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Abstract

We extend the classical setting of an optimal stopping problem under full information
to include for problems with an unknown state. The framework allows the unknown state
to influence (i) the drift of the underlying process, (ii) the payoff functions, and (iii) the
distribution of the time horizon. Since the stopper is assumed to observe the underlying
process and the random horizon, this is a two-source learning problem. Assigning a prior
distribution for the unknown state, standard filtering theory can be employed to embed
the problem in a Markovian framework with one additional state-variable representing the
posterior of the unknown state. We provide a convenient formulation of this Markovian
problem, based on a measure change technique that decouples the underlying process from
the new state variable. Moreover, we show by means of several novel examples that this
reduced formulation can be used to solve problems explicitly.

1 Introduction

In most literature on optimal stopping theory, the stopper acts under full information about
the underlying system. In some applications, however, information is a scarce resource, and the
stopper then needs to base her decision only on the information available upon stopping. We
study stopping problems of the type

sup E [g(T, X, 9)1{T<'y} + h(’% X’y: 0>1{’y§7}] ) (1)

where X is a diffusion process; here g and h are given functions representing the payoff if
stopping occurs before or after the random time horizon -, respectively, and 6 is a Bernoulli
random variable representing the unknown state. This unknown state may influence the drift
of the diffusion process X, the distribution of the random horizon v and the payoff functions ¢
and h.

Cases with g(t,x,0) = g(t,0) and h(t, z,0) = h(t, ) are closely related to statistical problems,
where the process X merely serves as an observation process but does not affect the payoff
upon stopping. A classical example is the sequential testing problem for a Wiener process,
see [21] for a perpetual version and [19] for a version with a random horizon. Cases with
g(t,z,0) = g(t,z) and h(t,z,0) = h(t,x), on the other hand, where the unknown state does not
affect the payoff directly but only implicitly via the dynamics of X, have been studied mainly
in the financial literature. For example, American options with incomplete information about

the drift of the underlying process have been studied in [1] and [7], and a liquidation problem
has been studied in [5]. Related literature include optimal stopping for regime-switching models
(see [12] and [23]), studies of models containing change-points ([9] and [13]), a study allowing

for an arbitrary distribution of the unknown state ([]), problems of stochastic control ([16])
and singular control ([2]), and stochastic games ([3]) under incomplete information. Stopping



problems with a random time horizon are studied in, for example, [1] and [17], where the authors
consider models with a random finite time horizon, but with state-independent distributions;
for a study with a state-dependent random horizon, see [%].

In the current article, we study the optimal stopping problem using the general formulation
in (1), which is flexible enough to accommodate several new examples. In particular, the notion
of a state-dependent random horizon appears to be largely unstudied, even though it is a natural
ingredient in many applications. Indeed, consider a situation where the unknown state is either
”good” (6 = 1) or "bad” (6 = 0) for an agent who is thinking of investing in a certain business
opportunity. Since agents are typically subject to competition, the business opportunity would
eventually disappear, and the rate with which it does so would typically be larger in the ”good”
state than in the "bad” state. The disappearance of a business opportunity is incorporated in
our set-up by choosing the compensation h = 0.

In some applications, it is more natural to have a random state-dependent horizon at which
the stopper is forced to stop (as opposed to missing out on the opportunity). For example, in
modeling of financial contracts with recall risk (see, e.g., [11]), the party who makes the recall
would decide on a time point at which the positions at hand have to be terminated. Consequently,
problems with h = g can be viewed as problems of forced stopping. More generally, the random
horizon can be useful in models with competition, where h < g corresponds to situations with
first-mover advantage, and h > ¢ to situations with second-mover advantage.

We first apply classical filtering methods (see, e.g., [18]) to the stopping problem (1), which
allows us to re-formulate the stopping problem in terms of a two-dimensional state process
(X,II), where II is the probability of one of the states conditional on observations. Then a
measure-change technique is employed, where the dynamics of the diffusion process X under the
new measure are unaffected by the unknown state, whereas the Radon-Nikodym derivative can
be fully expressed in terms of II. Finally, it is shown how the general set-up, with two spatial
dimensions, can be reduced further in specific examples. In fact, we provide three different
examples (a hiring problem, a problem of optimal closing of a short position, and a sequential
testing problem with random horizon) where it turns out that the spatial dimension is one-
dimensional so that the problems are amenable to further analysis. The examples are mainly
of motivational character, and in order not to burden the presentation with too many details,
we content ourselves by providing the reduction to one spatial dimension — a detailed study of
the corresponding one-dimensional problem can then be performed using standard methods of
optimal stopping theory.

