THE BLACK-SCHOLES EQUATION IN STOCHASTIC
VOLATILITY MODELS
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ABSTRACT. We study the Black-Scholes equation in stochastic volatility
models. In particular, we show that the option price is the unique classi-
cal solution to a parabolic differential equation with a certain boundary
behaviour for vanishing values of the volatility. If the boundary is at-
tainable, then this boundary behaviour serves as a boundary condition
and guarantees uniqueness in appropriate function spaces. On the other
hand, if the boundary is non-attainable, then the boundary behaviour
is not needed to guarantee uniqueness, but is nevertheless very useful
for instance from a numerical perspective.

1. INTRODUCTION

In financial mathematics there are two main approaches to the calculation
of option prices. Either the price of an option is viewed as a risk-neutral
expected value, or it is obtained by solving the Black-Scholes partial differ-
ential equation. The connection between these approaches is furnished by
the classical Feynman-Kac theorem, which states that a classical solution
to a linear parabolic PDE has a stochastic representation in terms of an ex-
pected value. In the standard Black-Scholes model, a standard logarithmic
change of variables transforms the Black-Scholes equation into an equation
with constant coefficients. Since such an equation is covered by standard
PDE theory, the existence of a unique classical solution is guaranteed. Con-
sequently, the option price given by the risk-neutral expected value is the
unique classical solution to the Black-Scholes equation. However, in many
situations outside the standard Black-Scholes setting, the pricing equation
has degenerate, or too fast growing, coefficients and standard PDE theory
does not apply. Examples include

i) local volatility models with an unbounded volatility for small stock
values such as the CEV-model,
ii) one-factor models for the short rate where the volatility is non-
Lipschitz at 0 such as the CIR-model,
iii) models for bubbles such as the CEV-model with unbounded volatil-
ity at infinity, and
iv) stochastic volatility models such as the Heston model.
In these cases, the existence of solutions to the pricing PDE does not follow
from classical theory. Instead, additional analysis is needed if one wants
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to prove the correspondence between the stochastic representation and the
pricing PDE. A treatment of these problems when the boundary of the state
space is not hit can be found in [10]. In the setting of that article boundary
conditions are mathematically redundant, and are therefore not discussed.
However, the knowledge of the boundary behaviour is crucial when using
numerical methods to calculate option prices even if these conditions are
redundant from a strict mathematical point of view. Indeed, in [5], boundary
conditions for several pricing PDEs are discussed. That reference even has
a section entitled ”"The thorny issue of boundary conditions” for equations
of the type under consideration in this article. Furthermore, in many cases
of practical importance, the boundary of the state space is reached with
positive probability, and boundary conditions are then both theoretically
needed and numerically useful. To simplify the terminology, we will speak
of boundary conditions rather than boundary behaviour, even when these
are redundant from a mathematical viewpoint.

Existing literature has treated boundary conditions for the pricing equa-
tions in cases i)-iii) above. Indeed, in [13], the connection between the option
price given as a risk-neutral expected value and the corresponding Black-
Scholes equation is made precise for options on several underlying assets
in a local volatility model with absorbing boundary conditions. In particu-
lar, it is shown that the option price is the unique classical solution to the
Black-Scholes equation with boundary conditions given by a certain itera-
tive procedure. A similar study is performed for the term structure equation
in [7] and [6]. It is shown that the option price in a one-factor model for
the short rate r is the unique classical solution to the corresponding pric-
ing equation with boundary conditions given by formally plugging » = 0
into the equation. Recently, in [8], the authors studied the one-dimensional
Black-Scholes equation in local volatility models with unbounded volatilities
at infinity, i.e the kind of models that have been suggested for the modeling
of bubbles, see [4], [12], [14] and [15]. In that case, uniqueness of solutions
is lost for general contracts, but it is shown that the stochastic representa-
tion formula is the unique solution to the Black-Scholes PDE in the class of
contracts of strictly sublinear growth.

