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Abstract

We investigate which jump-diffusion models are convexity preserving. The study of convexity preserving
models is motivated by monotonicity results for such models in the volatility and in the jump parameters. We
give a necessary condition for convexity to be preserved in several-dimensional jump-diffusion models. This
necessary condition is then used to show that, within a large class of possible models, the only convexity
preserving models are the ones with linear coefficients.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

A model for a set of stock prices is said to be convexity preserving if the price of any convex
European claim is convex as a function of the underlying stock prices at all times prior to matu-
rity. As is well known, this property is intimately connected to certain monotonicity properties of
the option price with respect to volatility and other parameters of the model. Generally speaking,
if the option price is convex at all fixed times, then it is also increasing in the volatility. This
robustness property motivates the study of convexity preserving models in finance.
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Although these issues have been studied quite extensively during the last decade, compare
[3,6,8,9,11] for the case of one-dimensional diffusion models, [2,4,10] for several-dimensional
diffusion models and [5] for one-dimensional jump-diffusion models, the general picture for
more advanced models is not yet fully understood. In [5], a sufficient condition for the preserva-
tion of convexity in one-dimensional models with jumps is provided. That condition, however,
is not a necessary condition for preservation of convexity. The main contribution of the present
paper is to give a necessary condition for convexity to be preserved in jump-diffusion models
in arbitrary dimensions. We also use this necessary condition to show that, within a large class
of possible models, the only higher-dimensional convexity preserving models are the ones with
linear coefficients.

To analyze the convexity of an option price we employ the characterization of the price as the
unique viscosity solution to a parabolic integro-differential equation

u; = Au + Bu (D

with an appropriate terminal condition. In this equation, .4 is an elliptic differential operator
associated with the continuous fluctuations of the stock price processes, whereas B is an integro-
differential operator associated with the possible jumps of the stock price processes, compare
Section 3 below. Preservation of convexity of the solution to Eq. (1) is dealt with using the
notion of locally convexity preserving (LCP) operators. This concept was introduced and ana-
lyzed in [10], and also used in [4,5]. Following these references, we show that the condition that
M = A+ B is LCP at all points is necessary for convexity to be preserved. We also show that
M is LCP if and only if both A and B are LCP, i.e.

The model is
convexity = {
preserving

M is LCP

. are LCP ,
at all points

} Both A and B
at all points

compare Theorem 4.2. Thus the characterization of LCP models breaks down into two easier
problems: (i) to describe which diffusion models are LCP, and (ii) to describe which jump struc-
tures are LCP. Problem (i) has been dealt with in [10] and [4], and problem (ii) is dealt with in
Theorem 5.1 below.

The present paper is organized as follows. In Section 2 we introduce the model and we mo-
tivate the study of convexity preserving models by means of a monotonicity result. In Section 3
we prove a technical regularity result which is used in the sequel. In Section 4 we introduce the
LCP-condition, and we show that a model is convexity preserving only if both the differential
operator A and the integro-differential operator 153 are LCP at all points. In Section 5 we investi-
gate which jump structures are LCP. This investigation is continued in Section 6 for models with
only a finite number of possible jump sizes, where we show that, within a large class of possible
models, all convexity preserving models have linear diffusion coefficients and jump structures.

2. The model and a monotonicity result

We consider a market consisting of n different stocks, the prices of which are modeled by
an n-dimensional stochastic process X (). To specify X, let W be an n-dimensional Brownian
motion, and let v be a Poisson random measure on [0, 7] x [0, 1] with intensity measure

q(dt,dz) =A(t)dtdz,
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where A is a deterministic function. Let X be a jump-diffusion satisfying the stochastic differen-
tial equation

1

dX =B(X@1—),1)dW +/¢(X(t—), 1,z)0(dt,dz).
0

Here 8 = (,Bl-j);’j:1 is an (n x n)-matrix, ¢ = (¢1, ..., ¢,) is an n-dimensional vector and v is
the compensated jump measure defined by

v(dt,dz) = (v — q)(dt,dz).

Remark. In this model, jumps occur according to a Poisson process

t 1
Y (1) :://v(dt,dz)
00

with intensity A(¢). Associated with each jump is a label z € [0, 1]. The interpretation is that a
jump of Y at time ¢ with label z results in a jump of size ¢; (X (#—), t, z) in the ith coordinate
of X. Between jumps, X follows a continuous diffusion governed by the diffusion coefficient

B(X(t), 1) and the drift — [} ¢(X (1), 1,2) dz.