2 Problem specification

We consider a Bayesian set-up where one observes a diffusion process X in continuous time,
the drift of which depends on an unknown state 6 that takes values 0 and 1 with probabilities
1 — 7 and m, respectively, with = € [0,1]. Given payoff functions g and h, the problem is to
stop the process so as to maximize the expected reward in (1). Here the random horizon « has
a state-dependent distribution, but is independent of the noise of X.

The above set-up can be realised by considering a probability space (€2, F,P,) that hosts a
standard Brownian motion W and an independent Bernoulli-distributed random variable 6 with
Pr(0 =1) =7 =1-P.(0 = 0). Additionally, we let v be a random time (possible infinite)
independent of W and with state-dependent survival distribution

Pr(y > 1] = i) = Fi(t),

where Fj is continuous and non-increasing with F;(0) = 1 and F;(t) > O forall¢ > 0,7 =0,1. We
remark that we include the possibility that F; = 1 for some i € {0, 1} (or for both), corresponding
to an infinite horizon. We then have

]P>7T: (1_7T)IP0+7TP1a (2)



where Py(-) = P,(:|6 = 0) and P1(-) = P,(:|0 = 1).
Now consider the equation

dXt = /,L(Xt,a) dt +O'(Xt) th (3)

Here p(-,-) : R x {0,1} — R is a given function of the unknown state # and the current value
of the underlying process; we denote by po(x) = p(z,0) and pi(x) = p(z,1). The diffusion
coefficient o(-) : R — (0,00) is a given function of z, independent of the unknown state 6.
We assume that the functions po, 1 and o satisfy standard Lipschitz conditions so that the
existence and uniqueness of a strong solution X is guaranteed. We are also given two functions

g(+, ) :[0,00) x R x {0,1} - R
and
h(-,+-):[0,00) x R x {0,1} — R,

which we refer to as the payoff functions. We assume that g; and h; are continuous for ¢ = 0, 1,
where we use the notation g;(-,-) := g(-,-,7) and h;(-,-) := h(:,-,4) to denote the payoff functions
on the event {# =i}, i =0, 1.

Denote by FX the smallest right-continuous filtration that makes X adapted, and let 7X be
the set of FX-stopping times. Similarly, denote by FX¥ the smallest right-continuous filtration
to which both X and the process 11>,y are adapted, and let TX7 be the set of FXV-stopping
times.

We now consider the optimal stopping problem

V= sup Er[g(r,Xr,0)1prcpy 4+ h(v, X5, 0)10<1y] - (4)

TET X

In (4), and in similar expressions throughout the paper, we use the convention that h(7, X, 0) :=
0 on the event {7 = v = oo}. We further assume that the integrability condition

Er Sglgﬂg(tXt,@)lJr|h(t’Xt,9)|} <00
t=>

holds.

Remark 1. The unknown state 0 in the stopping problem (4) influences
(i) the drift of the process X,
(ii) the payoffs g and h, and

(iii) the survival distribution of the random horizon ~.

More precisely, on the event {6 = 0} the drift of X is uo(-), the payoff functions are go(-,-) and
ho(-,-), and the random horizon has survival distribution function Fy(-); on the event {6 = 1},
the drift is 1, the payoff functions are gi(-,-) and hi(-,-), and the random horizon has survival
distribution function Fy(-).

Remark 2. In (4), the payoff on the event {r = ~} is specified in terms of h. In some
applications, however, one may want to use the alternative formulation

U:= sup Ep [9(7—7 X7, 9)1{T§'y} + h(’an'ya 0)1{’7<T}] : (5)

TET X

If g > h, then we have

U= sup Er [9(7—7 X7, 0)1{T<’y} + 9(77 Xw 9)1{7§T}]

TETXN



since T Ay € TXY for every 7 € TX7, and thus the formulation (5) is contained in the
formulation (4).
Similarly, if g < h, then

U= sup E;[g(r, Xoy )1 raqy + h('y,X,y,H)l{WST}] =V
TeT X

where the first equality uses that for a given stopping time T, the time

, {T on {1t <~}

T ~ on {1 >~}

is also a stopping time. In the general case where no ordering between g and h is given, however,
the formulation (5) is more involved; such cases are not covered by the results of the current
article.

