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Abstract

The ability to analyse, interpret and make inferences about evolving dynamical
systems is of great importance in different areas of the world we live in today.
Various examples include the control of engineering systems, data assimilation in
meteorology, volatility estimation in financial markets, computer vision and vehicle
tracking. In general, the dynamical systems are not directly observable, quite often
only partial information, which is deteriorated by the presence noise, is available.
This naturally leads us to the area of stochastic filtering, which is defined as the
estimation of dynamical systems whose trajectory is modelled by a stochastic process
called the signal, given the information accumulated from its partial observation.

A massive scientific and computational effort is dedicated to the development of
various tools for approximating the solution of the filtering problem. Classical PDE
methods can be successful, particularly if the state space has low dimensions (one to
three). In higher dimensions (up to ten), a class of numerical methods called particle
filters have proved the most successful methods to-date. These methods produce
approximations of the posterior distribution of the current state of the signal by
using the empirical distribution of a cloud of particles that explore the signal’s state
space.

In this thesis, we discuss a more general class of numerical methods which involve
generalised particles, that is, particles that evolve through spaces larger than the
signal’s state space. Such generalised particles include Gaussian mixtures, wavelets,
orthonormal polynomials, and finite elements in addition to the classical particle
methods. This thesis contains a rigorous analysis of the approximation of the so-
lution of the filtering problem using Gaussian mixtures. In particular we deduce
the L2-convergence rate and obtain the central limit theorem for the approximating
system. Finally, the filtering model associated to the Navier-Stokes equation will be

discussed as an example.
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Notations

(Q, F,P) - probability triple consisting of a sample space €2, the o-algebra F

which is the set of all measurable events, an the probability measure P.

(Fi)i>0 - a filtration, an increasing family of sub-c-algebras of F; F, C Fi,
0<s<t.

R? - the d-dimensional Euclidean space.

R¢ - the one-point compactification of R? formed by adding a single point at
infinity to R

(S,B(S)) - the state space of the signal. Normally S is taken as a complete
separable space, and B(S) is the associated Borel o-algebra, that is, the o-

algebra generated by the open sets in S.

B(S) - the space of bounded B(S)-measurable functions from S to R.
P (S) - the family of Borel probability measures on space S.

Cy(R?) - the space of bounded continuous functions on R?.

Cm(RY) - the space of bounded continuous functions on R? with bounded

derivatives up to order m.

Ci(R?) - the space of continuous functions on R, vanishing at infinity with

continuous partial derivatives up to order m.

| - |o - the supremum norm for ¢ : R* — R: ||¢]lco = Sup,era [|l¢(@)]-
| || m.00 - the norm such that for ¢ on RY, ||¢]/m.c0 = D la<m SWqerd [ Datp ()],
where a = (a!,...,a%) is a multi-index and D, = (9;)* - -+ (94)*.



Mp(R?) - the set of finite measures on R
Mp(R9) - the set of finite measures on RY.

D pt,pway[0,T] - the space of cadlag functions (or right continuous functions
with left limits) f : [0, 7] — Mp(R9).

D pt,may[0,00) - the space of cadlag functions (or right continuous functions
with left limits) f : [0, 00) — Mp(R?).
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Chapter 1

Introduction

1.1 Preamble

The ability to analyse, manipulate, and interpret data is of crucial and increasing
importance nowadays. The scope of the related areas is huge and includes satellite
positioning, communications, finance and econometrics, etc (see, for example, [32]
and [8]). We are, however, rarely able to fully and directly observe many of these
phenomena and data which are crucial to our lives; it is often the case that only
partial information about the phenomena is available. It is therefore important to
know what analysis one can do and what conclusions one can make about the data,

or the signal, from its partial observation which is perturbed by noises.

Stochastic filtering is an area which enables us to deal with and solve this type
of problem. Generally speaking, stochastic filtering deals with the estimation of an
evolving dynamical system, called the signal, using some partial observations and a
stochastic model. The signal is modelled by a stochastic process, usually denoted
by X = {X;, t > 0}, defined on a generic probability space (2, F,P), where ¢ is
the temporal parameter. As mentioned above, the signal process is not available
to observe directly; instead, a partial observation is obtained and it is modelled by
another continuous process Y = {Y;, ¢t > 0}. Therefore, the aims of the filtering
problem is to make inferences about the process X using the information obtained

from recording the process Y.
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The original signal cannot be observed or measured fully partly because of the
presence of noise. Thus we can define the observation process as a function of the
signal X and the (measurement) noise, which is modelled by another stochastic
process W = {W;, t > 0}, that is:

Y, = f(X,W,), te]0,00).

The information available from the observation up to time t is defined as the filtration
Y ={),, t >0} generated by the observation process Y, that is:

V=0, s€[0t]), t=0.

Given all these settings, many possible inferences can be made about the signal

process X. For example:

e The best estimate X; of the value of the signal at time ¢ given the observation
up to time t. If we mean the best estimate, for example, as the best mean square
estimate, it is equivalent to compute E[X; | )}], the conditional expectation

of X, given ).

e The estimate of the difference X, — Xt given the observation up to time t. In
the case the signal is real-valued, one may wish to compute the conditional
variance

E[(X: — X,)* | Y] = EIX] | Y] - E[X; | V)*.

e The probability that the signal at time ¢ can be found within a certain set A

given the observation up to time ¢, which means computing

P(X: € A[ 1) = E[lixeay | Vi),
the conditional probability of {X; € A} given ).

One can see that all the above inferences require the computation of one or more
quantities of the form E[p(X;) | V], where ¢ is a real-valued function defined on the
state space of the signal. Furthermore, instead of the fragments of information about
X; obtained from the above quantities, we would like to know all the information

about X; which is contained in ). That means that, we want to compute 7, — the
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conditional distribution of X; given );. This m; is defined as a probability measure-

valued random variable measurable with respect to ); so that

m(e) = Elp(X) | 9] = [ pl@ym(dz) (L)

S

for all statistics ¢ for which both sides of (1.1) make sense and S is the state space
of the signal. It follows that knowing m; will enable us, at least theoretically, to
compute any inference of X; given ) if we integrate function ¢ with respect to m;.
It is well known (see, for example, [64], [65], [66], [71]) that, when X; and Y; are
both diffusion processes, m; is the solution of the Kushner-Stratonovich equation and
its unnormalised version satisfies the Zaka: equation. Both equations are stochastic
partial differential equations, and the corresponding stochastic integral parts are

martingales under certain conditions (details in Chapter 2).

1.2 Overview

Since the analytical solutions to both the Zakai and the Kushner-Stratonovich equa-
tions are rarely available, numerical algorithms for solving the filtering equations are
required. This thesis is therefore devoted to obtaining numerical approximations of

the filtering equations in the continuous time setting.

Among the existing numerical methods for solving the filtering problem, particle
filters (also known as sequential Monte Carlo method) are among the most popular

ones. Essentially, particle filters are algorithms that approximate m, with discrete

Z a; (t) O, (>

i

random measures of the form

where 6, () is the Dirac delta measure centred at v;(t). In other words, we compute
the empirical distributions associated with sets of randomly located particles with
weights aq(t), as(t), ..., and positions vi(t),vs(t),.... As time increases, typically
the trajectories of a large number of particles diverge from the signal’s trajectory;
with only a small number remaining close to the signal. The weights of the diverg-
ing particles decrease rapidly, therefore contributing very little to the approximating

system, and causing the approximation to converge very slowly to the conditional
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distribution. In order to tackle this so-called sample degeneracy phenomenon, a cor-
rection procedure is added. At correction times, each particle is replaced by a random
number of offspring. Redundant particles are abandoned and only the particles con-
tributing significantly to the system (i.e. with large weights) are carried forward,;
so that the most probable region of the trajectory of the signal process X will be
more thoroughly explored. This correction mechanism is also called branching or
resampling. Currently the tree based branching algorithm (TBBA) and multinomial

branching algorithm are two approaches for the correction step.

The introduction of particle methods (or sequential Monte Carlo methods) in
solving the filtering problem dates back to 1960’s by Handschin and Mayne ([40]),
and Akashi and Kumamoto ([1]). In the mid 1990’s, several particle filtering algo-
rithms were proposed by various people. See, for example, Gordon, Salmond and
Ewing ([38]), Gordon, Salmond and Smith ([39]), Kitagawa ([45]), and Carvalho, Del
Moral, Monin and Salut ([12]). The first convergence results for particle filters were
published by Del Moral ([27], [28]) and independently by Crisan and Lyons ([21]).
Various authors made several improvements on the results subsequently, see, for
instance, Crisan and Lyons ([22], [23]), Crisan, Del Moral and Lyons ([17]), Crisan
and Doucet ([18]), Del Moral and Guionnet ([30]), Del Moral and Miclo ([31]), and
Le Gland and Oudjane ([52]). The area of particle filters is still very active, and has

huge amount of research outcomes each year.

The above mentioned classic particle filters make use of a mixture of Dirac mea-
sures to construct the particle approximation; several attempts have been made to
generalise this idea. Kotecha and Djurié¢ ([46]) first introduced the so called Gaus-
sian particle filters, where they used a single Gaussian to approximate the posterior
distribution. They shortly improved their initial work and built the approximations
by weighted Gaussian mixtures (See [47]). Up to now, most of the existing work
has been closely related to the extended (or ensemble) Kalman filter, because of the
Gaussian nature of Kalman filter, and this method of Gaussian mixture approxi-
mations may provide a way to improve the asymptotic behaviour for the ensemble
Kalman filter (see discussions in [51]). The majority of the previous work is in the

discrete time framework. Reich ([59]) recently took a Gaussian mixture to gener-
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alise the ensemble Kalman filter and designed a new algorithm based on continuous
time formulation, where the approximation was constructed using Gaussian mix-
tures without weights. See Flament et al ([36]), Van der Merwe and Wan ([69]),
Carmi et al ([10]), Iglesias, Law and Stuart ([42]), and Lee ([53]) for more related

work.

A major application of the Gaussian mixture approximation is the problem of
filtering the Navier-Stokes equation. There has been a huge amount of literatures
studying various properties of Navier-Stokes equation; however, the study of the
filters of Navier-Stokes equation started quite recently. Brett et al ([6]) chose the
Navier-Stokes equation as the forward model, then formulated data assimilation as
a Bayesian inverse problem and derived the Gaussian approximation filters. Law
and Stuart ([50]) used an MCMC algorithm and showed (by numerical simulation)
that, by appropriate parameter choices, approximate filters can perform well in re-
producing the mean, whereas do not generally do well in reproducing the covariance.
More recent studies on filtering the Navier-Stokes equation are carried out by, for

example, Iglesias, Law and Stuart ([41]), and Beskos et al ([4]).

However, to the author’s knowledge, there has been no existing literature —
including all these mentioned in the above paragraphs — containing rigorous mathe-
matical study on the convergence results of such Gaussian mixture methods. There-
fore, it is of great interests to fill this gap; and this is part of the aim of this thesis.
In addition, this thesis will aim to generalise the current particle filters framework
and build a new approximating system, which I call the generalised particle filters.
In the generalised particle filters system, the ‘ generalised positions’ may take values
on spaces which are (possibly) larger than the state space of the signal; and the
‘generalised weights’ do not necessarily satisfy the same evolution equation as the

classic weights.

Four possible settings (Gaussian mixtures, wavelets, orthonormal polynomials,
and finite elements) are discussed in this thesis. The key ideas of all these four
methods are similar. To be specific, we would like to find appropriate ways to

construct the approximations of the solution of the Zakai equation, so that the evo-
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lution equation satisfied by the approximating measures are ‘sufficiently’ close the
the Zakai equation. Then we are able to show that the approximating measures are
‘sufficiently’ close to the solution of the Zakai equation and obtain the convergence
of the approximating measures to the real measure. The ultimate aim is to inte-
grate within the framework of generalised particle filters a wide variety of numerical
methods including the above ones, and develop a common approach to analysing

and comparing the existing numerical methods for solving the filtering problem.

In particular, this thesis will concentrate on the approximation using mixtures
of Gaussian measures. Convergence and central-limit type results will be obtained
for the Gaussian mixture approximating system. The application to the filtering of

the solution of the Navier-Stokes equation will also be discussed.

1.3 Contents of the Thesis

In view of the ideas and settings described above, this thesis is devoted to formu-
lating the stochastic filtering framework and solving the filtering equations, both

theoretically and numerically. The thesis is distributed as follows:

In Chapter 2, we review the existing results on stochastic filtering theory®. The
filtering framework is introduced first, with the focus on the problems where the
signal X and observation Y are diffusion processes and the state space S of the
signal process is a complete separable metric space (usually we take S = R?). Af-
ter that, we will discuss the change of measure approach to deducing the Zakai
equation, which is the linear stochastic partial differential equation satisfied by the
unnormalised version of the conditional distribution of X. Deducing the evolution
equation satisfied by the normalised conditional distribution m; — the Kushner-

Stratonovich equation, is a simple consequence of the Zakai equation.

Chapter 3 contains an introduction of the generalised particle filters with Gaus-

sian mixtures. We will first briefly discuss the classic particle filtering methods. We

IFor detailed history of the development of stochastic filtering problem, see, for example, Section
1.3 of [3].
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will then generalise the classic particle approximation system and suggest a different
approach. A natural generalisation is to replace the Dirac measures by Gaussian
measures with non-zero covariance matrix. The approximating system using this
mixtures of Gaussian measures will be set out, with the aim of obtaining the ap-
proximations of the solutions to the Zakai and Kushner-Stratonovich equations. The
Tree Based Branching Algorithm (TBBA) and Multinomial branching algorithm are

discussed for the branching mechanism.

Chapters 4 and 5 contain the main results of the thesis. Chapter 4 includes the
law of large numbers theorem associated to the approximating system. In this chap-
ter, the evolution equations of the approximating systems introduced in the previous
chapter are derived. It is shown that, under certain conditions, the unnormalised
and normalised versions of the approximations of the conditional distribution con-
verge to the solutions of the Zakai equation and the Kushner-Stratonovich equation,

respectively.

To be specific, we have the following result:

Theorem 1.3.1. We denote by p} the approximating measure of p — the solution
of the Zakai equation, and ;' the approximating measure of m — the solution of the
Kushner-Stratonovich equation, where n is the number of the generalised particles.
Then under certain conditions (see Chapter 4 for details), for any T > 0 and m > 6,
there exist constants ¢! and é* independent of the n, such that for any test function
p € Gy (R)

I T

~ n C

E | sup (o (p) —pt(so))gl < —lol2yo.00; (1.2)
| t€[0.T] n

[ &r

E | sup |7/ () — m(@)|| < —=|®llm+2,00- 1.3
s 710 =)l < el (1.3

E is the expectation under probability P, which is a new probability obtained by
Girsanov transformation such that under P the observation Y is a Brownian motion

independent of the signal X. The derivation of P is discussed in Chpater 2.

Computer simulation results for Benes filter are given at the end of this chapter.
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In Chapter 5 we obtain a central limit type result. The error between the approx-
imations and the true solutions are recalibrated and shown to form a tight sequence

and their limit in distribution is obtained. Specifically, we have:

Theorem 1.3.2. We adopt the same notations as in Theorem 1.5.1, and we define

the measure-valued processes U™ and U™ as

Uy £ \/ﬁ(l);Z - pt)7 Utn £ \/5(7721 — ).

Then U™ is a tight sequence and converges in distribution to a D g, [0, 00)-valued

process U satisfying

Uie) = Us(p) + / U,(Ap)ds + / Ul(hy)dY, + AY.

Furthermore, U is pathwise unique (see Chapter 2 for the definitions of A and h,
and Chapter 5 for the definition of A?). The process U satisfies

Uilp) = (U(p) — m(p)Ui(1)) .

Chapter 6 contains the possible areas of future research. In Section 6.1 we intro-
duce the basic ideas of constructing the generalised particle filters with other possible
tools, which include wavelet methods, orthomormal polynomial method, and finite
element method. In the following section, we discuss an important application of
the generalised particle filters, especially the Gaussian measures. Two-dimensional
Navier-Stokes equation is considered as an example. The final chapter will be the

conclusion and summary of the whole thesis.
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Chapter 2

The Classic Filtering Theory

In this chapter, we review the filtering framework and introduce the change of mea-
sure methods for deducing the Zakai equation, which describes the evolution of the
unnormalised version of the filtering solution. Then the Kushner-Stratonovich equa-
tion, which is satisfied by (the normalised version of) the conditional distribution,

is also discussed. Both existence and uniqueness conditions are introduced.

2.1 Filtering Framework

Let (2, F,P) be a probability space together with a filtration (F;);>o which satisfies
the usual conditions. On (€2, F,P) we consider a Fi-adapted process X = {X;;t > 0}
which takes value in a complete separable metric space S (the state space, usually
S = R9). Let S be the associated Borel o-algebra B(S). The process X is assumed

to have paths which are cadlag. We call process X the signal process. Define
X, =0(Xs; s €10,t]) VN,

where N is the collection of all P-null sets on (2, F), then X} is the usual augmen-

tation with null sets of the filtration associated with the process X. Then define

X2 \/Xt—a(U Xt>.

teRt teRt

Let B(S) be the space of all bounded B(S)-measurable functions, let A : B(S) —
B(S) be a possibly unbounded linear operator and denoted by D(A) the domain of

19



A which is a subset of B(S). We assume that 1 € D(A) and A1 = 0. This definition
implies that if f € D(A) then Af is bounded.
Let my € P(S) and assume that X is a solution of the martingale problem

for (A, m). In other words, assume the distribution of Xj is my and the process
M? = {M7;t > 0} defined as

MF = o(X,) — o(X0) — / (Ap)(X.)ds, >0 2.1)

is an Fi-adapted martingale for any ¢ € D(A). The operator A is called the in-

finitesimal generator of the process X.

