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ABSTRACT. Area-preserving maps have been observed to undergo a universal
period-doubling cascade, analogous to the famous Feigenbaum-Coullet-Tresser
period doubling cascade in one-dimensional dynamics. A renormalization ap-
proach has been used by Eckmann, Koch and Wittwer in a computer-assisted
proof of existence of a conservative renormalization fixed point.

Furthermore, it has been shown by Gaidashev, Johnson and Martens that
infinitely renormalizable maps in a neighborhood of this fixed point admit
invariant Cantor sets with vanishing Lyapunov exponents on which dynamics
for any two maps is smoothly conjugate.

This rigidity is a consequence of an interplay between the decay of geometry
and the convergence rate of renormalization towards the fixed point.

In this paper we prove a result which is crucial for a demonstration of
rigidity: that an upper bound on this convergence rate of renormalizations of
infinitely renormalizable maps is sufficiently small.
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INTRODUCTION

Following the  pioneering  discovery of the  Feigenbaum-Coullet-
Tresser period doubling universality in unimodal maps, universality — indepen-
dence of the quantifiers of the geometry of orbits and bifurcation cascades in fami-
lies of maps of the choice of a particular family — has been demonstrated to be a
rather generic phenomenon in dynamics.

Universality problems are typically approached via renormalization. In a renor-
malization setting one introduces a renormalization operator on a functional space,
and demonstrates that this operator has a hyperbolic fized point. This approach
has been very successful in one-dimensional dynamics, and has led to explanation
of universality in unimodal maps, critical circle maps and holomorphic maps with a
Siegel disk. There is, however, at present no complete understanding of universality
in conservative systems, other than in the case of the universality for systems “near
integrability” [1, 2, 24, 25, 26, 12, 27, 23].

Period-doubling renormalization for two-dimensional maps has been extensively
studied in [6, 5, 28]. Specifically, the authors of [5] have considered strongly dissi-
pative Hénon-like maps of the form

(1) F(z,y) = (f(z) — e(z,y), ),

where f(z) is a unimodal map (subject to some regularity conditions), and e is
small. Whenever the one-dimensional map f is renormalizable, one can define a
renormalization of F, following [5], as

Racrm[F] :H710F0F|UOH7

where U is an appropriate neighborhood of the critical value v = (f(0),0), and H is
an explicit non-linear change of coordinates. [5] demonstrates that the degenerate
map F,(z,y) = (f«(2), ), where f, is the Feigenbaum-Collet-Tresser fixed point of
one-dimensional renormalization, is a hyperbolic fixed point of Ryoras. Further-
more, according to [5], for any infinitely-renormalizable map of the form (1), there
exists a hierarchical family of “pieces” {BZ}, organized by inclusion in a dyadic

tree, such that the set
cr=(UB:
n (e

is an attracting Cantor set on which F' acts as an adding machine. Compared to
the Feigenbaum-Collet-Tresser one-dimensional renormalization, the new striking
feature of the two dimensional renormalization for highly dissipative maps (1), is
that the restriction of the dynamics to this Cantor set is not rigid. Indeed, if
the average Jacobians of F' and G are different, for example, bp < bg, then the
conjugacy Fle, 7 Gles is not smooth, rather it is at best a Hélder continuous

function with a definite upper bound on the Holder exponent: o < % (1 + Bg gi) <
1.

The theory has been also generalized to other combinatorial types in [19, 20],
and also to three dimensional dissipative Hénon-like maps in [30].

Finally, the authors of [5] show that the geometry of these Cantor sets is rather
particular: the Cantor sets have universal bounded geometry in “most” places, how-
ever there are places in the Cantor set were the geometry is unbounded. Rigidity and
universality as we know from one-dimensional dynamics has a probabilistic nature
for strongly dissipative Hénon like maps. See [29] for a discussion of probabilistic
universality and probabilistic rigidity.
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It turns out that the period-doubling renormalization for area-preserving maps
is very different from the dissipative case.

A universal period-doubling cascade in families of area-preserving maps was ob-
served by several authors in the early 80’s [8, 21, 3, 4, 7, 9]. The existence of a
hyperbolic fixed point for the period-doubling renormalization operator

R..[F]=Az' o FoFoAp,

where Ap(z,u) = (Apz, pru) is an F-dependent linear change of coordinates, has
been proved with computer-assistance in [10].

We have proved in [15] that infinitely renormalizable maps in a neighborhood of
the fixed point of [10] admit a “stable” Cantor set, that is the set on which the
Lyapunov exponents are zero. We have also shown in the same publication that
the conjugacy of stable dynamics is at least bi-Lipschitz on a submanifold of locally
infinitely renormalizable maps of a finite codimension. Furthermore, [16] improves
this conclusion in the following way.

Rigidity for Area-preserving Maps. The period doubling Cantor sets of area-
preserving maps in the universality class of the Eckmann-Koch- Wittwer renormal-
ization fized point are smoothly conjugate.

A crucial ingredient of the proof in [16] is a new tight bound on the spectral
radius of the renormalization operator. The goal of the present paper is to prove
this new bound.

We demonstrate that the spectral radius of the action of the derivative DR,,,,
evaluated at the Eckmann-Koch-Wittwer fixed point F,,,, restricted to the tangent
space TF,,, VW of the stable manifold W of the infinitely renormalizable maps, is
equal exactly to the absolute value of the “horizontal” scaling parameter

Pspec (DREKW [Fk‘kw] ‘TFEKWW) = |)\FE,\»W| =0.2488....

Furthermore, we show that the single eigenvalue Af,,, in the spectrum of DR,,,,
[F,.] corresponds to an eigenvector, generated by a very specific coordinate change.
To eliminate this irrelevant eigenvalue from the renormalization spectrum, we in-
troduce an F-dependent nonlinear coordinate change Sg into the period-doubling
renormalization scheme

R.[F):=Ap' oSzt o FoFoSroAp,

compute the spectral radius of the restriction of the spectrum of DR.[F*| to its
stable subspace T+ W at the fixed point F* of R., and obtain the following spectral
bound, which is of crucial importance to our proof of rigidity.

Main Theorem.

pspec (DRF*]| 1 w) < 0.1258544921875.

