GAPS BETWEEN LOGS
JENS MARKLOF AND ANDREAS STROMBERGSSON

ABSTRACT. We calculate the limiting gap distribution for the fractional parts of log n,
where n runs through all positive integers. By rescaling the sequence, the proof quickly
reduces to an argument used by Barra and Gaspard in the context of level spacing
statistics for quantum graphs. The key ingredient is Weyl equidistribution of irrational
translations on multi-dimensional tori. Our results extend to logarithms with arbitrary
base; we deduce explicit formulas when the base is transcendental or the rth root of
an integer. If the base is close to one, the gap distribution is close to the exponential
distribution.

§1. The gap distribution is a popular measure to quantify the degree of randomness
in a given deterministic sequence. Rudnick and Zaharescu have shown [12] that the gap
distribution of the fractional parts of 2"a (n =1,..., N), for almost all a, converges in
the limit N — oo to an exponential distribution—the gap distribution of a Poisson point
process. (2" may be replaced by any lacunary sequence.) The same is expected to hold
for the fractional parts of n*a, for any integer k£ > 2 and o of bounded type, but this
remains unproven [10, 11} 8, 4]. Numerical experiments also suggest that the fractional
parts of n” may have an exponential gap distribution provided 8 € (0,1)U(3,1). In the
case } = %, Elkies and McMullen [3] have calculated an explicit formula for the limiting
gap distribution, which is evidently not exponential. Remarkably, their distribution co-
incides with the limiting gap distribution of directions of points in the affine lattice Z*+a
for any fixed vector @ ¢ Q? [9]. Both of these findings follow from the equidistribution
of translates of certain curves on the homogeneous space ASL(2,Z)\ ASL(2,R). In the
present paper we show that also the fractional parts of log, n have a non-exponential
limiting gap distribution, which we calculate explicitly. Our derivation reduces quickly
to an argument used by Barra and Gaspard [I] in the context of spectral statistics of
quantum graphs. The key ingredient here is Weyl equidistribution on multi-dimensional
tori, similar in spirit to [5, Chap. 3].

§2. To state our main results, let us denote by &, the fractional parts of log, n. We
denote by {&, N }n=1,..n the ordered set of the first N elements of &,, so that

(1) 0<& NS &S ... <évv <L

For purely notational reasons it will be convenient to set {yiq n 1= & v + 1, and also
consider the gap between the first and last element mod 1; this additional gap has of
course no effect on the existence and form of the limiting gap distribution.

For given N, the gap distribution Py (s) is defined as the probability density on R,

) Py(s) = 1 2005 = M€y — un))
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F1GURE 1. The distribution of gaps between the fractional parts of logn,

where n = 1,...,10*. The piecewise continuous curve is the limit distri-
bution P(s) of Theorem [1|for b = e.

0.5 1.0 15 2.0 25 3.0

FIGURE 2. The distribution of gaps between the fractional parts of log, n
with base b = e'/® = 1.221402758 ..., where n = 1,...,10* The blue
curve is the limit distribution P(s) of Theorem [1 the red curve is the

exponential distribution e™*.

We denote by T the set of transcendental numbers b > 1; b = e is a natural example,
cf. Figure Il The technique we present here also works for algebraic b, but in general
leads to more intricate limit distributions. In we discuss the simple case of integer
base b, and in the case when the base is the rth root of an integer.

Theorem 1. Let b € T. For any bounded continuous f : R>og — R,

() fim [ 1) Px(s)ds = [ 76 PGs) s

N—oo
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where

pep 5 (F(slogh) — F(sb™'logh)) if 0 <s < logb
(4) P(s) = 10351) “2F(sb~tlogb) if @ < s < logb

0 if s> log 7
) Fla) = a(a:b™") — (a7

aa Y Y
and
(6) (a;q) = H(l —aq") (g-Pochhammer symbol).
n=0
The derivative of the Pochhammer symbol is explicitly
3} = 1

(7) 54 @0 = —(a;9) g 7 g
Note that P(s) has jump discontinuities at s = — g 5 and = log 5; however both the left and
right limits exist at these points, and are finite. We also note that lim,_,o+ P(s) = %’.