We denote by R’ the space (0, 00)", and we say that a function g:R’ — R is of at most
polynomial growth if there exist constants m and C such that

g < C(1+ Ix™)

for all x € R"}.. Given a continuous pay-off function g:R’} — R of at most polynomial growth,
the price at time ¢ € [0, Tp] of an option paying g(X (Tp)) at time Ty € [0, T], is u(X (¢), t). Here
the function u : R, x [0, To] — R is given by

u(x, 1) := Ex ;8(X (To)),

where the indices indicate that X (#) = x. Note that the conditions (A1)—(A7) specified below
and the polynomial growth of g implies that all moments of X (T") are finite, compare Section 7
in [7]. Consequently, the option value u is finite.

Remark. We do not address the issue of how to choose an appropriate pricing measure, but we
rather assume that the model is specified directly under the measure used for pricing options. Also
note that there is no discounting factor in the definition of the option price. Thus we implicitly
assume, without loss of generality for our purposes, that all prices are quoted in terms of some
bond price.

We will throughout this paper work under the regularity and growth assumptions (A1)—(A7).
When specifying these, D is a positive constant and the Holder exponent « is a constant be-
tween 0 and 1.

(A1) Foralli,j=1,...,n, Bij:RT x [0, T] — Ris in C2O(R" x [0, T]).
(A2) AeCu([0,T]).
(A3) Z?zl 1Bij (x, 1)1> + | (x,2,2)|> < Dx? foralli =1,...,n.
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(A4 |B(x,1) =By, DI+ 1p(x,1,2) =Py, 1,2)| < D|x — yl.

(A5) The matrix B(x, t) is non-singular for all (x, ) e R} x [0, T].

(A6) ¢:R% x [0,T] x [0, 1] = R" is measurable, and ¢; (-,-,2) € Cg’O(R’j_ x [0, T']) with the
Holder norms being uniformly bounded in the z-variable. Moreover, for all x and ¢ we
have ¢ (x, ¢, z) # 0 for almost all z.

(A7) There exists y > —1 such that ¢; (x,¢,z) > yx; fori=1,...,n.

Definition 2.1. A model (8, A, ¢) is convexity preserving on [0, T'] if for all + and Ty with
0< 1< Ty <T, the price u(x, t) of the option with pay-off g(X(7p)) at Ty is convex in x for
any convex pay-off function g of at most polynomial growth.

The main reason for studying preservation of convexity is, as mentioned in the introduction,
that convexity implies certain monotonicity properties of the option price with respect to the
parameters of the model. The following result can be proven in a similar way as Theorem 5.1
in [5], in which the one-dimensional case is treated.

Theorem 2.2. Let two models be given with parameters (B8, ., ¢) and B, X, ), respectively.
Assume that

() A(t) < A1) forallt €[0,T];
(ii) for each fixed (x,t) € R x [0, T] we have d(x,z,1) =k(2)p(x,t,2) for some k(z) € [0, 1];
(iii) for all (x,t) € R x [0, T] we have BB* < BB* as quadratic forms (here B* denotes the
transpose of B).

Also assume that at least one of the two models is convexity preserving. Then, for any convex
contract function g of at most polynomial growth we have

ulx,t) <u(x,t)

for all (x,1) e R, x [0, Ty], where it and u are the two option prices corresponding to the two
different models.

Remark. Note that the most important special case of (ii) is when for all x, ¢ and z there exists i €
{1,...,n}suchthat¢;(x,t,2) = d;j (x,t,z) =0forall j #1 (i.e. the case when at most one com-
ponent of X and one component of X jump at each given time), and ¢; (x, ¢, z)/ (5,' (x,z,t) > 1if
bi(x,z,1) # 0. Also note that condition (iii) is the same as the one used for diffusion models in
higher dimensions, compare [4].

Since all one-dimensional diffusion models and all geometric Brownian motions (not neces-
sarily one-dimensional) are known to be convexity preserving, see [3,6,8] or [9], the following
consequence of Theorem 2.2 is immediate. It is the higher-dimensional analogue to a result in [1].