1. RENORMALIZATION FOR AREA-PRESERVING REVERSIBLE TWIST MAPS

An “area-preserving map” will mean an exact symplectic diffeomorphism of a
subset of R? onto its image.
Recall, that an area-preserving map that satisfies the twist condition

Oy (e F(z,u)) # 0
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everywhere in its domain of definition can be uniquely specified by a generating
function S:

@ (Csitem) : (si0ny)> Si=0s8

Furthermore, we will assume that F' is reversible, that is
(3) ToFoT=F" where T(z,u)=(z,—u).
For such maps it follows from (2) that

Sl(yax) = 52($>y) = S(:C>y)7

and

(4) (_sé,x)) : <s<f,y>>'

It is this “little” s that will be referred to below as “the generating function”.
The period-doubling phenomenon can be illustrated with the area-preserving
Hénon family (cf. [4]) :

Hy(z,u) = (—u+1—a2?, z).

Maps H, have a fixed point ((—1++/1+a)/a, (=14 +/1+ a)/a) which is stable
(elliptic) for —1 < a < 3. When a; = 3 this fixed point becomes hyperbolic: the
eigenvalues of the linearization of the map at the fixed point bifurcate through
—1 and become real. At the same time a stable orbit of period two is “born”
with Hy(z4,25) = (z¢,2+), 2+ = (1 £ +va —3)/a. This orbit, in turn, becomes
hyperbolic at ay = 4, giving birth to a period 4 stable orbit. Generally, there exists
a sequence of parameter values ay, at which the orbit of period 2¥~! turns unstable,
while at the same time a stable orbit of period 2* is born (passes from C? to R?).
The parameter values ay accumulate on some a.,. The crucial observation is that
the accumulation rate
(5) lim SR =1 g 797

k—oo Qp41 — Ak
is universal for a large class of families, not necessarily Hénon.

Furthermore, the 2* periodic orbits scale asymptotically with two scaling param-

eters

(6) A=—0249..., p=0.061...

To explain how orbits scale with A and p we will follow [4]. Consider an interval
(ak, ar+1) of parameter values in a “typical” family F,. For any value o € (ag, ar+1)
the map F, possesses a stable periodic orbit of period 2¥. We fix some oy, within
the interval (ag, ag+1) in some consistent way; for instance, by requiring that DFC%;:
at a point in the stable 2¥-periodic orbit is conjugate, via a diffeomorphism Hy, to a
rotation with some fixed rotation number r. Let pj, be some unstable periodic point
in the 2*~!-periodic orbit, and let p; be the further of the two stable 2*-periodic
points that bifurcated from pj,. Denote with di, = |p}, — px|, the distance between py,
and pj,. The new elliptic point pj, is surrounded by (infinitesimal) invariant ellipses;
let ¢;, be the distance between py and p), in the direction of the minor semi-axis of
an invariant ellipse surrounding py, see Figure 1. Then,

1 dy, A Pk

. . . Ck
— =— lim , —=—lim ;15 = lim
A k—o0 dk+1 W k—o00 P11 A k—o00 Craq

)
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c_k

FIGURE 1. The geometry of the period doubling. py, is the further
elliptic point that has bifurcated from the hyperbolic point pj.

where py, is the ratio of the smaller and larger eigenvalues of DHy(py) *
This universality can be explained rigorously if one shows that the renormaliza-
tion operator

(7) R..[F]=Az' o FoFolAp,

where Ap is some F-dependent coordinate transformation, has a fixed point, and
the derivative of this operator is hyperbolic at this fixed point.

It has been argued in [7] that Ap is a diagonal linear transformation. Further-
more, such Ap has been used in [9] and [10] in a computer assisted proof of existence
of a reversible renormalization fixed point Fl,, and hyperbolicity of the operator
R

We will now derive an equation for the generating function of the renormalized
map A;l oFoFoAp.

Applying a reversible F' twice we get

(‘5(2@')) : (S(ﬂjZ)> - (—S(j,Z)> : (S(Zy:y’))'

According to [7] Ar can be chosen to be a linear diagonal transformation:
Ap(z,u) = Az, pu).
We, therefore, set (z/,y') = (Az, \y), Z(Az, \y) = z(x,y) to obtain:

o ((m m) . <s<A:Am>) F:F(«s(;iy)) " (Mi Ay))’

where z(z,y) solves

9) s(Az, 2(z, ) + s(Ay, 2(z,y)) = 0.

If the solution of (9) is unique, then z(z,y) = z(y,z), and it follows from (8)
that the generating function of the renormalized F' is given by

(10) 5(z,y) = p's(2(z,y), \y).

L Derivatives with respect to elements of the functional space, typically s, will be denoted D,
ex. DR, while derivatives of maps from C2? to C2? will be denoted D, as it has been done here:
DH.
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One can fix a set of normalization conditions for § and z which serve to determine
scalings A and p as functions of s. For example, the normalization s(1,0) = 0 is
reproduced for § as long as z(1,0) = 2(0,1) = 1. In particular, this implies that

5(Z(A,0),0) =0,
which serves as an equation for A\. Furthermore, the condition d;s(1,0) = 1 is
reproduced as long as p = 012(1,0).
We will now summarize the above discussion in the following definition of the

renormalization operator acting on generating functions originally due to the au-
thors of [9] and [10]:

Definition 1.1. Define the prerenormalization of s as

(11) Puuls] = s 0 Gls],

where

(12) 0 = sz, Z(z,y)) + sy, Z(z,y)),
(13) Glsl(z,y) = (Z(z,y)y)

The renormalization of s will be defined as

1
(14) REI\'W[S] = ;PEKW [S] © )‘a

Mz,y) = Az, Ay),  Puwl[s](A,0) =0 and p =X\ 01P.[s](A,0).

Definition 1.2. The Banach space of functions s(z,y) = Z;‘x}:o cij(z—B) (y—pB),
analytic on a bi-disk

Dy(8) = {(2.9) € C: [z — | < poly — Bl < p}.
for which the norm
Isll, = > leilp™
4,5=0

is finite, will be referred to as A (p).

AB(p) will denote its symmetric subspace {s € A%(p) : s1(x,y) = s1(y, )}

We will use the simplified notation A(p) and As(p) for A°(p) and AY(p), respec-
tively.

As we have already mentioned, the following has been proved with the help of a
computer in [9] and [10]:

Theorem 1. There ezist a polynomial sg5 € AY°(p) and a ball B,(so5) € A%5(p),
0=6.0x10"7, p = 1.6, such that the operator R, is well-defined and analytic on
BQ(SO,E,).

Furthermore, its derivative DREKW|BQ(SOA5) is a compact linear operator, and has
ezactly two eigenvalues

5y =8721.., and &= Ai
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of modulus larger than 1, while
spec(DRun|B,(s0.5)) \ {61,02} c {z € C:|z| < v},
where
(15) v < 0.85.
Finally, there is an s™" € By(s0.5) such that
R [877] = ™.

EKW

The scalings A« and p,. corresponding to the fixed point s™" satisfy

(16) A € [~0.24887681, —0.24887376], pu. € [0.061107811,0.061112465].