A more elementary formulation, which is equivalent to the above, is that for every
s>0

(8) Jim —|{n <N :N(&iin — &an) > s} = / P(s")ds'.
—)OO s

We will show in the final paragraph §12] of this paper that, in the limit b — 1, P(s)

converges to the exponential distribution e~*, cf. Figure 2}

§3. To gain a better insight into the limiting gap distribution P(s) for fixed b, let
us recall that the fractional parts of log,n are not uniformly distributed mod 1 [6].
However, the sequence of 1, (n = 1,..., N) given by the fractional parts of log,(n/N) =
log, n — log, N has a limit density mod 1, and evidently the same gap distribution (to
see this, recall that we have added the gap between the first and last element of the
sequence mod 1, and the ordering in the sequence remains the same). It is an easy
exercise to show that for any interval A C [0, 1],

(9) lim —‘{n<N M € A} = / p(x) dx
N—)OO A
with density
log b
1 = b*
(10) o) = 25

§4. A more refined statement of Theorem [1]is to consider the joint distribution of 7,
and the subsequent gap; define the corresponding probability density on [0, 1] x R>q by

(1) Py(,5) = 5 3700 ~ ) 65 = Niwax — 1),

where {n, n}n=1. n is again the ordered set of the first N elements of 7,. The joint
distribution allows us to compare the statistics of gaps between elements near one point
x of the unit interval with the gap statistics at a second point x’.
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The explicit formula for the limit distribution will involve the density

o? '
(12) R(a,b) = (6" 6(a— 1)+ { da ——(a;b7) if0<a<1
0 ifa> 1.
The second derivative of the Pochhammer symbol is
19) @)= (@)Y 1
9,2\ 4q) =4 q - .
8@2 =0 (q_] — a) (q—k _ a)
JF#k

Theorem 2. Let b € T. For any bounded continuous f :[0,1] x Rsg — R,

(14) ngréo// fstNmsdsdx—// f(z,s) Pz, s)dsdz,

where
(15) P(z,5) = (b" 'logb)*R(sb” ' logb, b).

§5. To unravel the previous statements further, let us consider a strictly increasing
function [0, 1] — [0, 1] which maps the sequence 7, to a new sequence 7j; which now is
uniformly distributed mod 1. This function is given by (cf. [7])

. b — 1
(16) v [ oply)dy = 4—
0 _
and thus
R T 7|
(17) Tn = B_1 Tn,N = b_1
We have, explicitly, for n € [Nb™" Nb=*"1) and k € Z,,
bkn — N
18 A=
(18) NGB -1

We will see in §§| that the knowledge of the joint distribution Py(z, s) for the original
sequence and the analogue for the rescaled and ordered sequence,

(19) Py(r,5) = 52 D20 — o) 85— Nliunw — )

are equivalent:

Theorem 3. Let b € T. For any bounded continuous f : [0,1] x R>qg — R,

(20) A}lm// fstNxsdsda:—// f(x,s) P(s)ds dz,

where
(21) P(s)=(1=b"")2R((1 - b ")s,b).

Note that the limit distribution is independent of =. This is not a consequence of 7;
being uniformly distributed mod 1, but reflects the fact that the gap distribution is the
same if we restrict the sequence to an arbitrary subinterval of [0, 1].

We will first prove Theorem [3]in §6|and §7] and then retrace our steps by subsequently
showing in §8 that Theorem [3] implies Theorem [2] where

(22) P(x,s) = P(p(x)s)p(x)? = (b 'logb)2R(sb* ' log b, b).
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We obtain Theorem [I| from Theorem [2| by taking an x-independent test function.

§6. We now turn to the proof of Theorem [3]and study a more general setting. Consider
a finite sequence wy, ..., w; of positive real numbers (the “frequencies”). With each w;
we associate a real number ;. We are interested in the statistical properties of the
multiset

J
(23) U B; + w; 'Z).

Here W denotes multiset sum, i.e. a union where we keep track of the multiplicity of
each element (this is only relevant if the sets 5; + wj_lz, j=1,...,J are not mutually

disjoint). The number of elements of S that fall into the interval I = [t — £t + L] is
J
(24) N(t,L)=> N;(t,L),  Nj(t,L)=|IN(B;+w;'Z)].
j=1
Evidently N;(t, L) is periodic in ¢ with period wj_l. Furthermore
Therefore
J

20 R R

=1

which means that the asymptotic density of & in R equals Z wj.