Let h = (h;)!*; : S — R™ be a measurable function such that

B ([ Ixlas <o) =1 (22)

for all ¢ > 0, where || - || is the Euclidean norm, meaning ||a| = \/Zle L_yaj; for
a d X p matrix a. Let W be a standard F;-adapted m-dimensional Brownian motion
on (Q, F,P) independent of X, and Y be the process which satisfies the following

evolution equation
t
Y, =Yy + / h(X,)ds + W, (2.3)
0

Condition (2.2) ensures that the Riemann integral in equation (2.3) exists almost
surely. This process Y = {Y;;t > 0} is called the observation process. Let {V,t >

0} be the usual augmentation of the filtration associated with the process Y, viz

yt:U(}/s,Se [O7t]>\//\/7

Y= \/yt=a<U yt>.

teRt teRt
Then note that since by the measurability of h, Y; is F;-adapted, it follows that

Yy C Fi.

Now we are in the position to formally define the filtering problem:

Definition 2.1.1. The filtering problem consists in determining the conditional dis-
tribution m, of the signal X at time t given the information accumulated from ob-

serving Y in the interval [0,t]; that is, for ¢ € B(S), computing
m(e) = [ plo)m(ds) = Ele(X) | VL. 2:4)

S
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From the following theorem (see, for example, in [3]), we see that m; can be
formalised by defining a (probability) measure-valued stochastic process describing

the conditional distribution.

Theorem 2.1.2. Let S be a complete metric space and S be the associated Borel
o-algebra. Then there exists a P(S)-valued V;-adapted process m = {m; : t > 0} such
that for any f € B(S)

m(f) = E[f(Xy) | V] P—as,

where P(S) is the space of probability measures over (S, P(S)) and P(S) is the set
of all subsets of S. In particular, the identity

T (A) = P[X, € A| V](w) (2.5)

holds true almost surely for any A € B(S).

Moreover if Y satisfies the evolution equation
t
Y, =Y, +/ h(Xs)ds +W,, t>0, (2.6)
0

where W = {W, : t > 0} is a standard F;-adapted m-dimensional Brownian motion

and h = (h;)™, is a measurable function such that

[ [ i) < oo (27)

P (/Ot Ima(h)|[2ds < oo> ~ 1 (2.8)

for all t > 0, then ™ has a Y;-adapted progressively measurable modification. Fur-

and

thermore, if X is cadlag then m; can be chosen to have cadlag paths.

There are two commonly used particular cases of the signal process X;, which
are diffusion process and Markov chain with a finite state space respectively. The

following example discusses the first case, which will be used throughout this thesis.

Example 2.1.3 (X is a Diffusion Process). Let X = (X%, be the solution of a
d-dimensional stochastic differential equation driven by a p-dimensional Brownian

motion V = (VI)I_,:
X;:X3+/ f’(XS)ds+Z/ oI(X)dVI, i=1,...,d (2.9)
0 =170
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We assume that both f = (f9)L, :R? - R? and 0 = (0Y)i=1.. gj=1..p : RS — RIXP
are globally Lipschitzt. Under the globally Lipschitz condition, (2.9) has a unique
solution (Theorem 5.2.9 in [44]). The generator A associated with the process X is

the second-order differential operator

A—dia ddiﬂ'aQ 2.10
_Z,Zlfaxi—i_;,zla 0zioxi’ (2.10)

=1 j=

where a = (aij)iﬂjzl’m,d :R? — R4 s the matriz-valued function defined as
R R | g
a’ = E;a’kam = §(JJT)”, i,j=1,....,d; (2.11)

and o' is the transpose of o.

Remark 2.1.4. For the case where X is a Markov process with a finite number of

states, see section 3.2.2 of [3].

The proofs of the results in the reminder of this chapter, unless otherwise stated,

can be found in [3].

2.2 Theoretical Results

Among the possible ways of deducing the evolution equation for m, there are two
commonly used approaches, namely the change of measure method and the innova-
tion process method. We revisit briefly change of probability measure method. For

the second approach, see Section 3.7 of [3].

In the change of measure method, we construct a new probability measure on €2,
under which the process Y is a Brownian motion; and then we represent m in terms
of its unnormalised version p, which is shown to satisfy a linear evolution equation.

An application of It6’s formula gives us the evolution equation satisfied by .

Firstly, let Z = {Z;,t > 0} be the process defined by

noort R P
Z, = exp (—Z/ R(X,)dW! — 52/ hl(Xs)st), t>0. (2.12)
i=1 0 i=1 0

IThat is to say, 3K > 0, so that for Va,y € R, || f(z) — f(y)|| < K|z —y|| and |lo(z) — o (y)|| <
Kz =yl
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Instead of considering Novikov’s condition, which is difficult to verify directly, we

consider the following condition

e[ [ I

Proposition 2.2.1. If condition (2.13) holds, then the process Z = {Z;,t > 0}
defined in (2.12) is an F;-adapted martingale.

<oo, E Uot ZS||h<XS)||2dS] < 00 (2.13)

Having these conditions, and notice the fact that Z; > 0 a.s. for fixed t > 0, we
introduce a probability measure P! on F, by specifying its Radon-Nikodym derivative
with respect to P to be given by Z;, viz

dP*
dP

Fi

- Zt'

We define a probability measure P which is equivalent to P on Uogt <o Jt and
we are able to ignore the superscript t.

Then by Girsanov’s Theorem (Theorem 3.5.1 of [44]), the observation process
Y is a Brownian motion independent of X under P provided condition (2.13) is

satisfied; and the law of the signal X under P is the same as its law under P.

Let Z = {Zt,t > 0} be the process defined as Z, = Z7 " for t > 0, then under P,

Z, has the following expression:

. oot 1 [t
7, = exp <Z/ h(X,)dY! — 52/ hZ(XS)%ls), t>0. (2.14)
i=1 7Y i=1 V0

It is immediate that Z is a local martingale and since E[Z] = E[Z,Z,] = 1, Z, is a

genuine F;-adapted martingale under P and

dP

dpP

Fi
The following proposition holds because of the fact that under P, the Y,-adapted

Brownian motion Y is also a Markov process.

Proposition 2.2.2. Let U be an integrable F;-measurable random variable. Then

we have

E[U | Y] =E[U | ). (2.15)
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Remark 2.2.3. The importance of this proposition is that it replaces the time-
dependent family of o-algebra Y, in the conditional expectation with the fixed o-
algebra Y, enabling us to apply results from Kolmogorov conditional expectation

which 1s applicable only if the conditioning o-algebras are time-independent.

Now we are able to introduce Kallianpur-Striebel formula and define the unnor-

malised conditional distribution process.

Proposition 2.2.4 (Kallianpur-Striebel formula). Assume that condition (2.13)
holds. For every ¢ € B(S), for fized t € [0,00),

E[Zp(X0) | ] P(P) — a.s.. (2.16)
E[Z: | V]

m(p) =

Let ¢ = {(;,t > 0} be the process defined by ¢; = E[Z; | V], then we can choose a
cadlag version of (; which is a );-martingale. Given such a (, we have the following

definition:

Definition 2.2.5 (Unnormalised Conditional Distribution). We define the unnor-
malised conditional distribution of X to be the measure-valued process p = {p;,t > 0}

which is determined by the values of pyp for ¢ € B(S) which are given for t > 0 by

pe(p) = (me(0)) - G-

Then from Proposition 2.2.4 and the definition of (, for every t > 0, we have:
pi(p) = E[Zip(X:) | V) P(P) - a.s. (2.17)

and if condition (2.13) holds, we also have:

) = ZE?; P(P) — a.s.. (2.18)

Now we are in the position to introduce the Zakai Equation, which is satisfied

by p:p; as well as the Kushner-Stratonovich Equation, which is satisfied by mp. In

the following, we further assume that for all ¢ > 0,

Eﬂ [ s < oc] 1. (2.19)
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Theorem 2.2.6 (Zakai Equation). If conditions (2.13) and (2.19) are satisfied then

the process p; satisfies the following evolution equation, called the Zakai Equation.

t t
ple) =mlo)+ [ pdglds+ [ plehDdv., BPoas Vezo (220
0 0
for any v € D(A).

To derive the equation satisfied by 7, we firstly give the explicit representation

of the process t — p;(1), which is

pv) = ([ n (A, - & / t (k) )

With this expression and Kallianpur-Striebel formula, use of It6’s formula leads to

the following Theorem:

Theorem 2.2.7 (Kushner-Stratonovich Equation). If conditions (2.13) and (2.19)
are satisfied then the conditional distribution of the signal X satisfies the following

evolution equation called the Kushner-Stratonovich Equation.

m(p) = wo(go)+/0 Ws(ASD)dS+/O (ms(ph") = ms (R )ms(0))(dYs = my(h)ds) (2.21)
for any ¢ € D(A).

Given the Zakai equation and the Kushner-Stratonovich equation, it is natural
to investigate the uniqueness of the solutions. We would like to know under what
assumptions on the coefficients of the signal and observation processes the two equa-
tions are uniquely characterised by p; and m; respectively. In fact the question of
uniqueness becomes highly important when we approximate p and 7 numerically as
most of the analysis of existing numerical algorithms depends on the SPDE charac-

terisation of the two processes.

For the Zakai equation (2.20), we consider the following class of stochastic pro-

cesses:
Definition 2.2.8. The setU is the space of all Y;-adapted M'(R?)-valued stochastic

processes ju = {p, t > 0} with cadlag paths such that for all t > 0, we have

< o0,

s[[ (el
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where ¥ : RY — R is the function ¢(z) = 1+ ||z|| for any x € R and MY(R?) is
the space of finite measures p over B(R?) such that p(¢) < oo.

Then we have the following theorem on the uniqueness of solution of Zakai equa-

tion.

Theorem 2.2.9. If the functions f in (2.9), a in (2.11) and h in (2.6) have twice
continuously differentiable components and all their derivatives of first- and second-
order are bounded, then the Zakai equation (2.20) has a unique solution in the class

U, up to indistinguishability.

For Kushner-Stratonovich equation (2.21), let U be the class of all Y;-adapted
M (R?)-valued stochastic processes p = {u;, t > 0} with cadlag paths such that

the process m*u belongs to the class U, where

t 1 t
m} = exp (/ ps(h)dY, — 5/ ,uS(hT)u(h)ds) , t>0.
0 0
Theorem 2.2.10. If functions f in (2.9), a in (2.11) and h in (2.6) have twice con-
tinuously differentiable components and their derivatives of first- and second-order

are bounded, then the Kushner-Stratonovich equation (2.21) has a unique solution

in the class U, up to indistinguishability.
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Chapter 3

Generalised Particle Filters with

Gaussian Mixtures

In this chapter, we will firstly review the classic particle filters, and then introduce
a generalisation called generalised particle filters with Gaussian mixtures. In this
case, the positions of the (generalised) particles are in (possibly) larger spaces than

the state space of the signal process X.

One of the reason for introducing the generalised particle filters is that the par-
ticles involved in the classical particle filter carry information about their positions
and their weights. One can interpret the system of particles as a quantisation of
the posterior distribution 7, and of the unnormalised conditional distribution p of
the signal, respectively. This limited information may be wasteful. Indeed, it may
be the case that if we allow more information to be carried by each particle then
perhaps we will need a smaller number of particles. Therefore we may be able to

reduce the overall computational effort.

In what follows, we discuss the general ideas the classic particle filters and the
generalised particle filters constructed by Gaussian mixtures. We will, in this chap-
ter, introduce the approximating algorithm of the Gaussian mixture approximation;
the corresponding convergence analysis and central limit theorem will be discussed

in the next two chapters.
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3.1 Introduction to the Classic Particle Filters

Explicit solutions (p or 7) of the filtering equations are rarely available. There are
only a few exceptions where one can obtain 7; explicitly (see Chapter 6 of [3] for
explicit formula for the Benes filter and Kalman-Bucy filter). Several classes of
numerical methods were therefore developed to approximate the solution of the fil-
tering problem. These methods include the projection filter and moments methods,

the spectral methods, the PDE methods, as well as the particle methods.

The projection filter is an algorithm which is used to provide an approximation
of the conditional distribution of the signal. It is based on the differential geometric
approach to statistics. To the author’s knowledge, no general convergence theorem

has been developed for this method.

The spectral approach, introduced in 1997 by Lototsky, Mikulevicius and Ro-
zovskii in [54], for numerically estimating the conditional distribution of the signal
is based on Cameron-Martin decomposition of L2-functionals of a Gaussian process.
This approach allows the computations involving the observations and the ones in-

volving the system parameters to be separated.

The partial differential equations (PDE) method makes use of the fact that the
density of the unnormalized conditional distribution of the signal is the solution of a
partial differential equation (see, for example, Chapter 7 in [3]). Although this is a
stochastic partial differential equation, classical partial differential equations meth-
ods can still be applied to it. These methods are very successful in low dimensions
but cannot be applied to high-dimensional problems. This is because they require
the use of a space grid whose size increases exponentially with the dimension of the

state space of the signal.

Particle methods are one of the most effective and versatile methods for solving
the filtering problem numerically. The main idea is to represent the process m;
(or p;) by an approximating system of (weighted) particles whose positions and
weights satisfy certain SDEs which are numerically solvable. Roughly speaking, they

are algorithms which approximate the stochastic process m; with discrete random
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measures (sum of Dirac measures) of the form

Z a; (t> 6Ui ()

with stochastic masses (weights) a;(t),as(t), ..., and corresponding stochastic po-
sitions vy (t),va(t), ..., where v;(t) € S. Kallianpur-Striebel formula is the basis of
this class of numerical method because we are essentially doing Monte Carlo approx-
imation to the unnormalised conditional distribution p;p = E[Zo(X,) | V] (defined
n (2.17)). This idea will be explained further as below:

From the Kallianpur-Striebel formula we know that:

Let {v , be n mutually independent stochastic processes which are all indepen-
dent of the observatlon Y, and each of them is a solution of the martingale problem

(A, mo); in other words, the evolution of v7

v} (t) = v} (0) + /0 f()(s)) ds + /0 o (v}(s)) dv, (3.1)

where the processes (VU));‘:1 are mutually independent F;-adapted p-dimensional
Brownian motions which are independent of Y and all other random variables in the
system.

Also let {a7}7_, be the following exponential martingale:

=1+ Z/ "(s))dYF: (3.2)

in other words

a}(t) = exp (/Oth( N'dy, — / IR (v}(s))]] ds) (3.3)

Then (v] ,ay, Y), j=1,...,n, are identically distributed and have the same distri-

bution as (X, Z,Y) under P; and furthermore, the pairs (v?(t),a’(t)), j = 1,...,n

J [
are mutually independent conditional on the o-algebra ).
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We now have the numerical approximations p™ = {pj";t > 0} (and 7" = {#}";t >
0}) of the solutions of the filtering problem p (and 7). Define the measure-valued

process p}' to be the following weighted sum of Dirac measure:

7 1 n
0} £ - Z a; (t)év?(t); (3.4)
j=1
and its normalised version
71';Z £ np? = n (_l?(t)(svp(t), (35)
Py (1) = !

where the normalised weights a have the form

al(t) = 50

! > ke (L)
It can now be seen that this is a Monte Carlo approximation and the independent
realisations v} of the signal X can be interpreted as the trajectories of the particles.
From Corollary 8.2.1 in [3] we have that p™ and 7™ converge (both in expectation

and almost surely) to p and 7 respectively.

As time increases, the unnormalised weights of the majority of the particles
decrease to zero, with only few becoming very large (or equivalently, the normalised
weights of the majority of the particles decrease to zero, with only few becoming
close to one), this phenomenon is called the sample degeneracy. As a consequence,
only a small number of particles contribute significantly to the approximations, and
therefore a large number of particles are needed in order to obtain the required
accuracy; in other words, the convergence of this approximation is very slow. In
order to solve this, particle filters (or sequential Monte Carlo Methods) are employed.
To be specific, a resampling (or branching) procedure is used so that it culls particles
with small weights and multiplies particles with large weights. The resampling
depends both on the weights of the particles and the observation data, and by doing
this particles with small weights (and hence their trajectories are far from the signal)
are not carried forward and therefore the more likely region where the signal might

be can be explored.
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3.2 The Approximation with Gaussian Mixtures

The Gaussian mixture approximation is similar to the classic particle filters, except
that the approximating measures are constructed using a sum of Gaussian measures,
rather than Dirac measures. In this section we will introduce the approximating al-

gorithm involving mixtures of Gaussian measures.

For ease of notations, we assume, hereinafter from this section, that the state
space of the signal S = R. The approximating algorithm discussed in this section,
together with the L2-convergence analysis in Chapter 4 and Central Limit Theorem
result in Chapter 5, are all based on this assumption. We should also note that all
the results hereinafter can be extended without significant technical difficulties to

the multi-dimensional case where S = R<.

