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Figure 8. White top-to-bottom crossing vs. black horizontal
crossing (picture provided by W. Werner)

In the next section, the following very nontrivial result is mentioned but not proved.

Theorem 7.11. In any dimension, if p < pc(d), then there exists c = c(p) > 0 so
that the probability that there is an open path from the origin to distance n away
is at most e−cn.

Exercise 7.3. Use Theorem 7.11 and Lemma 7.1 to show that pc(Z2) ≤ 1/2.

Alternatively, there are at present fairly sophisticated and general results which
imply sharp thresholds, which we have seen is the key to proving that the critical
value is 1/2. An early version of such a result comes from [28], where the following
beautiful result was proved.

Theorem 7.12. Let An be a sequence of increasing events. If (recall Definition 6.3)

lim
n→∞ sup

p,i
Ipi (An) = 0,

then the sequence {An} has a sharp threshold.

Figur 1: This is the box B11 in the notation from class. We also see a confi-
guration of open (black) and closed (white) vertices in this box. Observe that
the T-B (Top-Bottom) and L-R (Left-Right) white crossings block any open
crossings.
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