Corollary 2.3. Assume that a model (B, ,, ¢) and a convex contract function g of at most poly-
nomial growth are given. If n > 2, also assume that B is the (possibly time-dependent) diffusion
matrix of a geometric Brownian motion, i.e. B;j(x,t) = y;j(1)x; for some deterministic func-
tions y;j. Then a lower bound for the corresponding option price is given by the option price in
the model (B, 0, ¢) with no jumps.
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3. Regularity of the value function

Under weak conditions, see for example [12], the pricing function « is the unique viscosity
solution of a parabolic integro-differential equation

with terminal condition

u(x, To) = g(x).

In this equation, the operator M = A + B, where the second-order differential operator .4 and
the integro-differential operator 53 are given by
n
Aulx, 1) =Y aij(x, Ditg; (x, 1)
i,j=1
and

Bu(x,t) = A(t)/(u(x +¢(x.1,2),1) —ulx, 1) —$(x,1,2) - Vu(x, 1)) dz (3)

respectively, and a;; are the coefficients of the matrix 88* /2. Under assumptions (A1)—-(A7), u is
not merely a viscosity solution to (2), but it is also a classical solution. Indeed, we show below
that the value function u is regular. The proof has certain similarities to the proof of Theorem 3.2
in [5] in which the one-dimensional case is treated. However, for the convenience of the reader,
and since the proofs differ at some points, we include the higher-dimensional version in its full
detail.

Theorem 3.1. Assume that g € C4(R ) and that g is globally Lipschitz continuous. Then
ue CH(RL x [0, To)).
Proof. Let ¥ : Ry — R be a smooth function with " > 0 such that

K if s > 2,
w(s)z{—l/s ifs <1.

It follows from It&’s lemma that the n-dimensional stochastic process Y (¢), where
Yi(t) =¥ (Xi (1)),

satisfies

j=1

1
dY; =b;i(Y(t-),1 dt+Zﬂl] Y(t—),1) / (Y(t—),t,z) b(dt,dz)
0

on R"” x [0, T']. Here
n

~ 1
biy, ) =S¥ (v~ 00) 2BV 0).1)

j=1

+20) [0 =0 (0 o)y 0).1.2)) dz,
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Bij =" (¥ o) B (¥ (). 1),
and

G .=y (¥ O+ (¥ . 1,2)) — i,
where ¥ 1 (y) := (Y1), ..., ¥ (yx)). Now it is straightforward to check that b, B and
é together with the initial condition g(y) := g(¥~'(y)) satisfy conditions (2.2)—(2.5) in [12].

According to Theorem 3.1 in [12], the function v(y, ) := u (¥~ (y), t) is a viscosity solution of
the integro-differential equation

" 1
v + Zflijvyiyj+Z(l;i—)»/¢~),‘dz>vyi+h=0, @)
ij=1 i=1 0
v(y, To) = 8(y),
where

1
h(y,t) = A(t)/(v(y +é.0) —v(y.1))dz
0

and a;; are the coefficients of the matrix BB*/2.
Proposition 3.3 in [12] yields the estimate

oy, t) —v@, D) <C((1+ Iyt =712+ 1y — ) )

for some constant C. Together with the assumptions on ¢, this implies that & € C,(R" x
[0, ToD) N Cpo1(R" x [0, Tp]). Consequently, Theorems A.14 and A.18 in [10] ensure the exis-
tence of a unique classical solution w € Cpo1(R" x [0, Tp]) N Cg’l (R" x [0, Tp]) to Eq. (4). This
classical solution w to (4) can also be represented (through the Feynman—Kac representation
theorem) as

To
w(y,z)=Ey,t</h(Z(s),s)ds+g(Z(T0)))
t

where Z = (Z1, ..., Zy) is the continuous diffusion process given by

1 n
dZ; = (151-(2(0,;) —)L(t)/q;,- (Z(),1,2) dz) dt + ZB,-J- (z(t),t)aw;
0

j=1

and Z(¢t) = y. Since & is Lipschitz continuous in y, it follows from Lemma 3.1 in [12] that w
is Lipschitz continuous in y, uniformly in ¢. From the uniqueness result Theorem 4.1 in [12]
we deduce that v = w. Consequently, v € Cpo(R" x [0, Tp]) N Cg’] (R™ x [0, Ty]), and therefore
he Cg*O(R” x [0, Tp]). Applying Theorem A.18 in [10] to Eq. (4) once again we find that v =
w e C;“(R" x [0, To]). Transforming back to the original coordinates we get u € Cf/l(IR'jr X
[0, ToD). O

4. The LCP condition as a necessary condition for preservation of convexity

Following [10], see also [4] and [5], to investigate which models are convexity preserving we
introduce the notion of locally convexity preserving (LCP) models.
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Definition 4.1. An operator D, where D equals either M, A or B specified above, is LCP at a
point (x, 1) € R x [0, T']if for any direction v € R" \ {0} we have that
0y (Df)(x, 1) 20

for all convex functions f € Cé RN Cgol(Ri) with fyy(x) =0.

