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ASL,(R)

G = ASLy(R) = SLy(R) x R? = {(g,'u) | g € SLy(R), v € R2}
(91, ’01) : (92,’02) = (9192791’02 + '01)-

Action by affine maps (preserving area & orientation) on R?:

@ E) ()=e)+(5)

Discrete group:

As a manifold, X = SLQ(Z)\SLQ(R)) x (R/Z)>

".../‘\-w--m-" P T ™

X =TI\ G =the space of shifted unimodular lattices:
g, v) = (g,v) 2" = (g7, g '0)Z° = ¢7'2% — g7 Mv.

Natural probability measure on X:
(from the Haar measure on G, hence G-invariant).



SL,(R)

_lwagan c/ecampa.s*l"ﬁan: -

SL, (R) 549 = [0[ f) glﬁgjﬂfff¢¢ ;:;;4’

Can View S’szf) as Jauue cover
of TA H:
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In fact, for ang t e C'(st,(2)\ e k)
&y 0<j<[ and A)“"(ZJ:
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Application: na mod 1, for o random
Take o random in R/Z, study:

@, 20,30, 4a, - - € R/Z.

Given £ € R/Z, let
SeM) =#{1=n <N nae[t—&,e+ 4] mod 1]

(Also  Spe(N —ﬁ{1<n<N|nae [{;“—QN,§+2N] mod 1}.

Theorem: For each k € Zx there is a number E(k) > 0 such that
V¢ € R/Z irrational: lim Prob{S¢(N) =k} = BE(k)

N—oo

In fact, we get same limit E (k) for & random.

(However, ¢ rational gives different limit.)

Thus for example
5291

91380168672
(and lim Prob{S;(N) = = 42}).

N—ooo

lim Prob{S\/— =42} = F(42) =

N—o0




(& laa. Marklof 200'0)

Connection with I'\ G = ASLy(Z)\ASIy(R)

Scale, then shift V¢ to the left!

Lattice: (1(\]; 1]\/7%)2% (“é\”ﬁ) — p( (No‘l _]]\\;04) (E)) S F\G
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Se(IV) extends to a function on I\ G:

S(rg) = (a2 ([~4,3] x (0,1))).
We get:

Prob (Sg(N) = k)

measfoenz | (r((%" N),(6))) =)

Ratner (1991) = Our curve becomes equidistributed (wrt. Haar
measure ) in '\ G as N — oo.

Hence

Jim. Prob(Sg(N) - A) - y,{l_‘g €T\ G| S(Tg) = A}

However, if £ = ¢ € Q (say (a,b) = 1) then

Va F((]\gl _jj\\fa), (g)) € T\SL,(R) (gjg) |

a 3-dim imbedded submanifold in T\ G.
Hence the curve does not go equidistributed in I \ G



THEOREM
Let f € C¥(T"'\ G) with

Vg € SL(Z,R) : Yr(g) 2 Yo = f(g; (i)) -

o xafo (3 522

Let £ € R (irrational) be Diophantine with
Vi ezt |lje]l > oK

g(i) € F =

(c>0,K >2)

Then, forally S Yy ' andalla < B < a + y:

s (P 08).(6) -

_2.,1-4 1
Lo K C.él)c XY, Xyx i

8 —

45 1 1,
+CeYy 2278 4+ (Cy + M)y ).

(The implied constant is effective.)
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THEOREM (for all ¢!)
Let f € C8(I'\ G) with

" € SL. ) 2rle) 2 Yo — £(s: (1)) =0

g(i) e F =

X1 Xof (g (“””1)) el
3 :[;'2
Let £ € R (either rational or irrationall), and for each Y’ > 1 let
ko(Y) = inf{l:: €Z* | k2 inf j||j¢|| < Y‘”l}.

1s55k

Then, forally S Yy 'andalla < f < a + -

=L (CF ). () e

2

- 1 _—
< O ko(VE)” + g (O

1,¢
—|—C’61’0§+§y%_5 + (Cy + 054))911’“5)-

(The implied constant is effective.)
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Fourier expansion on I" \G = ASLy(Z)\ASLy(R)
Given f € C®(T'\ @) (ie. J:G— R, Deft Invariant):

Mo (2)) = SA(E 3)im) el (2)),
where
flg;m) = /(R/Z)Qf (g; @;)) -e(—m” (i;)) dzyds,

(m € Z?, g € SLy(R)).

Now f(vg) = f(g), Vv e ASLy(Z) leads to:
Lf(,yg; m) = JE(Q, ’)/tm), v € SLQ(Z)) g € SLQ(&); m e Zq
We set;: J

Fo(g) = f(g, CD), (9 € SLy(R), n ¢ Z;_O)]

N —

For n = 0: Fy(vg) = Fy(g), Vy e SLo(Z).

/
1 Z
For n > 0: F,(vg) = Fo(g), Vv e (O 1).

J in terms of the F,'s:
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Asymptotic equidistribution of horocycle lift:

=L (P () e~ eew

Using the Fourier expansion we get:

ﬁ—l-a/jF” ((\6@ T;\\@) d“g;j”’

Here, via spectral analysis on SLy(Z)\SLy(R) one proves:
LT g (V9 wivE
=7 FO(( 0 1/yy ) “

< > SLy(Z)\SLy(R)

(HFOHW yi (/6 — Q{)_l)
+ O (Il 55 - o))

>ASL2 Z)\ASLo(R)

Also
gt (o (5 3)
. PIRCCDD [a(( 2)/(‘65 7)) =
(d.c)=1 (01 ’t
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Change variables:

B a b ) = Y
h—lm ( d) ) = v ar (P

Condition of integration (if ¢ > 0):

d Y
CC:—Z‘I“I/ 'CEE“' 2 E(Cﬂ,ﬁ)’i—Z (U:ﬁ:l)
<= d € (—cf, —ca)—i—cv,/—r‘g— —y? 4+ cZ
c‘h
s deJ=Jaguyh an interval mod ¢ (length |c|(8 — a)).
Get:
1 a b\ [y ’c/\/_
T &2 e(cné / F, (( ) ( dx
(d,e)=1
111111(1/(.:21,:_.}’0) i
e(cné) / it
v=o=£1 c#0 2c2h?y 55% — g’
h ).
Z E, —' — V| — h5 e, + varcsin(en/hy) | dh
dEJ 1nod C Y
min(1/¢> y.Yg) _
=PI cnf/ &
v=11 50 262]1“ 2] y2

X {go(lc]) /R/Z Fo(a;h; ) do + O(n‘ﬁh[cﬁ’“) } dh
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v==11 es£0 2c2h2, /Y Y
+ 0O (n_Gy?f ?>
The sum is roughly:
<“n % ) p(c)e(cne).”
1Sexy™ ?
Now:
Z p(m)e(mné) = Z e(mné) Z“(E)d
: d
mEX msX dlm
X/k
:ZN Z de(kdf) <<Zm111(X/A2 A/ )
KX dSX/k k<X “ 6”

{Assume ¢ Diophantine; ||mé|] > m!'™ vm e 2t (K >

20K -1 21
< n (h )X K )+E_

Hence in total:

20K ~1) -6 +£
T € K y?? +n” yl -3,



M boration € {( . ,(/f) I d cxeh)

o VN
Fﬁ% o e

Get lnS'teadl
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Ao ck0 JeZ
(d.c)=1 _J/
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nee J, Lor any fe (”(R/z)

S B ed) <
46(5,6,57.5) (Some Q>0)
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