex(z,s) (k =1,...,k) at
s = s, (cf. [Hel, pages 284 —288]). We call such a ¢,, a residual eigenfunction.

For f € Ly(I'\ %), we let || f|| denote the Ly-norm, || f|| = \/fg;; [ f()2du(z).
Our goal in this section and in Section 5 is to prove the following theorem.

THEOREM 3
Let & > 0. We then have, for all f € C*(#)N\Ly(I'\ ) such that Df € Lo(T'\ )
andall y € (0, 1), a, p such that \Jy < ff —a < 1:

1P 1
[ rerinar=— | f@due) @

+O(UI+ 1D Y22 —a)™t)
+O(IFIY' ™ (B — ")
+O(IF1 y' 1B — a)¥ 17D,

(In each big O, the implied constant depends solely on T and ¢.) Here s; € (1/2, 1)
is the largest number such that there is a cusp form on I' \ S of eigenvalue A =
s1(1 — s1), and si € (1/2,1) is the largest number such that there is a residual
eigenfunction on I \ A of eigenvalue A = s{(1 — s}). If there are no such cusp forms
or residual eigenfunctions, it is understood that the corresponding error term in (4.1)
is omitted.

By a standard approximation argument, one can show that Theorem 3 implies Theo-
rem 1, stated in the introduction.

The first step in the proof of Theorem 3 is to apply spectral decomposition to the
given function f(z). According to [Hel, pages 317 (Proposition 5.3), 733 (note 5)],
any function f(z) as in Theorem 3 has a spectral expansion

F@ = dudu@+ > /0 T aRE (= % +iR)dR 42)
k=1

m=0
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with uniform and absolute convergence over z € J¢-compacta. Here d, = (f, ¢m),
and “gr(R) = 2r)~! fg f(@)Ex(z, 1/2+iR)du(z)” (this has to be properly con-
sidered as a limit in the L (0, co)-norm); compare [Hel, page 242 (Proposition 2.3),
317 (line 4)].

The proof in [Hel] of the uniform and absolute convergence in (4.2) starts by
considering the spectral expansion (in the L;-sense) of the function Df +a(1—a) f €
Lo(T" \ 52) for some fixed number a > 1; this is then integrated against the Green
function G,(z, w). It is seen in this proof that

> lduPa(l = a) = i) + 27 ;/OOO gk (R)I? (a(1 —a)— % - Rz)zdR

m=0
- / IDF@) +a(l —a) fQIP <00 (43)
L&/‘,\

(cf. [Hel, pages 91 (9.36), 244 —245, 291 (3.23)]).

Substituting (4.2) in (1/(8 — a)) |, f f(x 4+ iy) dx and changing order between
summation and integration, we see that the contribution from the constant eigenfunc-
tion pg = (' \ )~ 1/? gives exactly the main term in (4.1) since dy = (f, o).

To treat the other contributions from (4.2), we use the Fourier expansions of the
eigenfunctions ¢, (z) (m = 1) and Ex(z, 1/2 + i R) at the cusp 51 = oo. Recall that

for Ex(z, 1/2 4+ i R), this expansion is

1 . 1 _
Ek(x +1iy, 5t iR) = Oy /AR 4 (ﬂkl(i + l-R)yl/2—zR
+ chﬁKiR 2z |nly) e(nx), (4.4)
n#0

where g1 (s) is an element in the scattering matrix @ (s) = (p;; (s)) (cf. [Hel, Chapter
8]). Of course, the coefficients ¢, depend on R.
Integrating (4.4) over the horocycle segment [a, f] + iy, we get

1
f—a

B 1 . 1 .
/ Ek(x +iy, 3 + iR) dx = Gyl /PR 4 (Pkl(i + iR)yl/z_lR
a

1 e(nf) —e(na)
S D en/yKir Qulnly) —————=. (45
n#0
In order to obtain an upper bound on this expression, we prove a Rankin-Selberg-type
bound on the Fourier coefficients c¢;,.
We need our bounds to be uniform over R = 0. A valuable tool in this regard is

the spectral majorant function w(R), which is defined in [Hel, pages 161, 299 (line
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14)]. This function depends only on I, and it satisfies @ (—R) = w(R) = 1 and
(1. L\
Tr[CD (E + tR)(D(z + zR) ] = 0(w(R)) (4.6)
for all R € R. One also has
T
/ o(R)dR=0(T% as T — oo (4.7
0
(cf. [Hel, page 315 (i) —(iii)]). The implied constants in (4.6) and (4.7) depend on T".

PROPOSITION 4.1
In the Fourier expansion (4.4) we have, uniformly over N 2 1 and R = 0,

Z lenl? = O(e”R(N + R)) {a)(R) + log (Rz—i,l + R)}
1S[n|SN

(The implied constant depends only on T'.)

Proof
The method of proof is similar to [Wol, Proposition 5.1], where the case of I =
PSL(2, Z) was treated.

We keep 0 < Y < H and try to find a bound from above for the integral

=
2

We tessellate 2 by translates of the fundamental region; that is, we write ¥ =

E (z, % + iR) (2dﬂ(z), where 7 = (0, 1) x (Y, H).  (4.8)

Urer(2 N T(Z)), an essentially disjoint union. Using the automorphy of
Ex(z,1/2 4+ iR), we then get

J= Z/y I[T(z) € 7] ‘Ek(z, % n iR))Zdﬂ(z), (4.9)

Tel ”*

where I[ - ] is the indicator function.
Recall our definition of By just below (2.1), and recall relations (2.2) and (2.3)
defining ;g and .# 5. We take

1
B = max (BO, H, ?). (4.10)
We then claim that in (4.9), the integrand is zero for all z € % — Fpandall T € T.
Indeed, given z € # — Fp, there is some j € {1, ..., x} such that z € €p, that is,
ImNj(z) = B. Recall Ny = (}9). Foreach T € T, writing (¢ 5) = N1TNj_1 and
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using Lemma 2.3, we now have either j = 1, T € [S],and ImT(z) = Imz = B 2
H, orelse |c| 2 1, and then

aNj@)+b  ImN;(2)
¢cNj(z)+d  |cNj(z) +d|?
<(ImN;@z) " B <Y

Im7(z) =ImNT(z) =Im

In both cases, we get T'(z) ¢ 2, thatis, I[T (z) € 2] = 0. This proves our claim, and
as a result we see that in (4.9), we may replace .# by .%#p. Changing order between
summation and integration, we get

1 2
J=| #{rer|T 9-‘5 - 'R‘d .
/yg{ €T |T(z) € 7} k(22+1) 1(2)
Next, we have, by [I, Lemma 2.10],

#{T el |T(z) € 2} = #{Wy € [SI\T | ImWy(z) > Y}
s1+o@™h,

where the implied constant depends only on T; that is, the bound is uniform over all
z € ¢ and Y > 0. This implies

1 2
J<o(+ Y’l)/ ’Ek<z, - +iR)‘ du(2). @11
Fg 2
We define EP(z, s) for z € 7 by

Ev(z, ) if z € Z3,

EE(Z, S) = s 1—s
Ei(z,5) —0jk - AmN;z)* — @4 (s) - Im N;z) if z € %;p.