Remark 1.3. The bound (15) is not sharp. In fact, a bound on the largest eigen-
value of DR, (s™"), restricted to the tangent space of the stable manifold, is ex-
pected to be quite smaller.

The size of the neighborhood in A?(p) where the operator R,,, is well-defined,
analytic and compact has been improved in [13]. Here, we will cite a somewhat
different version of the result of [13] which suits the present discussion (in particular,
in the Theorem below some parameter, like p in A?(p), are different from those
used in [13]). We would like to emphasize that all parameters and bounds used and
reported in the Theorem below, and, indeed, throughout the paper, are numbers
representable on the computer.

Theorem 2. There exists a polynomial s° € A(p), p = 1.75, such that the
following holds.
i) The operator R, is well-defined and analytic in Br(s®) C A(p) with

R = 0.00426483154296875.

ii) For all s € Br(sY) with real Taylor coefficients, the scalings A = A[s] and p = ps]
satisfy

0.121036529541016,

0.0000253506004810333
5 —0.222587585449219.

<
—0.2756958007812 <

< B
< A
iii) The operator R, is compact in Br(s®) C A(p), with R,.[s] € A(p'), p' =
1.0699996948242188p.

Definition 1.4. The set of reversible twist maps F' of the form (4) with s € B,(5) C
A2 (p) will be referred to as F5+(3):

(17)  FPrG3) = {F: (2, —s(y, ) = (y,5(z,9)| 5 € By(3) C Al (p)} -
We will also use the notation
N _ 10,p/x
FB(8) = F,P(3).
We will finish our introduction into period-doubling for area-preserving maps
with a summary of properties of the fixed point map. In [14] we have described the
domain of analyticity of maps in some neighborhood of the fixed point. Additional

properties of the domain are studied in [22]. Before we state the results of [14], we
will fix a notation for spaces of functions analytic on a subset of C2.
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Definition 1.5. Denote O3(D) the Banach space of maps F : D +— C2, analytic
on an open simply connected set D C C2, continuous on 9D, equipped with a finite
max supremum norm || - ||p:

||F|D:max{ sup |Fi(z,u)|, sup |F2(J;,u)|}
(z,u)€D (z,u)€ED

The Banach space of functions y : A +— C, analytic on an open simply connected
set A C C2, continuous on d.A, equipped with a finite supremum norm || - || 4 will
be denoted Oy (A):

lyllo =" sup |y(z,u)l.
(z,u)€D

If D is a bidisk D, C C? for some p, then we use the notation

I-1lo =1 lIp,-

The next Theorem describes the analyticity domains for maps in a neighbor-
hood of the Eckmann-Koch-Wittwer fixed point map, and those for functions in a
neighborhood of the Eckmann-Koch-Wittwer fixed point generating function. The
Theorem has been proved in two different versions: one for the space A%?(1.6) (the
functional space in the original paper [10]), the other for the space A;(1.75) — the
space in which we will obtain a bound on the renormalization spectral radius in
the stable manifold in this paper. To state the Theorem in a compact form, we
introduce the following notation:

pos =16, po=175 005=60x10"", gy =>5.79833984375 x 104,

while sg5 (as in Theorem 1) and s will denoted the approximate renormalization
fixed points in spaces A%5(1.6) and A,(1.75), respectively.

Theorem 3. There exists a polynomial sg such that the following holds for all
FeFy(sp), B=05 or 3=0.

i) There exists a simply connected open set D = D(B3, 03,pp) C C? such that the
map F is in O2(D).

i1) There exist simply connected open sets D= 25(6, 08,p8) C D, such that D NR2
is a non-empty simply connected open set, and such that for every (x,u) € D and
s € By, (sg) C AZ(pg), the equation

(18) 0=u+s(y,x)
has a unique solution y[s|(x,u) € O1(D). The map
(19) S: s yls]

is analytic as a map from By, (sg) to O1(D).
Furthermore, for every x € m,D, there is a function U € 01(D,,(B)), that
satisfies

ylsl(z, Uz, v)) = v.
The map
Y y[s]—U
is analytic as a map from O1(D,,(B)) to By, (sp).
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Remark 1.6. It is not too hard to see that the subsets f@;pﬁ (sg), B =0o0r 0.5,
are analytic Banach submanifolds of the spaces Og(ﬁ(ﬂ, 08, pp))- Indeed, the map
(20) Z:sw+ (y[s],sohls]),

where y[s|(z, u) is the solution of the equation (18), and h[s](z,u) = (z,y[s](z,u)),
is analytic as a map from B,,(sg) to O2(D(f, 03, ps) according to Theorem 3, and
has an analytic inverse

(21) 7' F w7, Fog[F],

on Z(By,(sp)), where g[F|(z,y) = (2,U(z,y)), and U is as in Theorem 3. Further-
more, the derivative of the map S, defined in (19),

_v(y,z)
81(y7 LE)

is injective, which also implies injectivity of the derivative of Z. Thus Z is an analytic
embedding, which implies the claim.

DSls]v(z,y) =

y VE TSBQB(Sﬁ)v

We are now ready to give a definition of the Eckmann-Koch-Wittwer renormal-
ization operator for maps of the subset of a plane. Notice, that the condition
P.w[8](A,0) = 0 from Definition 1.1 is equivalent to

F(F (X, —s(2(X,0),4))) = (0,0),

or, using the reversibility
A = 7w, F(F(0,0)).
On the other hand,

—s(z(y(x,u),a:),x) = —PF,M,,[S](y(x,u),x) =u,

and
OuPun[s|(y(@,u),2) = Puulshi(y(@,uv), 2)y2(z, u)
= Pulshily(z,u),z) 7 (Fo Fa(z,u) = —1,
then
Pow[8]1(A,0) 7 (F o F)2(0,0) = —1,
and

B —A
" R 0.0

Definition 1.7. We will refer to the composition F' o F' as the prerenormalization
of F', whenever this composition is defined:
(22) P, [F]=FoF.

Set

RL’KW [F] - 'A'71 o PEKW [F} o A’7

where
e S
TraIPEKW [F]2<07 0) ’

whenever these operations are defined. R, [F] will be called the (EKW-)renormali-
zation of F'.

Az, u) = (Az, pu), N =m P, [F](0,0), p=
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Remark 1.8. Suppose that for some choice of 3, pg and pg, the operator R,,, and
the analytic embedding map Z, described in Remark 1.6, are well-defined on some
B,,(sg) C AZ(pg). Then,

Ry =T0Ryy oL}

on Fy (ss).