The purpose of the present paper is to provide the precise connection
between the risk-neutral expected value and the pricing PDE with appro-
priate boundary conditions for stochastic volatility models, thus extending
the one-dimensional results in [7] to a setting with two spatial dimensions.
Mathematically, the main difficulty is to study the behaviour of the option
price for vanishing values of the volatility parameter, and to show that the
option price given by the stochastic representation indeed satisfies the stated
boundary conditions. Our treatment does not distinguish between models
where the boundary of the state space is hit and models where the boundary
is not hit. There is therefore no single change of variables that transforms
the equation to a parabolic equation in standard form. Using our approach,
we obtain boundary conditions that are applicable for all models.

Although there is an extensive literature on equations with degenerating
coefficients, compare the classical reference [18], not even C'! regularity of the
pricing function is available in the generality that is needed here. In fact, in
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an example in [12] a term structure equation with degenerating coefficients
is considered, similar to the equations studied here. Two different solutions
to the equation are provided, one of which is bounded and continuous but
fails to be continuously differentiable up to the boundary, whereas the second
solution satisfies the appropriate boundary conditions. The authors consider
these different solutions as alternative prices. We, however, take the point of
view that only the solution corresponding to the stochastic representation
is the actual price and our boundary conditions single out the stochastic
representation among all possible solutions to the pricing PDE.

In addition to the complications at the boundary at which the volatility
parameter vanishes, the pricing equation in stochastic volatility models falls
outside the standard classes of parabolic equations since the volatility of
the stock price is unbounded. Indeed, the instantaneous variance is now
an underlying state variable, so the diffusion coefficients grow faster than
quadratically at infinity. This situation resembles the one with bubbles
treated in [8], and uniqueness of solutions may be lost for general contracts.
We specify classes of functions for which uniqueness of solutions are proven
using maximum principle arguments.

The remainder of the paper is organised as follows. In Section 2 we
introduce the model and present our main theorem that states that the
option price, given as the risk-neutral expected value of the terminal pay-
off, is a classical solution to the corresponding pricing PDE. This result is
proved in detail in Sections 3-5 using a mix of analytic and probabilistic
arguments. Finally, in Section 6, uniqueness results for the pricing PDE are
provided.

2. STOCHASTIC VOLATILITY MODELS AND THE MAIN RESULT

We assume that the stock price process X is specified under the pricing
measure as

(1) dXi = /Y1 Xy dW7,
where the variance process Y satisfies
(2) dY; = (V) dt + o(Yy) dWh.

Here W7 and W5 are two standard Brownian motions with constant correla-
tion p € (—1,1), and 8 and o are given functions specified so that Y remains
non-negative at all times. Given a pay-off function g : [0,00) — R, the price
at time t of a European option that at time 7" pays g(Xr) is u(Xy, Y, t),
where

(3) U(CC, Y, t) = Ex,y,tg(XT)‘

In (3), the subindices indicate that the processes X and Y should be started
at time ¢ at the values x and y, respectively. The corresponding Black-
Scholes equation is given by

(4) u +Lu=0
where
1, ? 0?2 o?(y) 02 0
L= Sy @*‘PU(ZJ)\/@xaxayﬂL 5 @‘Fﬁ(y)afy,



4 ERIK EKSTROM AND JOHAN TYSK

with terminal condition w(z,y,T) = g(x). Throughout the article, the fol-
lowing hypothesis is assumed to hold unless otherwise stated.

Hypothesis 2.1. The drift satisfies 3 € C'([0,00)) with a Hélder(c) con-
tinuous derivative for some «, and $(0) > 0. The volatility o : [0,00) —
[0,00) satisfies 0(0) = 0 and o(y) > 0 for all y > 0, and the function
o2(y) is continuously differentiable on [0,00) with a Hélder(a) continuous
derivative. The growth condition

(5) 1By)| +0o(y) <C(1+y)

holds for all y > 0, where C' is a constant. The pay-off function g is bounded
and is twice continuously differentiable on [0,00). Moreover, xg'(x) and
22¢"(x) are bounded.

