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Tilldtna hjélpmedel: formelblad (pd baksidan).

Lésningarna skall atfoljas av forklarande text/figurer. Varje uppgift ger maximalt 5 poang. Den
som har godként pa duggan fran 070917 behéver ej 16sa uppgift 1, och den som har godkéant p4
duggan fran 071010 behéver ej 16sa uppgift 2.

Skrivtid: 14.00-19.00. (An English version of this ezam is available - ask if you prefer that.)

1. Los ekvationen tanz = —2¢. (For full podng krivs att svaret ir angivet pé formen a + bi,
dér a och b ar reella.)

2. Utveckla funktionen

f(z) = =~

2244
i en Laurentserie i omradet {z: 2 < |z — 4i] < 6}.

3. Bestdm konvergensradien for Taylorserieutvecklingen kring z = 574 av funktionen

= (1 —e*)sin((1 +1)2)
AT )

4. Lat C vara den positivt orienterade fyrkanten med horn i punkterna 2, 2i, —2 och —2i. L4t

vidare .
e?
et .—.._.__._.dz‘
f(a) jc 24 + a232

Berékna f(a) for a > 0, a # 2.

5. Berdkna medelst residuekalkyl integralen

x 4 2‘
/ 4 + sin( :L)dx

oo 2T+ 1

(For full poing skall alla gransvéardesoperationer pd inblandade integraler noggrannt forklaras.)

6. Bestam alla funktioner f(z), som &r analytiska i omradet {z : |z| < 2} och vars realdel
u(z,y) satisfierar differentialekvationen

5&' = 2’(1,,
samt for vilka f(0) = 0 och f(7/2) = i. (Svaret skall vara uttryckt endast i termer av z.)

7. Bestam antalet rotter till ekvationen 2° + 529 + 8 = —icosz i omradet {z : |2| < 2}.

8. Bestdm alla funktioner f(z) som &r analytiska i omrddet {z : 0 < |z] < oo} och som
uppfyller |f(z)| < |2|%e* samt f(r) = 9¢ dar. (Héar ar z =z + 14y, 2,y € R.)
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‘Trigonometriska formler

sin2x = 2sinzcosz

2 2

Ccos 2 = cos“x — sin“ ¢
=1-2sin’z = 2cos?z — 1
sin(z £ y) = sinzcosy £ coszsiny

cos(c +y) = coszcosy Fsinxsiny

Maclaurinutvecklingar

2 $3

o
]

2t 3

o oz
smEsrogty oot
2 4
1= 4 iy
cosz =1 TR +(-1)
2 3 4
P oz
In(1 =r-— 4+ T
nl+z)=«x 2+3 n
3
tanz =z - —+ — ~ -+ (=1
arctanz =z ~ - 3 (-1)

(2n)!

n-—1

xn
Telizh g+ o+ 0E™)

sin® £z = 1(1 — cosx)

cos® fz = (1 4 cosz)
sinzsiny = £(cos(z — y) — cos(z + v))-
sinz cosy = 3 (sin(z + y) + sin(z — y))
cosz cosy = £ (cos(z + y) + cos(z - y))
2n—1 ) 2 )

Gnon TOETT

+ O(x2n+2)

+---+(—1)""%+O(x“+‘)

2n—1

+ O($2n+l)

(1+m)°=1+3m+

cele-De-2) o <a>x” + 0™+
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Allowed help materials: formula sheet on reverse side. Solutions should be accompanied by
explanatory text/figures. Each problem is worth 5 points. Those who passed dugga 070917 can
skip problem 1, and those who passed dugga 071010 can skip problem 2.

Exam time: 14.00-19.00. (A Swedish version of this exzam is available - ask if you prefer that.)

1. Solve the equation tanz = —2i. (For full credit, the answer should be expressed in the form
a+bi, a and b real.)

2. Expand the function
f(z) = 55—
224+ 4

as a Laurent series on the region {z : 2 < |z — 41| < 6}.

3. Determine the radius of convergence of the Taylor series expansion of the function

(1 —€®)sin((1 + 1))
T R

about the point z = 57i.

4. Let C be the positively oriented, square-shaped path with vertices at 2, 2i, —2 and —2i.

Let o

fla) = %C ) +a2z2dz'
Evaluate f(a) for a > 0, a # 2.

5. Using residues, calculate the integral
4 4 sin(2
/ + sin( x)d,x
oo 2T+

(For full credit, you should carefully explain any underlying limit operations involving
integrals.)

6. Find all analytic functions f(z) on {z : |z] < 2} whose real part u(z,y) satisfies the
differential equation
and for which f(0) = 0 and f(7/2) = 4. (Your final answer should be expressed only in

terms of z.)

7. Determine the number of roots that the equation z°® 4+ 52% + 8 = —i cos z has in the region
{2 |2] < 2}.

8. Find all functions f(z) which are analytic on {z: 0 < |z| < co} and which satisfy | f(z)] <
|2|2e? and f(m) = 9i there. (Here z = z + iy, z,y € R)
(over)
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