Using the appropriate Maass-Selberg identity, we have for all R > 0 (cf., e.g., [Hel,
pages 301 (3.43), 311 -312, 315 (1)),

/ ‘Ek/(z, +ZR)‘ d,u(z)<Z/ ‘E +1R)‘2d,u(z)
=2K10gB—Tr[<D’(%+iR)(D(1—I—tR) ] ZRe(gok/k/( +zR)Bi2:)_

Recall that the scattering matrix ®(s) is unitary for s = 1/2 4 i R. Because of (4.6),
we now obtain, for all R = 1,

J <01+ Y H{log(B) + o(R)}. 4.12)
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The implied constant depends only on I'. The inequality (4.12) also holds for 0 <
R £ 1, as follows directly from (4.11) by using [Hel, page 301 (d)] and decomposing
Zp as aunion of Fp and (€jp, — €Cjp) for j =1,..., k.

On the other hand, substituting (4.4) directly in the definition of J, (4.8), and then
applying Parseval’s formula, we get

JzZ|cn|2/

0 2z |nlY

27 |n|H d
y
Kir(y)* B

We now take Y = (R+1)/(8zN), H = (R + 1)/(4x). With this choice we
have

1 1
[Z(R + 1), 5 (R + 1)] C [2z|n|Y,2x|n|H]  whenever 1 < |n| < N,

and hence

(R+1)/2

> el £C7'I where € =/

d
Kir()2 2 @13
1< <N (R+1)/4 y

However, from the asymptotic formula for K;g(y) for R large and y < (1 — &) R (cf.
[B1], [B2], and also [EMOT, page 88 (19)]), it follows that C' < O(R + De™®)
holds for all sufficiently large R. By a simple continuity argument, this bound then ac-
tually holds for all R = 0. Using this fact and (4.10), (4.12), and (4.13) (remembering
w(R) 2 1), we obtain the desired result. O

PROPOSITION 4.2
Lete > 0andk € {1,...,k}, andkeep0 <y <1, R 20, a < . We then have

ﬁ%a/aﬁEk(x—i-iy,%-i-iR)dx:O(yl/Z—a)[1+ (R—I—l)ﬁl/iﬁ-;m].

(4.14)

(The implied constant depends only on T and ¢.)

Proof
This result follows from relation (4.5) and Proposition 4.1 by use of partial summation.
The details are as follows.

We keep 0 < ¢ < 1 and write &’ = &/2. Notice that |g1(1/2 +iR)| < 1 since
®(s) is unitary at s = 1/2 + i R. A convenient bound on the K-Bessel function is
given by

Kir(yo) = O(e"@/DR(R 4 1)71/3+ y o' min(1, e@/DR0)) (4.15)



526 ANDREAS STROMBERGSSON

This holds uniformly for all R = 0 and yg > 0. To prove (4.15), we first notice that
by the integral representation of K;g(yo) (see [W, p. 181 (5)]), we have for all R = 0

and yg > 0,
(422 Ty
|Kir(Y0)! é/ e+ gp — Fe . (4.16)
0 Yo

Now keep R restricted to an arbitrary compact interval [0, Ry]. Then for 1 < yy, (4.15)
follows directly from (4.16). For 0 < yg < 1, we use [W, pages 77 (2), 78 (6)] to show
K, (y0)| < Cy(;g/ for all v on the boundary of the rectangle [—¢’, ¢'] x [—Ry, Ro]
in the complex plane (where C > 0 depends only on Ry, &’), and (4.15) follows by
applying the modulus principle in the v-variable. In the remaining case, that is, R
large, (4.15) follows from the asymptotic formula for K; g (yg) given in [B1], [B2]. (In
the case of R 2 1 and yy = (7 /2)R, (4.15) also follows more directly from (4.16).)
We now get the following upper bound on the expression in (4.5):

Syl/2—e
O(3) + 0 (e WARR+ 1) Z—) B lleal +leal) - S, A1)
n=1

Where f(X) = X—l—g/ . mil’l(l,e(ﬂ:/2)R_2”yX)-

We define
SX)i= D leal.
1Sn1SX

Then, by a weak form of Proposition 4.1 and Cauchy’s inequality,

S(X) = 0("*F2(R + 1) Vo (R) X/ VX T R), VX2

| =

Notice that for given R = 0, 0 < y < 1, the function f(X) is continuous and
piecewise smooth, and f(X)S(X) — 0as X — oco. We now get

. ) - = X)dS(X) = — "(X)S(X)dX. 4.18
§(|c|+|c D fn) /1/2f<) (X) /sz()() 4.18)

But we have f/(X) = O(X27¢) for X < R/4y, while f/(X) = 0((1 +
yX)X 27 @/ DR=22yXy and /X + R = O(VX) for X > R/4y. Using these facts,
we see that (4.18) is bounded by

5 ) max(1/2,R/4y) | 5
O (e™/DR(R 4+ 1)° \/cu(R))[/ (x~ '+ VRXx ) dx
172
% dX
+ / (1 + yX)e#/DR=-2myX —] (4.19)
max(1/2,R/4y) X
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Here the second integral is equal to fnﬁx@/z,m@(l + u)elm/HR2mu ‘i—[“, which is

clearly bounded by O(log(2/y)) if0 < R < 1 andby O(1) if R = 1. Hence (4.19) is
/ R 2
= O(e(”/z)R(R + 1)? \/cu(R))[log+ (2—) ++/R + log (—)]
y y
= O(e(”/z)R(R + 1)1/2"'8/ a)(R)y_g/).