Remark Note that the conditions on ¢ and ¢ guarantee a unique strong
solution to (2). This solution stays non-negative automatically, i.e. there
is no need to specify any boundary behaviour of Y at the boundary y = 0.
Moreover, the stock price process in (1) has the explicit solution

1 (T T
(6) XT:a:exp{—Q/ sts—i—/ \/YSdVVl}.
¢ t
Thus
(7) XT :LL‘HT,

where Hp := exp {—% ftT Y, ds + ftT VY dWl} is independent of the initial
state x.

Remark For ease of exposition, the model is specified with a zero interest
rate and with time-homogeneous coefficients § and ¢. Generalisations to a
deterministic interest rate and time-dependent coefficients are straightfor-
ward.

Definition 2.2. A continuous function v : [0,00)?x[0,T] — R is a classical
solution to the pricing equation if v € C*%1((0,00)%x [0, T))NC*11((0, 00) x
[0,00) x [0,T)), with

ve(z,y,t) + Lo(z,y,t) =0 if (x,y,t) € (0,00)2 x [0,T)

v(0,y,t) = 9(0) for (y,t) € 10,00) x [0, T]
v(2,0,t) + B(0)vy(x,0,t) =0 for (x,t) € (0,00) x [0,T)
U(l’,y,T) = g(x) for (l’,y) (0 00)2

Remark In accordance with the discussion in the introduction, boundary
conditions are included in the notion of a classical solution regardless if the
boundary can be hit or not. The boundary condition at x = 0 corresponds
to the fact that if X; is small, then also X7 is likely to be small, compare
(7). The boundary condition at y = 0 is obtained by formally plugging in
y = 0 into (4). This boundary condition is also specified for the particular
case of the Heston model in [11] and Chapter 22.4 in [5], but without further
discussion under what conditions it holds.

We next present our main result concerning existence of solutions to the
pricing equation.
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Theorem 2.3. Assume that Hypothesis 2.1 holds. Then the option price u
defined in (3) above is a classical solution to the pricing equation.

Remark Theorem 2.3 is formulated for a rather general setting covering
most models for the volatility process Y that are used in practice. Examples
of commonly used models covered by Hypothesis 2.1 include the Heston
model, in which the variance process satisfies

dY; = (b — aY;) dt + o\/Y; dWs
(see [11]), and the Garch(1,1) model
dY; = (b—aY;) dt + oY, dWs,

where a and b are positive constants. Clearly, Hypothesis 2.1 also cov-
ers a whole range of other interesting models that may lack the analytical
tractability of the Heston model, but that can be treated numerically thanks
to Theorem 2.3.

The regularity condition imposed on the pay-off function ¢ may seem
restrictive. Note, however, that if equation (4) has a regularising effect,
then the methods below together with the Markov property would yield an
extension of Theorem 2.3 to irregular pay-off functions. We believe that
(4) should have a sufficient regularising effect if 3(0) > 0. We also conjec-
ture that Theorem 2.3 holds for contracts of linear growth. However, the
extension to irregular contracts and to contracts of linear growth seem to
entail many technical difficulties. Since the price of a linear contract can be
approximated arbitrarily well on compact sets with prices of bounded and
regular contracts, this investigation is not carried out.

The proof of Theorem 2.3 is carried out in several steps in Sections 3-5
below.

3. CONTINUITY AND INTERIOR REGULARITY

2

Proposition 3.1. The option price u(z,y,t) is continuous on [0,00)% x

[0, 7).

Proof. Note that by time-homogeneity, the dependence in w on time is only
through the time 7" — ¢ left to maturity. Let (x,,yn,T,) be a sequence of
points converging to (z,y,T) where the last coordinate denotes time left to
maturity, and let X™ and Y be defined by

dXp =Y X7 dW,y
Xy =z

and

A = BY) di + o (V) dWs

1/0“ = YUn,
respectively. Moreover, let X and Y be defined accordingly with Xy = =
and Yy = y. It follows from Theorem 2.4 in [3] that

E| sup [V -V

0<t<T+d

— 0
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as n — oo (here 6 > 0 is such that 7,, < T + 0). Consequently,