For any * € R we write |z|z € [0, 3] for the distance between z and the nearest

integer. We also set

(27) n(z,L)=|lz— L z+L]nZ|.

72

The verification of the following lemma is a simple exercise.

Lemma 1. Given v €eR, L >0 and k € Zsy, we have n(z,L) = k if and only if
|z — Sk|z is both > (k — L) and > $(L — k).

In particular, if x is picked at random with respect to the uniform probability measure
Py on [0, 1], then
1—|k—L fL-1<k<L+1
0 otherwise.

(28) Po(n(x, L) = k) = Ey(k, L) := {

The following observation is due to Barra and Gaspard [1].

Theorem 4. Assume that the frequencies wy,...,wy are linearly independent over Q.
Then, for —oo < a <b < oo and k € Z>,

. meas({t € [aT,bT): N(t,L) = k})
(29) A (b—a)T

— E(k, L)

where

(30) E(k,L)= > f[ By (kj,w;L)

ki+..+kj=k j=1
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In particular,
H}]:1 (1-w;L) if L <max(wi,...,ws)""
0 otherwise.

(31) E(0,L) = {

The convergence in is uniform over all choices of Bi,...,8; € R (but keeping
Wi, ..., wy fized).

Proof. Decomposing [aT', b into intervals of length w; * and using N (¢, L) = ijl N;(t, L),
we see that meas({t € [aT,bT]: N(t,L) = k}) equals
(32)
ny—1
Z Z wy'meas({s € [0,1) : Nj(wy ' (s+n),L)=k;jforj=1,...,J}) + E,

ki+..+kj=kn=na
where n, = |wiaT'|, ny = |wibT], and E is a real number whose absolute value
is bounded above by the measure of the symmetric difference between [aT,bT] and
[nawi ', mpwi '); thus |B| < 2wi'. Let us define «j, € R/Z through the relation
B + wj_lZ = nwy '+ wj_l(ozjyn + Z). Then Nj(w;'(s + n),L) = k; holds if and only
if |wi's — £ wi's + £ Nw; (g + Z)| = kj, and by Lemma [I] this holds if and
only if 2|%s — a;, — 3k;|, is both > k; — w;L and > w;L — k;. It follows that
meas({t € [aT,0T]: N(t,L) = k}) equals

(33) Z Z wl_lflﬂ ..... ky (051,1% a?,na s 7QJ,n> + E7

k1+“.+k]=k N=Ngq

k, o (R/Z)? — [0,1] is defined by

(34) fkl ..... kj(a17a27 / HI ‘_3 - — j ’ > |l€] — (,L)jL|) ds.

-----

of aj, that aj,11 = oy — w]wl mod Z. In partlcular aq 4, is independent of n; in
fact o, = oy 1= w1 By in R/Z for all n. On the other hand our assumption implies that
the numbers 1, wyw; ', wawy ', ..., wyw; " are linearly independent over Q, and hence by
Weyl equidistribution we have

-1
N Y
k k
(R/Z)7~1 o

ng—"mng  Jmwmgya-1 7

(35)

aq, 0, ... o) das .. daoy

as n, —n, — oo. Note that the convergence here is uniform over all choices of
By, ..., 87 € R. The right hand side equals

w [ e

and changing order of integration and then substituting a; := z; + Z—is — %kj (x; €

> [k — wiL|) ds,

QjZ

R/Z) we see that the expression factors as [[7_, Fi(k;,w;L). Finally noticing also that
ny — ng ~ wi(b—a)T as T — oo, we obtain ([29)). O

We now turn to the gap distribution. We order the elements of S and label them as
(37) LS A <A< A S Sl
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Theorem 5. Assume that the frequencies w; are linearly independent over Q, and that

wy s the largest among wy,...,wy. Then, for —oo < a < b < oo, and any s > 0,
§# Wi,

. 1 . . o > / /
(38) Th_r)rolo ml{j €Z: N € [al,bT] and N\j11 — \j > s} = /s P,(s")ds
where

J J
w; . thwZ{H 1 —wjs )} if0<s<w!

0 if s > wpt

The convergence in is uniform over all choices of B1,...,0; € R (but keeping
Wi, ... wy fized).