Using this bound in (4.17), we obtain the desired result. O

PROPOSITION 4.3

Lete > Oand k € {1,...,k). Take f € C*() N Lo(T \ H) such that Df €
Lo(T' \ 22), and let the spectral expansion of f be as in (4.2). We then have, for all
O<y<landalla,p suchthatO < f—a <1,

1 B 00 1
ﬂ—a/a {/0 gk(R)Ek(x+iy,§+iR)dR}dx
= O((IfIl+IDFIN Y *5 (B —a)"). (4.20)

(The implied constant depends only on T and ¢.)
Proof

We keep ¢ < 1/10. Changing order of integration and applying Cauchy’s inequality,
we find that the absolute value of the left-hand side in (4.20) is less than or equal to

/ /O TR+ DY (R R

x \//OOO(R—{—I)—“‘ﬁia/aﬁEk(x—i-iy,%—l—iR)dx‘zdR.

The first factor is bounded by O (|| f| + || Df||) because of (4.3). Also, by Proposition
4.2 (and w(R) = 1, f — a < 1), the second factor is bounded by

o'~ a)‘l)/ / TR+ )20 (R dR.
0

Here the integral is convergent, as follows from (4.7) using integration by parts. This
concludes the proof. O

The above treatment of the Eisenstein series can easily be carried over to the discrete
eigenfunctions ¢, (z), except those that have small eigenvalues 4,, < 1/4.
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PROPOSITION 4.4
Lete > 0, take m = 1 such that A, = 1/4, and define R > 0 through A,, = 1/4+ R>.

We then have, for all0 <y < 1 and all a < f,

1 s - _ 1ere Y2
m/a b (x + iy) dx = O((R+1) ﬁ—a) 421)

(The implied constant depends only on I and ¢.)

Proof
This is very similar to the proof of Proposition 4.2. One uses the Fourier expansion of
dm (z) at the cusp 51 = oo,

b (x +iy) = D cay/Kir Qr|nly) e(nx) (4.22)
n#0
(¢ is certainly a cusp form since 4,, = 1/4). Since we are assuming || ¢y, || = 1, we

have the following bound on the coefficients c;,:

> el =0("R(N+R)), YN =1
<N

(cf. [1, Theorem 3.2, the first bound]).* O

PROPOSITION 4.5

Let & > 0. Take f € C>() N Ly(I' \ ) such that Df € Lo(T' \ J€), and let the
spectral expansion of f be as in (4.2). We then have, for all0 <y < 1 and all a,
suchthat0 < f—a < 1,

1 B
/ [ 2 dupna+infax=o(r1+10r10 525 - 0)7").

—a
p @ Im=1/4

(The implied constant depends only on T and ¢.)

Proof
Mimic the proof of Proposition 4.3. One uses the fact that >, >, (Rn +

1)~ 17342 < o0 for R,y = «/Zm — 1/4 and & small; this fact can be deduced from
[Hel, page 315 (ii)]. O

*Notice that some minor revisions are called for in the proof given in [I] for, in fact, one has j;o Kir(y)? le) =
O(R_4/3e_”R) as R — oo; that is, [, p. 61 (line 7)] is false (cf. the proof of Proposition 4.1 and the choice of
Y therein).



UNIFORM EQUIDISTRIBUTION OF LONG CLOSED HOROCYCLES 529

Recall that 0 = 19 < A1 £ Ay £ ---. Notice that if we have 1; = 1/4, then
the statement in Theorem 3 follows from (4.2), Proposition 4.3, and Proposition 4.5
(and our remark just below (4.3)). However, when 4,, < 1/4, the best bound on
1/(B—a)) [ f ¢m(x + iy)dx that can be obtained by use of the Rankin-Selberg
bound on 3, <y lcn |? as in the above proofs is*

1 B
m/ ¢m(x + ly) dx = O(yl_s(ﬁ - a)s—3/2)’

1N |
here s = ~ + 4/~ — A (—,1). 423
where s 2+ 2 me (5 (4.23)

This holds uniformly over all y € (0, 1) and all a, 8 such that y £ f—a < 1. Clearly,
the bound (4.23) is not sufficient for our purposes. The largest constant ¢ for which
yI=5 (B — a)* 3/ — 0 holds anytime f —a = y“ ¢ and y — 0 s
1 1
<,
3-2s 2

(4.24)

whereas our goal is to reach ¢ = 1/2. (One may notice that when s = 3/4, the
constant ¢ in (4.24) is the same as “c(I")” in [He3, Theorem A].)

If ¢y, 1s a cusp form, we improve (4.23) by using the following bound from Hafner
[H, Theorem 3]:"

So(X)= D caelna) = O(X'?H%), vx >0. (4.25)
1Sn<Xx

This holds for any cusp form ¢, having Fourier expansion as in (4.22). The same
bound also holds for the sum > _y<,<_; c,e(na). The implied constant in (4.25)
depends only on I', &, and ¢;,; in particular, the bound is uniform over all a € R.

PROPOSITION 4.6

Let ¢ > 0, and take m 2 1 such that ¢y, is a cusp form. Define s through 1, =
s(1—ys),s €[1/2,1)U[1/2,1/2+4ic0). We then have, uniformly over all y € (0, 1)
andall a, B suchthaty < f —a < 1,

1 P :
—/ $m(x +iy)dx = O(y' "RETE(B — a)ResH, (4.26)
B—al,
The implied constant depends on T, &, and ¢, (2).

*In the proof of (4.23), one uses (e(nf) — e(na))/n = O(min(f — a, n~")) in place of the coarser O (n~") that
we used in the proofs of Propositions 4.2 and 4.4 below.

TWe state here a slightly modified form of the result in [H]. The proof is completely analogous (cf. the proof of
Proposition 5.1 below).
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Proof
Since ¢, (z) is a cusp form, it has a Fourier expansion as in (4.22), wherein iR =
s — 1/2. The analog of (4.5) reads

1 B 1 )
B—a /a Om(x +iy)dx = m%%ﬁlﬁ—]/g@ﬂn@)%.
4.27)

We define 6 = f — a, and

e(X6) — 1

1
F(X) = Ks_12(2myX) x g(X) = K371/2(27TyX)§-

Also, recall the definition of S,(X) in (4.25). We can now express the part corre-
sponding to n > 0 in the right-hand side of (4.27) as

ﬁ o1 00 )
sl [, 7000+ [ aeasion — [ seaso]
= 67807 — 507567 + 807807
2wid

o1 00
[ s ax - / ¢/ (X)S5(X) dX
12 o1

+ / OT ¢/ (X)S,(X) dx}. (4.28)

(Convergence follows easily from (4.25) and the exponential decay of g(X) and g’ (X)
as X — 00.) Let us write ¢ = Re s. One knows that
Koo1p) = 0@'?777%), Ky p)= 0@ >77) for 0<u < 2a,
Ko 1) =0@w™"?e™), K| ,(u)=0@w""?e™) for 2r Su (4.29)

(cf. [W, pages 77 (2), 78 (6), 79 (2), 80 (14), 202 (1)]; the implied constants depend
on s and ¢). Recall that y < § < 1. It is now easy to verify that

f(é_l), g(é—l) — 0(51/2+0’+8y1/2—0'—8)’
1
f/(X) — 0(5y1/2—a—aX—1/2—o'—6) for 5 g X g 5—1,
dX)y=0@"?oex 32708y forg7! < x <yl
¢'(X) = 0(yX 322Xy fory™l < X.