We then have the following key result.
Theorem 4.2. Consider the following statements:

(1) The model is convexity preserving.
(ii) The operator M = A+ B is LCP at all points (x,t) e R} x [0, T].
(iii) The operators A and B are both LCP at all points (x,1) e R x [0, T].

We have that (1) = (i1) < (iii).

Remark. Under a few additional growth conditions on 8, ¢ and their derivatives, it is possible to
prove also (ii) = (i), compare [5, Theorem 4.3] for the one-dimensional case. Thus, under such
additional assumptions, all three statements in Theorem 4.2 are equivalent. We do not pursue this
further since we only use LCP as a necessary condition in the analysis below.

Proof. To prove (i) = (ii) we argue as in the proof of Lemma 3.3 in [10]. Choose (xg, Tp) €
R x [0, T]and let g € C;[t RN Cgol(Ri) with g4y (x0) = 0 for some direction v. Define u to
be the solution to

Uy + MM = 0
on R’} x [0, Tp) with terminal condition u(x, Tp) = g(x). Let g € Cé (R%) be convex, Lipschitz
continuous and satisfy g = g inside a box which contains xo and all possible values of xg + ¢. It
follows that Bg = Bg in a (spatial) neighborhood of xg, so

9y (M) (x0, To) = 85 (M) (x0, To).
Now, let i be the solution to

i+ Mie=0

on R’} x [0, Tp) with terminal condition u(x, Tp) = g(x). Then, since the model is convexity pre-
serving, i is convex in x at all times ¢ prior to Ty, and in particular i1, (xg, ) = 0. Consequently,
Orilyy (x0, Tp) <0, so it follows from Theorem 3.1 that

0 < —diyy (x0, To) = —82i; (x0, To) = 9> Mii(xo, To)
= 82 (M) (x0, To) = 92 (Mg) (x0, To),

which finishes the proof of (i) = (ii).

The implication (iii) = (ii) is immediate from the definition of LCP. It remains to show that
(ii) = (iii), i.e. that if M is LCP, then both A an B are LCP. This follows from Lemmas 4.3
and 4.4 below. 0O

Lemma 4.3. Let 19 € [0, T] be given, and let f € Cg R N C;Ol(Ri) be a convex function

with fyy(x0) = 0 at some point xo and for some direction v. Then, for any € > 0 there exists
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a convex function h € Cq(RYy) N Coy (R}) with hyy(xo) = 0 such that 3;(Ah)(xo, o) = 0 and

|85(B(f — h))(x0, t0)| < €. Consequently, if M is LCP, then also B is LCP.

Proof. Let (xo, fp) € R, x [0, T'] be given, and assume that f Cé RN C§o1 (R%) is a con-

vex function with f,, (xg) = 0 for some direction v. Without loss of generality we assume that
f(xp) =0and V f(xg) = 0 (this can be done since .Af = Bf = 0 for all affine functions f ). Let
D be a constant such that for all unit directions w we have fy,,,(x) < D for all x in a neighbor-
hood of xg. Let ¢ : R", — [0, 1] be a smooth function such that

_[o ifi<l,
"’(”‘{1 if [yl >2,

and let Cy be a constant such that |¢, (y)| < Cq and |@yy (¥)| < Cq for all y € R} and all
unit directions w. Further, let v : [0, 00) — [0, 00) be a smooth and non-decreasing function
satisfying
0 for s € [0, 1/2],
Y(s) = {Ms fors €[1, 2],
3M fors >3,
where M is a constant satisfying M > 8C| D. Now, for § > 0, define the function & = W by
lx—xol/8
h(x) = f(e(8~"(x —x0))(x — x0) + x0) + 87 / ¥ (s)ds.
0

Then & is the wanted function for some § small enough. Indeed, first note that 4 is 0 if [x — x| <
8/2. Consequently, 83 (Ah)(xg, t9) = 0. Moreover, A is convex if § is small enough. To see that
83(8( f — h)) can be made small, note that