3 A useful reformulation of the problem

In this section we rewrite the optimal stopping problem (4) with incomplete information as an
optimal stopping problem with respect to stopping times in 7~ and with complete information.
First consider the stopping problem

V= Sl;PX Ex [9(7—7 X, 0)]‘{T<’Y} + h(7, X, 0)1{’*/§T}:| ’ (6)
TE

where the supremum is taken over F~-stopping times. Since 7% C 7%, we have V < V. On
the other hand, by a standard argument, cf. [1] or [17], we also have the reverse inequality, so
V = V. Indeed, first recall that for any 7 € T there exists 7/ € TX such that 7 Ay =7/ A~,
see [20, page 378]. Consequently, 7 = 7" on {7 < 7} = {7 <~} and 7Ay =7 Ay =~ on
{r=7}={r"21} 0

Er [9(7, X7,0) 117 cny + h(v, Xy, O 1y<ry] = B [9(7, Xpr, 0)1 1y + R(7, Xy, 0) 1<y ]

from which V = V follows. Moreover, if 7/ € T is optimal in (6), then it is also optimal in (4).

Remark 3. Since we assume that the survival distributions are continuous, we have
Pr(r=v<o0)=0

for any 7 € TX. Consequently, we can alternatively write

V= SI;PX Ex [9(7—7 X7, 0)1{T§’y} + h(v, Xy, 0)1{'y<r}] .
TE

To study the stopping problem (4), or equivalently, the optimal stopping problem (6), we
introduce the conditional probability process

I := P (0 = 1|FY)
and the corresponding probability ratio process

IL;
o, = .
o,

Note that IIp = 7 and &g = ¢ :=7/(1 — 7), Pr—a.s.



Proposition 4. We have

Vv o= sup, E, [gO(T, X )(1 =1, EFo(7) + g1(r, X)L, Fy (1) (8)

_ / " ho(t, X0) (1 — TIy)dFo(t) — / "t X)TLdF (1))
0 0

Moreover, if T € TX is optimal in (8), then it is also optimal in (4).
Proof. Denote by 7 a stopping time in 7X. Using the tower property we find that
Ex [9(7—7 X779>1{7-<'y}] = E; [Eﬂ' [9%’(7—7 XT)1{7<7}‘~F§H
= Er [Ex [9(7, X7, 0)1 (e | T2, 0 = 0] (1 —TI,)
+Ex [9(7—7 X, 0)1{T<’7}|f§7 0= 1] HT]
= E, [90(7, X-)Px (1 < 7| FX,0=0) (1 -1I,)
+ 91(1, X7 )Pr (7 < 4| FF, 60 =1) 11,
= Ex[go(r, X7)(1 = II;) Fo(7) + g1(7, X7) I A (7))

where we for the last equality recall that v and 7 are independent on the event {§ =i}, i =0, 1.
Similarly, for the second term we use

Pa(0 = 0,7 = 1F5) = (1~ TL)R(t) & Pa(0=1,7 = 1FX) = IL A (1)
so that
Er [h(’YvX’Yve)l{ng}] = Eg [Ew [h(’an'yae)l{'yST”"Iﬁ(H

r [ee]
= -E, / Er [h(7, Xy, 0)1(yen | FX,0 = 0,7 =t] (1 — II;)dFy(t)
LJO

+ / Ex [h(77 X’ya 0)1{7§T}|f570 =1,7= t] IL-dFy (t):|
0

- _E, / ho(t, X)L gyery (1 — L) dFo(2)
L/ 0

+/ h1(t,Xt)1{t§r}Hde1(t)]
0

_ _E [ /0 " ho(t, X0)(1 — L) dFy(t) + /0 ' hl(t,Xt)thFl(t)},

where the last equality holds due to martingality of II. The optimal stopping problem (4)
therefore coincides with the stopping problem

sup E, [90(7, X)(1 = IL) Fo(7) + g1 (r, XTI, Fy (7)

TeTX
- / ho(t, X)) (1 — T1,)dEy(t) — / ha(t, X)) TLdFL (1))
0 0
O]
It is well-known (see, e.g., [22, p. 180-181] or [10, p. 522]) that the posterior probability is
given by
" = Lt
t — 1+%ﬂLt’
where