Firstly, we let A = {0 =0¢ < 01 < --- < oy = T} be an equidistant partition of
the interval [0, 7] with equal length, with §; =i, ¢ = 1,...,N; and N = £. The

approximating algorithm is then introduced as follows.

Initialisation: At time zero, the particle system consists of n Gaussian measures
all with equal weights 1/n, initial means v}(0), and initial variances wf(0), for

j=1,...,n; denoted by Fv;(o),w;f(o)- The approximation of 7y has the form

1 n
n A
Ty = " Z Fv;(o),w;l(o)y (3.6)
j=1

Recursion: During the interval ¢ € [id, (i+1)d),i = 1,..., N, the approximation
p" of the unnormalised conditional distribution p will take the form

n

a2 @ (O ), (3.7)

j=1

where v7(t) denotes the mean and wf(t) denotes the variance of the Gaussian mea-

sure I'un(p) wr (), and aj (f) is the (unnormalised) weight of the particle, and

ar(t) = <t

! > he @5 (1)
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is the normalised weight. Obviously, each particle is characterised by the triple

process (a7, v}, w}) which is chosen to evolve as

vp(E) = v3(i0) + [ (17(5)) ds + VT = [0 (v5(s)) AV (38)

where {V(j)};-‘:1 are mutually independent Brownian motions and independent of
Y. The parameter « is a real number in the interval [0, 1]. For v = 0 we recover
the classic particle approximation (see, for example, Chapter 9 in [3]); for @ = 1
the mean of the Gaussian measures evolve deterministically (the stochastic term is
eliminated). The parameter (3 is a positive real number, which we call the smooth-
ing parameter, ensures that the approximating measure has smooth density at the

branching time.

Branching/Resampling: As in the classic particle filters, we need a branch-
ing /resampling mechanism in order to minimise the effect of sample degeneracy. To
be specific, at the end of the interval [id, (i + 1)), immediately prior to branching,
each Gaussian measure is replaced by a random number of offsprings, which are
Gaussian measures with mean X7'((i +1)6) and variance a3, where the mean X7 is

a normally distributed random variable, i.e.
XM(i+ 1)) ~ N (070 + 1), W@ +1)6-), j=1,...,n.

We denote by o;-l’(iﬂ)(s the number of “offsprings” produced by jth generalised par-

ticle. The total number of offsprings is fixed to be n at each branching event.

After branching all the particles are re-indexed from 1 to n and all of the unnor-
malised weights are re-initialised back to 1; and the particles evolve following (3.8)
again. The recursion is repeated N times until we reach the terminal time 7', where

we obtain the approximation 77 of 7.

There are two commonly adopted branching methods, namely the Tree Based
Branching Algorithm (TBBA) and Multinomial Branching, to determine the distri-

bution of {07}%_,. In what follows we discuss each of them respectively.
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3.2.1 Tree Based Branching Algorithm

We set | |
[nd?v(zﬂ)é] with prob. 1 — nd;},(z—&-l)&}
n,(i+1)d
; o (3.9)
[nd?v(z+l)5] +1 with prob. {na?(z-&-l)é};
where a;‘a(iﬂ)é is the value of the Gaussian particle’s weight immediately prior to

the branching, in other words,

—n,(+1)8 _ _n/y- i . _n
a =a;((i+1)0—) = t/l(lz‘rfn(s a;(t).

If Fiy1ys— is the o-algebra of events up to time (i + 1)0, i.e.
./T(i+1)57 = U(fs s < (Z + 1)(5),
then we have the following proposition.

Proposition 3.2.1. The random variables {0} }7_, defined in (3.9) have the follow-

g properties

E [0?/’(i+1)6|f(i+1)6—:| — na?;(lﬁrl)&’

X . 2 . .
E [(0?,(z+1)6 B na?,(m)(s) | f(z‘+1)6—} _ {na}@,(m)a} (1 B {nd?,(z—‘rl)é}) _

Remark 3.2.2. By Exercise 9.1 in [3] we know that the random variables 0}1’(”1)5

defined (3.9) have conditional minimal variance in the set of all integer-valued ran-
dom variables & satisfying E[§|F(it1)s-] = nd?’(i+1)5. This property is important as

it is the variance of of that influences the speed of the corresponding algorithm.

We wish to control the branching process so that the number of particles in the
system remains constant at n; that is, we require that for each 4,

n

> ot =, (3.10)

j=1

We apply the algorithm introduced in Section 9.2.1 in [3] to ensure (3.10) is satisfied,
and by Proposition 9.3 in [3] we know that the distribution of o} satisfies (3.9) and
Proposition 3.2.1.
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3.2.2 Multinomial Branching Algorithm

Under this algorithm, the offspring distribution is determined by the multinomial

distribution
O(i+1)s = Multinomial(n, ay((i + 1)0-),...,a,((i +1)0-))
defined by
G) (DS . B n! N e o+
P<O(g+1)5 =9 ] = 1,...,n) = mn(aj((z+z)5—))
Hj:l 0; " j=1
(3.11)

with >0, 0?’(“1)5 =n.

We then, by properties of multinomial distribution, have the following result.

Proposition 3.2.3. At branching time (i+1)0d, {Og}rl)é = 0?’(i+1)5}j1 has a multi-
nomial distribution, then the conditional mean s proportional to the mormalised

weights of their parents:

J J

B |of | Fianys- | = nap (3.12)
for 1 < 5 <n; and the condition variance and covariance satisfy

B [(07,(i+1)5 - nd;z,(i-‘,—l)é) (0?,(¢+1)5 - na?,(i—&-l)é) ‘}-(Hl)&_}

_naln,(i—i-l)(Sd;L,(i-i-l)é’ I 7§ ]

(3.13)

for1 <15 <n.

This multinomial sampling algorithm essentially states that, at branching times,
we sample n times (with replacement) from the population of Gaussian random vari-
ables X7'((i+1)d) (with means v} ((i+1)d_) and variances wj((i+1)0_)),j =1,...,n
according to the multinomial probability distribution given by the corresponding
normalised weights @} ((i +1)0_),j = 1,...,n. Therefore, by definition of multi-
nomial distribution, 0?’(i+1)6 is the number of times X7'((i + 1)) is chosen at time
(1+1)d; that is to say, 0?’(H1)5 is the number of offspring produced by this Gaussian

random variable.
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Chapter 4
Convergence Analysis

In this chapter we deduce the evolution equation of the approximating measure p" for
the generalised particle filters with Gaussian mixtures, and show its convergence to
the target measure p — the solution of the Zakai equation, as well as the convergence
of 7™ to m — the solution of the Kushner-Stratonovich equation. The correction
mechanism for the generalised particle system involves either the use of the Tree
Based Branching Algorithm (TBBA) or the multinomial sampling branching. These

will be investigated in Sections 4.2 and 4.3 respectively.

4.1 Evolution Equation for p"

We firstly define the process &" = {&*;t > 0} by
[t/d] n

a2 (1] % > al® (% > a;?(t)> :
=1 j=1 j=1

Then £" is a martingale and by Exercise 9.10 in [3] we know for any ¢t > 0 and p > 1,

.....

such that

sup sup E[(¢1)"] < €7, (4.1)
n>0 s€(0,t]
and
max sup sup E [(€ral(s))?] < AP (4.2)

]:1 ..... n nZO SE[Oat]
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We use the martingale £" to linearise 7™ in order to make it easier to analyse its
convergence. Let p" = {p}’;t > 0} be the measure-valued process defined by

n

0o enon _ SHEE N 0
pr ey = % Z a; (t)rv}“(t)vw;‘(t)' (4.3)

j=1
We will show the convergence of p" to p as the number of particles n increases. In

the following, we will use the norm || - [[;m.c0 (m > 0) defined as

lllmee = Y sup |Dy()],

I <m TER?

where n = (n',...,n%) is a multi-index and D, = (9;)™ ---(9;)". We also define
Doyp(z) = @(x), where [[@llo0c = [[oll = sup,epa [o(2)].

The following proposition describes the evolution equation satisfied by the ap-
proximating sequence p" = {p};t > 0} constructed using the algorithm described
in the previous chapter. As discussed in Chapter 3, the approximation algorithm
is constructed for the case where the state space of the signal process X is R. We

adopt this assumption in this chapter and Chapter 5.

Proposition 4.1.1. The measure-valued process p* = {p} : t > 0} satisfies the
following evolution equation:

t

¢
A = alo)+ [ oA+ [ b)Y M4 B ()
0 0
for any ¢ € CI"(R) and t € [0,T] with m > 6.

In (4.4), M™¥ = {M"?,i >0 and i € N} is the discrete process

n 2
(2= X7 (i6))2 (—vy (1))

2aﬁ

[t/5] n - 2w”(15 )
e
My = E & E [“‘s/w(x) dz —naj(i6-) | (o) ——
[£/9] g % V2o /
R 2w} (10—

where X7 (i) ~ N (v} (id0—),w}(id—)) is a Gaussian random variable.

B;"% is the following process:
n 1 - ! n n )
B = n Z/o 5[5/5}6% (s) [R;,j(@ds + R?,j(SO)dYs + Ri’j(go)d‘/;(j)
j=1
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the processes R ;(¢), R2 (@), and R3 () are

) S,]

Ry 5(0) =0} (s) [%(fso”’)(v?(S)H4(090(4))( 7(5)) + 200° (0] (3)) 113 () - Ij(ASO)]

) (9)? {f(v?(s»li?(@ e IR “a%vﬁs))a‘?(wl ,

(4.6)

R ) =1 (5) |5H56DS 016 - k)| + (e enIde), @)
R () =vT=a | o(0(s)) @ (05(5)) + 33(5)o(u ()6 (15 (5)

+ <w;<s>>%<v7<s>>1ii’<¢>] (4.8)

4o~ 3
ye 2 n - (1—u)
]zifj)((p) :/R T ) o) (vj (s) + uyy/wj (s)) 5 dudy, for k =4,5,6;
5.=0% 1 3
_ yez 5) n n u(l — u) )
I5 ;() —/ — ! <U-(8)+uy\/w»(s)> dudy;
P 2 j 6
7T2

y2e s
+u 1—udud or Ap. h
e Yy wy ) y, for = Ap, hp.

Proof. For any ¢ € C*(R) and t € [id, (i + 1)d), we have from (4.3) that

Pi () = “SZ / Loty p(0(d)
- f;ay(t)/lkgp(x) 27;;(15) exp (—%) dx

2

with similar formulas for Ay and hep.
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We have the following Taylor expansions

o (05(8) + ) ™ )50 950)
<>/ ot (510 )0

(4.10)

where 1 can be ¢, Ap, or hep.

By applying (4.10) (for p = 2 and p = 1) to (4.9) and the similar ones for Ay and
hy, note the fact that for any k£ > 1 and k € N,

41 y? / 1 Y ,
2k—1 2k
ex dy =0, ex ——d—||2—1,

we obtain that

pile) = ’52 [ >+§wj<t>so”<v?<t>>}+%Za?<t>(w;<t>)21£?<w>;

jZI (4.11)
pi(Ap) = & Z a} Z a} (Ap); (4.12)
pi(hg) = Z 2] + B S et (L (he).  (413)

n
7=1

Next we apply [to’s formula to equation (4.11), with the particles satisfying equa-
tions (3.8). After substituting (4.12) and (4.13), we have for ¢ € [id, (i + 1)d)

/ Zfzga [ (p)ds + R2 ( )Yy + Rij(sp)d‘/;(j) _ (4.14)

Let Fis— = 0 (Fs,0 < s < id) be the o-algebra of the events up to time i (the
time of the i-th-branching) and pl}_ = lim, s py. For any ¢ > 0, we have!

[t/6] [t/5]
P (e) = P (¢ +Z pisl) = pis— () + D_(pis— ()= Plics(9)) + (o7 () = Plas (),

(4.15)

1We use the standard convention 22:1 =0.
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At the i-th branching event, each Gaussian measure is replaced by a random number

(;L'Lé

variance af3, where X7 (id) ~ N (v} (i0—),w}(i6—)). The weights of the offspring

generalised particles are re-initialised to 1, i.e. a}(id) = 1; hence @ (id) = 1/n. So

) of offsprings. Each offspring is a Gaussian measure with mean X7 (id) and

 (@=X7(i6))?
n 20¢ﬂ

n 1 n,kd n, ké .
Mg = Z 0; Fx]n(ka),aﬁ, and Z de’

=1

Before the branching event, we still have generalised particles, thus

s (p) = Zn:a;‘(z’é—)/Rap (v;l(z'é ) +yyJwi(id— )) \/12_7Texp (_y;) dy.

7j=1
We then obtain
[t/d] [t/d]
M2 (i) = o5 (9)) = Y &35 (wis(0) — s ()
i=0 =0
L 5 e -
=— 13 m/goa:—dx—na”ié— /gpx—daz.
Z Z R ( ) \/W ]( ) R ( ) 277@?(@5—)
(4.16)
For t € [(i — 1)0,40), for i = 1,2,...,[t/d], we have
t
P = lnsle) = [ dolo),
(i—1)8
Similarly, let t " 10—, we have
i
Pis— () = Pli—s(p) = / dps ().
(i—1)6
Then by (4.14), we obtain that
[t/4] [t/8] s ¢
> (059 = (D) + ()~ b)) =D [ dit)+ [ dpito)
i=1 i=1 Y (—1)0 [t/d]6
t t t
=/ dps (¢) = py () +/ s (Ap)ds +/ Py (hp)dYs
0 0 0
! 1 . n n 1 2 3 j
<[ D S o) R+ B2 (2D0Y, 4 R )V
(4.17)
Finally, (4.16) and (4.17) imply (4.4), which completes the proof. [ |
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Corollary 4.1.2. Under the same assumption as in Proposition 4.1.1, if we further
assume that o = 0 in (3.8), which implies the classic particle filters with mizture of
Dirac measures, then the approximating measure p™ satisfies the following evolution

equation:

t

t
oo = o)+ [ oiapids+ [ b)Y MG BT (0
0 0

for any ¢ € CH(R), where

[t/d] n

" 1 n n(; 7,1 —ny-
M = =326 > ev)(i6-)) o) = nayi6-)]
=0 j=1
n,p ]_ n t n n n 1 n (])
Bt = ﬁ Z ; 5[5/5]5(1]» (S)O'(Uj (S))(p (Uj (5))d‘/8 .
J=1

4.2 Convergence Results for Generalised Particle

Filters using the TBBA

In order to investigate the convergence of the approximating measure p”, we con-
sider the mild form of the Zakai equation. One should note that the proof of
the convergence in [3] using the dual, ¥%¥, of the measure-valued process p does
not work for our model. %% is measurable with respect to the backward filtra-
tion V! = o(Y; =Y, r € [s,1]), and so is R2;(¢L¥); however, the Itd’s integral
fot Rij(w;’“’)dys requires Rij (4%¥) is measurable with respect to the forward filtra-
tion Vs = o(Y,, r € [0,s]). This leads to an anticipative integration which cannot
be tracked in a standard manner. Another approach is therefore required. Markov
semigroups was used in [56] to obtain relevant bounds on the error which in turn
enables us to discuss the convergence rate. In the following this idea will be dis-

cussed in some details.

We introduce first the Zakai equation for time-inhomogeneous test functions. Let
@ : [0,00) xS — R be a bounded measurable function with continuous bounded
derivatives up to order m (m > 6). Then for any ¢ € D(A), the time-inhomogeneous
Zakai equation is (see, for example, Chapter 3 in [3])

. % . .
dpe(@) = pe (a—f + Ag@) dt + py(h@)dY;. (4.19)
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Now fix s > 0 and define

o(t,z) = Ps_yp(x), t €0, s]

where (P,),>0 is the Markov semigroup whose infinitesimal generator is the operator
A and ¢ is the single variable function which does not depend on t. It follows by

the properties of semigroup (see, for example, [63]) that

9%

= _A-Ps— ’
ot tf

therefore (4.19) becomes
dpi(Ps—1p) = py(hPs_1p)dY,

and the integration form is

t
Pt(ps—tSO) = PO(PsSO) + / pr(hpsfr@)dYT'
0

Similarly for p}'(¢) we rewrite (4.4) for t € [0, s|] and get

t
o (Poip) = o (Pup) + / pL(hP,p)dY, + MIP? + BPP (4.20)
0

and the error of the approximation has the representation

t
(P} = p)(Peerp) = (PG — po) (Psp) + / (o7 = pr)(hPe_yp)dY, + Myo? + B*%,
0
(4.21)

where M"¥ and B;"¥ are the same as in Proposition 4.1.1, except that ¢ replaced

by Ps_.¢.

In order to prove the convergence of the approximating measures pj to the actual
measure p;, we need to control all the terms on the right hand side of (4.21). Now

we will discuss each of them respectively in the following Lemmas.

Assumption (A). We assume that the coefficients o, f, and h are bounded and

Lipschitz, o and [ are sixz times differentiable, and h is twice differentiable.