T, T 2 2 T
E[ Yt"dt—/ Ytdt} + 2F {/ Ytdt}
0 0 n

as n — oo. Similarly,

E UOT”\/ﬁth—/OT\/?tthr
2F [/OT"\/W—\/?tthrHE [/f\/?tdwtr

Tn T
2 E\Yt"—Y;]dt+2/ EY;dt — 0
0 Ty

T, 2

< QE[ Yt”—Ytdt}
0

— 0

IN

IN

as n — oo. In view of (6) above, it follows that X7 converges to Xr
in probability. Thus Ey, 4, 09(X} ) — Eryo09(XT) as n — oo since g is
bounded, so u is continuous. O

Proposition 3.2. The option price u is in C**1((0,00)% x [0,T)), and it
satisfies ug + Lu = 0 at all points (z,y,t) € (0,00)% x [0,T).

Proof. The result follows from the continuity of u by a standard argument
as shown below. Let (z,y,t) € (0,00)2 x [0,T), and let R = (z1,72) X
(y1,y2) x (0,T) be a rectangle which contains (z,y,t). Since u is continuous
by Proposition 3.1, it follows from parabolic theory that there is a unique
solution f(x,y,t) to the boundary value problem

fi+Lf=0 for (z,y,t) eR
f=u for (x,y,t) € AR,

where 9yR = IR \ (x1,22) X (y1,y2) x {0} is the parabolic boundary of R.
The Ito formula shows that the process Zs = f(Xs, Ys, s) is a martingale on
[t, 7r), where
R =inf{s >t: (X, Ys,s) ¢ R}.
Thus
f(xa Y, t) =2t = Ez,y,tZT/\TR = E:c,y,tu(XT/\TR7 YT/\’T"R7 T A TR) = u(m, Y, t)
by the strong Markov property. Consequently, © = f on R, so u is in

C?*%1(R) and satisfies u; + Lu = 0 in R. Since the initial point (x,y,t) was
arbitrary, the result follows. O

The boundary conditions at t = T" and x = 0 follow from the continuity of
u. It therefore only remains to study the boundary behavior at y = 0. To do
this, we first derive extra regularity of the value function at this boundary.

4. REGULARITY AT THE BOUNDARY y =0

In this section we use an approximation procedure to show that the deriv-
ative u, is continuous up to the boundary y = 0. Note that the coefficients
of X and Y are not differentiable with respect to the y-variable, so the
theory for differentiating stochastic flows is not directly applicable, see for
example §8, Chapter 2, Part 2 in [9]. Instead, we take the approach of first
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formally differentiating the pricing equation, which in fact has differentiable
coefficients, and then we consider the stochastic representation of the differ-
entiated equation. This stochastic representation is finally shown to agree
with the derivative u,, see Proposition 4.2 below.

If one formally differentiates the pricing equation (4) with respect to y
one obtains the equation

(8 v + Lo+ éxzum =0,
where
(A) 5 07 0% o?(y) 9 o 5 .0
c a PR ON o 5 2 a—y2+p&(y)w%+ﬂ(y)8fy+ﬂ’(y),
0
(10) a(y) = ((Téyy)\/@
and
. 1 002
(1) B0) = B) + 55-(0).

Moreover, since the terminal condition for u does not depend on ¥, the ter-
minal condition of the derivative should be 0. We next define a function v to
be the stochastic representation of the equation (8) with terminal condition
0. More precisely, let X and Y satisfy

dX; = pa(Yy) Xy dt +\/ Vi X, dWy
and
(12) dY; = B(V) dt + o(Y;) dWs,
respectively, and define the function v : [0, 00)? x [0, T] by

1 T s g . L
(13) U(I,y,t) = §Ea:,y,t |:/ eft A (Yu)dquuzx(Xs,}/s, S) ds
t

Here the indices indicate that Xt =z and ?} =q.

Remark The pathwise uniqueness of solutions to (12) follows from [2] and
Corollary IX.3.4 in [19].

Proposition 4.1. The function v defined in (13) above is continuous on
[0,00)2 x [0,T].

