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PROCEEDINGS OF THE
MERICAN MATHEMATICAL SOC!ETY
Volume 29, Number 3, August 1971

A BRIEF PROOF OF CAUCHY'S INTEGRAL THEOREM

JOHN D. DIXON!

ABSTRACT. A short proof of Cauchy's theorem for circuits ho-
mologous to 0 is presented, The proof uses elementary local proper-
ties of analytic functions but no additional geometric or topolog-
ical arguments.

The object of this note is to present a very short and transparent
proof of Cauchy's theorem for circuits homologous to 0. The proof is
based on simple ‘local’ properties of analytic functions that can be
derived from Cauchy’s theorem for analytic functions on a disc, and
it may be compared with the treatment in Ahlfors [1, pp. 137-145].
It is apparent from this proof that this version of Cauchy's theorem is
not only much more natural than the homotopic version which ap-
pears in several recent textbooks; it is also much easiér to prove
(contra Dieudonné [2, p. 192]). It is reasonable to argue that the
concept of homotopy in connection with Cauchy's theorem is as
extraneous as the notion of Jordan curve,

We recall that if 4 is a circuit (= “continuous, piecewise smooth,
closed curve”), and wE& C does not lie on v, then the index of w with
respect to v is Ind(y, w) =(2w4)~f, (z—w)~'dz. It is easily proved
that E= { we CI Ind(y, w) =0} contains a neighbourhood of « and
is open (see [1, p. 116]). In the following proof we give full references
to the ‘local’ properties used in order to emphasize the elementary na-
ture of the proof.

CAUCEY'S THEOREM. Let D be an open subset of C and let 7y be a
circuit in D. Suppose that v is homologous to 0 in D, i.e. each w&D
lies in the set E defined above. Then, for each f analytic on D:

(i) [yf(z)dz=0;

(i) Ind(y, w)f(w) 2mi)~f, (z—w)~Yf(2)dz for all wED not
lying on .

Proor. Consider g: DX D—C defined by g(w, 2) = (f(z) —f(w))/(s—w)
for z%w and g(w, w)=f'(w). Then g is continuous, and for each
fixed z, w—g(w, 2) is analytic [1, p. 124]. Define h:C—C by h(w)

Received by the editors January 18, 1971,

AMS 1970 subject classifications. Primary 30X01, 30A86.

Key words and phrases. Cauchy's integral theorem, Cauchy's integral formula,
residue theorem.

1 This research was supported in part by the National Research Council of Canada
(Grant No, A7171).
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=fy g(w, z)dz on D and k(w) =/, (s—w)~Yf(z)dz on E. Note that
C=DVUE by hypothesis, and that these two expressions for A(w)
are equal on DN\ E because Ind(y, w) =0 there.

Now # is differentiable on both D and E ([1, p. 123] or [3, p. 137]),
and so % is an entire function. Since the image of 7 is bounded, and
E contains a neighbourhood of «, k(w)—0 as w—>. This implies
firstly that % is constant (Liouville's theorem), and secondly that 4
is 0. Thus [y g(w, 2)dz =0 for all wE D not lying on v; and (ii) follows.
Finally, let % be some fixed point of D not lying on . Then applying
(ii) to the function 2—f(z)(2—#) in place of f, and evaluating at
w=u, we obtain (i).

REMARK. The proof goes through word for word when « is a cycle

* (see [1, p. 138]) rather than a circuit. Then, as in Ahlfors’ treatment,
the general form of the residue theorem follows immediately.
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Some Comments and Pointers About The
Written 5-hour Exam

"Analytic Functions" is a graduate course.

The exam will reflect that. The basic
theorems from undergraduate complex
analysis are assumed as known.

Plan on 5 problems:

a) 2 modest type problems (eg, state Theorem X,Y,2
or do something similar to an easy HW problem)

b) 2 harder type problems (similar to
HW problems or else utilizing some key
theorems that we proved in lecture)

c) STATE AND PROVE the Riemann Mapping Theorem.

I *will* ask (c).

It is smart to review Lectures 1--25 and note

which HW problems I assigned.

To help you study, here is a list of
topics for this written exam.
The code letters mean

A = know the statement

B know the proof

C be able to apply in problems

You will see that many topics have "B" OMITTED.
Sometimes even "C" OMITTED. Take that for what it's
worth. (Yes, I know some topics are completely

omitted on this test.)

Oh the exam, you may have a choice in one of the
problems; i.e., choose 1 of problems X1,X2,...,Xn.

NOTE: a **modified** listing will be posted
for the oral exam. -~ (BTW: schedule for the oral

exam will be decided **via email**.)

written exam topics

Sum of things like n* (-2)

Cauchy—-Goursat theorem for Rectangle

All standard Maclaurin series

Laurent Series Expansion for f(z)

Mittag-Leffler principal parts theorem

Euler's limit formula for Gamma (z)

Gamma (z) meromorphic on C, with
known simple poles

The product formula for 1/Gamma(z)

Definition of unif and abs conv for
imfinite products

Welierstrass M—-test for infinite
products

Jensen's formula

Poisson—Jensen formula

Hurwitz's theorem for nonzero

" analytic functions

Order and type of entire £ (z)

Hadamard Factorization Theorem

Maximum Modulus Principle (correct
form!) on bounded D
Schwarz's lemma (correct form!)
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Maximum Principle for harmonic and
continuous subharmonic functions
(correct form!) on bounded D
PHragmen-Lindelof Maximum Modulus
Principle for £ on bounded D
P-=L max principle for harmonic
‘and continuous subharmonic fcns on
bounded D

PéiSson»integral repr for harmonic
functions and analytic fcns. on
“a disk

Schwarz's "converse" theorem for
"Poisson integrals with given edge
- value

S&hwarz's formula for f(z) in terms
of u

Stirling's Formula for log Gamma

Définition of Normal Family
Definition of Uniform Equicontinuity
Arzela-Ascoli Theorem
Normal family criterion for
analytic functions on D
Hurwitz's Corollary for univalent
analytic functions on D

Riémann Mapping Theorem

Three forms of the Schwarz Reflec
" ‘Principle (harmonic, analytic,
univalent+analytic)
Identical Vanishing Condition for
"Tanalytic f(z)
Harnack's Inequality and Principle

Ong*+sided free boundary arcs
Analytic Jordan arcs

Conformal Invariance of Dirichlet's
“Problem, e.g. under LF maps
Solvability of Dirichlet Problem
(for bdd harmonic u) on domains
with barriers
Explicit Solution of Dirichlet Problem
on a disk
Mean—-value characterization of harmonic
functions

Green's 1lst and 2nd identities

Mean—-value property for harmonic u
" in an annulus

Conjugate differential *du

Little Picard Theorem (as in Lec 25)

SOME SAMPLE GOOD PROBLEMS
FROM AHLFORS, THIRD EDITION:

p.l66 (prob 1) p.171 (prob

p-174 (prob 4,5) p.190 (prob

p.193 (prob 3; also the similar HW prob)
(

p.197 (prob 2, corrected) p.244 (prob

A,C

A,B,C

~ 0~ ~
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QO

Q

QO
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