Therefore, by an application of Ito’s formula, the pair (X, II) satisfies

{ dX; = (po(Xe) + (11 (Xe) = po(Xe))My) dt + o(Xy)dW,
dHt = w(Xt)Ht(l — Ht) th,

where w(z) := (u1(x) — po(x)) /o(x) is the signal-to-noise ratio and

. tax, t
W= [ 20~y o Gl + (X0 = (X)) s

is the so-called innovations process; by P. Lévy’s theorem, W is a P,-Brownian motion. By
our non-degeneracy and Lipschitz assumptions on the coefficients, there exists a unique strong
solution to the system (9), and the pair (X,II) is a strong Markov process. Moreover, using
Ito’s formula, it is straightforward to check that the likelihood ratio process ® in (7) satisfies

_ (X)) — po(Xe)
b= o?(Xy)

P (dXy — po(Xe) dt). (10)

4 A measure change

In the current section, we provide a measure change that decouples X from II. This specific
measure change technique was first used in [15], and has afterwards been applied by several
authors (see [2], [5], [7], [11]).

Lemma 5. Fort € [0,00), denote by Pr; the measure P restricted to .7-",5X. We then have

dP(),t B 14+

dPr; 1+ ®

Proof. For any A € F{X we have
Er [(1—11)14] = Ex [1p—0y1a] = (1 — m)Eo [14]
by (2). Consequently,

dPQJ B 1*Ht N 1+§0
dPry  1—m  1+®,

O

Since 1 —II, = 1/(1+ ®;) and II; = %, it is now clear that the stopping problem (4) (or,

equivalently, problem (8)) can be written

1
= sup Eo|g0(7, X ) Fo(7) + 917, X:) @, Fi (7)
IL+¢ TeTX

_ / " ho(t, X,)dFy(t) — / " ha(t, X)) ®ud (t)] ,
0 0

where the expected value is with respect to Py, under which the process (X, ®) is strong Markov

and satisfies
dXt = MO(Xt) dt—f—O’(Xt) th (11)
d‘I)t = w(Xt)<I>t th

(cf. (3) and (10)).

Next we introduce the process
Fi(t)

Fo(t)

DY = ®,, (12)



so that

1 o
- sup Eo|Fo(r) (90(7. X7) + g1(r, X,)25) (13)
1+ P reTX

— [ ot Xparte) — [ om0, x) 8z 1)
0 0

Note that the process ®° satisfies
1

=10

&7 df () + w(X,) ;AW

under Py, where f(t) = Fi(t)/Fo(t).

Remark 6. The process ®° is the likelihood ratio given observations of the processes X and
L{.>y) on the event {y > t}. Indeed, fort <T, defining

Pr(0 = 1,7 > t|F¥X) L Fy (1)
I = Pr( = 1| FS, v > 1) = : = ’
; (0 =1F"y>1) Pr(y > {1 7X) L Fy () + (1 — T0) Fo(t)
we have
S
T

We summarise our theoretical findings in the following theorem.

Theorem 7. Denote by

v = Sl;pXEo[Fo(T) (90(r, X;) + g1(7, X;)82) (14)
" 210 .
~ [ hote. Xpdre) — [ e X)87dR 1),

where (X, ®°) is given by (11) and (12). Then V =v/(1+ ), where ¢ = /(1 —m). Moreover,
if T € TX is an optimal stopping in (14), then it is also optimal in the original problem (4).

Remark 8. Under Py, the three-dimensional process (t, X, ®°) is strong Markov, and the stop-
ping problem (14) can be naturally embedded in a setting allowing for an arbitrary starting point
(t,z,p). In the sections below we consider examples that can be reduced to problems that only
depend on ®°, where ®° is a one-dimensional Markov process, which simplifies the embedding.