2. STATEMENT OF MAIN RESULTS

Consider the coordinate transformation

_ 144ty —1
(23) Si(z,u) = <m+tac2, 1+u2m> , S l(y,v) = (ﬂy,v\/l —|-4ty> ,

fort € C, |t| < 4/(p+ |B]) (recall Definition 1.2).

We will now introduce two renormalization operators, one - on the generating
functions, and one - on the maps, which incorporates the coordinate change S; as
an additional coordinate transformation.

Definition 2.1. Given ¢ € R, set, formally,
Pels)(a,y) = (1 +2tey)s(G (& (,9))), and Rels] = pu~ ' Pefs] o A,
with G is as in (13), and

1¢—(s0@G)
(24) &i(x,y) = (@ +ta® y +1), tefs] = Zﬁ)(())
where A and p solve the following equations:

(25) Pelsl(Als],0) = 0, uls] = A[s]01Pe[s](Als], 0).
Definition 2.2. Given ¢ € R, set, formally,

(26) P.Fl=8;'0FoFoS,, R.F|=Az"oP[F]oAp,
where S;_ is as in (23), Ap(z,u) = (A\[Fz, p[F]u), and
Cde—(m(FoF)) gy

—\[F]
tC[F]—4 (mu(FoF))ga

72 Pe[F12(0,0)

AlF]|=7,P.[F](0,0), u[F]=

We are now ready to state our main theorem. Below, and through the paper,
5(i,5) stands for the (7, j)-th component of a Taylor series expansion of an analytic
function of two variables.

Main Theorem. (Ezistence and Spectral properties). There exists a polynomial
5o : C? +— C, such that
i) The operators R, and Re,, where co = (so o G[so]) 3, are well-defined,
analytic and compact in By, (so) C As(p), with

p=1.75, 0o =5.79833984375 x 10~
1) There exists a function s* € B.(sg) C As(p) with
r=6.0x10"'2,

such that
Reo 8] = s™.
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i1i) The linear operator DR, [s*] has two eigenvalues outside of the unit circle:
1
8.72021484375 < §; < 8.72216796875, I = oW

where
—0.248875313689 < A\, < —0.248886108398438.

iv) The complement of these two eigenvalues in the spectrum is compactly con-
tained in the unit disk:

spec(DRe,[s*]) \ {1,02} C {z € C: |z| <0.1258544921875 = v}.

The Main Theorem implies that there exist codimension 2 local stable manifolds
Wr,, (8*) C As(1.75), such that the contraction rate in Wg, (s*) is bounded from
above by v:

IR [s] = RE, [8lll, = O@™)

for any two s and § in Wg, (s*).

Definition 2.3. (Infinitely renormalizable maps). The set of reversible twist maps
of the form (4) such that s € Wg, (s*) C As(1.75) will be denoted W, and referred
to as infinitely renormalizable maps.

Naturally, these sets are invariant under renormalization if g is sufficiently small.

Notice, that, among other things, this Theorem restates the result about exis-
tence of the Eckmann-Koch-Wittwer fixed point and renormalization hyperbolicity
of Theorem 1 in a setting of a different functional space. We do not prove that the
fixed point s*, after a small adjustment corresponding to the coordinate change S;,
coincides with s"" from Theorem 1, although the computer bounds on these two
fixed points differ by a tiny amount on any bi-disk contained in the intersection of
their domains.

The fact that the operator R, as in (26) contains an additional coordinate change
does not cause a problem: conceptually, period-doubling renormalization of a map
is its second iterate conjugated by a coordinate change, which does not have to be
necessarily linear.

3. COORDINATE CHANGES AND RENORMALIZATION EIGENVALUES

Let D and D be as in the Theorem 3. Consider the action of the operator
(27) R.F]=A;'oFoFoA,
on Oz(D), where

Az, u) = (A, prau),
with A, and p. being the fixed scaling parameters corresponding to the Collet-
Eckmann-Koch as in Theorem 1.

According to Theorem 1 this operator is analytic and compact on the subset
]:8'5’1'6(50,5), 0=16.0x 1077, of Oy(D), and has a fixed point F,,,. In this paper,
we will prove the existence of a fixed point s* of the operator R,,, in a Banach
space different from that in Theorem 1. Therefore, we will state most of our results
concerning the spectra of renormalization operators for general spaces A% (p) and
sets féi;pﬁ (s*), under the hypotheses of existence of a fixed point s*, and analyticity
and compactness of the operators in some neighborhood of the fixed point. Later, a
specific choice of parameters 3, p and g will be made, and the hypotheses - verified.
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Let S = id 4+ o be a coordinate transformation of the domain D of maps F,
satisfying
DSoF =DS.

In particular, these transformations preserve the subset of area-preserving maps.
Notice, that

(id+es) P oFo(id+er)=F+e(—0o0F +DF-0)+0(e®) = F +ehp, + O(%).

Suppose that the operator R, has a fixed point F* in some neighborhood B C
O3(D), on which R, is analytic and compact. Consider the action DR, [F|hp, of
the derivative of this operator.

DR,[Flhry = 0 (A, o(F + ehpo)o(F + ehpo)ol.) [0
= 0. (A 'o(id+eo) toFoFo(id + €0) oA |0
= Al [-0oFoF+D(FoF)-og]oA,
(28) = A7 hpops o A
Specifically, if F' = F*, one gets
DR.[F*lhp+ oy = hpe s, T=A'-00A,,
and clearly, hp+ » is an eigenvector, if 7 = ko, of eigenvalue . In particular,
k=Npul, i>0,j>0
is an eigenvalue of multiplicity (at least) 2 with eigenvectors hp- , generated by
(29) Uij(x,u) = (2"1?,0), sz(x,u) = (0, z'u’ ™),
while
k=AY, >0, and k=Xpu;'i>0,

are each eigenvalues of multiplicity (at least) 1, generated by

(30) 0'1_17]-(33,11) = (uj,O), and UZ—l(xau) = (vai)7
respectively.
We will denote S7, S§ = Id, the coordinate transformation generated by a

function o as in (29)-(30).

In particular, the coordinate transformations S;°°, i = 1,2, correspond to the
rescalings of the coordinates x and u. The next Lemma is a specification to our
case of the well-known fact that rescalings correspond to the eigenvalue 1. We will
omit its lengthy proof (which we have, nevertheless carried out in detail).