Proof. This is a corollary of Theorem , cf. e.g. Theorem 2.2 in [7]. The limiting gap
density is given by the formula

(40) _m@>=9€£§i

0J

§7. Proof of Theorem @ It suffices to prove that holds when f is the characteristic
function of a box [0,a] x [0, A] with A # (1 —b~')7!, i.e. to prove that for any fixed
a€f0,1]]and A >0, A# (1 —b"1)"! we have

A
(41) Gaa(N) — a/ P(s)ds
0
as N — oo, where

(42)  Gaa(N):= —Hn €{l,...,N}: fiun €[0,a], N(finrrn — finn) € [O,A]H

(cf., e.g., [2, Example 2.3]).

Set w; =b7(b—1) and BJ(-N) pIN) = — N - forj =1,2,.... Forany given J, N € Z>,
we note that by (L8)), {N7,..., Nin} equals the multiset sum of (5V) +w;'Z) N[0, N)
for j = 1,2,...,J and a remaining multiset of cardinality [Nb~7/] consisting of N7, for

n =N and all n < Nb=/. Hence if we order the elements of Sy := w/_, (8™ + w;'Z)
.S)\,QS)\,lS)\OS)\lg)\gg...,then

(43)  Goa(N) = — {j €Z: ) €[0,aN], Ajr — \; € [O,A]H +ON " +b77).

v

Since b is transcendental, the frequencies wy,...,w; are linearly independent over Q;
thus Theorem [5 applies, and we obtain, for any fixed J € Z>q,

A
(44) limsup G4 a(N / P, (s ds +O(b™);
0

N—oo

A
liminf G, A(N a/ P, (s ") ds' —O(bﬁ])a
0

N—oo
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where P, ;(s) = 0 if s > w;! while for s < w; ! we have

J J
(45) P, ;(s) :wljl_IQ(l—Z—i)é(s—wll)%—j—;]l_[l(l—sz).
We now compute that
0 if A>wp!
A i J J
(46) /0 Poy(s) ds" = ]Z_;%‘ D S [ - wid) i A <w
j=1 =

t=2)
Hence, letting J — oo in and using w; = b7 (b — 1), we conclude
(47)

0 if A> b

b—1 A
lim G, a4(N) = = P(s)ds,
N alN)=a+ta (8 (1—b"Ys; b‘1)> if A< 2 a/o (#) ds

[s=A

O0s

where the last equality follows by a direct computation using and . Hence
holds, and Theorem [3is proved. O

68. Let us now prove that Theorem |3 implies Theorem . (An entirely analogous
argument also shows that Theorem [2] implies Theorem [3] so that the statements of
these two theorems are in fact equivalent.) Given a bounded continuous function f :
[0,1] x R>p — R, we wish to prove that holds. Since the sequence of probability
measures Py(x,s)dsdz is tight (cf., e.g., Lemma 2.1 in [7]), a familiar approximation
argument shows that without loss of generality we may assume that f has compact
support, i.e. there is some B > 0 such that f(z,s) = 0 whenever s > B.

Let T : [0,1] — [0, 1] be the map in and define T : [0,1] x R>g — [0, 1] x Rxg
through ¥(z,s) = (T'(z),T'(z)s). This is a bijection, with inverse given by

(48) Tz, s) = (T_l(x), m>

Now apply Theorem [3| with the test function foT~!. Then in (20)) we have

1 00 N
(49) /0 /0 foT Yx,s) f’N(z, s)dsdr = %; F(aN, SnN),

T(Npian) = T(1nn)
T" (1))
which 7,418 — 7y < BON™'. Then since T’(z) = p(x) is continuous and bounded
away from zero on [0,1] we have s, v = N(ps1.8 — ) + 0(1) uniformly over all

n € Fy as N — oo, and hence, since f is uniformly continuous,

(50) Sy $0,8) = f(0,n, N(nt1,n — 1n,n)) +0(1),

uniformly over all n € Fy. On the other hand if n ¢ Fy then N(n,p1.n — an) >
Bb > B and also s, y > Bb;ﬁ;? = B, so that both sides of vanish. Hence in
fact holds uniformly over all n € {1,..., N} as N — oo, and it follows that the limit
in the left hand side of exists, and equals the limit in (20 (with f o T~1). Finally
substituting (z,s) = T(z/, s’) in the right hand side of we see (via (22))) that this
limit equals the right hand side of , and the proof is complete.

where s, xy := N - . Let Fx be the set of those n € {1,..., N} for
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F1GURE 3. The distribution of gaps between the fractional parts of log, n
with base b = 10, where n = 1,...,10% The piecewise continuous curve

is the limit distribution P(s) in (56).