5 An example: a hiring problem

In this section we consider a (simplistic) version of a hiring problem. To describe this, consider
a situation where a company tries to decide whether or not to employ a certain candidate, where
there is considerable uncertainty about the candidate’s ability. The candidate is either of a ’stong
type’ or of a 'weak type’, and during the employment procedure, tests are performed to find
out which is the true state. At the same time, the candidate is potentially lost for the company
as he/she may receive other offers. Moreover, the rate at which such offers are presented, may
depend on the ability of the candidate; for example, a candidate of the strong type could be
more likely to be recruited to other companies than a candidate of the weak type.
To model the above hiring problem, we let h; =0, ¢ = 0,1, and

—e e if0 =0
9(t2,0) = { ertd i =1



where ¢ and d are positive constants representing the overall cost and benefit of hiring the
candidate, respectively, and » > 0 is a constant discount rate. To learn about the unknown
state 6, tests are performed and represented as a Brownian motion

Xe = ()t + oW,

with state-dependent drift
uo if60=0

“(0):{ o if0 =1,

where pg < 1. We further assume that the survival probabilities Fy and F; decay exponentially
in time, i.e.
Fy(t) = et & Fi(t) = e M1,

where A\g, A1 > 0 are known constants. The stopping problem (4) under consideration is thus

V= sup E; [e_” (dl{ezl} - Cl{azo}) 1{T<v}] )
TET X

where 71 =P, (0 = 1).
By Theorem 7, we have

1
V= E [—0"“0)7 $°d — }
el

where the underlying process ®° is a geometric Brownian motion satisfying
d(I)? = —()\1 — )\0)(1);) dt + w@? dw.

Clearly, the value of the stopping problem is

d
= E [ —(r+Xo)T (q)o _ E)} ¢ yam :
5 S Fole g o ()

where VA™ is the value of the American call option with underlying ®° starting at ®S = ¢ and
with strike 5. Standard stopping theory gives that the corresponding value is

dbt ="
v = { n(+¢) Pl <b,
ﬁ(@ - %)7 p 2 ba
where 17 > 1 is the positive solution of the quadratic equation

2
w
777(77 — 1)+ (Ao — A1)n — (r+ o) =0,

and b = ﬁ. Furthermore,
7:=1inf{t > 0: ] > b}

is an optimal stopping time. More explicitly, in terms of the process X we have
b

T_inf{tz():XtZﬂT—i—U(ln() —i—()q—)\o)t) —i—/“‘();'/‘lt},
w 14

where w := (1 — po)/o.



6 An example: closing a short position

In this section we study an example of optimal closing of a short position under recall risk, cf.
[11]. We consider a short position in an underlying stock with unknown drift, where the random
horizon corresponds to a time point at which the counterparty recalls the position. Naturally,
the counterparty favours a large drift, and we thus assume that the risk of recall is greater in
the state with a small drift. A similar model (but with no recall risk) was studied in [7].

Let the stock price be modeled by geometric Brownian motion with dynamics

dXt = H(Q)Xt dt + O'Xt th,

where the drift is state-dependent with 1(0) = po < p1 = p(1), and o is a known constant. We
let g(t,x,0) = h(t,x,0) = xe " and consider the stopping problem

V=, Bl X

where
Fl(t) = Pw('y > t]6’ = ’L) — 6_)\115’

with Ag > 0 = A\; and
P.(0=1)=n=1—-P,(0=0).

Here r is a constant discount rate; to avoid degenerate cases, we assume that r € (uo, pt1)-
Then the value function can be written as V = v/(1 + ¢), where

v= inf Eoe T Ry(r)X: (L4 8) + Ao / e Folt) X, (1 + ) . (15)
TET 0
with d®7 = X\g®fdt + w®y dW; and ®f = ¢. Here w = H-H0,
Another change of measure will remove the occurrencies of X in (15). In fact, let P be a
measure with ~
dP

— c’;;If-"-O'VVt
P, !

=€

Fi

so that V~Vt =—cot+W;isa P—Brownian motion. Then

-
v =z inf E[e’(T“‘O’“O)T (14 ®2) + Ao / e~ r+Ao—nolt (1 4 &9 dt|, (16)
TeTX 0
with -
d®) = (Ao + ow)®f dt + wd) dW.