It follows by a short computation, using the above bounds and (4.25), that the whole

1—0—850‘—1)

expression in (4.28) is bounded by O (y . The part corresponding ton < 0

in (4.27) can be treated in an entirely similar way. This concludes the proof. O
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Remark 4.7
For ¢, fixed, the error term in Proposition 4.6 is much stronger than what we obtained
in Proposition 4.4 (for comments related to this fact, see §7(1)).

Notice that in view of Proposition 4.6, in the case when there exist no residual eigen-
functions on I'\ Z, the proof of Theorem 3 is now complete since |d,, | = |{f, ¢m)| <
| 1| for each m, and there are at most finitely many m such that 0 < 4, < 1/4.

5. Bounding Z;V:] cpe(na) for residual eigenfunctions
If ¢, is a residual eigenfunction, the bound (4.25) is not true for all o (cf. Remark
5.2). The best possible uniform bound is given in the following proposition.

PROPOSITION 5.1

Let m 2 1, and assume that ¢ = ¢y, is a residual eigenfunction (hence 0 < 1, <
1/4). Define s through 4,, = s(1 —s), s € (1/2, 1). Let the Fourier expansion of ¢(z)
at the cusp n; = 0o be

$(2) =coy' " + D ea/IK s 12Qx nly)e(nx). (5.1)
n##0

We then have, uniformly over all N 2 1 and a. € R,

N
Z cne(na) = O(N327%).
n=1

(The implied constant depends on T and ¢(z).) The same bound holds for the sum
S\ cne(na).

Proof
The basic idea is the same as in [H, Theorem 3], but the computations in the present
case are much more involved. We fix a number J € (s, 1), and we let

oo patl/2 . N p
IZ/O /a—l/z ¢(x+ly)(n§e(m(a_x)))dxy_§, (5.2)

We remark that the double integral is not absolutely convergent, but we have

oo a+1/2
/ / ~~-dx’y_‘5dy<oo.
0 a

-1/2
In fact, for each fixed y > 0, using (5.1), we see that the inner integral in (5.2) equals
ZZZ 1 Cma/YKs—1/2(2mmy)e(ma), and the absolute convergence follows at once (cf.
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(4.29)) since the sum is finite. In fact, using [W, page 388 (8)], we find that

N
; s (2—s5—0 1 -9
1= cnelma)@um)’=3/2271/2-0 r( ; )r( +; ) (5.3)
m=1
We now estimate |/| from above. For each k € {1, ..., x}, we know from the

Fourier expansion of ¢ (z) at the cusp 7 that

$(2) = ci” (ImNe(@)' ™ + 0 ™M@y a5 ImNe(z) > 00 (54)

(cf. (5.1); of course, c(()l) = ¢p). Also, ¢(z) is bounded on any bounded region .%p.

Using I'-invariance, it now follows that
P =0(% (') = 0(1+ 1% @), "), VeeH (5.5)

(cf. (2.4), (2.5)). Here, and in all big O estimates in the rest of this proof, the implied
constant depends solely on I', ¢(z), and J.

For y = 1, we substitute (5.4) (with k = 1) directly in (5.2); the co-term is then
killed in the inner integral. For y < 1, we use (5.5). We then get

a+1/2 N dxd
s [T 06| 3 et o] 22
a—= m=1

1/2

a+1/2 N
// (14 12| 3 el — )| “5

172 m=1

We have, by direct evaluation, \ZN e(m(a — x))| = O(min(N, |x — a|™1)) for
all x € [a — 1/2, o + 1/2], and thus f"‘*ﬂ/j | SN e(m(a —x))|dx = O(log2N).
Hence

a+1/2
[I] £ O(log2N) + 0(1)/ / L%(Z)J S min(N, |x —a| ™) dx dy

1/2

Using here the definition of #1(z), we see that the double integral is bounded
from above by

a+1/2
Z > // LIm Ny Wo(z)) 1~ min(N,|x—a|_])d);;Zy. (5.6)

k=1 Woe[T;\I'

We now temporarily fix some k € {1,...,x} and Wy € [T¢] \ T which give a
nonzero contribution in (5.6), and we write (‘C‘ Z) = Ny Wy. Then Im Ny Wy(z) = 1
for some z = x +iy € (@ — 1/2,a + 1/2) x (0, 1). Hence Ny Wy ¢ [S], and by
Lemma 2.3 with j = 1, Ny = (}9), we have |c| = 1. Notice that Im Ny Wo(z) = 1
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means that z belongs to the horoball tangent to R at —d/c with Euclidean radius
r = (1/2)c=2 < 1/2. In particular, |x + d/c| < r < 1/2, and combining this with
|x —al < 1/2,weseethat —d/c € (a — 1, a + 1). We let

d
a =a+—. 5.7
c
CLAIM 1
The contribution from each (k, Wy) in (5.6) is bounded by
O[le* =2 min(N, |a’|~1 - (1 + log™ (N 1a']))]. (5.8)
Proof

As noticed above, the integrand in (5.6) vanishes outside the vertical strip |x +d/c| <
r. Using this and Im Wy(z) = y/|cz + d|?, we get the following upper bound on the
double integral in (5.6):

" 1 1—s d
252 y y\ . -
“ /_ (/o (xz' +_y2) W) min(y, |x —a'|")dx.  (5.9)

For any x # 0, the inner integral is less than

00 1-s d x| 1-s d 00 1-s 4 X
[ G T ) TS ) = o
0o T +Yy y 0 \X y [ y y

x|

(5.10)
(weused 1/2 < s < J < 1). Using this fact and |x — /| Z||x| — |a’||, we find that
(5.9) is bounded from above by
o
0(|c|2s_2)/ 70 min(N, |x — |a'||” ") dx. (5.11)
0

If |a’| < 100/N, we get that (5.11) is

200/N 00
— 0(|C|2V—2)/ xS—(;N d.x + O(|c|2S—2) xS—(;—l d.x — 0(|c|2S—2N(;—S)
0 200/N

(again using 1/2 < s < d < 1). The bound thus obtained is the same as (5.8) since
la’| < 100/N.