§9. Theorem [I]is now a direct consequence of Theorem [2] As to the explicit formula
for the gap distribution,

P(s):/ P(z,s)dx
(51) p
= / (b* ' log b)*R(sb" ' log b, b) dx.

With the variable substitution a = sb* !logb, da = sb® (logb)? dx = (logb) adx we
have

slogb
(52) P(s) = ! / R(a,b)ada.

2
s?1ogb Jap-1 1080

Recall the definition of R(a,b) in (12). The integral over the first term in yields
(G )

if sb~'logh < 1 < slogb and 0 otherwise. For the second term, we use integra-

s2logb
tion by parts,
ar 92 L o L a1 a g —
/ao a@(a,b )da = [a%(a,b )L - . %(a,b ) da
(53) ’ o
= ag(a' b_l) — (a; b_l)
8(1/ ) b ao?

where ap = min{1, sb~'logb} and a; = min{1, slogb}. This yields .

§10. As we have noted, the technique presented here works also for algebraic b. Let
us consider briefly the simplest case of b > 1 being an integer. In this case, the multiset
sum Sy = Lﬂle(ﬁ(N )+ wj_lZ) considered in the proof of Theorem |3| has all its points
lying in BN) 4 w;'Z, i.e. the only gap lengths appearing are 0 and w; ' = (1 —b~1)7%;
furthermore Sy is periodic with period w;* = b’7'w;!. One finds that the average
multiplicity of 3™ + w; 'k in Sy for varying k € Z equals % Hence following the
proof of Theorem |3| and taking the limit J — oo, we conclude that for b > 1 an integer,
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FI1GURE 4. The distribution of gaps between the fractional parts of log, n
with base b = /10, where n = 1, ..., 10* The piecewise continuous curve

is the limit distribution P(s) in with r = 2.
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FiGURE 5. The distribution of gaps between the fractional parts of
10log,,n (= logyn with base b = 10Y/10 = 1.258925411...), where
n = 1,...,10". The blue curve is the limit distribution P(s) in

with » = 10. The red curve is the exponential distribution e™*.

we have a limit result as in in Theorem |3 but with the limit density being given
simply by

(54) P(s) =b"6(s) + (1 — b_l)d(s —(1- b_l)_l).

As to the limit of the unscaled sequence 7, the first equality in yields

log b

(55) P(z,s) = o1

blfx
r—1 r—1 _
b*70(s) + (log b)b 5(3 logb)’
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and therefore

L2 gf L b
(56) P<s>:b—1a<s>+{l°g”s

0 otherwise.

See Figure [3] for an illustration in the case b = 10.

§11. The findings of the previous paragraph can be generalised to bases of the form
b =m!", with m and r positive integers such that m'/? is not an integer for any prime
divisor p of r. In this case, the multiset sum Sy = Lﬂjzl(ﬁ(N )+ w;lZ) considered in
the proof of Theorem [3| has all points in the set U;Zl(B(N ) + w]-_IZ). Our assumption
implies that the polynomial X" — m is irreducible over Q (since any monic polynomial
of degree d < r dividing X" — m must have zeroth coefficient of absolute value m?",
which is irrational). Hence wy, ..., w, are linearly independent over Q, and we now see
by the same argument as in the proof of Theorem {| that the limit exists in the

case k = 0 and is given by
" (1=bF(b—-1)L) fL<(1-b1)"t
(57) B0,1) — {1 (b=DL) L <( )
0 otherwise.

Using the finite q-Pochhammer symbol

r—1
(58) (a:q)r = [J(1 = ag™),

n=0
we can write this as

1—b"YHL:b7Y, ifL 1—p 1!
(50) N R
0 otherwise.
We note that for L < (1 —b71)~!
(60) = L p0,1) = (1— 1B L)TZE L
dL—"7 e — (1—-b L
and thus
d IR .
(61) —EE(O,L)L_O—(l—b ) E—l—b
- 0

The fact that this value is less than 1 is due to the non-trivial multiplicity of values
in our sequence, which results in a positive density of zero gaps. The statements of
Theorems therefore hold with the following limit distributions. The limiting gap
distribution of Theorem [ is