Lemma 3.1. Suppose that there are 3, o0, p, A«, s and a function s* € Af(p) such
that the operator R, is analytic and compact as maps from Fg’P(s*) to O2(D),
and

where F* is generated by s*.
Then, there exists a neighborhood B(F*) C F2¢(s*), in which R, is analytic and
compact, and

spec(DR[F*]|ry. 5(7)) = 5pec(D Ry [F] . pon(1ey) U {1}
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4. ANALYTICITY AND COMPACTNESS OF RENORMALIZATION

We will quote a version of a lemma from [13] which we will require to demon-
strate analyticity and compactness of the operator R.. The proof of the Lemma
is computer-assisted. Notice, the parameters that enter the Lemma are different
from those used in [13]. As before, the reported numbers are representable on a
computer.

Lemma 4.1. For all s € Bg(s®), where
R = 5.47321968732772541 x 1073,

and s° is as in Theorem 2, the prerenormalization P, [s] is well-defined and analytic
function on the set

D, =D, (0) = {(z,y) € C*: |z| < r,|y| <r}, r=0.51853174082497335,

with
12|, < 1.63160151494042404.

We will now demonstrate analyticity and compactness of the modified renor-
malization operator R., defined in 2.1, in a functional space, different from that
used in [10], specifically, in the space A4(1.75). It is in this space that we will
eventually compute a bound on the spectral radius of the action of the modified
renormalization operator on infinitely renormalizable maps.

Proposition 4.2. There exists a polynomial so € Br(s®) C As(1.75), where R and

s" are as in Theorem 2, such that the operators R, ¢ € [co — 0, co + 4],

o = (500 Gls0]) (g5 and &§=1068115234375x 107*,

are well-defined and analytic as maps from By, (s0), 0o = 5.79833984375 x 107%, to
A4 (1.75).

Furthermore, the operators R. are compact in Br(s?) C A(p), with R.[s] €
A(p), ¢ = 1.0699996948242188p.

Proof. The polynomial sy has been computed as a high order numerical approxi-
mation of a fixed point s* of R, .

First, we get a computer bound on t. as in Definition 2.1 for all s € By, (so) and
c€ep— 0,0+ 9]

(31) It] < 2.1095979213715 x 107,

The condition of the hypothesis that s* € Bs(sg) is specifically required to be able
to compute this estimate.

Notice that according to Definition 2.1 and Theorem 2, the maps s — t and,
hence, s +— & are analytic on a larger neighborhood Bg(s%) of analyticity of R,
According to Theorem 2 and Lemma 4.1, the prerenormalization P,,, is also analytic
as a map from Br(s°) to A(r), r = 0.516235055482147608. We verify that for all
s € Bs(sp) and t as in (31) the following holds:

(32) {&(z,y) : (z,y) €D} €Dy 7' =|A]p,
where A_ = —0.27569580078125 is the lower bound from Theorem 2. Furthermore,
1> 2|tp

with ¢ as in (31). Therefore, the map s — PJ[s] is analytic on Bs(sg).
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Since the inclusion of sets (32) is compact, R.[s] has an analytic extension to
a neighborhood of Dy 75, Re[s] € As(p), p/ > 1.75. Compactness of the map
s +— R.[s] now follows from the fact that the inclusions of spaces As(p") C A4(p) is
compact. O

5. STRONG CONTRACTION ON THE STABLE MANIFOLD

Lemma 5.1. Suppose that 3, o and p are such that the operator

Ruls] = —Pols] o A

*

has a fized point s* € B, C AB(p), and R. is analytic and compact as a map from
B, to A2 (p).

Then, the number A\, is an eigenvalue of DR.[s*|, and the eigenspace of A
contains the eigenvector

(33) Yo (2,y) = 55 (2, y)2” + 55 (2,y)y” + 25" (2, )y
Proof. Consider the coordinate transformation (23),

S = 2, —

(z,u) (x+ex ’1+26x>
(34) = (z,u) + eoq o(w,u) — 2e07 o (@, u) + O(¢?),
V1+4dey—1
(35) S (y.0) = (+26y,v\/l + 4ey) :
€

for real €, |e| < 4/(p + |B]) (recall Definition 1.2).
Let s € A%(p) be the generating function for some F', then the following demon-
strates that S_1 o F'o S, is reversible, area-preserving and generated by

5(z,y) = s(x + ex?,y + ey®) (1 + 2ey) :

z Se T + ex?
(—S(y+6y27x+6x2)(1+2633)) - (—8(y+ey2,x+ex2))
' F Yy
- (—s@/,x')) ) (s(x',m)

(riian) ™ G Lama o)
s(z + ex?,y + ey?) sz +ex?y + ey?)(1 + 2ey) )

Next,

$(z,y) = s(z,y) +esi(@,y)z”° + esa(z,y)y” + e2s(w, y)y + O(?).
We will demonstrate that
Vs (2,y) = s1(z,y)a® + s5 (2, y)y° + 25" (2, y)y.
is an eigenvector of DR, [s*] of the eigenvalue A.. Notice, that
s =01psol, I(x,y) = (y, ),

and therefore, the function s + e, € A2 (p).

Consider the midpoint equation

0=0(") + sz, Z(x,y)+eDZsl(z,y)) + s(y. Z(x,y) + eDZ[slu(z,y))

+ ets(z, Z(2,y)) + ets(y, Z(2,y))
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for the generating function s + ep;. We get that

sz, Z(2,y) + ¥s(y, Z(2,y))
Zlehine9) = = G 2 y) + 52y, Z(ay))

and

DPy[s]ts(x,y) = s1(Z(2,y), y) DZ[s]Ys(x, y) + ¢¥s(Z (2, y), y)
— 9s (Il s(x, Z(x,y))Z + s(y, Z(x,y))Z
=29 ) + 2y, 2, )
52(937 Z(IL‘,y))Z(i,y)Q +52(yaZ(Iay))Z(l'?y)Q
so(, Z(2,y)) + s2(y, Z(x,y))

751(Z(xa y)7y)

+31(Z($,y),y)Z($,y)2
s1(y, Z(x,y))y
so(x, Z(z,y)) + s2(y, Z(z,
o (. Z(,9))2”
2@ 9) G 2w m) + (. 2 g)
+25(Z(x,y),y)y

The terms on line 2 add up to zero (the numerator is equal to zero because of the
midpoint equation), and so do those on lines 3 and 4. We can also use the equalities

sa(z, Z(w,y)) + s2(y, Z(w,y)) = _W

32Pm./[8](33,y) = SQ(Z(xvy)vy) +81(Z($,y),y)Z2(.’E,y)

(the first one being the midpoint equation differentiated with respect to y) to reduce
the 5-th line to 9aP,,[s](x,y)y?. The 6-th line reduces to 01 Py, [s](z, y)z? after we
use the midpoint equation differentiated with respect to x:

31(33‘, Z(JZ, y))
Zl(l'vy) .