The optimal stopping problem (16) is a one-dimensional time-homogeneous problem, and is

thus straightforward to analyze using standard stopping theory. Indeed, setting
T

vim D= it B[0P0 (1502) 0 [P0 (11 0f) ],
x TETX 0

the associated free-boundary problem is to find (v, B) such that

2

2
0 + (Ao + 1 — H0)Plp — (1 + Ao — ko) +Ao(1+¢) =0 ¢ < B
i(p)=1+¢ ¢>B (17)
U,(B) =1,

and such that v < 1+ . Solving the free-boundary problem (17) gives

n(r — po)(p1 — 1)
(1 =n)(r+ Xo— po)(Xo + p1 — 1)

B:

9



and

T— b e\ A A
olg) = { Tonetom (B)' ~ e s @< D
L+e ¢ > B,

where 7 < 1 is the positive solution of the quadratic equation

2
w
777(77—1)+(A0+M1—Mo)77—(7“+/\0—u0)20'

Note that v is concave since it satisfies the smooth-fit condition at B and since n < 1, so

0(p) <14 ¢. A standard verification argument then gives that V = ﬁf}(gp), and

7p == inf{t > 0:®} > B} = inf{t > 0: &; > Be 0t}

is optimal in (15).

7 An example: a sequential testing problem with a random horizon

Consider the sequential testing problem for a Wiener process, i.e. the problem of determining
as quickly, and accurately, an unknown drift 8 from observations of the process

X =0t + ocW;.
Similar to the classical version (see [21]), we assume that 6 is Bernoulli distributed with P, (0 =
1) =7 =1-Pg(0 = 0), where 7 € (0,1). In [19], the sequential testing problem has been

studied under a random horizon. Here we consider an instance of a testing problem which
further extends the set-up by allowing the distribution of the random horizon to depend on the
unknown state.

More specifically, we assume that when # = 1, then the horizon 7 is infinite, i.e. Fy(¢t) =1 for
all t; and when 6 = 0, the time horizon is exponentially distributed with rate \, i.e. Fy(t) = e M.
Mimicking the classical formulation of the problem, we study the problem of minimizing

Pr(0 # d) + cEqr]

over all stopping times 7 € 7% and FX7-measurable decision rules d with values in {0,1}. By
standard methods, the above optimization problem reduces to a stopping problem

V= inf E; {ﬂT/\(l—ﬂT)—i-CT} ,
TETXY

where

Il := P, (6 = 1|F,7).

Moreover, the process II satisfies

~ IR t<ny
Ht_{ 0 t>,

where
. 11, _ P (0 = 1|F¥)

e = —
I+ (L =T)e M Pr( = 1|FX) + (1 — Pr(6 = 1|FX))e
and it follows that

V = inf E, [ﬂT/\a—rL)er
TeTXY
= Teigg“/ Er [(HT A (1 - HT)) 1{T<’Y} + C(T N ’7)]
= reigiﬂ Er [(I5 A (L =TI5) 4 ¢7) Liyeqy + Yly<ny] -

10



In other words, g;(t,7) =7 A (1 —7) + ct and h;(t,7) = ct for i € {0,1}. Following the general
methodology leading up to Theorem 7, we find that

v = nf E [(H: AL —T12) + er) (1 — L) Fo(7) + II,) — c/OTt(l — 1) dFo(t)]
= inf Er| (IGA(L=I1) +er) (1= T Fo(r) + 1) — er(1 — 1) Fo(7)

e /0 " Folt) d (t(1 — T1,))

— it B (A0 (- D) Ra(r) + 1) +e [ (1= T Fa() + 1L

1 . . T .
= st m [R@ @A+ [ RO

Here ®° :=1I°/(1 — II°) satisfies
dBS = ADS dt + wdSdW,

where w = L.
g

Standard stopping theory can now be applied to solve the sequential testing problem with a
random horizon. Setting

o(p) = inf Eo | Fo(r) (<I>$/\1)+c/ Fo(t)(1+ ) dt ||
TeTX 0

where ®f = ¢, one expects a two-sided stopping region (0, A] U [B, 00), and v to satisfy

52 0% V0 + Apuy — Ao+ c(1+¢) =0, ¢ € (A,B)
v(A)=A
vp(A) =1
v(B) =1
v,(B) =0

for some constants A, B with 0 < A < 1 < B. The general solution of the ODE is easily seen to
be

2\ c c
=Clp e +Chp+ — — ————l
v(p) = Crp et + Capt 1 A+%w2<ﬁ n(y)

where C7,Cy are arbitrary constants. Since the stopping region is two-sided, explicit solutions
are not expected. Instead, using the four boundary conditions, equations for the unknowns C1,
C5, A and B can be derived using standard methods; we omit the details.

Acknowledgement 9. We thank two anonymous referees for their thorough reading and con-
structive criticism. The feedback helped us to improve considerably the presentation and the
arguments.
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