1
02(Bf)(xo, 1o) =2 / (82(f (t0 + ) — Foulx0) — 92(¢ - V£ (x0))) iz

0
1

=X / (35 (f(xo+ ) — buw - V f(x0)) dz
0

where we have used fy, (xg) =0 and f,, (xg) = O for any direction w (the latter statement fol-
lows from f;, =0 and the convexity of f). Similarly,

1

92(Bh) (xo, 10) = A / (07 (h(x0 + ) — puw - Vh(x0)) dz.
0
Thus, since V f (xg) = Vh(xo),
1

02(B(f — 1)) (ro. 10) = / 02(f (o + @) — h(xo + ) dz

0

1
:kfag(f(xo +¢) — h(xo +¢))1{Z; |p]<38) Az

0
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| $1/9
+A/35<52 /
0

W(S)dS> Liz: 1p1>381 d2
0

=1+ 1.

Here I} converges to 0 as § goes to O since ¢(x,?,z) # 0 for almost all z by (A6) and
83 (h(x + ¢))1;. |¢<3s) is bounded uniformly in § at x = xo. Similarly,

1
b= / (516100 (161/8) + 1629 (161/8)) 1 16135 =
0

1

=?»/5|¢|uu3M1{z: 16138 d2Z,
0

so it follows from (A6) that also I converges to 0. Thus, by choosing § small enough, we find
that 83 (Bh)(xo, tp) is arbitrarily close to 85 (Bf)(xo,t9). O

Lemma 4.4. Let ty € [0, T be given, and let f € C;‘ RN Cgol (R%) be a convex function with
fov(x0) = 0 at some point xg and for some direction v. Then, for any € > 0 there exists a convex
function h € C4(R"%) N Cgol (R™) with hyy(x0) = 0 such that 35 (Ah)(xo, to) = 32 (A f)(xo, to)
and |8§ (Bh)(xg, t9)| < €. Consequently, if M is LCP, then also A is LCP.

Proof. Without loss of generality, assume that f(xg) =0 and V f(x¢o) = 0. As is seen in the
proof of Theorem 5.1 below,

1

32 (Bh) (xo, t0) = /(huv(xo + @) +2¢y - Vhy(xo + ¢) + po Hh(xo + ),
0
+ ¢vo - (Vh(x0 + ¢) — Vh(x0)))dz (6)
provided A is convex and Ay, (xp) = O (here Hh denotes the Hessian of /). Thus it suffices to
find § > 0 and & satisfying & = f on {|x — xo| < §} and such that VA and Hh are small on
{lx —xo| = 3}
To do this, let C; be a constant such that f,,, < C; in a neighborhood of x( and for all unit
directions w. Let ¢ : R” — R be a smooth non-negative function satisfying 0 < ¢ < 1 such that
)1 ifx —xol <1,
p(x) = {o if |x — xo| = 2.
Further, let C» be a constant such that |, | < Cy and |@yy| < C; for all unit directions w. Let
M > 6C1C> and let ¢ : [0, 00) — [0, 00) be a smooth and non-decreasing function satisfying
0 for s € [0, 1/2),
v(s) = { Ms forse(1,2),
3M fors € (3, 0).
Now let
lx—xol/8

B (x) := f () ((x — x0)/8) + 82 / W (s)ds.
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Then h = h® is the wanted function for some § small enough. Indeed, first note that A f (xo, fo) =
Ah(xg, tg) since h = f for |x — xo| < 3. Also note that straightforward calculations yield that &
is convex if § is small enough. Moreover, i (x) = k|x — x| + b for |x — xg| > 38, where k =3M§
and b is some constant. If w is a unit vector with the same direction as ¢, i.e. if ¢ = |¢|w, then
it follows that

o1

0 +9) — i (50) = [ oo+ 5) s

0
can be made arbitrarily small (when varying §) since hy,,, is bounded inside |x — xo| < 38 (uni-
formly in §) and vanishes outside this region. Thus the last term in the right-hand side of (6) can
be made arbitrarily small.