Lemma 4.2.1. If Assumption (A) is satisfied. Then for any T > 0 there exists a
constant ¢!’ independent of n such that for any p > 1 and ¢ € Cy(R), we have

E (o (Pp) = po(Pep))) < —Lsllellr, ¢ € [0,7]
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Proof. Note that pj(Psp) — po(Psp) = 7 (Psp) — mo(Pse), and also note that
1 < .
&2 Y (Ppl(] (0)) = mo(Pup) = w5 (Pug) = mo(Pap), j=1,....m
j=1
are independent identically distributed random variables with mean 0, therefore

E[(s(Pap) — po(Pp)) ™| = E (%Zf) p

_ 1 = 2p/ J1 . ¢in

.....

1 2p - , .
= — E Jr ., .. n]n
D :n (jj) sl -6l

Jlyees
Cp/ 2p/'
< —>llell
then the result follows by setting p = 2p’ and ¢ = C). |

Lemma 4.2.2. If Assumption (A) is satisfied. Then for any T > 0, there exists a
constant ¢l independent of n such that for any ¢ € CP(R),

( Z / € (r <Mgo>d> < (@0l

Proof. From the facts that f and o are bounded, for ad < 1 we have
Ry (Poerp)| < (Crad + Co(ad)?) ¢ lls0 < Cadll@lls oo

Then by Jensen’s inequality, Fubini’s theorem and (4.2), we have

( Z/ §r/55a ( s—rp)dr )2
ZtE (/ & /0150 (1) Ry (Pa_yip)dr )2]

gEZtC"’(aé)QHsOHE,OO/O E [ (6005 ()] dr

J=1

1 n
<= 30 ekt

j=1
=T2C%c;?(a6)?|| |2 s

The result follows by letting ¢l = T2C2c3"*. |
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Lemma 4.2.3. If Assumption (A) is satisfied. Then for any T > 0, there exists a
constant ¢l independent of n such that for any ¢ € C}(R),

2
( /%Ma 2 (P rsO)dY> < ¢ (ad)?][[3 -

Proof. From the facts that f and o are bounded, we have for ad <1
R?,j(Ps 7‘90) (Cla5 + 02(a5) ) ||‘P||4,oo < Ca5”@||4,oo'

Then Burkholder-Davis-Gundy and Jensen’s inequalities, Fubini’s theorem, and
(4.2) yield

( Z/ &irys1o0; ( ( s— rSO)dY)Q

2
<O a0l ( A ng/ﬂaaﬂr)dm)
1
1 i BN n n
<L C a0 olf CE < / Zg[r/maj(r)d@
Jj=1 t

2

1 A L - n n
:ECQ(a(S)ZngHZmC/O E (E fwaw%(ﬂ) dr
1 2 Y 2 2 !
=50 C(ad) llli e i § ,§ :E<f[r/616“ &fr/aps i (7 )) dr

Li=1 k=1

S%CQC'(OZCS)QHSOH?LW /Ot ZZ\/ r/5]5a ]E[(f[r/é]éak( ) }] dr

Li=1 k=1

t
<30l [ wicitar
0
STCZCCZ’Q(@5)2!|90!\Z,OO,
and the result follows by letting ¢I = TC?C'c5>. [ |

Lemma 4.2.4. If Assumption (A) is satisfied. Then for any T > 0, there exists a
constant ¢l independent of n such that for any ¢ € C?(R),

2 T
C
( Z/ & 5150 (1) RY S (Papip)dV,Y ) S%H@\g,w
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Proof. By the facts that f and o are bounded, we have for ad < 1
Rfjj(Ps ) < (Co + Crad + Cy(ad) ) |oll5.00 < (Co 4+ Cad)||@]5.00-

Then by Burkholder-Davis-Gundy and Jensen’s inequalities, Fubini’s theorem, and

(4.2), and noticing the fact that {V)}7_, are mutually independent Brownian mo-

2

< /5[7’/65(1 ( s— rSO)dV )
2

(/ & 151607 (1) RE S (Po_ypip)dV,Y )
2

(Co 4 Cad)? H<p||5OOZE (/ & 550l (r)dV, n)

j=1

<i(o Cad)?|el? CE e V)

=52 0o+ Ca ) ||¢||5,00Z 0 f['r/é]tsa’j (T) r ,
LE(Co+ Cas) ||w||5002/ [(€a(r)?] dr

tions, we have

1
_2

1
< LE(Co + Cab) gl ekt
1
<-TC(Co+ Cad)’es” 4] o
and the result follows by letting ¢ = T'C(Cy + Cad)?cs>. [

Recalling Proposition 4.1.1 and the semigroup operator P, we can decompose

M™% in the following way

. 2
N (e X782 Cosge?

nzé e 2 —n(z € 2“};1(15 )

A AN,P n,p n,p
=Awjsy + Dy + Gy

where X7(i0) ~ N (v1(i6—),w}(i6—)) is a Gaussian distributed random variable,
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and

[t/ 5] n

Ayl = Zf’sZ :(0}1’“5 — naj (i0— )) p(X] (715))]; (4.22)

W] no T 2
Dﬁ/ﬁ] = Z Z O;m‘& (/Rso (Xj”(zé) + y@) f/ﬁdy - cp(XJ”(zé)))] ;
_ (4.23)
L 2
Gleja = Z Z”“ (i0— [ X”(M))—/RSO<U§‘(Z‘5—)+y\/w§L(Z’5—)> i/%dy]
)
= 23 €5a3(i8-) [l (k) — B (X5 R3)] (121

Then we have the following lemma:

Lemma 4.2.5. If Assumption (A) is satisfied. Then for any T > 0, and for any
¢ € CHR), we have the following bounds for Ay%,, Dpfy and Bpf

[t/o]” It/d] [t/o]"
~ T
E |45 P) < —=lelia
E[|D5 ] < & 0B ¢l
ind CTO_/
E|IGh512) < el (4.25)

where ¢k, ¢k and L' are constants independent of n.

Proof. Without loss of generality, we choose the test function ¢ to be non-negative

(since we can write ¢ = ¢* — ¢7) and the random variables {o}; Mo =1,....n}
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are negatively correlated (see Proposition 9.3 in [3]), it follows that

[( Zf << "’é—na (16— ))@(X;L(“S))))
(5@2@{(2”:((0;,16”@ (i5-)) ¢l ;(i(s))))

( m‘s—na (16— ))2

Vis— V Fis—

Vis— V Fis—

S

1), ||OOOZE
:<
n2

Vis— V fw—]

Z {naj(i6—)} {1 —naj(i6—)}

<L S 1 an(ion)|

n? =
<Gz ncivs = 0V o

By taking the expectation on both sides, we have

[( Z i (o) = nazio-)) @(X}’(ié))))2

Céctfz\/_ 2
< S0 .

Therefore
2 t/6 C t/(s C t,2 t,2
n 6C §C thC
B[(a5)] <X 2 VAl < IO o < O o
i=1

(4.26)

For Gﬁ’/ﬁ], first by noting that

Xp) = " (X75) + O ((@p))
(4.27)

/ (X”zé —i—y\/_)

then it is clear that we only need to show

/5] n 2
K Z 5y 0 ((aB) ”(X;‘m))))]<66T<am2soaoo. (4.28)

7=1
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Observe that

[( &5 20" ()" (X?(M))))

_( n)2 [(Zonzé " Z5 )

gwwlém@ KZ (o7 na(io-)) +na?<i(5—)})
<%wm[n (o5 - na )’ f}*( ”“?“5_)> ]

Fis—

Fis—

Fis—

j=1
(4.29)
For Tree Based Branching Algorithm (TBBA), by Proposition 3.2.1,
o n,id —ng- /- 1
E <0j — naj (16— )) Fis—| < {nai(io—)} (1 - {naj(ié—)}) < 7 (4.30)

and then by taking expectation on both sides of (4.57), we have

lilodfn 2P0 g | (Zawé_)) ]
BB s | S R R
<P T 4 el 0B B L€ DD /B lar (9-)2 B [ay i6-)2)

200 aﬁ 2
SHSOHQ,z ( ) +2HS0H§700(055)2 /Ci’4€CQt
n
<

! (aB)[loll3 oo (4.31)

[ t4
where ¢’ = % + 24/ ¢y et

Therefore, we obtain

B {(% 52 P ((aB)¢" (X79))) }

[t/9] 2 it/9]
[( Zf ZO?’ié ((aB)¢" (X]”(ié)))) ] < [t/(s]ZCT(Olﬁ)QHSDHg,OO = ¢ (aB)?[lell3

i=1
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if we let ¢f = T?%c" /62

As for G, first note that X7(i6) ~ N (v7(i6),w?(i6)) and XI's are mutually
independent (7 = 1,...,n), then we have

{(Zm ) [ty (ke - ((X"u«s»)}) Va-
:Z(fzda( ))QIE

]—

(X3 (k0)) — B (X3 (k))) ) [2is-

3

| A

(€xan(i6—))” 4l|¢'|12 B

7=1

Z gzéa nguioo”o—ug,ooaé

n

2e,0b) ol 0 Y (Enan(io—))”.

j=1

(x5 (ko) (Xn(ka)))2

3

We know from the proof of Lemma 4.4 in [56] that for any p > 0,

E [(d?(t))p} < % exp(cpt);

then by taking the expectation on both sides, we have
2
[(Z Esar(id-) [p(X} (k) — E (¢ <X"<ka>>>]) ]
7j=1
~ . 4
<c,adllelf. ZE [(3a2(i6-)?] < coadlioli Z¢ E [(ap(io-))']
1 & cor/ it exp(eqt)
<ol s D" explen) = == ——odlol e

Finally we have

(/6] . [ a4

. 2 cor/ €y exp(cat)
n,p

E {(G[t/‘s}) ] = Z n

=1

adllpll o < allellf -

tear/ it expleqt)
n

(4.32)

The result follows by letting ¢f = TCscl” and ¢’ = Teyy/ el exp(eaT). [
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The following Theorem, which is a variation of Theorem 4.10 in [56], establishes
the convergence of finite signed measure valued processes and allows us to use the

bounds obtained from the above Lemmas to get the convergence results of p.

Theorem 4.2.6. Let " = {uy : t > 0} be a signed measure-valued process such
that for any ¢ € C™(RY), m > 6, any fived o > 1 and fized s > t, we have

1) = (s +§}z+2/msrdw (4.33)

PRy —
C™(R?) are bounded linear operators with bounds ¢ and Cy (k = 1,...,3) respec-

where W = (I/Vk)gz1 is an (3-dimensional Brownian motion, and as, a®

tively, i.e., J|ay(@)lmeo < clllmoe and a5, (D)oo < Cllellmo: If for any
T > 0 there exist constants o, V1, - - -,%a Such that fort € [0,T], p > 2 and ¢ > 0
(l=0,1,...,q),

E{|5 (as())["] < e H P E[IREI] < Ilelmw =1,...,a (434

Then for any t € [O,T], we have

E [l (p)lf] < —|| [ (4.35)

where ¢, is a constant independent of n and ¢ = min(qo, g1, - - -, Ga)-

Proof. See Appendix B.3. [

Applying the bounds in Lemmas 4.2.1 to 4.2.5, one obtains the rate of conver-
gence of the approximation in terms of the three parameters n,  and a. In what
follows we will assume, without loss of generality that 6 < 1. The following theorem

can then be viewed as a direct corollary of Theorem 4.2.6.

Proposition 4.2.7. If Assumption (A) is satisfied. Then for any T > 0, m > 6,
there exists a constant ¢l independent of n, & or a such that for any ¢ € CI*(R),
we have for t € [0, T

E [(o7(¢) — pe(9))°] < ¢ llllmsec(n, 8, B),
where

c(n,a,a,m:max{%, (ad)?, n%s (aB)?, %}
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In what follows, we will discuss ¢(n, d, o, 3) to obtain the L?-convergence rate of

the approximation process pj.

When o = 0 in (3.8), the component Gaussian measures have null covariance
matrices, in other words they are Dirac measures. In this case p, is nothing other
than the classic particle filter (see, for example, [3]). In this case several terms

in ¢(n,d,a) coming from the covariance term disappear. The rate of convergence

50 = ma {1, 1)

Obviously the fastest rate is obtained when ¢ is a fixed constant independent of n.

¢(n, d,0) becomes:

The L2-convergence rate will be in this case of order 1/n, which coincides with the

results in [3].

When a € (0,1], the rate of convergence can deteriorate. First of all let us
observe that we still need to choose 0 to be a fixed constant independent of n. Then

the convergence depends on the simpler coefficient ¢(n, ) given by

c(n,a, 3) :max{%, o?, (aB)?, %}

In this case we need to choose o = \/iﬁ (or of order 1/4/n) and 8 to be a fixed

constant independent of n to ensure the optimal rate of convergence, which equals

to 1/n. This discussion therefore leads to the following convergence theorem:

Theorem 4.2.8. If Assumption (A) is satisfied. Then for any T >0, m > 6, there
exists constant c¢i independent of n, such that for any ¢ € CI*(R), t € [0,T] and
a X —= (deﬁned in (3.8)), we have

E[(07() = (0D < lelnoe: (437)

For the normalised approximating measure 7", we have the following result.

Theorem 4.2.9. If Assumption (A) is satisfied. Then for any T >0, m > 6, there

exists a constant ¢X independent of n such that for a o< == NG and v € C7"(R), we have
; 7
Eflm (@) — m(p)]] < THsonoo, te[0,7]. (4.38)
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Proof. Observe that pi'(¢) = pi(1)7}(p), we then have

T () — m(p)
= (P (@) = pe)) (pe(1)) ™ = () (PF (1) — pi(1)) (pe(1)) .

Use the fact that m; = /E[(p/(1))72] < oo (see Exercise 9.16 of [3] for details),
and by Cauchy-Schwartz inequality:

E [} (0) — ()]

<my (wé [(2(2) = p1(0))?] + lelloo/ E [(2(2) - pt<1>>2J) SR )

and the result follows by applying Theorem 4.2.8 to the two expectations of the
right hand side of (4.39). [

The above results applied to the convergence of p}'(p) to pi(¢) and 7' () to
() for a fixed test function ¢. We now discuss the convergence of p} to p; and
7 to m. Let M = {p;, i > 0} € C/(RY) be a countable convergence determining
set? such that ||¢;]/6.c0 < 1 for any i > 0 and dpq be the metric on Mp(RY)

d/\/l : MF<Rd) X MF(Rd) — [0,00),

N [pps — v
() = 3 VAL
=0

Theorem 4.2.8 and Theorem 4.2.9 imply the following corollary:

Corollary 4.2.10. If Assumption (A) is satisfied. Then for any T > 0, there exist

two constants ¢t and c§ independent of n, such that

~ 24/l ~ 2ct
sup Eldam(p}, pi)] < 3 sup Eldp (70, m)] < =2 (4.40)

tef0.7] vn tef0.7] = vn

This corollary means that p}' converges to p; in expectation and 7' converges to

7 in expectation. A stronger convergence result for p; and 7" will be proved in the
following two theorems, from which we can see that their convergence are uniform

n time ¢.

2See Theorem 2.18 in [3] for the existence of such set.
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Proposition 4.2.11. If Assumption (A) is satisfied. Then for any T > 0, m > 6,

there exists a constant cly independent of n such that for any ¢ € C;"7*(R),

E

sup (pf' () — pe(0))? H 42,00 (4.41)

t€[0,T]

Proof. By Proposition 4.1.1 and the fact that p,(¢) satisfies Zakai equation, we have

pi () = (15 (¢) — mo())

+ /t(p?(AsO) — ps(Ayp))ds + /t(p?(hw) ps(he))dYs + My

(i+1)dAt

T Z / &isaj( [Rl (p)ds + R? ;(0)dY, + Ri’,j(go)dX/;(j)]_

]120 dnt

(4.42)

By Lemmas 4.2.2 — 4.2.4, we know that,

H—l)é/\t 2
1 T 2 2 .
sup 2 /5 B (R (9)ds | | < (8ol

t€[0,7] J 1 iso

z+15/\t 2
s (255 [T i ) | < ot

t€[0,T]

] 1 =0
z+1)5/\t \? )
aw (23 [ gwmreas) | < S
te[0,7) j 1 =0 YA n
By Doob’s maximal inequality and Lemma 4.2.5
B o2 5 - 2 4C[T/5] )
B|_max 007°7] <48 | (355) | < 2ol

Now we only need to bound the first three terms on the right-hand side of
(4.42). For the first term, using the mutual independence of the initial locations of
the particles v}(0),

~ 1

E [(75 () = m0(9))] = — (mo(¢”) = m0(¢)°) < —||90||zoo < Hsallzoo
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For the second term, by Jensen’s inequality and Fubini’s Theorem, together with

Theorem 4.2.8, we have

E tsgpﬂ ( /0 (p?(Aso)—ps(Aw))dS) <E ti}é%t /0 (P2 (Ap) — ps(Ap))?ds
& [T [ g pagpas] =1 [ VB[ 0a0) - (a0 as
O Al = D

For the third term, similarly, by Burkholder-Davis-Gundy inequality and Fubini’s
Theorem, together with Theorem 4.2.8, we have

t 2 T
£ | sup ( / (pZ(hSO)—ps(hw))dYs) < OF [ | 01009) — puthoyas
te[0,T 0 0
T CATIH]Re
<C [ B [(hl00) — pulhg)?) ds < < 0=
0
The above obtained bounds together imply (4.41). [ |

Proposition 4.2.12. If Assumption (A) is satisfied. Then for any T > 0, m > 6,

there exists a constant cl; independent of n such that for and ¢ € C’;”“(]R),

E
te[0,7) \/_

sup |7/ () — mi(p )!] Ll [@llmr2.00 (4.43)

Proof. As in the proof of Theorem 4.2.9,

E | sup Iﬂf(w)—ﬁt(w)ll
te[0,7
<rig | | E | sup (07(9) — pe(0))?| + llllooy| E | sup (p2(1) — pt(l))2] ;
t€[0,7] te[0,7]
where
m, &\ |E | sup (pt(l))2] <0
te[0,T
and the result follows from Theorem 4.2.11. [ |
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Let M = {¢;, i > 0} € C§(R?) be a countable convergence determining set such
that [|¢;]sco < 1 for any i > 0 and with the same d; be the metric on Mp(R?).
Then the following corollary follows immediately from Theorem 4.2.11 and Theorem
4.2.12

Corollary 4.2.13. If Assumption (A) is satisfied. Then for any T > 0, there exist

two constants cly and cly, such that

E Q| < 22 g A ) | < 23 (4.44)
sup dy(pl, pe)| < sup dy (7, m) | < —= )
t€[0.7] ML I Vn t€[0.7T] M T Vvn

Remark 4.2.14. The fact that the optimal value for « decreases with n is not
surprising. As the number of particles increases, the quantisation of the posterior
distribution becomes finer and finer. Therefore, asymptotically, the position and the

weight of the particle provide sufficient information to obtain a good approximation.