On the other hand, if |a’| > 100/N, then by splitting the integral at x = |a’|/2
and x = 3|a’|/2 and using obvious inequalities, we see that (5.11) is less than

oo

, A ‘
0(|c|2572)[/ x’~ |a’|71dx+/ xox Vdx
0 k

3la’|/2

3la’|/2 ‘
+/ la’|* =0 min(N, |x — |a/||—1)dx]
la’|/2

= O (le/*721a/IP=°(1 + log(Na']))).
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This is, again, the same as (5.8). O

CLAIM 2

In the case c?

> min(N, |a’| "), we also have the following upper bound on the
m

contribution from (k, Wy) in (5.6):

O[le?*~* min(N, a'| ™). (5.12)

Proof
Assume that ¢2 > min(N, |a’ |_1). ‘We now maintain that

min(N, |x —a'|”") < 2min(N, |«’| "),  Vx € [—r, r]. (5.13)

Indeed, if N < |a/|7!, then (5.13) is trivial since the right-hand side equals 2N. In
the other case, N > |a/|~!, we prove (5.13) by first noticing that

@r)~' =c Zmin(N, |o'| 7" = o],
and thus r < |a’|/2. We then get, for all x € [—r, r],

/
[04
x—a| 2 o —r 2 12

and hence |x — o’| 7! £ 2]a’|~! = 2min (N, |a’|_1) , and (5.13) is proved.
Using (5.13), (5.10), and [” [x[*~?dx = O(r*~9*) = O(Jc|2¢~9+D), we find
that (5.9) is less than (5.12). O

We continue onward with our proof of Proposition 5.1. We add up all contributions
to (5.6) for one fixed k € {1, ..., x}. As we have already noticed, we get a nonzero
contribution from W = Nk_] (¢5) € [T]\ T only if |c] = 1 and —d/c € (a —
1, a + 1). We split the analysis into the following cases:

d . —1
—€c€la—N""',a+N""],
C

d

——ela+2'N"a+2TINTIT (£ e{0,1,2,...,[log, N1}),
C
d

——ela—=2""N"1a—2NT1T (£e{0,1,2,...,[log, N1}).
C

Clearly, each Wy giving nonzero contribution to (5.6) is then counted at least once.
Let us consider the second case in detail; that is, we take ¢ €

{0,1,2,...,[log, N1} and consider all Wy satisfying —d/c € [a + 2‘N~!,a +

201N =11, We then have min(N, |o/|7") = |o/|7" < 27N (cf. (5.7)), and hence



UNIFORM EQUIDISTRIBUTION OF LONG CLOSED HOROCYCLES 535

by Claims 1 and 2, we get the following bound on the total contribution from these
Wo’s:
0( Z |c|23—2(2—€N)§—x(1 + log(Z”')) + z |c|25—4(2_€N)).
Wo Wo
1<c|<V27EIN lc|Z2vV2-tN

(Of course, 27N > 1 since ¢ < [log, N].) The sums are taken over a set of
representatives Wy = N,:l(‘j, b)Y € [Tkl \ T restricted by —d/c € [o + 2!N71,
a + 2041 N~1] together with the stated bounds on |c|. By a quick computation using
Lemma 2.5, we now get

=0[(+D)(Q N+ N ] = o(C+DHEINYT).

We get exactly the same bound for —d/c € [a — 2{HIN~!, a — 2!N~1]. Also,
by a similar computation using Claim 1, Claim 2, and Lemma 2.5, we find that the
total contribution from all Wy satisfying —d/c € [a — N —1 a + N~1]is bounded by
O(N°~).

We now add up all these contributions to (5.6), for each k € {1, ..., x}. Since
3900+ 1)276079) < o0, we finally obtain

|I| = O(log2N + N°~%) = O(N°™%).
Hence by (5.3), >N_, cpe(ma)m®=3/2 = O(N*), and by partial summation, we
obtain

N

Z cne(na) = O(N3>7%),

n=1

and we are done. The proof of >_ =l _ycne(ma) = O(N 3/2-9) is entirely similar. ©

Remark 5.2
Proposition 5.1 is complemented by the following result, which shows that the expo-
nent 3/2 — s therein is the best possible.

PROPOSITION 5.1’
Let ¢ (2) be as in Proposition 5.1. Take k € {1, ..., k} such that c(()k) # 0in (54)
(such k always exists since ¢ is a residual eigenfunction), and let o € R be any cusp
equivalent to n.* Then at least one of

N —1

che(na) = Q(N3/2—S)’ Z cne(na) = Q(N3/2—S)

n=1 n=—N

*It is well known that the set of such points « is dense in R. A more precise statement of this nature is provided
in §7(I0).



536 ANDREAS STROMBERGSSON
must hold as N — o0.

Proof
Assume that this is not true; that is, assume that S;.(X) = > <<y cne(na) =
o(X3/?= %) and S_(X) = D i<n<x C—ne(—na) = 0(X3/?7%) as X — oo. (Here a is
fixed.) We now study ¢ (a + iy) as y — 0.

It follows from (5.1), using partial summation (treating n > 0 and n < 0O sepa-
rately), that

o0
$(o+iy) = coy' ™ — 21y /1/2 K{_1 p2x Xy)(S+(X) + 5_(X)) dX.

Convergence follows easily using our bounds on S+ (X) and the exponential decay of
K;_l/z(u) (cf. (4.29)).

Now let ¢ > 0 be given. It follows from our assumption on S+ (X) that there is
some Xo = Xo(¢) > 1 such that | S, (X) + S_(X)| < X327 forall X > X. Let
M = supy (12, x,] 15+(X) + S—(X)|. We then get, for all y < 1/Xo,

Xo
(@ + iy < leoly'™* + 22y / C(Xy) 2 M dx
12
1/y
+2zy*? / C(Xy) V2 ex3 25 ax
Xo
o0
+27ry3/2/ Ce XVeXx3?5ax
1/y

Xo
< (|COI+27rCM/ X—1/2—de)y‘—s
1/2

2z C o
+£( 7[ +27rC/ e Hy32s du)ys_l.
2 —2s 1

Recall that s € (1/2,1); hence s — 1 < 0 < 1 — 5. Since & was arbitrary, and since
the expression inside the parentheses in front of y*~! above does not depend on ¢, it
now follows that

p(a+iy) =o(y* 1) asy— 0. (5.14)
On the other hand, take T € T such that a = T (), and write Ny T~ = (4 4).