Moreover, examining the first three terms of (6) one finds that these together form a second

derivative of &, evaluated at xo + ¢, in the direction w := v + ¢,. Now

0 < hyw(x0 + @) < klw|*/|¢]

for |¢| > 38. Since k is linear in § it follows that also the three first terms in (6) can be made
arbitrarily small when decreasing §. O

5. A characterization of LCP models

In [4] it is shown that, within a large class of models, the only differential operators of the
form A which are LCP in dimension n > 2 are the ones corresponding to geometric Brownian
motions. In that sense, there are not very many convexity preserving diffusion models in higher
dimensions. In this section we study the LCP-condition for the operator B corresponding to the
jump part of X.

Let H f denote the Hessian of a function f. The following theorem gives a precise description
of which jump structures ¢ give rise to an integro-differential operator B which is LCP.

Theorem 5.1. The operator B is LCP at a point (x, t) if and only if for all directions v € R" \ {0}
we have

1
/(fvv(x +¢)+2¢y - V(x+¢)+ P Hf (x + )
0

+ v (Vf(x+¢)—Vfx)))dz=>0 @)
for all convex functions f € Ci RN Cgol(R'jr) with fyy(x) =0.

Proof. Assume that f € C3 (R%) N Cgol (R%) is convex and that f,, =0 at x. Straightforward
calculations yield that

1

O (Bf)(x) = /(fvv(x + @) +2¢y - Vox +¢) + o Hf (x + )y

0

+ o VIO + D) = oy - V() =20y -V iy — -V frn)dz.
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From the assumption f;, = 0 at x it follows, due to the convexity of f, that Vf, =V f,, =0
at x. Thus

1

0y (Bf)(x) = /(fuu(x +¢)+2¢ - Vi(x +¢) + ¢ Hf (x + )y
0
+du - (Vfx+¢) = ViW))dz

Consequently, 55 is LCP if and only if (7) holds for all directions v € R"” \ {0} and all f €
CiR™)N cgol(m) with fou(x) =0. O

Corollary 5.2. Let (x,1) e R x [0, T]. If
1

f Gov - (VF G+ ) = V() dz>0 ®)

0

for all convex functions f € Ca4(R") N Cgol(m) and all directions v € R" \ {0}, then the opera-
tor B is LCP at (x,1).

Proof. Since f is convex, and since fy,, + 2¢, - V f,, + ¢, H f @7 is the second derivative of f in
the (v 4 ¢y)-direction, it is clear that (8) is sufficient for the LCP-condition. O

Remark. If for all i = 1, ..., n, the function ¢; is convex in x at all points (x,?,z) where
¢i(x,t,7) is positive, and ¢; is concave in x at all points (x,t,z) where ¢;(x,¢,z) is nega-
tive, then (8) is clearly satisfied. This sufficient condition for preservation of convexity was used
in [5] in a one-dimensional setting. Also note that it is possible to show that condition (8) is
strictly weaker than condition (7).

6. The case of only finitely many possible jump sizes

In this section we investigate models with only finitely many possible jump sizes at each time.
More specifically, we assume that for each fixed x and 7, the function z — ¢ (x, ¢, z) takes at
most finitely many values.

Theorem 6.1. Assume there are only finitely many jump sizes, and let (x, 1) € R" x [0, T]. Then
the following conditions are equivalent:

(i) Bis LCP at (x,1).

(ii) (7) holds for all directions v and all convex f € Cq(R%) N Cp (RY}) with fyy = 0.

(>iii) (8) holds for all directions v and all convex f € Cg RN CSOI(R’@.
Proof. In view of Theorem 5.1 and Corollary 5.2 we only need to show the implication
(ii) = (iii).

To do this, let f € Cfx1 RN C;ol (R%) be convex. Since there are only finitely many possi-
ble values of ¢, we can deform f to be flat around all possible values of x + ¢ and also in a
neighborhood of x without altering the first derivative at these points. Accordingly, the first three
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terms of the integrand in (7) vanish, whereas the last term remains unchanged, which finishes the
proof. O

Theorem 6.2. Assume there are only finitely many jump sizes and that the model is convexity
preserving. Then, for eachi =1, ..., n, the “jump volatility”

22(0) [} pF(x,1,2)dz

2
X

of the ith asset is increasing as a function of x; at each fixed time t.