Proof. Using the notation of equation (7), we have
Uy (2,y,t) = 2°E [H}¢"(xHr)| = E [X7.9"(X71)] .

Since the function x?¢”(z) is bounded by assumption, it follows that also
22Uy (z,y,t) is bounded, and it is continuous by a similar argument as in
the proof of Proposition 3.1. As a consequence, the function

(2,,1) > By [l 7000 K20, (X, Y, 5)]

is of a similar type as the option price u in (3), so continuity again follows
by the same argument as before. O
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Proposition 4.2. We have u, = v. Consequently, u, is continuous on
(0,00) x [0,00) x [0,T).

Proof. First let f,, € C°°(]0,00)) be a smooth approximation of the func-
tion f(y) = /y such that 1/n < f,(y) < n, fu(y) is increasing in y, f2is
Lipschitz continuous uniformly in n, and such that f,, — f uniformly on
compacts as n — oco. Moreover, let 0, € C*°(]0,00)) be a smooth approxi-
mation of the function o(y) such that o,(y) <y for y € [0,1/n) and 0,, — o
uniformly on compacts. Define Y, X™ and u" by

dyy" = p(Y/") dt + on(Y{") dWs,
dX{ = fr (/") X] dW,
and
(14) un(‘rv Y, t) = ELy,tg(X%)?

respectively. Now consider the parabolic equation

n 2, n 2, n 0—2 2, n n
s | IR ot + G+ 5% =0
u(z,y,T) = g(x).

If one rewrites this equation in the logarithmic variables Inz and Iny, then
one obtains a uniformly parabolic equation with smooth and bounded dif-
fusion and drift coefficients. From standard parabolic theory it is known
that such an equation has a unique bounded classical solution, and it fol-
lows from the Feynman-Kac theorem that the unique solution is given by
u" defined in (14). In addition, it follows from standard parabolic theory
that u™ € C°°((0,00)% x [0,7)) N C*%1((0,00)? x [0,T)).
Moreover,

Epye | sup |V _YS’z

s€[t,T)

—0

as n — oo by Theorem 2.5 in [3], so

T T
Boge | 1RO =Yl ds < Bage [ 7200 = £2(¥0)] ds
t t

T
+Ex,y,t/ ‘erL(Y:S) —Y}| ds — 0
¢

as n — oo since f2 is Lipschitz continuous uniformly in n, and similarly

/tT (fn(Ys") - \/75> dW 2 = Byt /tT

Consequently, X7 — Xr in probability, so u™(z,y,t) — u(x,y,t) at all
points (z,y,t) € (0,00)2 x [0,T]. Therefore, by interior Schauder estimates,
uy (2,y,t) — uy(x,y,t) at all interior points.

Next, since u™ is a smooth solution to (15), straightforward differentiation
and standard estimates show that

2
E%%t ds — 0.

fn(Y;") - \/?s

n

ou
Un(xa Y, t) = aiy($’ Y, t)
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is a bounded solution to

{ o 4 L™ 4 %’yn(y)ﬁugm =0

(16) Un(xvyaT) =0,

where

no_ 1 2 2872 s a%(y)i?

a0 - 0

o) = 200

~ 0'2
Bulw) = Bl + 5 272

and

2
(y) = 2

Equation (16) is, after a logarithmic change of variables, covered by standard
parabolic theory and has a unique bounded classical solution. Thus the
Feynman-Kac theorem applies, so v™ has a stochastic representation

T .
’Un(g;7 Y, t) = %Erl:,y,t |:/ efts B (V) du,yn(i/'sn)()zg)QuZx<Xg7 )A/'sn, 3) ds
t
for some processes X" and Y™ Using the stability results of [3] and the
same reasoning as in the proofs of Propositions 3.1 and 4.1, it follows that
vp — v as n — oo for all points (z,y,t) € [0,00)% x [0,T]. Consequently,
uy = v at all interior points. Since v is continuous up to the boundary y = 0,
it is easy to check that so is u,. O

5. ESTIMATES OF THE SECOND SPATIAL DERIVATIVES

Since the function v defined in (13) is continuous by Proposition 4.1, it
follows by the methods used in the proof of Proposition 3.2 that v indeed
solves the differentiated equation

A 1
v+ Lo+ §x2um =0

on (0,00) x (0,00) x [0,T), where £ is as in (9). In this section we use a
scaling argument to show that o?(y)vy(z,y,t) — 0 and o\/yv.(z,y,t) — 0
asy — 0.