Remark 4.2.15. Since the approzimations pi and w; have smooth densities with
respect to the Lebesgue measure, it makes it possible to study various properties the
density of p, and that from its approximation p} (for example, the position of their
mazimum value, the decay in time, the properties of their derivatives, etc). This
would be possible under the classic particle filtering framework, where the approxi-

mations are linear combinations of Dirac measures, only if a smoothing procedure is
applied first (see [24]).

In this section, the convergence results and L2-error are obtained under proba-
bility ]13’; however, it is more natural to investigate these results under the original

probability P. The following proposition states the L2-convergence result under P.

Proposition 4.2.16. If Assumption (A) is satisfied. Then for any T > 0, m > 6,
there exists constant ¢’ independent of n, such that for any ¢ € CJ*(R), t € [0,T]
and o \/Lﬁ (defined in (3.8)), we have

Ellp(¢) — pu(@)l] < j—;nwnm,m. (4.45)

Proof. Recalling the derivation of the new probability P, we know that

7, — exp ( /0 B )Y — % / t h?()@ds) (t>0) (4.46)

0
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is an Fp-adapted martingale under P and

P N
dP .
Therefore
Elp(9) = p@)l] =E |Io} () = ()| 2]
<[l ()~ p(oPIE (2]
T
C1 Cz
< Moo 4.4
NETEN (4.47
The result follows by letting ¢! = y/clcs. [ |

Remark 4.2.17. Under the Tree Based Branching Algorithm (TBBA), LP-convergence
result for p" cannot be generally obtained. This is because, in general, pth moment
of M{Z}f} can not be obtained and controlled under P. As a result, one can only obtain

L'-convergence result for p™ under the original probability P.

4.3 Convergence Results using the Multinomial

Branching Algorithm

In this section we show the convergence result for the case where the resampling is
conducted by using Multinomial branching algorithm. The following theorem states

the main convergence result.

Theorem 4.3.1. If Assumption (A) is satisfied. Then for any T >0, m > 6, there
exists constant ¢! independent of n, such that for any ¢ € C/Y(R), t € [0,T] and
a x \/Lﬁ (defined in (3.8)), we have

T
' 8

E [(p}(0) — pe(0))?] < Cn

o1l 0- (4.48)

In order to prove Theorem 4.3.1, we note that after replacing the TBBA by
Multinomial branching, all the analysis in Section 4.2 is automatically valid, except
for the analysis on M;"¥. Therefore, it suffices to re-investigate the L?-bound for
M only. In other words, we only need to modify the proof of Lemma 4.2.5 as

follows.
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Lemma 4.3.2. If Assumption (A) is satisfied. Then for any T > 0, given a test
function ¢ € CH(R), M5 can be decomposed as

My = Ayl + Dy + Gy (4.49)

where Aﬁ’/“g} and G[T;’/“g] are defined the same as the Section 4.2; and we further have
B[] < Sielin. E[IDEF] < F@OPIoR0 BN < ool as
/o)l | S g5 11Pl0,000 /sl | = Co Pll0,007 i =7, 1Pl 0
(4.50)

where ¢k, ¢¥ and cI' are constants independent of n.

Proof. Recalling proposition 4.1.1 and the semigroup operator P, we can decompose

M™% in the following way

e z—o(i5-))2
[t/5] n 5 6_% 6_( 2w57’(i::—)
£ 0" /gp(x)—dw —na’(id—) / (1) ——=dx
Z ’ Z % R V2mas ’ R 27Tw]n(i5—)

A AN,p n,p n,p
=Awjsy + Dy + Gy

where X7(i6) ~ N (v} (id0—),w?(i6—)) is a Gaussian distributed random variable.
For the first term, by Proposition 3.2.3

( Zs ((o = naz(io-)) ¢<X;<w>>)>

Vis— V Fis—

S (z ({0 = nap(io-)) so(X}"‘<i5)))>2 VsV Fis-
j=1

= f;>2u¢|raoﬁ ( n (0?”"5—na?<i5—>)>2 YooV Fia-

L j:1
g(ii)QH 13 s E 5 <0?’i5—n&§‘(7)5—)>2 yz'a\/]:w]

Lj=1
:(5n olI2 Y na’ (i6—)(1 — a” (2(5—))] . (4.51)

j=1

We know from the proof of Lemma 4.4 in [56] that for any p > 0,
~ 1
B [(@0)] < 2 explort
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then by Cauchy-Schwarz inequality, we know
E [(¢5)%a;(i6—)(1 — aj (i6—-))]
<\fB I [(@ -0 - )] < [BiE)E [@es-)]

e exp(eaT), (4.52)

then we have

[( Zf ((op® = naz(is-)) so(Xf(M))))Q]

<MW, 5™ [P )1 — a0 )]

n

HsDHOOO Z \/—2T 1115 0o exp(@T)_ (453)

Therefore

[(A”‘p>2} [t/é]\/ exp coT \/ ex p02

|| oo (4.54)

|| 16,00 <

[t/d]

For Gﬁ’/‘g], first by noting that

[ (37068 +0/aB) Sy = oX79) = G (X709)) + O ((09)):

(4.55)

then it is clear that we only need to show

t/s  n ?
K Z@;Z P ((aB)e” (X;(ié)))) ] < & (aB)’[12l[5 - (4.56)
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Observe that

D [(%55 >0 (@) (Xf(i&)))) Fa-
(5 e )

Fis—

SMM;%E {(Z (0™ = nay(io—) ) + na (i6— )})

p(imwﬂfl

<2(&) ()" )(O‘ ol [ZE[( 10 (i5—) )2 Fis-

(4.57)
For Multinomial Branching Algorithm, by Proposition 3.2.3,
. : 2
E [(o;?v“ - nay(i5—)) 35-5_] — nal (i5—)(1 — a’(id—)), (4.58)
and then by taking expectation on both sides of (4.57), we have
2
i 1 n - 7,1 n(;
“46%2wwWWﬂN”0]
j=1
2
Helifor) ZE el — ]
2|l o (a3)? : 2
SO [e'e] « = n —n/-
+ 27’1—2712[@ [( 2 (Z a; (z5—)> ]
j=1
2||s0|| 2[|ll13,00(5)* aﬁ - .
<2 ZVE B(i0-)2(1 = a(i0-))2] + 2(f)? |3 st e

2 Oooz )
= R mwaﬁ R

:—QHWHMO‘@ ,/c fest 1 2] g3 (08 e = (@)1 (159

n2

/2 14
where ¢’ = 2 ec2t + 2c7 e,

Therefore, we obtain

it/5] 2 it/5]
[( Zf Z ;-”6 (af)e” (X;L(M)))) ] < [t/fs]ZCT(aﬁ)QHSDH%,oo:ég(aﬂ)QH‘PH%,oo

=1

o8



if we let ¢f = T?%c" /62

As for G, first note that X7(i6) ~ N (v7(i6),w?(i6)) and XI's are mutually
independent (7 = 1,...,n), then we have

{(wa ) (X (k) - )yw_
)
)

gZ(fma (16— )) ( (X7 (kd)) —

2

YVis—

2

Vis—

ﬁ%z

(&7 (10-))"E | (9(X](k8)) -

n-=n/(: 2 / 0
< (fiaaj (25_>) 1% H(2),ooE

=1

1

.

s

2
Vis—

<2Z (€xar(i6-))" ol s lloll? wad 2 coadllol? Y (Ehar(io—))".  (4.60)

J=1

(X;L(ka) _E (Xf’(ké)))

3

then by taking the expectation on both sides, we have
" 2
(Z gl (i0-) [p(X] (kD) ~ B <¢<X;<k5>>)]>
<coadlell ZE [(3a3(i6-)?] < coadliolin Z VE L & (@36

1 & cor/ it exp(eqt)
<00l o3 D /el expleat) = ———adj¢l (4.61)
j=1
Finally we have

[t/5] 4
3 2 o/ 1 exp(cat)
n,p
E l(GWO ] <> -

=1

cor/ it exp(eqt)
n

adllll o < allellf -

(4.62)

The result follows by letting ¢f = t1/cl* exp(coT) and & = Tcyr/ el exp(esT). B

We also have the following convergence result for the approximation 7}' of the

normalised conditional distribution:
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Theorem 4.3.3. If Assumption (A) is satisfied. Then for any T >0, m > 6, there

exists a constant cX independent of n such that for a o< == 7 and p € G (R), we have

E (|7 (p) — m(p)|] < _\/7—H90Hm007 t <0, 7]. (4.63)

Remark 4.3.4. From the proof of the above theorem, it can be seen that all the other

results obtained in Section 4.2 still hold under Multinomial branching algorithm.

Under the multinomial branching algorithm, one can show that LP-convergence
result for p” and 7™ can be obtained for any p > 2, namely we have the following

theorem. The proof of the theorem is similar to that of Chapter 4 of [56].

Theorem 4.3.5. If Assumption (A) is satisfied. Then for any T > 0, m > 6, there
exists constants ¢! and ci independent of n, such that for any ¢ € C/"(R), t € [0,T]
and o X —= (deﬁned in (3.8)), we have

E[lp} () = pe(9)l”] < ml! el (4.64)
E [ () = m(0)"] < ,D/QHSDHW2 (4.65)

The following proposition shows the convergence result under the original prob-
ability P.

Proposition 4.3.6. If Assumption (A) is satisfied. Then for any T > 0, m > 6,
there exists constant ¢’ independent of n, such that for any ¢ € Ci"(R), t € [0,T],
g>1and ax == (deﬁned in (3.8)), we have

E o} (0) = pu(0)]7] < q/2||SOHQ/2 (4.66)

Proof. Recalling the derivation of the new probability P, we know that
. t o1t
Zy = exp (/ hMXs)dY, — 5/ hQ(XS)dS) (t >0) (4.67)
0 0

is an Fp-adapted martingale under P and

dpP

dpP

Fi
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Therefore by Cauchy-Schwarz inequality, we have
E 6 (9) = p(@)l] =E |16 (¢) — (@) 2]
<\B U ) - )P E 1227

T
< DE e (4.68)

The result follows by letting ¢!’ = y/clecs. [ |

4.4 A Numerical Example

In this section, we present some numerical experiments to test the performance of the
approximations with mixture of Gaussian measures. The model chosen in this case is
the Benes filter. This is a stochastic filtering problem with a nonlinear dynamics for
the signal process and a linear dynamics the observation process, and this problem
has an analytical finite dimensional solution. The main reason for choosing this
model is that it has a sufficient nonlinear behaviour to make it interesting, and

more importantly, still has a closed form for its solution.

4.4.1 The Model and its Exact Solution

We assume that both the signal and the observation are one-dimensional. The

dynamics of the signal X is
t
X, =Xy + / f(Xs)ds + oV, (4.69)
0

where f(z) = po tanh(uz /o). From Exercise 6.1 in [3] we know that f satisfies the

Benes condition. We further assume the observation Y satisfies
t
n:/M&m+m, (4.70)
0

where W is a standard Brownian motion independent of V', and h(z) = hyx + hs.

We also assume that Xy, u, hy,he € R and o > 0.
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Then from [25] we know that the conditional law of X; given ) £ o(Ys,0<s<
t) has the exact expression of a weight mixture of two Gaussian distributions. In

other words, the conditional distribution 7; of X; is
T =wtN(AT/(2By),1/(2B;)) + w N (A~ /(2B;),1/(2By)),
where N(u,0?) is the normal distribution with mean p and variance o2, and

w2 exp ((AF)2/(4By) / [exp ((AF)2/(4By)) + exp (4] )2/ (4By)]
hi1Xo + ho ho

— coth(hyot)

AFL 4l gy, HE0TR2
! a+ ! t+asinh(hlat) o

h
B, = ﬁ coth(hyot)

p, 2 /t si'nh(hlas)dYS‘
o sinh(hyot)

We can, however, only observe Y at a finite partition [I™7 = {0 =t; < t; < --- <

tm—1 = T} of [0,7] in practice; thus we approximate the integral in the definition
of \Ijt by
— sinh(hyoty,q)

U, ~
! sinh(h,ot;)

(Yep,, — Y,), fort; e II™7.
k=0

4.4.2 Numerical Simulation Results
We set values for the parameters u, o, hy, hy, Xo and T" as follows:
w=0.3, hy =08, hy =0.0, c =1.0, X, =0.0, T"=10.0;

and then we compute one realisation of X; and Y; respectively using the Euler
m With m = 106. This

realisation is then fixed and will act as the given observation path. After that, all

scheme with an equidistant partition II™7 = {t; = LT},
the simulations will be done assuming that we are given the previously obtained
Y; computed from that realisation of X;. With this previously simulated discrete
path of Y, we can then approximate W, and consequently compute the values of
AE| B, and wi; so that we can compute the conditional law of ¢(X;) given ),. At
the branching time, we use the Tree Based Branching Algorithm. We will show the
convergence of the Gaussian mixture approximation and the classic particle filters

in terms of the number of time steps in the partition and the number of particles
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respectively.

We note that for the test function ¢(z) = x, the Gaussian mixture approximation
gives

n

W?(w):;a?(t)/R< +y\/7> —exp (--) dy—Za

This is almost the same result as the classic particle filters, except that the evolution
equations satisfied by v7(t)s are slightly different in two cases (see equations (3.1)
and (3.8) for details). It is therefore more meaningful to estimate the normalised
conditional distribution 77 () for p(z) = 2% and p(x) = 23, that is, the second and
third moments of the system at time 7T given the observation Y up to time 7. To
be specific, we estimate 7r(p) by 77 (¢) with the number of particles (of Gaussian
generalised particles) n = 40000 and we choose various values for the number of time
steps m in the partition. We compute 7}(p) using classic particles and mixture of
Gaussian measures respectively. Instead of the absolute error |7l}(p) — mr(9)|, we

consider the relative error
[77(p) — mr(e)]

7 ()|

The convergence of both methods as the number of discretisation time steps m

increases can be seen from the following Figure 4.1, and for large number of time
steps the Gaussian mixture approximation performs slightly better than the classic

particle filters.

In the following we fix the number of time steps m = 110 and vary the number
of particles n in the approximating system.

From Figure 4.2 and Figure 4.3 we can see the convergence of both approxima-
tions with the increase of the number of (generalised) particles. It can be seen (from
the right hand side of Figures 4.2 and 4.3) that for small number of (generalised)
particles, Gaussian mixture approximation performs much better than the classic
particle filters. This is because by using the Gaussian mixture approximation, each
(generalised) particle carries more information about the signal (from its variance)
than the classic particle does. Therefore a smaller number of particles is required in

order to obtain the same level of accuracy.
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Figure 4.1: Relative Errors with time steps for p(z) = 22 (left) & p(z) = 2* (right)

As the number of (generalised) particles increases, we can see (from the left
hand side of Figures 4.2 and 4.3) that the Gaussian mixture approximation converges
faster than the classic particle filters; and we are able to obtain a good approximation
for both methods with 10* particles. There is no significant improvement if we
increase the number of (generalised) particles further more in both approximating

systems.
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Figure 4.2: Relative Errors with different number of particles for ¢(z) = z?
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Figure 4.3: Relative Errors with different number of particles for p(z) = 23

65



Chapter 5
Central Limit Theorem

In this chapter we will obtain a central limit type result for the unnormalised (and
normalised) conditional distributions p (and 7) and their approximating measures

p" (and 7). In other words, we aim to show that

V(e —p) and V(e — ) (5.1)

converge in distribution as the number of generalised particles n increases. We
proceed in a standard manner: we prove first a tightness result; and then deduce
the convergence in distribution. In this chapter, we will prove the central limit
theorem under Multinomial branching algorithm. We will also include a further
discussion on the preference of multinomial branching over Tree Based Branching
Algorithm (TBBA) at the end of this chapter.

5.1 Tightness

First we recall the definitions of relative compactness and tightness. It is possible
to obtain the tightness and convergence in distribution results by endowing M g(R)
with the weak topology. In this topology a sequence of finite measures {u"}nen C
Mp(R) converges to € Mp(R) if and only if for a set S(p) of test functions,
(@) converges to pu(p) for all ¢ € S(p). S(¢) can be taken to be C{*(R) for any
m > 1.