We then have NkT_l(a) = 00, and thus ca +d = 0. Hence ¢ # 0, and by a
quick computation, Im Ny T~ (a0 + iy) = le| =2y~ forall y > 0. Using (5.4) and
I'-invariance, we now get

$(a+iy) ~ O ImN T (o +iy)) ™ = cP)epoDys!

as y — 0. This is a contradiction to (5.14). O



UNIFORM EQUIDISTRIBUTION OF LONG CLOSED HOROCYCLES 537

PROPOSITION 5.3

Let m = 1 be such that ¢y, is a residual eigenfunction (hence 0 < 4, < 1/4). Define
sby Ay =s(1 —s),s € (1/2,1). We then have, uniformly over all y € (0, 1) and all
a, B suchthaty < f—a <1,

B
/),%a / (s + iy)dx = O ("5 (B — > 2).

The implied constant depends on T and ¢y, .

Proof

The proof is almost identical to the proof of Proposition 4.6, except that we use the
bound from Proposition 5.1 instead of (4.25). Notice that since 1/2 < s < 1, (4.29)
holds with ¢ = 0. O

The proof of Theorem 3 is now complete in view of Propositions 4.3, 4.5, 4.6, and
5.3.

6. Joint equidistribution of subsegments
In this section we prove a result on the joint distribution of several subsegments of the
closed horocycle {x + iy | x € [0, 1]}.

As before, we let I" be a cofinite Fuchsian group with a standard cusp at infinity.
We use the same notation as in §3, in particular, G = PSL(2, R). Let us write

Comm(T') = {g € G| glg™" and I" are commensurable}.

(Two subgroups of a group are called commensurable if their intersection has finite
index in both of them.) For basic information concerning Comm(I") and its use for the
construction of Hecke operators on I' \ 7, the reader is referred to [Shim, Chapter
3]. We also remark that if I" is a nonarithmetic group, then I' is of finite index in
Comm(I") (cf. [Ma, Chapter IX, Theorem 1.16]).

THEOREM 4
Letn 22, let > 0, and let a1, ay, . .., a, be real numbers such that

((1) % N a") ¢ Comm(I') forall j# k. 6.1)

We then have, for any bounded continuous function f on M" = (I' \ T\2¢)",

1t : . ,
11m—/ f(((x1—l—x—l—ly,O),(az—l—x—i—ly,O),...,(an—l—x—l—ly,O))dx
y—>0€ 0

1
v(M)"

/Mnf(m,.--,Pn)dv(pn)“-dV(m). 62)
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Remark 6.1

The condition (6.1) is also a necessary condition, for if $%~* e Comm(I") for some
J # k, then one easily checks that the whole subset {(S*/ p, S*p) | p € T1.9} of
(T1.#)? projects onto a closed submanifold of codimension 3 in (I \ 7T1.7¢)2, so that
(6.2) cannot hold for all f.

Proof of Theorem 4

We apply Shah, [Sh, Theorem 1.4], for the group L = G" = G x --- X G, the lattice
A = T" C L, the expanding horospherical subgroup U" = (}%) C G, and the
probability measure A on U™ defined by A(A) = ¢! -m([O, 1N {x | ((1) )1“) € A}) for
any Borel set A C U™, where m(-) is the Lebesgue measure on R. Furthermore, we
take G to be imbedded as a closed Lie subgroup of L by the map

G>ogr> (SMgS™™, §%2g87%, ..., §%gS™*) e L.

Let 7 be the projection L — A\L. We will prove below the following proposition.

PROPOSITION 6.2
Under assumption (6.1), = (G) is dense in A\ L.

Using this proposition, it is now easy to check that all assumptions in Shah’s Theorem
1.4 are fulfilled. The conclusion from Shah’s theorem is that, for any sequence of pos-
itive real numbers y; with lim;_,» y; = 0 and for any bounded continuous function
foonI'"\L, we have

t
lim ! fo(S*Ha(y;)S~, ..., 8 % a(y;)S™*)dx = / fodur. (6.3)
j= € Jo "L

Here u is the unique L-invariant probability measure on I\ L.

We let T' denote right multiplication by (§%!, $*2, ..., S%)onI"\L;then T is a
homeomorphism of '\ L onto itself preserving the measure x ;.. Given any bounded
continuous function f on I'*\ L, we now apply (6.3) to fo = f o T. Reinterpreting
the result via the identifications ["\L = (I'\G)" = M", we obtain (6.2). O

It remains to prove Proposition 6.2. We first prove the following lemma.

LEMMA 6.3

Let g be the Lie algebra of G = PSL(2,R), and let i be a Lie subalgebra of the
direct sum |l = gD g® --- @ g (n copies). Assume that by contains the diagonal
{(X,X,...,X) | X € g}. Then there exists an equivalence relation ~ on the set
{1,...,n} such that

h= {(Xl,Xz,...,Xn) € [|X,~ = X whenever i ~ j}.
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Proof
Given b as above, we define a relation ~ on {1, ..., n} by letting i ~ j hold if and
only if X; = X holds for all vectors (X1, ..., X;) € b. Clearly, ~ is an equivalence

relation, and
b {(X1,X2,...,Xn) €| X; = X, wheneveri ~ j}. (6.4)

We have to prove that the opposite inclusion holds as well. Clearly, the right-hand
side of (6.4) is isomorphic to a direct sum of e copies of g, where e is the number of
equivalence classes of ~. Using this isomorphism, we may reduce to the case when
n = e; that is, we may assume that i 7 j holds for all i # j. Our task is now to prove
that h = 1.

We let H, R, L € g be a standard basis with [R, L] = H, [H,L] = —2L,
[H, R] = 2R. Also, we let d : g — [ be the diagonal map X — (X, X, ..., X), so
that, by our assumption, d(X) € h forall X € g.