2

—s1(Z(2,y),y) M s2(Z(x,y), )y

82(.1?, Z(l‘, y) + SQ(yv Z(Z‘, y) = -
To summarize,

DPuutbs(z,y) = 01Pu[s)(2,9)2” + 02Pu [8](2, ¥)y” + 2P, [s](2, y)y
(36) = Ypyuls) (T, 9)-
Finally, we use the fact that
AsO0i P [8]( Az, Avy) = 0; (Pls](Aez, Avy))
to get
Rels [thsr = Athse.
O

The Lemma below, whose elementary proof we will omit, shows that A, is also
in the spectrum of DR, [F*]:

Lemma 5.2. Suppose that (3, o and p are such that s* € A%(p) is a fized point of
the operators Ry and R, and the operators R, and R, are analytic and compact
as a map from B,(s*) to AZ(p). Also, suppose that the map I, described in Remark
1.6, is a well-defined analytic embedding on B,(s*). Then,

spec ((DR* [F]) |TF*}'§*P(3*)) = spec (DR, [s"]) and
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spec ((DREKW[F*]) |TF*]:§”)(S*)) = spec (DREKW [S*]) )
in particular,

A« € spec (DRL[F*]) and A, € spec (DR, [s"]) .

The convergence rate in the stable manifold of the renormalization operator
plays a crucial role in demonstrating rigidity. It turns out that the eigenvalue
A« is the largest eigenvalues in the stable subspace of DR, [F*], or equivalently
DR, [s*]. However, it’s value |A,| & 0.2488 is not small enough to ensure rigidity.
At the same time, the eigenspace of the eigenvalue A, is, in the terminology of
the renormalization theory, irrelevant to dynamics (the associated eigenvector is
generated by a coordinate transformation). We, therefore, would like to eliminate
this eigenvalue via an appropriate coordinate change, as described above.

However, first we would like to identify the eigenvector corresponding to the
eigenvalue A\, for the operator R,,,. This vector turns out to be different from .

Lemma 5.3. Suppose that 3, o and p are such that the operator R.., has a fized
point s* € A%(p), and R, is analytic and compact as a map from By,(s*) to A2 (p).
Also, suppose that the map T, described in Remark 1.6, is a well-defined analytic
embedding on B,(s*).

Then, the number \. is an eigenvalue of DR, [s*], and the eigenspace of A,
contains the eigenvector

(37) Y = e + 1,
where R

Y(x,y) = 57 (z,y) — (s1(2,y)x + s3(2, y)y).
Proof. Notice, that ¢ is of the form

(38) Y=y~ Yu,
where
Yo (r,y) = Sylﬂ(xa y)l‘ + 5;($7 y)y
is the eigenvector of DR, [s*] corresponding to the rescaling of the variables z and
y, while
QZJU(‘% y) = S*(xa y)

is the eigenvector corresponding to the rescaling of s. ¥, (z,y) and ¥, (z,y) corre-
spond to the eigenvectors hp. ;1 and hp. ;2 , respectively, of DRy[F™].

Recall, that hp. 51 ~and hp. ;2 = are eigenvectors of DRy [F™*], with eigenvalue 1,

and eigenvectors of bRMW [F™] with eigenvalue 0.
By Lemma 5.1 14+ is an eigenvector of DR., the corresponding eigenvector of
DR, is hp- 5, where 6 = 0 o — 207 5. Thus, 1) + ¢ corresponds to the vector

(39) YY" = hp= s — hF*,oé,o +hpe oz,
To finish the proof, it suffices to prove that
DREKWhg\k:V = )\* h;i:‘

A straightforward computation (which is a part of the proof of Lemma 3.1) gives
that DR, [F*]h;\“;‘ = DR, [F*|hp+ 5. Therefore,

DR, [F*|hY"= DR,[F*|hp+ s + (Dt[F*hp+ 5)) hF*,aé,o + (Dr[F*hp~ 5) hp-
= Mhpe s+ (Dt[F*]hF*’&) hF*a‘Ttl),o + (DT[F*]hF*,&) h e

2
90,0

2
90,0
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The result follows if
Dt[F*|hp+6 = =X« and Dr[F*lhp« s = .

Indeed, going through the calculations as in the proof of Lemma 3.1 we have
that, if h = hp« ;1 , then

DP,..[F*lh(z,u) =
= (= (M P [F*)(, 1))? 4 70 Po [F )1 (0, ) 2%, 70 P [F¥]1 (, w)2?),

7o DP, [F*11(0,0) = —(mpPo[F*](0,0))2 = =2,
D’I"[F*]h == _)\* + 27T(IZPEKW|:F*](O7 O) = )\*

Here and below the subscript 1 or 2 denotes the partial derivative with respect to
the corresponding argument.
If h=hpg. 0240 then

DB, [F*]h(z,u) =
= (Ma P [F*]2(x, w) 21— 705 Pr [F™*] (2, w) Ty P [F* (0, 1) + Ty P [F* ]2 (2, w)2uw),
T2 DPy [F7]R(0,0) = 0
Dt[F*]h = 0
DrF = g 2P P00 n P [PO.00)
e (7 (F* 0 F)3(0,0))
O

Recall, that according to Lemma 5.2, A, is an eigenvalue of DR, [F*] of multi-
plicity at least 1. According to Lemma 3.1, A, is in the spectrum of DR, [F*] and
in the spectrum of DR, [s*].

Proposition 5.4. ( Elimination of an eigenvalue). Suppose that B, p, o and the

neighborhood B,(s*) C AZ(p) satisfy the hypothesis of Lemma 5.2. Furthermore,

suppose that the operator R -, ¢* = (s* o G)(O 3)” is analytic and compact in By(s*).
Set

1 c*
¢= 2 P[]0
Then
spec(DR . [8*]) \ {As, =A(1 — C)} C spec(DRo+[s"]),
and Y s an eigenvector of DR+ [s*] associated with the eigenvalue \.C.

In addition,
spec(DRe[s*]) C spec(DR . [s¥]) U {AC},
and if M ¢ spec(DR.«[s*]), then A\, has multiplicity 1 in spec(DR,,.[s*]).

Proof. According to Proposition 4.2, under the hypothesis of the Lemma 5.2, R,
and R.- are analytic and compact as operators from B,(s*) to A4(1.75).

Recall, that Y EEW is an eigenvector of DR g [s*] corresponding to the eigen-
value A,.