Proof. Since the model is convexity preserving, it follows from Theorems 4.2 and 6.1 that in-

equality (8) holds at all points and for all convex functions f € C, 3 (R%) N Cgol (R%). Choosing

f= x,.2 in (8) gives that for all i =1, ..., n and for all directions v we have

1
/(¢i)vv¢i dz20 ©)]
0

at all points (x, ¢). Fix i and let

Vet = fol ¢i2(x,2t,z)dz'
X
Differentiating ¥ with respect to x; gives
1
it =2 [ (26,0, - o) dz.
0

Using (9) with v = e,; (here e,, denotes the ith unit coordinate vector), integration by parts,
¢; — 0 as x; — 0 and Jensen’s inequality we find

Xi

1
0<x / / (Gi)nras i dzdx;

00
1 x;
=/<xi2¢i(¢i)x,- _X?/((f)i)i dx,-) dz
0 0
1
</(x,-2¢i(¢i)x,- —xi¢,~2)dz. (10)
0

This shows that v, is non-negative, which finishes the proof. O

To the best of our knowledge, not very many models in finance have increasing volatilities.
Instead, models have typically large volatilities for small values of the underlyings. If we restrict
our attention to these typical models, we show below that preservation of convexity is a rather
special property.
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Theorem 6.3. Let n > 2. Assume that there are only finitely many possible jump sizes and that
Sforalli and j, B;j is a function merely of x; and t. Also assume that for alli =1, ..., n and for
each fixed time t the “total volatility”

B (xi 1)+ + B2 (xi, 1) +,\2(t)f01 @ (x,t,2)dz

2
A

of the ith asset is not an increasing function of x;, unless it is constant. If the model is convexity
preserving, then B;; and ¢; are linear in x; for all i and j, and ¢; does not depend on x; for
J #1. More explicitly, there exist functions y;; :[0, T] — R and y; : [0, T] x [0, 1] such that

Bij(xi, 1) = x;yij (£) (11)
and
¢i(x,1,2) =x¥i(t,2) (12)

Sfor almost all z.

Proof. Firstnote that according to Theorem 4.2 both the operators .A and B, corresponding to the
diffusion part and the jump part of X, respectively, are LCP. Now note that if the total volatility
is strictly decreasing in some interval, then either a “diffusion volatility”

/ﬁmn+m+%mm

2
X

or a “jump volatility”

22(0) [} pF(x,1,2)dz

2
X

is strictly decreasing in some interval. However, the proof of Theorem 2.3 in [4] implies that all
diffusion volatilities are increasing, and Theorem 6.2 above implies that all jump volatilities are
increasing. Consequently, all diffusion volatilities and all jump volatilities are constant in x;.

It then follows from the proof of Theorem 2.3 in [4] that all B;; are linear in x;. Moreover,
if the ith jump volatility is constant in x;, then the corresponding inequalities in (10) reduce to
equalities. Since Jensen’s inequality reduces to an equality if and only if the integrand is constant,
we find that for almost all z the function ¢; has to be linear in x;. It thus only remains to show
that ¢; does not depend on x;, j # i. To do this we fix j # i, and we plug v = ey, + sey; and
¢i = yi(x,t, z)x; into inequality (9), where s € R and X = (x1, ..., Xj—1, Xi41, ..., Xn). We find
that

1 1

1
0< [ 0@z =253 [ i, dzt 522 [yt e
0 0 0
Since this expression is non-negative for any choice of s € R, we must have
1
fmow@dzzo. (13)

0



728 E. Ekstrom, J. Tysk / J. Math. Anal. Appl. 330 (2007) 715-728

Now let x;. € R Performing similar calculations as in (10), but with v = ey;, we find that

1
0< (x —x;)zf(¢>,-(x,r,z)(¢,->x,- (. 1,2) = Gi (0, 1, 2) (@), (4. 1,2)) dz
0

1
— |xj — x| /(f/’i(x,t,Z) —¢i(x/»fv1))2dz’
0

where x’ = (x1,..., xj_l,x;-, Xji41,-..,Xy). In view of (13), the first integral vanishes. Conse-
quently, ¢; is z-almost surely constant in x;, which finishes the proof. O

Remark. Note that the models satisfying (11) and (12) are all convexity preserving. Indeed, by
explicit solution formulas,

n Do a0
1
Xi(To) = Xi(O) expi == 3 / yindi+y / yij (1) dW; 1 i (To),

j=1y i=ly
where
To 1
Ji (To) =exp —//A(I)Vi(t,z)dzdt [T TI (14 7(0)" =",
0 0 0<z<10<1<Ty

so X;(Tp) is linear in the starting value X;(0). Consequently,
u(x,0) = Ey 0g(X (To))

is convex in X (0) provided g is convex.
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