Step 1. For any giveni # jin {1, ..., n}, there exists a vector (11 H, 1, H, ..., t,H) €
b (t € R) such that #; # ¢;. To prove this claim, first note that since i »* j, there is
a vector (X1,..., X,) € h with X; # X ;. Thus, writing X = axH + bR + ¢, L,
at least one of a; # aj, b; # bj, c; # c; must hold. Now the claim follows since the
following vectors belong to b:

add(L)add(H)add(R) (X1, X, ..., X») = (4a1H,4arH, ..., 4a, H),

add(L)add(H) (X1, X3, ..., X,) = (—2b1H, —2byH, ..., —2b,H),
add(R)add(H) (X1, X2,...,Xn) = (—2c1H, —2¢;H, ..., —2c, H).
Step 2. There is a vector (11 H, b H, ..., t, H) € b such that all the numbers #1, ..., t,

are nonzero and pairwise distinct. This follows easily by constructing a suitable linear
combination of the vector d (H) and the vectors that we obtained in Step 1.

Step 3. The Lie algebra b contains each vector (x1H,x2H, ..., x,H) (x; € R). To
prove this, let xM = (t1H,1nH, ..., t,H) € b be a vector as in Step 2. Define the
vectors X, X®) e p recursively by
1
X© = 2 [ld(), XD, [d(R), x“V1].
We then find that
x® = (t{‘H, té‘H, . ..,t,’fH) for each k = 1.

Since all the ¢;’s are nonzero and pairwise distinct, it follows using the Vandermonde
determinant that the vectors X1, ..., x® span the space {(x1H,x2H, ..., x, H) |
x; € R}, and the claim is proved.
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Applying now add(L) and ad d(R) to the h-vectors obtained in Step 3, we find that

b contains all vectors (x{ L, xoL, ..., x,L) and (x;R, x2R, ..., x, R) as well. Hence
h = [, and the lemma is proved. O
Proof of Proposition 6.2

It is convenient to alter the notation by a conjugation so as to make G imbedded in
L by the diagonal map G > g —~ (g,8,...,8) € L,and A = STHTS* x ... x
ST §%n,

Notice that G is generated by (Ad-)unipotent one-parameter subgroups of L con-
tained in G. Hence Ratner’s result [R2, Corollary B] applies, and it follows that there
is a closed subgroup H C L such that G C H, H N A is a lattice in H, and
7(G) = n(H) in A\L. By Lemma 6.3 applied to the Lie algebra of H, the identity
component H° has the following explicit form for some fixed equivalence relation ~
on{l,...,n}

HO = {(g1.82,....8n) € L| g = gj wheneveri ~ j}.

Clearly, if Cy,...,C, < {1,...,n} are the distinct equivalence classes of ~, then
there is a natural isomorphism H® = []%_, G under which H® N A corresponds
o [Tp=i(Njec, ST4TS). Since H* N A is a lattice in HY, it follows that
ﬂjecm ST4 T S% must be a lattice in G for each m. Hence |C,,| = 1 for each m
since, by assumption, %/ ~% ¢ Comm(I") whenever j # k. Hence H® = L, and thus
7(G) = A\L. O

Now Theorem 4 is completely proved. We give two corollaries concerning the sum

Sy, N (x).
As in the introduction, we define

N-1 + i
Syn@ = > F(% +iy),

Jj=0
where F : 77 — R is a fixed, bounded, continuous, and I'-invariant function. For
eachy > 0 and N € ZT, we view S, y as a random variable by taking x in the

probability space ([0, 1], m) with m = Lebesgue measure. We also let Y1, Y>, ... be
independent, identically distributed random variables with distribution given by

u{z e T\ | F(z) € A}

Prob(Y, € A) = LT\ )

(for each Borel set A C R).

Given D € Z™T, we define

Zh ={N e Z* | gcd(N, D) = 1}.
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COROLLARY 6.4

If T is nonarithmetic, then there exists a D = D(T') € Z" such that for each fixed
N e Zg and each fixed bounded continuous function F : T\J# — R, Sy y converges
in distributionto Y1 + Y, +---+ Yy asy — O.

Proof
Since I' is nonarithmetic, I" is of finite index in Comm(I") (cf. [Ma, Chapter IX,
Theorem 1.16]). In particular, since S*'I" = ST «— S§1 ™ € ' < x| —
Xy € Z, there exist at most finitely many rational numbers ¢ € (0, 1) for which
S?7 € Comm(I'). Let D = D(I') be the product of the denominators of all these
numbers ¢q. (Let D = 1 if there are no such numbers ¢.)

We now fix some N € ZJB and some function F as above. We then have
SU=K/N ¢ Comm(T') forall j #k € {1,..., N}.

Let k be a given positive integer, and define f(z1,...,2n) = (Z?’zl F(zj))k;
then f is a bounded continuous function (I" \ .##)Y — R. The moments E Sly‘, y and
E (Y1 + - -- 4 Yx)* can now be expressed as follows:

1
X X ox+1 x+N-—-1 | ]
ES},’NZA f(ﬁ—i-ly,T—i-ly,...,T‘i‘ly)dx,

E Y1+ + Yy =#(r\<7f)_N/ fas. o an)dp) - dua).
AN
Hence by Theorem 4 (if N = 1, Theorem 1) and our remarks above regarding

Comm(T"), we have E S];,N — E (Y1 4+ --- + Yy)F as y — 0. This holds for each
fixed k € Z™, and hence Sy,n converges in distribution to ¥y + .-+ Yy as y — 0
(cf., e.g., [F, Example VIIL.1(d)]). O

COROLLARY 6.5

LetT', D(T), F be as in Corollary 6.4, and assume furthermore that fr\%’ Fdu=0.
Then there exists a sequence {hy}y ezh of positive numbers with limy_ hy = 0,
such that, for any sequence {YN}NeZ}; of numbers satisfying 0 < yy < hy, the
random variable N~'/2S,, y converges in distribution to a Gaussian with mean zero
and variance a% = u(T\ )" fr\% F?2duas N € ZH, N — oc. (The sequence
{hN}NeZz; may depend on T and F.)

Proof
Foreach N € ZJB, Corollary 6.4 shows that we may take 4y > 0 so small that, for all

y e (0, hyl.
d[NT12Sy N N7 4 Y] SN

where d[- ; -] is the Lévy distance between the corresponding distribution functions.
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But by the central limit theorem for sums of independent, identically distributed ran-
dom variables, we have

d[NTV2(¥ + -+ Yy): NO,07)]> 0 as N — oo,

where 91(0, 0%) denotes the normal distribution with mean zero and variance 01%. The
corollary follows from this. O

Remark 6.6

The numerical investigations of Sy y in [He2, §5] were carried out on Hecke triangle
groups Gy for L = 3,5,7. We let G, denote a conjugated version of G, normalized
to have a cusp of standard width 1 at oo, as in [Hel, p. 569 (7.2)]. We remark that
if T is a nonarithmetic Hecke triangle group T = G/, (i.e., L = 5or L 2 7), then
Comm(I") = I" by [L], and hence Corollaries 6.4 and 6.5 hold with D = D(T") = 1.