We consider the action of DR «[s*] on a vector 1. First, notice the difference
between the definition of X in (1.1)

s(G(A,0)) =0,
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and in Definition 2.1
s(GAN+1tX2,0)) =0

(we will use the notation A, below to emphasize the difference). This implies that
if DA, [s]® is an action of the derivative of A, [s] on a vector ¢, then

DA[s*]t) = DA [s*]1) — A2Dt - [s*]2)

is that of the derivative of A[s].
Similarly,

Dty [s" ]9 = [01(5™ 0 G)(Ax, 0) + A8 (5™ 0 G)(Ax, 0)] DA [s7]00
+ A 01 (DPu [s™]00) (A, 0),
Dus* | =[01(s0G)(Ax, 0)+ A5 (50G) (As, 0)] DA[s* ] + A O1(DPru [s*]90) (A, 0)
+ 220%(s* 0 G)(Ax, 0) Do [s*]1)
=Dt 87100 = D1 Pusu[87] (s, 0) AT Dt [0
=Dhincw[8 ]9 — Aups Dt ["]1).

Therefore,

DRe[s' = DR [sT0 + 200 (Dler[8'10) 87, + - (VPou[57]- (DE) o M

2
—  Dtex [s*]zp%vmw [s"] 0 A - (e, Ty) + AsDtex [s7|1ps”
=DRu[s' 16— A (Dter[s°19) Vs - (ma, )
+ A (Dtex[s"]1) 8" + A (Dtex[s])) =
(40) =DRuu[s" )+ i (Dtex[s"]1h) i

Now, let ¢ be an eigenvector of DR,,,[s*] of eigenvalue x # A, (that is, 1) #
EEW) | Consider the action of DR.[s*] on ¢ + aypEEW.

s*

DR [s*]( + apEEW) = kap + A, (Dte[s*] (¥ + ayp ZEWV)) p EXW.

s* s*
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Below we use the notation introduced in (38). In the following calculation we use
(36) and

Dtc[s*[ppss" = Dte[s™|(¥hs+ + thu — ¥a)
71 (DPEKW [3*}(77/15* +"/’u_¢z))073

4 Po[5*0,2
1 (PP 5" (s 0 —152))o 5 (6= Puss[57]0,3)
4 (Poe[5°]0.2)
1 (VPls] T P [s*] = VP [s*] - (M, 7)) g 5
=71 Prw[5*]0,2
1 (VPls] T Poaa[8*] = VPuu[s*] - (M, 7)) g 5 (€ = Pasu[5*]0,3)
1 (Poww[5]0,2)
_ 1@Punls o +2(Panls oo 1 (P[5 o5 — (02Pan[5 ]2
1 o502 4 Puwl5lo2
1 (@Punls D)oo +2 (PusslsD,1) (e = Pos[o3)
1 (Pr[57]0,2)°
L (PoulsD — @Pucl5 D) (0~ Prscl5*los)
~1 (Pon[s*]02)°
1 1 (3Puuls*on c—c
ST WP P ( Pulsloz 1> Pruals”lo.2
= -1+0C.
Denote d = Dt.[s*]1, then
DR [5"](t + apBXW) = ktp+ Au(d + a(—1 + O))pEXW

As
K <w + ;(d—l— a(—1+ C))ngW) ,
and we see that the equation
Ax
a= ;(d +a(-1+0))

has a unique solution a if
(41) Kk #M(-1+0C).

For such «, the vector

Axd EKW
v T
is an eigenvector of DR .«[s*] associated with the eigenvalue .
On the other hand if ¢ = 2", then

DRC* [8*]11}}71(1%' _ )\*wmw + )\*<_1 + C)wSE;KW _ )\C’(/JSE’;W.

s* s*

O

Remark 5.5. A computer estimate of C for all s € B,,(so) demonstrates that
[A«C| < 0.00124359130859375, i.e. the eigenvalue corresponding to #" is almost
eliminated.
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At the same time, our computer estimates on the spectrum in the proof of the
Main Theorem demonstrate that —\.(1 — C') is not en eigenvalue of DR, [s*].

So far we were not able to make any claims about the multiplicity of the eigen-
value A\, in the spectrum of DR,,,[s*]. However, we will demonstrate in Section 6
that it is indeed equal to 1.

6. SPECTRAL PROPERTIES OF R.. PROOF OF MAIN THEOREM

We will now describe our computer-assisted proof of the Main Theorem.

To implement the operator DR« [s*] on the computer, we would have to know
bounds on c¢*. This is certainly possible, but unnecessary: for the purposes of
proving rigidity, it suffices to work with an operator R. where c is close to ¢*. At
the same time, using an exact representable value of ¢ in a computer assisted proof,
as opposed to using an interval bound on c¢*, greatly reduces sizes of error bounds
in the proof.

We choose the following value of c:

co = (500 G[s0]) (g 3y »

where sq is our polynomial approximation for the fixed point.

The operator R, differs from R~ only in the “tiny amount” by which the
eigendirection ¥ is “eliminated”. As long as the spectral radius of the operator
DR, is sufficiently small, neither the difference between co and ¢*, nor the difference
between the spectra of DR., and DR, plays an especially important role in our
rigidity proof in [16].

We will now describe a rigorous computer upper bound on the spectrum of the
operator DR, [s*].

Proof of part ii) of Main Theorem.

Step 1). Recall the Definition 1.2 of the Banach subspace As(p) of A(p). We
will now choose a new bases {1; ;} in As(p). Given s € As(p) we write its Taylor
expansion in the form

S(.I,y): Z 5i7j77[}i,j(x7y)a

(i,5)€l
where 9; ; € As(p):

@i,j(m,y) = xiJrlyja 1= 717 ,7 Z Oa
Bz, y) = i+1j+ﬂj+1i o1 i

i,j\ L, Y X Yy j+1$ Y, ? ) J =0,

Wy ‘
Yij = — , i>-1, j>max{0,i},
¥4l

and the index set I of these basis vectors is defined as
I={(,j)ez?: i>-1, j>max{0,i}}.
Denote A,(p) the set of all sequences

§= SijtSij € C, E ‘Si,jl < o0
(i,5)€l
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Equipped with the /1-norm
(42) shh=">_ lsijl.
(i,5)el
Ag(p) is a Banach space, which is isomorphic to A,(p). Clearly, the isomorphism
J : Ags(p) — As(p) is an isometry:
-l =1-1a-
We divide the set I in three disjoint parts:
L = {(,j)el:i+j<N},
I {(4,j) eI : N <i+j< M},

with
N =22, M = 60.
We will denote the cardinality of the first set as D(N), the cardinality of Iy U I as
D(M).
We assign a single index to vectors ; ;, (¢,4) € I U I, as follows:

k(-1,0)=1, k(-1,1)=2, ..., k(-1,M)=M+1, k(0,0)=M +2,

k(0,1) =M +3, ..., k({M_l},M—l— [MQ_ID = D(M).