Definition 5.1.1. For (X, d) a metric space and [, a family of probability measures
on (X, B(X)), we say
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o [ is relatively compact if every sequence of elements of || contains a conver-

gent subsequence.

o [] is tight if for every ¢ > 0, there exists a compact set K C X such that
P(K)>1—¢, for every P € [].

The following theorem (see, for example, Theorem 2.4.7 in [44]) states the rela-

tion between relative compactness and tightness.

Theorem 5.1.2 (Prohorov’s Theorem). Let I be a family of probability measures
on a complete, separable metric space (X,d). This family is relatively compact if

and only if it is tight.

Define U = {U}* : t > 0} to be the measure-valued process

Uy £ \/ﬁ(ﬂ? — Pt),; (5.2)

and we aim to show that {U"} converges in distribution to a process U, which is
uniquely identified as the solution of a certain martingale problem. This implies

that for any continuous and bounded test function,

lim n(p} () — pi(0)) = Uilp); (5.3)

n—oo

hence the error of the approximations p}'(¢) of pi(¢) is roughly Us(¢)/v/n.
Recalling Proposition 4.1.1, we deduced that

U =<Upe) + [ Unaeds + [ ORI+ VMG + VB, (5

where
n L — (", . .
VB = =3 / 503 ()| RLy (0)ds + B2, (9)dYs + B2 ()aV] . (5.5)
j=1

Before proceeding further discussion on U”, we define the metric on Mpg(R)
which generates the weak topology. Let ¢y = 1 and {g;}i>0 be a sequence of
functions which are dense in the space of continuous functions with compact support

on R. Then the metric dy, is defined as

wm: Me(R) x Mr(R) = [0, 00), =2 = u;ui;” el

1=
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and dpq generates the weak topology on Mpg(R) in the sense that p" converges
weakly to p if and only if lim,, . da(p”, 1) = 0 as {¢;}i>0 is a convergence deter-
mining set of functions over Mpg(R).

However, the space (D Mrp(®)[0,00),d M) is separable but not complete under this
metric because its underlying space (Mpg(R),dn ) is separable but not complete.
This inconvenience makes us unable to make use of Prohorov’s Theorem. In order

to tackle this problem, we consider the one-point compactification of R
R £ R U {oo},

Then we embed the space D, r)[0,00) into the complete and separable space

D pt®)0, 00) by defining a map such that
€ Mp(R) =7 € Mp(R) and 7i(A) = u(ANR), VA € R.

The family {U;} can then be viewed as a stochastic process with sample paths in the
complete and separable space D M (R) [0,00), or as a random variable with values in

the space P(D [0, 00)) — the space of probability measures over D4, [0, 00).

We are now ready to show that the family of processes {U"} is tight on [0, 7]
for all T > 0. In other words, let {P,} C P (DMF(@)[O,T]) be the family of
associated probability distributions of U™; in other words, P,(B) = P,(U" € B)
for all B € B(D,,®)[0,7]). We aim to show that {P,} is relatively compact
and hence, by Prohorov’s Theorem, tight. To be specific, we will make use of the

following theorem (Theorem 2.1 in [62]):

Theorem 5.1.3. A family of probabilities {P,}, C P (DMF(@) [O,T]) is tight, if
there exits a dense sequence { fi x>0 in Cp(R?) such that for each k € N, {m; P}, C
P (Dg[0,T1) is a tight sequence of probabilities; where w7 : Mp(R?) — R is defined
by w7, (1) = p(fi) for p € Mp(R9).

In the remaining of this chapter, because of the definition of the distance d,
we choose ( fk)kzo to be defined as follows: fo = 1, and f, (k > 1) is chosen so that
fk‘R is a dense sequence in C{(R), the space of six times differentiable continuous
functions on R, vanishing at infinity with continuous partial derivatives up to and

including the sixth order. According to Theorem 5.1.3, it suffices to prove the
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tightness result for {Wfklf”n}n. We will make use of the following criteria, which can
be found in [35], to show that {77 U"}, = {U™(f)} is tight, and then the tightness
of {Wfk@’n} follows since Theorem 5.1.3.

Theorem 5.1.4 (Kurtz’s criteria of relative compactness). Let (E,d) be a separable
and complete metric space and let {X"},en be a sequence of processes with sample
paths in Dgl0,00). Suppose that for every n > 0 and rational t, there exists a

compact set I', 4 such that
sup P(Xy ¢, <n. (5.6)
Then { X" }nen is relatively compact if and only if the following conditions hold:
e For each T" > 0, there exists 3 > 0 and a family {y"(A) : 0 < A < 1} of

non-negative random variables
E|(nd(xp, xm) (1AdXe, X)) |R] <ERM@Q)IFE] (67)
foro<t<T,0<u<Aand<v<ANAt

o For~"(A), we have
lim lim sup E [y"(A)] = 0; (5.8)

A—0 pooo

o At the initial time

iim limsupE | (1 A d(XZ,X{)‘))ﬁ] = 0. (5.9)

—0 nooo
To justify (5.6), we need to prove the following lemma:

Lemma 5.1.5. For all n > 0, there exists a constant § such that for the associated
probabilities {Wfk@’n} of {m; U"} and A = {z € Dg[0,T] : supyeory |2(t)] > B}, we

have

77 Pn(A) <. (5.10)
Proof. Note that 7 U = UM fr), so that

(5.11)
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. . . _ N2
where A(7) = B s, (Vi () — 7))’ |
It suffices to show that AZ(f) is bounded above by a constant independent of

n, which is an immediate consequence of Jensen’s inequality and Theorem 4.2.11.

Then we choose

and the proof is complete. [ |

In order to prove the tightness of {U"(f;,)}, we still need to show that (5.7), (5.8)
and (5.9) are satisfied by {U"(f)}. We prove these by showing that each of the
increments of the process appearing on the right hand side of (5.4) satisfy similar

bounds.

In the following we will choose A to be sufficiently small. To be specific, we let
A< g, where 0 is the time length between two resampling events. This ensures that
either [t — A t] or [t,t + A] does not contain a resampling event, in other words,
there is at most one resampling event in [¢,¢ 4+ u] and [t — v,t], where 0 < u < A
and 0 <o < AAL.

If the resampling happens only in the interval [t — v, ], and obtain
E[(1nd(xp, xm) (1Adxe, X)) 17] <B[(adexg,, xm) 17|

Therefore in order to determine +"(A) and shows that (5.7) is satisfied by
{U™( fk)}n, it suffices to find an appropriate 7"(A) and show

- ~ ~ N2 N
B[ (1A d . 02 ) 17] < BB ()1, (5.12)
This will be done in the following proposition.

Proposition 5.1.6. Let k € N, and we further assume that f, € CS(R), and

Assumption (A) holds. Let the length bewtween two resampling events 6 to be fixed

and let o \/Lﬁ Define the family {7y*(A) : 0 < A < 1} of non-negative random

variables
n A 2 n r r 2 n r r 2
7(A) 23027 sup (pH(A) = pu(Afi)) +30A sup (p(hfi) = pu(hfi)
sE[t,t+u] sE[t,t+u]
3A r - n_mn 2
0 felR e Y s (€hat(s) (5.13)

j=1 sE€ftt+ul
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where C., is a constant independent of n. By Theorem 4.2.11, we know that
L N2 . - \2
sup 7 (ps (Afi) — ps(Afk)) and sup n (ps (hfx) — ps(hfk))
sE[t,t+u] sE[t,t+u]

are bounded and independent of A. Then we have

B 1A d(UL, (o, UP () ] < Bl (A)IF]. (5.14)

Proof. Bearing in mind that there is no resampling event within [¢,¢ + u], thus
[(t+u)/d] = [t/0] and
n.fi i _
My = Myjsy = 0-

Therefor we have that

ﬁz

LA AU(F), UR (T 7|
AU (5. U7 (F)*| 7
=E _|Uf+u<fk) — UF (0P|

=& {|va () = pesni)) = (oG — puG)) |
(/tHu(P?(AJFk) - ps(AJ;k))dS)Q Ft]

(/ttm(ﬂg(hfk) - Ps(hfk))dys> F

A
ﬁz

4

2

2

~ n t+u 5 - ~ .
+ n2E [( i /t gzéa ( ) |:R;vj (fk)ds + R§7J(fk)d}/:g + Ri’j (fk)dv;(])]> ft
J

(5.15)

We examine each of the terms in (5.15) and observe the following:
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For the first term in (5.15), by Jensen’s inequality, we have
f.t]

]-"t} ds

5 (\/ﬁ [ wnad - pS<Aﬁ>>ds)2
t+u

<E |nu / (A7) — po(AR) ds|7
=nu /t g {(p?(Afk) -~ ps(Afk)2

<nu / " E {(pzmﬁ) ~plAR)

SE[t,t+u]

]-"t} ds

J—“t} . (5.16)

:
g

~ . N2
=nu?® sup E {(pZ(Afk)_ps(Afk:>

sE[t,t+u]

For the second term in (5.15),

=

( (s200) = (ki) av. )

<E </ \/_ Pl (R fr) ps(hfk)> dY>t+u

id

.7-}] ds

2
.7-",5] ds

]—"t] . (5.17)

=nE

[ (o0 - i) a

t

—n /tHufE {(pg(h]?k) - Ps(hfk)>2

<n /t R E{(pg(hfk)—ps(hfk))

sE[t,t+u]

—un sup E {(pg‘(hfk) — ps(hfk))z

sE[t,t+u]

For the remaining terms in (5.15), note that

- - -
R (fi) < Crod] fillse < =l fells.oo;
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we then have

S%E u/t nz [§Z5a )] ds
_uz / [ B ()RL,(F)

d

ft:| ds

C x = -~
SIS s B (€a)()" |7
1 sE[tt+u]
<R Y s EB[(@a) |7]

=1 s€[t,t+u]

and also note that

) . Cy, :
R () < Coad| fillsoo < =2 Fillacor

1 - n t+u 2
nﬁE (Z t fzaa (s ) (@)dYs>

([ o <so>dys)2

[ feaer o] s f]
ft} ds

| (G, )’

o B |(€0) ()2, 0)

st t+ul

then we have

Fi

.

A

1~
<-E
n

n

IN

.
Il
—_

IM: IIMS

IN

E

/
>

_u—||fk||4oo2 up B | (€505(0))°

=1 s€ [t7t+u]

Ft:| ds

E:|;
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and finally since

R (fi) < (Co+ C300)|| flls.00 < (Co+ C5)|| flls.o0s

we have that

Fi

(Z/ £l <>v<ﬂ>2
g%f@ ( / ena(s <so>dv;f>)2 ft]

S%fE Z / &isas ( (w))2d8 ft]

Lj=1
]:t} ds

2 B[ >R§,j<so>)2
<L Z/ B[ (5a}(00RL(0))

SE[t,t+u]

ft:| ds

—U(Cy + ) ||fku5oo2 up B[ (€a3(o)’

=1 SE[t,t+u]

]—“t} . (5.20)

Therefore, considering the bounds in the right hand sides of (5.16), (5.17), (5.18),
(5.19), and (5.20); we can define 4™*(A) as in (5.13) by letting

C,=C} +C3+ (Cy+ C3)2

By virtue of (5.15), we know that (5.14) is satisfied. [
The above discussion defines 7*(A) and shows that (5.7) is satisfied for {U"(fi)}n.

The following proposition shows that 7"(A) defined in (5.13) satisfies (5.8).

Proposition 5.1.7. 4"(A) defined in (5.13) has the following property
lim limsup E [y*(A)] = 0. (5.21)

Proof. We show this by looking at the expectation of each term in (5.13).
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For the first term, by Theorem 4.2.11

B [na swp (ph(AJ) - pulAR)

SE[t,t+u]
. _ N2
—nA%E | sup (p?(Afw—ps(Afk)
SE[t,t+u]
<nA?s HAfk = A2T ’ 0, asA 0. (5.22)
m+2,00 m—+2,00
Similarly, for the second term,
. _ N2
E [nA sup (pg(hfk) - ps(hfk)> < A& ‘hka — 0, asA —0. (5.23)
sE[t,t+u] m+2,00
For the remaining term, again note that (ad)* ~ 1/n, and
. 2
E sup ( isay( > Z]E sup ( u;a?(s)) < ncy”. (5.24)
=1 s€[t,t+u] s€[t,t+u]
Thus
A . "L 2
SO E| s (ghar(s)) ]
n =1 sE[t,t+u]
A - _
Sg\lfkﬂé,oonctf = A (| fillgoo — 0, as A —0. (5.25)
This completes the proof. [

The following proposition shows that (5.9) holds for {U"(fx)}.

Proposition 5.1.8. For each k € N, we have

lim lim sup & {(1 A d(U2 (), Ug(fk))>2] —0. (5.26)

A—=0 poo

Proof. The result follows immediately by continuity of {U"(fi)}, at the initial time
0. [ |

Finally, Lemma 5.1.5, Proposition 5.1.6, Proposition 5.1.7, together with Propo-
sition 5.1.8 state that all the conditions in Theorem 5.1.4 are satisfied. Then by
Theorem 5.1.4 we know that {77 U™}, is tight, which implies that {Wfk@n}n forms a
tight sequence on P(Dg[0,7]); then by Theorem 5.1.3 we know {P,} forms a tight
sequence on P(Dy,.we)[0,7]). By definition we can then conclude the following

tightness result.
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Theorem 5.1.9. The measure-valued processes {U}* : t € [0,T},>1 forms a tight

sequence.

Remark 5.1.10. If we assume that the resampling happens only in [t,t + u], then
by exactly the same discussion as above (except that we replace s € [t,t + u] by

s € [t —wv,ul]), we can also obtain the tightness for the process {U*}n>1.

5.2 Convergence in Distribution

In this section we show that {U"}, converges in distribution to a uniquely deter-
mined process U. The strategy of the proof of the convergence in distribution is as
follows: Since the sequence of the measure-valued process {U"},, is tight, then any
subsequence {U™},, of {U"},, contains a convergent sub-subsequence {U™};. We
will prove that any convergent subsequence has a weak limit U which is the unique
solution of (5.31). This ensures that the entire sequence {U"}, is convergent and

its weak limit is the solution U of (5.31).

We need the following preliminary result.

Lemma 5.2.1. Let o € CJ(R) (m > 6) be a test function, and define the measure-

valued processes

M—Z{m P —nz{g OFige G

then for any t € [0,T],
Pt 0= p Poas,
where p* and p* are two measure-valued processes satisfying, for any o € D(A),
) = () + [ {o:(A0) 4 mh) ) = )]
+ po(1) [ms(hip) = ()] Jels

+ /Ot {ps(hso) — 7s(h)ps(p) + %(sa)ps(h)}dYs; (5.28)
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7e) = mole) + [ {p00n(A0) = s (Dpulhe) = o)) ()
+ (9 (os (1) + 2 [pu(B)pa(hp) = (ps(R))Pms()] s
# [ 0 0n0) + o) (5.20)

Proof. See Appendix C.2. [ |

Proposition 5.2.2. For any ¢ € C3(R), let A¥ be the process defined by

[t/6] ¢
A7 =3 pa(Uy s (22) = (i (@)t s [ (B

+ Cu /Ot (5L(he" — (hep)")) ngz)Jr/Ot 72 ((0)2)dB®) (5.30)

fort € [0,T]. In (5.30), {Y;}ien is a sequence of independent identically distributed,

standard normal random variables, and \/mg_(<p2) - <7Ti§_<g0))2Ti} are mutually

independent given the o-algebra Y. ¢, is a constant independent zof n, and the

operator V is defined by

fo" o™ 3(Ap)”
Vo — — .

L 2
B® and B® are two independent standard Brownian motion and both independent
of the observation Y .

If U is a Dy, @0, 00)-valued process such that for ¢ € CS(R)

i) = o) + [ U (Ag)ds + / Us(hg)dY, + AY, (5.31)

then U is pathwise unique. That is, for any two strong solutions U and U of (5.31)
and with common wnitial value i.e. P [Ug = UO] =1, the two processes are indistin-
guishable, i.e. P [U, = Uyt € [0,T]] = 1.