L s72(F.(slogb) — F.(sb~tlogb)) if 0 < s < =

logb logb
(62)  P(s) =b7"0(s) + 4~ 5 Fr(sb ' logh) if foup <5< 1oy
0 if s> IL
ogh’
with
(63) Fi(a) = a2-(a:b™), — (a:b™),.

oa
The joint limiting gap distribution of Theorem [2] is

log b
b—1

(64) P(z,s) = b* " 6(s) + (6" log b)* R, (sb" ' log b, b)
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and the rescaled gap distribution of Theorem 3] is

(%5) P(s) =077 8(s) + (1 =07 R, (1= b7)s.0).

with
o2

(66) Ro(a,b) = (b"%b7Y),_ 1 6(a—1) + @(a; b)), f0<a<l
0 if a > 1.

See Figures 4| and [5| for illustrations in the cases b = 10/ and b = 10/1°.

§12. We conclude this investigation with a few remarks on the family of limit distri-
butions which we have obtained for different values of b € 7. It is helpful to introduce
the random point process in R given by the sequence

(67) O = (N(fa+t+m):1<n<N, meZ)

where ¢ is uniformly distributed in [0,1]. This process is clearly stationary and has
intensity one. By using the same strategy as in the proof of Theorem [3] one can deduce
from Theorem {4|a limit law for the one-dimensional distribution of ¢§3) : For every closed

interval A C R, k € Z>o,

(68) lim P(|oY N Al = k) = E® (k, meas(A)),
—00
where
J
(69) E@%hL):}E& > JIE k. 0-1p7L),

ki tky=k j=1

with Ey(k,L) as in (28). In the case k = 0, relation in fact follows directly from
Theorem (3| (exploiting again Theorem 2.2 in [7]), where
_ d*ED(0, s)
B ds?>
Although requires b € T, the family of distributions is well defined for any
real b € (1,00). Let us briefly analyse the limiting cases b — oo and b — 1.

For b — oo, E®(k, L) converges to the statistics of the point process given by the

randomly shifted integer lattice Z + ¢, with ¢ uniformly distributed in [0, 1]. That is,
E®(k,L) — Ey(k,L) as in (28). The rescaled gap distribution satisfies

(71) P (s) = R(s,00) = 8(s — 1).

The limit of the raw P®)(s) distribution is slightly more involved since the asymptotic
density p®(x) in converges to §(z — 1). We therefore cannot expect P®)(s) to
converge to a non-trivial limit without further rescaling. Let us extend p®(z) to a
probability density on Rsq by setting p (x) = 0 for z > 1. We have the scaling limit

b—1 x
72 — O ) 5"
(72) logb” (kgb> ©
which, however, is not a probability density on R>,. Working directly from , we see
that for s fixed,

(73) 1 P(b)( s )_}{0_2 if0<s<1

log b log b s if s > 1.

(70) PO(s)
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In the limit b — 1, E® (k, L) converges to the Poisson distribution. That is,

Lk ~
(74) EO(k, L) — Fe—L, PO (s) — e,
To see this, note that for L fixed and b sufficiently close to 1,
(75) log E®(0 Zlog (1—0b—-1)b7L)=—-L+0(b-1),
7j=1

which proves the claim for & = 0 and the gap distribution P(s) (via Theorem 2.2 in [T]).
Again, for L fixed and b Sufﬁciently close to 1, we have for the remaining cases k > 1,

(b= L) - Ey(1,(b—1)b L)
E®(k, L) =EY®(0,L) ’ :
(kL) = Z b—l)b L) Ey(0,(b—1)b=9r L)
Ji<.. <Jk
p— U1t +ik)
(76) = (b—1)"LFE®(0, L) § j

(1—(b—1)bL)--(1—(b—1)bL)

J1<.<Jk
1
= L*E®(0,L) (E +O(b— 1)).

As to the limit of the unscaled sequence 7,,, we have for the density
(77) pO@) =1, wzelo1],

i.e., we have uniform distribution mod one. In view of (22), P®) (2, s) — e~ and thus,
for the raw gap distribution, P®)(s) — e,

The above discussion can be readily adapted to bases of the form b = m!/" considered
in 11} In particular, we again observe that both the raw and rescaled limiting gap
distributions (62)) and converge to the exponential distribution e™ when r — oo
for fixed m, cf. Fig. [
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