2

This correspondence (i, j) — k is one-to-one, we will, therefore, also use the notation
(i(k), i (k).
For any s € A(p), we define the following projections on the subspaces of the
linear subspace Ep(y) spanned by {wk}kD:(éV).
Mis = sih), i) ks Mo s = Z Ilms.
m<D(N)
Fix
co = (80 © G[s0])o.3,
where sy is some good numerical approximation of the fixed point. Denote for
brevity L5 = DR.[s]. We can now write a matrix representation of the finite-
dimensional linear operator
HED(N)l:igHED(N)
as
Dy = W L300,

Step 2). We compute a set of eigenvectors ey of the matrix D numerically, and form
a D(N)x D(N) matrix A whose columns are the numerically computed eigenvectors
ex. We would now like to find a rigorous bound B on the inverse B of A.

Let By be an approximate inverse of A. Consider the operator C in the Banach
space of all D(N) x D(N) matrices (isomorphic to RD(N)Q) equipped with the [;-
norm, given by

C[B]=(A+0)B-1L
Notice, that if B is a fixed point of C' then AB = 1. Consider a “Newton map” for
C:
N[Z} = Z+C[B0 7B02] — Bo +B02.
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If z is a fixed point of N, then By — Byz is a fixed point of C'. Furthermore,
DNz =1- AB,y
is constant. We therefore, estimate [; matrix norms
IN[O][i <=€ [I—ABo|y <=L,

and obtain via the Contraction Mapping Principle, that the inverse of A is contained
in the l; d-neighborhood of By, with

6 = || Bollx

€
1-L
Step 3). Define the linear operator

A= Allpp @ ([=Tep, )

and its inverse
B = Bllg, @ (I =Ty, ) -
Consider the action of the operator L7 in the new basis

(43) le1,€2,...,epwy] = [¥1,%2,...,¥pn)]A, and e = 9y for k > D(N).
To be specific, we consider a new Banach space fts(p): the space of all functions
S = Z Ck€L,
k
analytic on a bi-disk D,, for which the norm
sl = [ex]
k

is finite. For any s € A (p), we define the following projections on the basis vectors.

k
(44) P,s = cie;, Psps= (]1 — ZPZ) s.

i=1
Clearly, the Banach spaces A,(p) and A,(p) are isomorphic, while the norms
IIll, and || -||1 are equivalent. We can use (43) to compute the equivalence constant
o in
afl -l =1l =1-h
(recall, norms || - ||, and | - |1, defined in (42) are equal):
Ish <Al D e+ > leil < alls|h,
1<k<D(N)  i>D(N)

where o = max{||A||1,1}. The constant has been rigorously evaluated on the com-
puter:

(45) o < 49.435546875.
The operator L7 is “almost” diagonal in this new basis for all s € B,.(so) C As(p)
with
r=06.0x10"".
We proceed to quantify this claim.
|P2L5 ex]r < 5.19007444381714 x 10~* ||| P LS eafl1 < 1.76560133695602 x 10~*,

[ Ps2L5 elly < 3.5819411277771 x 1073, || PsoL5 €21 < 1.49521231651306 x 102,
| PLLS, Psollr < 1.22539699077606 x 1074, || PL3 Psol|1 < 8.232891559600831075,
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for all s € B,.(s9) C As(p).

Next, we adjust the basis by an almost diagonal near identity linear operator
M = M(s): [é1,és,...] = [e1,e2,...]M, so that the operator £ would be block-
diagonal in the new basis:

L: =61(s)PL P o) P Vs,
where P, and P.j, are defined similarly to (44) for the new basis é;, and Vi =
15>2£§0P>2. We have estimated
(46) 195, [l < 0.1258544921875.

for all s € B,(sg). This is also an upper bound on the norm of the operator
Py L3 Pso for all s € B,.(s0).

Step 4). We will now demonstrate existence of a fixed point s* in B,.(sg) € As(p),
of the operator R.,, where
Co — (80 [¢] G[SO])0,3~

We will use the Contraction Mapping Principle in the following form. Define the

following linear operator on Ag(p)
M =[1—-K]™", where Kh = 6, Ph + 6,Psh,
and 51 and 52 are defined via
Plﬁigel = 8161, Pgﬂzgeg = 5262.

Consider the operator

NTh] = h + Rey[s0 + Mh] — (so + Mh)

on Ay(p). The operator N is analytic on BHMHTOL,IT(O)7 where « is the norm
equivalence constant (45), and
1 1

. . ,1}:1.
1—=611711= 6,

Notice, that if h* is a fixed point of NV, then sg + Mh* is a fixed point of R.,. The
norm of the derivative of the operator A is bounded from above by a number close
to the norm of Y7 , indeed,
DN[h] = I+DRelso+Mh]-M—M=[M"'+DRlso+Mh]-1]- M
= [—K+DRelso+ Mh]—=1]-M = [DR.,[s0 + Mh| — K| - M

)

|1M]): = max{‘

which implies that
IDN[A]lly < [1£2, = K1 lIM]ly = [1£2, — K1,

here s = sp + Mh. The last norm is close to (46). We have found a conservative
estimate on | DN[h]||; for all h € B,-1,(0):

IDN[h]|]1 =: L < 0.15625.
At the same time
INTO][l1 = [|Re[50] — S0ll1 =: € < 49560546875 x 10~ 6.

We can now see that the hypothesis of the Contraction Mapping Principle is indeed
verified:

€ < 4.9560546875 x 10716 < 1.015625 x 10713 < (1 — L)a'r,
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and therefore, the neighborhood B./1-1,)(0) C By gosa-1,(0) contains a fixed point
h* of N, i.e. the neighborhood By gos-(s0) C Br(s0) C As(p) contains a fixed point
§* =50+ Mh* of R,.

We quote here for reference purposes the bounds on the values of the scalings
Als*] and p[s*]:
(47) As*] = [—0.248875288734817765, —0.248875288702286711],
(48) p[s*] = ]0.0611101382055370338,0.0611101382190655586].

Step 5). Notice, that in general,
(870 G[S*])o,3 # co,

therefore
tegls™] # 0.
However, t.,[s*] is a small number which we have estimated to be
(49) |te,[s¥]] < 7.89560771750566329 x 10~ 2.

Consider the map F* generated by s*. Recall that by Theorem 3, there exists a
simply connected open set D such that F¥ € O3(D). The fixed point equation for
the map F7 is as follows:

—1 —1 * * _ *
AFC*OOS OFcOOFcOOStCO[s*]OAFg‘O =F.

tegls*]
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