Proof. Firstly, it can be seen that the first three terms of (5.30) are martingales
while the final term is not a martingale.
Suppose there exists two solutions U and U? of (5.31). Then take p € C¢(R),

we have

t t
Ul () = Ul(p) + / UL (Ap)ds + / U (hg)dY, + AY, (5.32)
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t t
U2(p) = U () + / U2(Ap)ds + / U2(hg)dY, + AY. (5.33)

For 27.] = {172} let Uij((thOZ) £ E[UZ«Ol)U]((pQ)]? for $1, P2 € 0155(@)
By It6’s formula we have

t t t
01, 03) = / 021, Aps)ds + / 0'2( Ay, oo)ds + / 022(hpy, hipa)ds
0 0 0

- /OtE[Usl (P1)h(Wpa) + U2 (p2) Pl (W) | ds

+ [ & [VAEe PR + et = (o) 70 — ()] ds

+E {ZE [(pis(1))? (Tis—(016p2) — Tis—(p1)Tis—(02)) | Fis—] | ;

t t t
U”(%m):/ U”(%,Awa)d8+/ U”(Asol,wz)dSvL/ U (hr, hpa)ds
0 0 0

+ /OtE[US(%)ﬁi(‘I’w) + Uﬁ(S@ﬁﬁi(q"“ﬂ ds

+ [ & [VEe PR + et = (o) 0 — ()] ds

[t/d]
+E {ZE [(pis(1))? (mis—(1602) — mis—(01)mis—(02)) | Fis-] | ;

t t t
U* (01, ¢2) :/ U (1, Apy)ds +/ UM(A%,%)CZS‘F/ U (hepy, hepa)ds
0 0 0

" /OtIE[UE(sol)é(\Pm) FU2)h(Wp) | ds

+ [ B[V PR aa) + 0t — (or) )i = (pa))] s

Y

[t/9]
+E {ZE [(pis(1))? (mis—(pr102) — Tis— (1) Tis—(p2)) | Fis-]

=0
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and

_ t B t B t _

U22(901,802) :/ U22(901,A902)d5+/ UZQ(A9017<P2)CZS+/ U22(h9017h902)d5
0 0 0

+AﬁﬁﬁwmﬂWw>Hﬁwﬁé®%ﬂ“

+ [ B[V PR eaP) + 0t — (hor) )i = (pa))] s
(/3]
+E ZIEZ [(pis(1))? (mi5-(p1002) — Tio— (1) Tis—(02)) | Fis—)

=0

Let
o= (02— T + (02 — T2, (5.34)

it then follows that
t t t
Vi1, p2) = /US(SDlaA%O?)dS+/ US(A‘P17902>dS+/ vs(hor, hpa)ds;  (5.35)
0 0 0

and vo (1, p2) = 0.

It follows by Theorem 2.21(i) and Remark 3.4 in [55] that (5.35) has a unique
solution and since (5.35) is a homogeneous equation beginning at 0. Then we have

v (1, p2) = 0, which implies
(U = 02 + (02 - U2) =0,
that is to say, for ¢ = g =

E [Ut1(801>Ut1(90) - Utl(Spl)UtQ(‘P)} + E [Ut2(901)Ut2<90) - Ut2(901)Ut1(§0)]
—E | (U () — UZ())"] = 0; (5.36)

and thus U'(p) = U?(p) for p € C8(R), which in turn implies that the solution U
of (5.31) is unique (See Exercise 4.1 in [3]). |

The following Theorem 5.2.3 states that unique solution {U} of (5.31) is indeed

the weak limit of the measure-valued process {U"},,, in other words, {U"},, converges
in distribution to {U}.
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Theorem 5.2.3. {U"},, converges in distribution to a unique D, [0, 00)-valued
process U such that for ¢ € CS(R),

t t
Uie) = Ule) + [ Ulaoids+ [ Uho)aYo+ a7, (637
0 0
where Ay is defined as in (5.30).

Proof. From Proposition 5.3.20 in [44] and its extension to stochastic partial differ-
ential equation and infinitely dimensional stochastic differential equations, it follows
that for solutions of stochastic partial differential equations, pathwise uniqueness
implies uniqueness in law. The extension to stochastic PDE was done by Ondrejat
(see [57]) and Réckner, Schmuland and Zhang (see [61]).

Thus by Proposition 5.2.2 the solution U of (5.31) is unique in distribution.

Now let {U" }; be any convergent (in distribution) subsequence of {U"},, to a
process U. We then verify that this process U solves (5.31), and then the uniqueness
of solution of (5.31) implies that the original sequence {U"},, converges to U as well.

Bearing in mind that U™ satisfies (5.4), it then essentially suffices to show that
AY in (5.37), which is given by the weak limits of \/HM[?}?} and /nB;"? in (5.4),
does satisfy (5.30). We first denote by

t
Az 2ap- [ s
0
the martingale part of AY. Then we only need to show that A% has the quadratic

variation which is the same as that of A% in (5.30). In order to do so, we show that

foralld,d >0,0<t <ty <---<t; <s<T,0<th<th<- o<t <t<

T, continuous bounded functions aq,...,aq on M F(E) and continuous functions
o, ..., aly on R; we have:
5 d d’
E | (A7 = A9) [Jea) [T ¥ | =0, (5.38)
i=1 j=1
and
t
E ((Af - A7)’ —/ {72 ((09)) + (3} (he" = (hp)")” }ar
[t/d] d d’
- Z (pi5<1))2 [MS—(SOZ) - (7%—(@))2} ) Ha’i(Uti) HO‘;(YtQ =0.
i=[s/6]+1 i=1 j=1
(5.39)
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To prove (5.38), we first observe the following:

n—oo

t
JH&IZ [ st R (s 2 220 = [ plwgnts, (540
0

the proof can be found in Appendix C.3. Then note that

t t t
A = &2 = Ule) - Uute) - [ Uap)ar = [ Uithgyav, — [ g (wo)ar,

thus showing (5.38) is equivalent to showing

(Ut /UAgodr—/Ufude /pT\IMp )
X Hai(Uti) H@;(Yt;)
i=1 j=1

This equality will follow by virtue of the martingale property of AY — A¥.

E

= 0. (5.41)

By virtue of the existence of A%(fi) in Lemma 5.1.5, it follows , for n’ € N, that
supEe | (U™ ()] < o,

which implies that {U™} is uniformly integrable (see I1.20, Lemma 20.5 in [63]).

Therefore we have that

d d’ ]
lim E | U7 (¢ Haz (U) Ha V)| =E|Up) [JeatUe) [T o5(v) |
o L i=1 j=1
r r d d T

lim E | U™ (g Hozz Ui*) Ha Yt/

k—o0

I

=h
—
5
—
8
S
—
MQ\
=

By Burkholder-Davis-Gundy inequality, we know that

(/Ot UZ”(AsO)dr) 2] < o0;

sup E

nl

thus we have

/U"’“ Ayp) drHozl (U* Ha Yt/

i=1 7j=1

lim E —E

k—o00

t
/U(Aga H (Us,) Ha Yy)
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Similarly, by Burkholder-Davis-Gundy inequality, we can show that

([ vrueray.)

we therefore have that (by Theorem 2.2 in [48]), since (U™,Y") converges in dis-
tribution to (U,Y), then (U™*,Y, f: U (hy)dY,) also converges in distribution to
(U,Y, [ U,(hp)dY;), thus we have

/U”k hy) dYHaZ Ha Yer)

=1

2

sup E < 00,
nl

d/

/tU hgdeHoal (U) [ ] ¢ Yer)

=1 7j=1

lim E =

k—o00

For ['pt(We)dr, we have

AnkR SOHO(Z Utnk Ha Y;,

Now we have shown (5.41), and hence (5.38).

lim E

k—o0

t
/pr(‘lfso H (U:) Ha (V)

In order to show the second equality (5.39), we firstly make the following obser-

vations about the limits of the terms in (5.4):

e We have
[t/d]
T (VA = 3 (pis(1) [ris-(67) = (- ()]
If we let

[t/d]
AP 23 palt) 1)y/mis (%) — (mis ()T, (5.42)

where {T;}ien is a sequence of independent identically distributed, standard

normal random variables, and {\/ mis—(02) — (mg_(gp))QTi} are mutually in-
dependent given the o-algebra Y; then we have (A%), = lim;_m (VnA™#), .

e For Gﬁ’/‘fﬂ, we have

lim ‘\/_G

n—oo
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e We have

1 n . ) 2
. S no (s )R2(0)dYs ) 2 i <A”vR 7‘f’> = <AR ’“”>

t

where

t
A = [ (g~ (o)) dB2), (5.43)
0
¢, is a constant and B® is a Brownian motion independent of Y.
e We have that

i n AR (0)dVY) Y 2 <An,R ,90> = <AR ,<,o>
Jim. <_\/ﬁ;/0 §laya1; (8) RS 5 (0)dV > e \ t ’ v

t

where .
AR = / V7 (0)?)dB®, (5.44)
0

B®) is a Brownian motion independent of B® and Y.

The proofs of these observations can be found in Appendix C.3.
From the above observations, we obtain that

E

d d
(Af = A [ [ ea(Ue) [ ] (V2
i=1 j=1

- | ( (e = (i) o () = () )
() () ) ) < e [Ty
[t/4]
a}gﬁ( Z/: (P (1) |7 (%) = (=i ()]
i=[s/6]+1

t t d d’
+ / (Art (" = (hp)"))* dr + / e’ (w’)?)dr) x [Tes@) [T e (vi)
s s =1 7=1
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/8
—E ( > (pis(1))? [mis-(9%) — (mis—())°]

i=[s/d8]+1

t

. ) d &
+/ (7r(he" — (hp)")) dr+/ pr ((090’)2)d7’> X Hai(Uti)H%(Y};)

d a

=E | (A7) — (A9)s) [[asU) [ [ (Vi) | 5 (5.45)
i=1 =1

and (5.39) follows from this identity. ]

Corollary 5.2.4. For and t > 0 and test function ¢ € C3(R), let

U7 () = Vn (7} (0) — m()) -

Then {U"},, converges in distribution to a unique Dyt @)0, 00)-valued process U=

{U; : t > 0}, such that

Ui(p) = (Ui(p) = m(p)Ui(1)), (5.46)
where U satisfies (5.31).

Proof. By the fact that

T () — m(p) = o) (P (@) — pe(p)) — (1) (pf (1) — pe(1)),

and p} () — pi(p), a.s. and 1" (@) — m(p) a.s. (see Remark B.1.3 in Appendix C),

we have the result. [ |

Remark 5.2.5. In this chapter we view {U"},en and its weak limit {U} as pro-
cesses with sample paths in DMF(@) [0,00), which is complete and separable. In the
following we show that U actually takes value in a smaller space Mp(R) (i.e. U is
a Dp(r)[0, 00)-valued random variable). In other words, U has no mass ‘escaping’
to infinity. This is done by using the same approach as in Section 5 in [16].

Since the weak topology on Mp(R) coincides with the trace topology from Mp(R)
to Mp(R), it follows that U has sample paths in Daq,w)[0,00). It then suffices to
show that that for arbitrary t, there exists a sequence of compact sets {K,}p=0 € R

(possibly depending on t) which exhaust R such that for all € > 0,

lim PP [sup (Us(1kg)) = e] =0, (5.47)
p—oo s€0,t]
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where K denotes the compliment of K. The proof of (5.47) can be found in Section
5in [16].

Therefore, from now on, when discussing the tightness or convergence in distri-
bution results of this chapter, our convention will be that Mg(R) is endowed with the
weak topology generated by the metric dyq. The discussion on the compactification

R is no longer required.

5.3 Discussion

To be able to obtain the tightness (and hence convergence in distribution) results,
multinomial branching algorithm was selected. From Chapter 4 we see that L2-
convergence results for p” and 7™ can be obtained under both tree based branching
algorithm (TBBA) and multinomial branching algorithm. The main advantage of
tree based branching algorithm over multinomial algorithm is that the TBBA has
conditional minimal variance property. In other words, it produces the offspring
(generalised) particles with a probability distribution that minimises their condi-
tional variance. This is a very attractive feature for resampling algorithms because

it is the variance of offspring that determines the speed of convergence.

As can be see from this chapter, the central limit type result, however, can only
be obtained under the multinomial algorithm. We cannot obtain the corresponding
central limit result for the generalised particle filters involving branching proce-
dure based on the TBBA as the limiting process correspondent to the sequence of
quadratic variations (M™%), can not be identified explicitly. Therefore we can not
describe the evolution equation of the limit U of U™ (we can, however, prove that

the process is tight). This is left for future research.
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Chapter 6

Suggestions for Possible Areas of
Future Research

In Chapters 3, 4, and 5, we did a comprehensive study on the Gaussian mixtures
approximation to the solution of the nonlinear filtering problem. We set up the ap-
proximating algorithm, and proved a law of large number type result and a central

limit type result. These three chapters form the core part of the thesis.

It should be noted that Gaussian mixtures approximation is a natural general-
isation of the classic particle filters; it is, however, by no means the unique way of
generalising the classic particle filters. In Section 6.1, we introduce the basic ideas
of using wavelets, orthomormal polynomials, and finite elements to construct the
generalised particle approximations. The ultimate aim is to integrate within the
framework of generalised particle filters a wide variety of numerical methods, and
develop a common approach to analyse and compare these methods. At the time
of this thesis, however, only basic ideas are presented; the rigorous analysis and

comparison between these methods are left as future work.

In addition to these, being able to apply generalised particle filters to solve prac-
tical problems is of essential importance. An important application of generalised
particle filters, especially the Gaussian mixtures approximations, is the problem of
filtering the Navier-Stokes equation, whose idea is described in Section 6.2. The

content in that section is initiative and more rigorous working, in particular the
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advantage of Gaussian mixtures over Dirac mixtures, will be the author’s ongoing

and future work.

6.1 Other Possible Forms of Generalised Particle
Filters

In this section, we introduce the basic ideas of constructing the generalised particle
filters systems by using different numerical methods. These numerical methods can

include

e C(lassical Particle Filters: as explained above, in this case the particles carry

information about their weights and positions.

o (Gaussian Mixtures: the particles are in this case characterised by Gaussian
measures. They are parameterised by their weights, mean values and the

corresponding covariance matrices.

o IWavelets: an orthonormal wavelets series with properly selected dilation and
translation parameters is chosen to characterise the particles. The transition
centres are viewed as positions; and the weights of the particles are the inner

products of the wavelets and a certain chosen density function.

e Orthonormal Polynomials: similar to wavelets method, an orthonormal basis
of a Hilbert space with properly selected dilation and shifting parameters is
chosen to characterise the generalised particles; the Hermite basis is a partic-

ular example.

e Finite Element methods: the shape functions of a finite element are considered
as the positions of the generalised particles, and the nodal variables should act

as the generalised weights.

The first two methods have already been rigorously studied. In what follows we will

discuss the general ideas of the remaining three methods.
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6.1.1 Wavelets Method

In this subsection we describe the idea of using the wavelets method, the evolution
equations satisfied by the signal X and the observation Y are assumed to be the
same as in the previous section. It is proved in Chapter 7 of [3] that, if the matrix-
valued function a = %UO’T is uniformly strictly elliptic, then the density p; of p; (the
solution of the Zakai equation) with respect to the Lebesgue measure exists and is
smooth. We can therefore consider the approximation of the density p;, which is
denoted by p" = {p}’,t > 0}. We further assume that p}'s exist and are chosen to
be smooth functions. Then for any ¢ € D(A) we can construct the approximation
p" of p as

o) = [ el (6.1)

Similarly, for Ap and h¢ we have

e = [ (Ao, i) = [ @@ 62

Consider a continuously differentiable function v with compact support chosen

as the mother wavelet, and consider the discrete wavelet transform

bip() = a~Fp(a Iz — kb); (6.3)

We know from the appendix that, by properly choosing dilation parameter a and
translation parameter b, and the mother wavelet 1, the wavelet series {1, : 7,k €
Z} can be constructed to form an orthonormal basis for the Hilbert space L?*(R),
that is, for any f € L*(R),

F=Y > (ftym) im
j=—00 k=—00
where the inner product (f,¢;x) = [o f(2)1h;jx(
Instead of the infinite sum in the above equatlon, we are looking at parti-
cles/wavelets with a finite number of elements. Therefore, given the function p}(x),

we aim to have:
mi1 mo

pr=>0> (o) in) i (6.4)

=0 k=0

for some my, mo € N.
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By formula (6.4), we can rewrite (6.1) and (6.2) as follows:

m1  m2 m1 m2

P =) Z/ o(x) (P i) Cik(@)de =3 > (D i) (0, 05) 5
j=0 k=0 7R j=0 k=0
o) =33 [ (A)a) 8 sad diaodde = 30D (0 sad (A )
pi (he) = Z > /R(hSO)(l") PFs i) Yjn(x)de = Z > 0 in) (heo, i) -

By properly choosing the wavelet ¢ and the dilation and translation parameters, we

hope to obtain an equation of the form
dp} (o) = pt(Ap)dt + p}(hp)dY; + “small terms”.

At this stage it is not possible to say more about the “small terms” in this equation.
The idea is to be able to control the additional terms with bounds depending on the

number of wavelets.

The above described work is done within each interval of the partition [id, (i +
1)d), we should obtain the “small terms” explicitly before we can determine whether
or not we need the branching procedure (i.e. § = oo or finite) and what the algorithm

should be used if branching is required.

6.1.2 Orthonormal Polynomials Method

We discuss in this subsection the idea of using orthonormal polynomials to charac-
terise the generalised particles, with the emphasis of Hermite polynomials. Instead
of unnormalised conditional distribution p;, we consider its smooth density p, with
respect to the Lebesgue measure (see Chapter 7 in [3] for the existence and smooth-

ness of p;).