Proposition 5.1. The function v = uy satisfies

17 li 2o (z,y,t) =0
(a7) (e t)—(w0.04) v(@ 1)

and

18 lim ov/Yvg(x,y,t) =0
( ) (Iﬁyut)*(wo,O,to) \//!j ( y )
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for any ty € [0,T) and any positive xo. Consequently, Proposition 4.2 gives
that
lim 2wy, (z,y,t) =0 and lim O~/YUgy(x,y,t) = 0.
(@.9,6)—(20.0.t0) w(@ 1) w000 " VY (@3 1)

Remark Note that Proposition 5.1 shows that the two terms %02uyy and
po\/yTusy, in the Black-Scholes equation (4) approach zero close to the
boundary y = 0. In addition to this, recall from the proof of Proposition 4.1
that the function J:QUM(JJ,y,t) is bounded, so also the term %ywzum van-
ishes near y = 0. Consequently, it follows that

(19) lim (u(, y,t) + Bz, y, )uy(z,y,t)) = 0.
(x,y,t)—>(a:0,07t0)

Proof. Let {(zn,Yn,tn)}22y C (0,00) x (0,00) x [0,T) be a sequence of
points converging to (xo,0,%p), where ¢ty € [0,7") and zp > 0. Define new
coordinates (7,7, s) by letting T = k(x — x¢), ¥ = my and s = m(t — tp),
where k and m are specified more precisely below. Then the function w
defined by

w(T,Y,s) = v(z,y,1)
satisfies

2 —
(20) w50+ /)% 0 + pr(L) il + /)=
30Dy + pi /) (o + F/K) ~ws + g/ m)wg + 5 (5/m) -
where @ and 3 are as in (10) and (11), respectively. Now consider a box
R = R™ which contains the point (xy,yn,tn), and is such that m can be
chosen so that
1< o?(y)ym <2

in R. Since o%(y) by assumption is continuously differentiable up to the
boundary, the region R in (7,7, s)-coordinates does not collapse as n — oo,
but it can rather be chosen to consist of a box of fixed size (the location of
the box is not necessarily fixed though). In this box, the coefficients of the
equation (20) satisfy

<

21 1<o?(ZYm <2
and

2k2
22 1<yri— <2
( ) SYro 5 =

if k is chosen appropriately. Since w(Z,7y,s) = v(x,y,t) we have that w
converges to the constant v(zo,0,ty) = uy(xo, 0, %) uniformly on R as n —
oo. Therefore, by interior Schauder estimates, wy tends to 0 as n — oo.
Since

o2 (Y vy(z,y,t) = 0'2(%)171,’[0?(?, 7, $),

and since o%(£)m is bounded on R, equation (17) follows. Similarly, to
prove (18), interior estimates show that wz tends to 0 as n — oo, so
] k
W)V, 0) = 0 ()T a(@,3,5) = 0
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by (21) and (22). O

To show that the boundary condition u;+3u, = 0 also holds at the bound-
ary, i.e. not merely in the limit as in (19), we need to show that w(x,0,t)
exists and that wus(x,0,t) = —B(0)uy(x,0,t). Since u, is continuous up to
the boundary, we have

u(z,0,t+ h) —u(x,0,t)

ut(‘T’O?t) = %E% h
2 _ 2 2
_ }Lir%u(x,h ,t+h) z;l(x,h 1) + O(h?)

= flLir% u(z, h?,t + &) + O(h),

for some £ € (0, h) by the mean value theorem. Since u; approaches —fu,
at the boundary, this finishes the proof of Theorem 2.3.