7. Some further results, applications, and comments

(D) In the special case of f = ¢ a cusp form, Proposition 4.6 shows that the exponent
¢(I') = 1/2 in Theorem 1 can be improved all the way up to ¢(I') = 1. In [St, §4],
we used this fact together with methods involving the incomplete Eisenstein series
to show that, for arbitrary f, (1.2) holds with ¢(I') = 1, so long as a (or B) is kept
generic. In precise terms, we have the following.

THEOREM 7.1
Let T be given as above, and fix a number 1/2 < y < 1. Then there exists a family of
subsets 4 (y) C R such that for any fixed u < v,

ylinol+m([ﬂ,1)] NG(y) =v—u

(m = Lebesgue measure), and for any bounded, continuous, and T -invariant function

f:H# — C,

1 B
= / Fx+iy)dx — F@du()

1
w(@\ ) /F\jf

uniformly as y — 0% so long as a € 9(y) (or B € 9(y)) and f —a = y'.

A result of similar nature can also be deduced from [DM, Theorem 3] (cf. [St, Remark
5.2.5)).

(IT) Our result on the uniform equidistribution of horocycles can be applied to ob-
tain an asymptotic formula for the counting function QZU (X) (cf. (2.12)) as X — oo.
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THEOREM 7.2
Let T be given as above; letk € {1, ..., x} and d > 0. We then have

k —
G0 T )

140

X2(v — p)

uniformly as X — oo so longasv —u = X~

This was proved in [St, §4.6] as a consequence of our main theorem, Theorem 1.

We remark that Theorem 7.2 can be interpreted as a statement concerning the
distribution of the cusps of I' along the boundary 6.7 = R U {oco} of J7Z. To see
this, we associate to each cusp # € 8.7 the unique horoball 8 = B, which is
tangent to 0.7 at n and for which I';\B has hyperbolic area 1. (This means that B =
UNk_l{z € |Imz 2 1}forany U € T,k € {1,...,x} such that y = U(nk).) We
then have

Ql,{w(X) = t{n € [u, v]| 7 is a cusp equivalent to 7,
and B, intersects the line Imz = X 2}.

(IIT) Another application concerns the value distribution of the generalized theta

sum
Or(x+iy) =y > fnyPe(n’x),
nez

which was studied by Marklof in [Mar1]. Using our results on subsegments of closed
horocycles, we are able to give a more uniform version of one of the main theorems
in [Marl], Theorem 7.1, as follows.

Let f be a function from R to C which satisfies f(x) = O((|x|+ 1)~") for some
n > 1 and which is Riemann-integrable on every bounded interval. Let Z C C be
an open convex set containing zero and with smooth boundary, and let, for w € C,
R > 0,

Bw,R)={Rz+w |z B}.

Let Y (R) = Y%(w, R) be defined as in [Mar1, Theorem 7.1]. Then V¥ is an increasing

function from R to [0, 1] with limg_, o ¥(R) = 1, and ¥ is uniquely determined
by f, %, w. In the following, we keep f, 4, w fixed.

THEOREM 7.3
There exists a countable subset € C R such that for each § > 0, and for each R > 0
outside &, we have (with m = Lebesgue measure)

ﬁ m({x € [a, B1| O f(x +iy) € B(w, R)}) - Y(R) (7.1)

uniformly as y — 0% so long as p — a = y'/279.



544 ANDREAS STROMBERGSSON

Notice here that [Marl, Theorem 7.1] corresponds to keeping & = 0, f = 1 in Theo-
rem 7.3. Notice also that Theorem 7.3 implies that (7.1) actually holds for each R > 0
which is a point of continuity of ¥ (R).

Theorem 7.3 may in particular be applied to the classical theta sum Sy(x) =
Z,iv:l e(n’x) (cf. [Marl, page 152]). We then obtain a strengthened version of the
uniform central limit theorem for Sy (x) which was proved by Jurkat and van Horne
in [JV]: There is a decreasing function @ : [0, 00) — [0, 1] such that for each /. = 0
which is a point of continuity of ®, we have

ﬁ—iam({x € [a, B N7V Sy (x)| 2 2}) = (1)

uniformly as N — 00 so long as f — a = N~112%_(In [JV] this was proved in the
case of fixed a, f.)

Sketch of the proof of Theorem 7.3

In [Marl], ® f is identified (for functions f of Schwarz class) as the restriction of a
function living on a space .# which is a 4-fold cover of I'1(4)\T1.7. Our proof of
Theorem 2 in §3 can easily be carried over to the case of [a, f]-segments of closed
horocycles in .# . Hence we obtain [a, f]-versions of [Marl, Proposition 4.3, Corol-
lary 4.4, Theorem 5.3]. (We have to keep ¢ < 1/2 in the [a, B]-version of [Marl,
Proposition 4.3]). Our goal is to prove an [a, f]-version of [Marl, Theorem 7.1], and
the only step in the proof in [Marl] which does not carry over immediately is the
following. (Without loss of generalization, we take f even.) Given ¢ > 0 and an even
Schwartz function f, on R such that ffooo | £ () — fo()|>dt < &, we need to show

1 B
Jzﬁ—/ |®f(x+iy)—®fg(x+iy)|2dx <3¢ (7.2)
_a a v

for all sufficiently small y and all «, £ such that # — a > y'/279 (cf. [Marl, (86)]).
But J can be expanded as follows (writing g = f — f;):

7=y (150 +2 " lgny')PR) (73)
n#0

1/2 y;

3 s gy [ (0~ mx) a

n,mez
n#+m

Y

+ﬂ—

Here the expression on the first line converges to 2 ffooo lf@) — fe (t)|2 dt < 2¢ as
y = 0.Using [g(x)| < Oy, 7, ((Jx|+1)77) (with n > 1) and |faﬂ e((n*>—m?)x) dx| <
min(f — a, |n®> — m?|™1), and careful summation, the expression in the second line



UNIFORM EQUIDISTRIBUTION OF LONG CLOSED HOROCYCLES 545

of (7.3)isseentobe, for0 <y < landa < f,

172

(G )|

y
0nn (22
f’f ﬁ _
This tends to zeroas y — 0, f —a 2 y1/2=9_and we thus obtain (7.2). O
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