6. UNIQUENESS RESULTS

In this section we discuss uniqueness results for the pricing equation in the
case of pay-off functions of at most linear growth. In fact, higher moments
do not exist in general for these models, see [1], so superlinear contracts may
have infinite prices. One should note that some care needs to be taken since
uniqueness does not hold even for general linear contracts, compare [16] and
the example below.

Example Assume that the variance process is given by
dYy = oYy dWs,

and that the correlation p is positive. Then the stock price X is a strict
local martingale, see [20] or [17], so the stock option price satisfies

(23) U(ZL‘, Y, t) = E:E,y,tXT <z

On the other hand, the function u = x is also a classical solution to the
corresponding Black-Scholes equation, so there are multiple solutions. (To
be precise, the function w in (23) is not formally covered by Theorem 2.3
since the pay-off function g(x) = z is unbounded. Nevertheless, this example
strongly indicates that uniqueness is lost for linear contracts.)

Theorem 6.1. There is at most one classical solution to the pricing equa-
tion which is of strictly sublinear growth in x and polynomial in y.

Remark More explicitly, the growth assumption in Theorem 6.1 means
that the solution v satisfies

(24) lv(z,y,t)] < C(1+ e+ y™)

for some constants C, m > 0 and € > 0. The boundedness of g and its
derivatives assumed in Hypothesis 2.1 is not needed for Theorem 6.1, but we
rather assume the pay-off function to be continuous and of strictly sublinear
growth.

Proof. Assume that a function v is a classical solution to the pricing equation
with g = 0, and that v is of strictly sublinear growth in x and polynomial
growth in y. For simplicity, we reverse the time by a change of variable
t — T —t, so vy = Lv with an initial condition v(x,y,0) = 0.
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Let h(z,y) = (1+2+y™T!), where m is as in (24). In view of the growth
condition (5), we can find a large constant M so that

m(m; Do (y)ym1 + mB(y)y™ = £h

on (0,00)? x [0,T]. For € > 0, define the function v¢ : [0,00)% x [0,T] — R
by

(25) Mh >

v (x,y,t) = v(x,y,t) + e bz, y).
Then
vf — Lv¢ = eeMY(Mh — Lh) >0

at all interior points. Let
= {(z,y,t) : v(z,y,t) <0},
and note that I' is a bounded set. Assume that I # (), and define
to =inf{t > 0: (z,y,t) € T for some (z,y) € [0,00)*}.

Since T is compact, there exists a point (g, %o, to) with (zo,yo,t0) € T, and
by continuity it follows that v = 0 at that point. Therefore, {5 > 0 and
xg > 0. First assume that yg = 0. Then, by the definition of ¢y, we have

v (20, Yo, o) <0
and

vy (o, Yo, to) > 0.
Since (3(0) is non-negative, it follows that

0 > vf (20, Yo, to) — B(0)v5, (o, o, to) = e’ (M + May) > 0.

This contradiction shows that yo > 0, so (xg,yo,t0) has to be an interior
point. However, at such a point we have vy <0, v; =0, vz, > 0 and vy, >0
since (xg, Yo, to) is a local minimum. Consequently,

0> vf — Lo° = eeM(Mh — Lh) >0

by (25). This contradiction yields that I' = (). Since ¢ > 0 is arbitrary, it
follows that v > 0. The same argument applied to —v shows that v = 0,
which finishes the proof. U

Theorem 6.2. Assume that p < 0 or that o(y) < C(1 +y7) for all y and
some constants C,y < 1/2. Then there is at most one classical solution to
the pricing equation in the class of functions that are at most linear in x
and polynomial in y.

Proof. Assume that v is a classical solution to the pricing equation with
terminal condition g = 0. Let h(z,y) = (1 + zlnx + 2y +y™ "), where m
is large so that
v(z,y,t) < D1 +x+y™)
for some D. It is straightforward to check that one can find a constant M
large so that
Mh > Lh

at all interior points and
Mh > Bh,
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for y = 0. The proof can then be finished along the same lines as the proof

above.
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