The (one-dimensional) Hermite polynomials are defined as follows

n x? d" —x2
H,(z) = (—1)"e i (6.5)
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and the corresponding Hermite functions are

Un(x) = (2"nly/m) V2 " 2 H, (2). (6.6)

Hermite functions {1,}°°, form an orthomormal basis of L?*(R), and the corre-

sponding inner product is

1, m=n

o (6.7)

() = [ Gainla)de = 5, = {

From the above definitions, it can be seen that the Hermite functions satisfy the

following recursive relations:

d n n+1
@djn(l‘) = \/;1%—1(@ - 2 wn—l—l(x)

rinle) = 3 a() + " ), (69

We can then conclude, from these relations, that for m > 1 and m € N,

d_m¢n(m), a1y (z) € span{tho, Y1, ..., Ynym},

dxm

in other words, we are able to represent ¥\™ (x) and z™,(z) as (finite) linear
combinations of {;(x) ;'“;“6” . The density p; can therefore be decomposed as

o0

() =D (P, Yn)ton (). (6.9)

n=0

From Chapter 7 in [3] we know that

pe(x) = po(x) +/0 A*ps(x)ds—l—/o h(z)ps(x)dYs,

where A* is the adjoint operator of A defined in (2.10), i.e.

Then we would like to approximate p;(x) by a using a finite number of elements in
{1} as follows

pr () = icn(t>¢n (xt — ”t> , (6.10)



and by determining C,,(t), 1 and w;, we aim to show p satisfies
t t
() = py(z) + / A*pN(z)ds + / h(x)pY (x)dY, 4+ “small terms”.  (6.11)
0 0

The reason for choosing Hermite polynomial to form the orthonormal basis is
that, in the linear case of Kalman-Bucy filter (see, for example, Chapter 6 in [3]), the

signal X and the observation Y satisfy the following evolution equations respectively:
t t
Xt :XO +/ (FSXS + fs)ds +/ O-Sd‘/;7
0 0
t
Vi Yot [ (X4 h)ds + W
0

where, for and s > 0, Fj is a d X d matrix, o, is a d X p matrix, f is a d-dimensional
vector; H, is a m X d matrix, and h, is a m-dimensional vector. In this case, the

density p;(z) has the following explicit expression (see, for example, [3])

A

pila) = e (—%)éwm (“7). o

where 2, Z and R satisfy the following evolution equation:

diy = (Fydy + fo)dt + ReH, (dY; — (Hy3 + hy)dt),
dR, = (00, + F,R, + R,F,' — R,H, H,R,)dt,

t t
7 — exp (/ (His+h)TdYs—/ ||H§:s+hH2ds).
0 0

From (6.12) we can see that for this Kalman-Bucy filter, we can explicitly repre-
sent the density p; using the one-dimensional subspace of the (infinite dimensional)
space L*(R) with orthonormal basis {,}°%,. Then for general non-linear filtering
problem, as a natural extension, it may be possible to use finite dimensional (V)

subspace of L?(IR) to characterise the approximation p .

6.1.3 Finite Element Method

The idea of using finite element analysis is similar to the wavelet method. Again we
assume that the signal X and observation Y satisfy the same evolution equations as
before, and we know the existence and smoothness of the density p; of p; with respect

to the Lebesgue measure. We consider the approximation sequence p™ = {p}*, t > 0}
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of p={p,t > 0}. For any ¢ € D(A), we can construct the approximation p" of the

solution of the Zakai equation p as

i) = [ el (613)

Similarly, we have for Ay and hy that

e = [ Ao i) = [ et (6.1

By using finite element method, we are essentially approximating functions on indi-
vidual element domain, or on a collection of element domains (mesh) which subdivide
a larger domain. The interpolation error |f —Z7 f| (see Definitions A.2.5 and A.2.6

in Appendix A.2 for details) should also be a major concern.

To be specific, for example, the global interpolation of p}' can be written as

N  km

N
Irpp =Y T, p) = > > N"(pp)er" (6.15)
m=1

m=1 i=1
Then obviously p}* has the following expression

N  kmnm

pr=Trp; + Ere(pf) = > > N0 + Err(p}), (6.16)

m=1 =1

where Err(p}') is the approximating error of the interpolation. Therefore we have

o) = [ eomi@s =33 [ ole) e @de+ [ ole) Brrt) @)
Similarly we can obtain that
N  km
pA0) =303 [ (A0)a) (VI G1)or) (e + [ (A @) Brri) )
N  km
) =303 [ (o)) (P11 (@)de + [ () ) B )

Then following the same procedure as we did for wavelets method, we should choose
appropriate forms of finite elements and their corresponding basis, so that the equa-

tion of the following form can be obtained:

dp} () = pr(Ap)dt + py (hp)dY; + “small terms”.
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6.2 Filtering the Solution of the Stochastic Navier-
Stokes Equation

In this section we will look at an application of the generalised particle filters dis-
cussed in the previous chapters. We consider the Navier-Stokes equation as an
example. Instead of solving the problem, we only present the filtering model in this

section. The content here is motivated by the work in [6].

6.2.1 Problem Setting

We consider the 2D Stochastic Navier-Stokes equation on the torus T? £ [0, L) x
[0, L) with periodic boundary conditions:

% —vAu+u-Vu+Vp=f+W(tuz) for all (z,t) € T? x (0,00), (6.17)
Vu=0 for all (z,t) € T? x (0, 00),
u(z,0) = ug(x) for all 2 € T2

Here u : T? x [0,00) — R? is a time-dependent vector field representing the velocity,
p: T? x [0,00) — R? is a time-dependent scalar field representing the pressure,
f:T? — R?is a time-independent vector filed representing the forcing, and v is the

viscosity, and W (t, z) is a coloured noise which will be described below. We define

H 2 {L—periodic trigonometirc polynomials u :

v-u:o,A2u<x)dx:o}

and H as the closure of H with respect to the (L*(T?))? norm. We then define
P : (L?*(T?))?> — H to be the Leray-Helmholtz orthogonal projector.

Given k = (ky, ko) ", define k* = (ky, —k1)". Then an orthonormal basis for H
is given by ¢, : R? — C2, where

[0,L)* — R*

for k € Z*\ {0} and i = /—1. Thus for u € H we may write

= > up(t)i(x)

kez2\ {0}
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where, since wu is a real-valued function, we have the reality constraint u_;, = —uy.

We choose the coloured noise W (t, z) to be of the form
W(tz)= Y e(z)W, (6.18)
keZ2\{0}

where {W} }#>0, kez2\{0}) are mutually independent one-dimensional Brownian mo-

tions, and eis are chosen to have the following property
Z (4 |k|*)%e; < o0 fors€ Rand s > 1,
kez2\{0}

and then W(t,-) € H.
Using the above Fourier decomposition of u, we can define the fractional Sobolev

space
H2ueH: Y (4rk]*) |ul* < oo
kez2\{0}

with norm |juls = (3, (472[k[)*|u|?)"/* and s € R.

The following proposition shows the stochastic Navier-Stokes equation can be
written as an stochastic ordinary differential equation by applying the projection P
in H.

Proposition 6.2.1. The Stochastic Navier-Stokes equation can be written as

Z—Q; + vAu + B(u,u) = f+ W(t, ). (6.19)

Here A = —PA is the Stokes operator, the term B(u,u) = P(u - Vu) is the bilinear
form found by projecting the nonlinear term w - Vu into H, and f is the original

forcing projected into H.

Proof. Without loss of generality, we assume that u, f € H. We take the inner

product of this equation with an element v € H, to obtain

(%,v)—u/ (Au)~vd:c—|—/ (u~Vu)~vd:c—|—/ (Vp)-vde = | fode+ | W-vdz
at T2 T2 T2 T2 T2

(6.20)
By integrating the p term by parts we obtain

/p(Vp) -vdx :/ p(V -v)dzx = 0.

T2
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Applying the projector P to both sides of (6.20), note that W € H, we have for all
ve H

(8u ) + 1// ((=PA)u) - vdx +/ P(u-Vu)-vde= | f-vde+ [ W -wvdx,
T2 T2

E, v T2 T2
therefore by letting A = —PA and B(u,u) = P(u-Vu), we can rewrite this equation

as

d
d—? + vAu+ B(u,u) = f+ W(t, x);

which is exactly (6.19). [
Remark 6.2.2. E, Mattingly, and Sinai (see [33]) studies the stochastically forced
Navier-Stokes equation with similar random forcing term. They proved the unique-
ness of the stationary measure under the condition that all “determining modes”™ are
forced by studying the Gibbsian dynamics of the low modes obtained by representing

the high modes as functionals of the time-history of the low modes.

Recall that
u= > u(t)i(x). (6.21)

kez2\{0}

The following theorem gives the evolution equations satisfied by w(t).

Theorem 6.2.3. Let (6.21) be the decomposition of the solution of the stochastic
Navier-Stokes equation. Then for each k € Z*/{0}, ux(t) satisfies

duy(t) = (—y/\kuk(t) — a7 >y (tyuy(t) + fk> dt + epdWF, (6.22)
I+j=k
where
2mi(lag1—l172) (k1j1+k272) . _ .
| ST Y k=it
abd = (6.23)
0 otherwise.
Proof. From (6.21) we know that
du= Y i(w)du(t). (6.24)
kez2/{0}

Recalling (6.19), since the Stokes operator A can be diagonalised in the basis com-
prised of the {tx}rezz\(0y on H, and the eigenvalues of A are A, = 47%|k|*/L?, we
know that

Au= " Neup(t)gn(x). (6.25)

kez2\{0}
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The bilinearity of B(u,u) implies

Bu,u)= > wu (OB, d) = > w(t)u;(t) Py - Vi)

REZN REZN
= Y w®ut) Y o)
L\ (0) kT2 (0}

= Y | X wut) ] o) (6.26)

kez2\{0} \1,jez2\{0}
where ai’j is the inner product (P(1; - V1);),¢y) written as (see Appendices D.1 and
D.2)
1 _
oy = (1 - Vy) - U (2)da. (6.27)

12 g
By (D.11) (see Appendix D.2) we know a}’ has the expression as in (6.23). Thus
Bluu) = Z<M(Zm@w@ww; (6.25)
kez2\{0} I+j=k
As f € H, we can write it as
fla)=">_ fivnlx). (6.29)
kezZ2\{0}

Finally the decomposition of W (¢, x) comes from its definition (6.18).
We then obtain the evolution equation for {uy(t)}i>0 and each k € Z \ {0} as

dug(t) = <—1/>\kuk(t) — a7 > w(tuy(t) + fk> dt + e dWF,
I+j=k

which is exactly (6.22). |
Remark 6.2.4. Figure 6.1 shows the values of aﬁc’j over different indices k and .

From Theorem 6.2.3, the evolution of each wuy(t) depends on infinite number of
w;(t)s, which makes the analysis of this dynamic system difficult. We then define
the projection operators Py : H — H and Q) : H — H by

Pu= Y u(®vr(), Qu=1—Py
kez2\{0}
|2mk|2 <AL2
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Figure 6.1: Values of a;’

and consider the projected eigenvalues, we obtain the following evolution equation
for the approximation of uy(t), which is denoted by @y (t), for each k € Z\ {0} with
|27k|? < AL*:

dﬂk (t) = (—l/)\kﬂk(t) — Ozi’j Z ﬂl(t)ﬂj (t) + fk) dt + €deVtk; (630)

where the set T' 2 {(l,j)‘l +j =k and |271? < AL? and |27j]? < AL?}. The ap-

proximation @ of u is then given by

= Y G(t)r(x).
kez2\{0}
[27k|2<AL?
Figure 6.2 shows the magnitudes and angles of the complex valued () for different
k over time t (assuming fi and €5 to be 0). It can be seen from the left hand side,
which plots the magnitudes, that almost all @ decay to 0 very quickly (when ¢ < 20).
The right hand side are the angles of each % (¢), which range from —= to 7.
From the above simulation we can see that @(t) (or u(t)) decays to 0 as k

and t increase. Heuristically %, can converge to u;, as k — oo. Actually for the
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Figure 6.2: Magnitudes and angles of ()

deterministic Navier-Stokes equation, we have the following propositions, which was

proved by Foias, Manley, Rosa and Temam (see [37]):

Proposition 6.2.5. Suppose u satisfies (6.19) except that W(t,x) = 0, and u is
in the Gevrey space D(exp(cA®)) for o > 0 and s = 1/2; where A is the Stokes
operator. Then u has the following decomposition
u= Z uke%i%x, up € C u_y = . (6.31)
kezd

Then the Fourier coefficients uy have upper bound

M |k
]uk]2 S —% ’Z 6_27r60|%|. (632)
Proof. See discussions in Appendix D.3. [ |

Proposition 6.2.6. Assume u satisfies (6.19) with W (t,z) = 0, and that ug € H',
f € H, then the equation satisfied by u has a unique strong solution on t € [0,T]
for any T > 0:

u € L®((0,T); H) N L>((0,T); D(A)), % € L*((0,T); H).

Furthermore, the equation has a global attractor A and there exists K > 0 such that,
if up € A, then

sup [|u(t){ o < K.

>0
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Proof. See Theorems 9.5 and 12.5 in [60]. [

For the solution u of stochastic Navier-Stokes equation (6.19), the author would
like to prove the convergence as well as find the convergence rate of u; to ug, and
then obtain similar results for @ as in Propositions 6.2.5 and 6.2.6 (possibly) using
the techniques adopted in Section D.3. Once this is done, we can know the exact
error between wu, and 4y, and it suffies to focus on w;, which is a finite dimensional

system, to study various properties of u(t).

6.2.2 Filtering the Navier-Stokes Equations

In some cases the flow modelled by the stochastic Navier-Stokes equations is not
observable directly, which makes filtering a necessary tool to investigate the prob-
lem. From the discussions in the previous section, it is known that in order to study
(6.17) under the filtering framework, it suffices to investigate (6.22) or its truncated
version (6.30). We view (6.30) as the signal, and its observation will inevitably be
perturbed by certain noises. Our interests are therefore to find the conditional dis-
tribution of the signal process @ (t) based on its noisy observations. In what follows

we will build up the filtering model based on this idea.
Recall the system of {a ()}, satisfies (6.30), viz
dig(t) = (—yAkﬂk(t) — Y (b)) + fk> dt + e, dW}F;
r

where the set T' 2 {(l,j)‘l 4=k and |271]? < AL? and |27]]? < )\L2}. For sim-
plicity, the corresponding system of the observation process {y,,(t)}., is, for the

moment, modelled as linear:
Ay (t) = Py (t)dt + dW™, (6.33)

where hg,, € R, th is a one-dimensional Brownian motion, and m = 1,..., M.
We further assume that M is much smaller than the number of elements in I". This
is reasonable because in practice it is usually difficult to obtain and process the

observation process with dimensions as large as the signal process.
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From the simulation in the previous section, we can see that w(t)s decay to zero
very quickly as k and ¢ increase; and thus, although a rigorous proof is still required,
it is reasonable to assume in the first instance that @ (¢) ~ 0 as |k| > M. This feature
enables us to reduce the system of signal processes U (t) into the following simplified

one which has the same dimension as the system of observation processes:
iy, (t) = (—mkﬁk(t) — a7y ()i (t) + fk> dt + e dWF, (6.34)
T

where the set I'y; = {(l,j)‘(l,j) el [l+j*= MQ}. Then it can be seen that the

number of elements in I'); is much smaller than that in I'.

Now we have an idea of the construction of the filtering framework, and we will
now pose some further questions which can be looked into to gain a further insight.
First it is necessary to rigorously prove that the difference between 4y and @, can
be controlled by some small terms. After that, it will be interesting to see how
generalised particle filters, especially the mixture of Gaussian measure, can be used
to approximate the solution of this filtering problem. This work is still ongoing and

the complete results will be obtained in the near future.

6.3 Suggestions for Future Research

Based on the discussion in Section 5.3, Sections 6.1 and 6.2, I would suggest the

following three aspects as possible directions for future research.

e As we can see from Chapters 4 and 5, L?-convergence results can be obtained
for both tree based branching algorithm (TBBA) and multinomial branching
algorithm; the central limit type result, however, can only be obtained for
the multinomial algorithm. It is worth investigating, both from theoretical
and practical point of view, how we can obtain convergence in distribution

result under TBBA; because this procedure has conditional minimal variance

property.

e As mentioned in Section 6.1, there are still several other possible tools to help
construct the generalised particles, including wavelets, orthonormal polynomi-

als, and finite elements. The key idea of constructing the approximations is
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similar to using the Gaussian mixtures. Again we denote the approximation

of the p; by p}', and aim to make the approximation p} satisfy

n T a(p n n
dp} (¢i) = py (a_tt + A%) dt + pi (peh " )dY; + R (1) (6.35)

Comparing (6.35) with the Zakai equation (2.20), it can be seen that these
two equations are “sufficiently” close to each other provided the remainder
term R} (¢;) in (6.35) is “sufficiently” small, in which case p} will converge to
p: (see Appendix B.2 for the rigorous statement and its proof). Once this is
done, a comparative theoretical analysis can be established in order to identify
the optimal methods within the class of generalised particle filters for various

classes of approximations.

Filtering the (stochastic) Navier-Stokes equation is a relatively new area and
the known knowledge about it is still quite limited. From the discussions in
Section 6.2, we see that several gaps are waiting to be filled, and they are the
author’s ongoing and future work. To be specific, the convergence results of
Ty, (t) to u(t) and 1 (t) to i(t) (as k — oo) should be proved before it can
be placed under the filtering framework with () being viewed as the signal.
The following work is to apply the generalised particle filters, especially the
mixture of Gaussian measures, to the established filtering model; and prove

the corresponding convergence results.
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Chapter 7
Conclusions

In this thesis we have analysed a class of approximations of the posterior distribu-
tion under continuous time framework. In particular, we investigate in details the

case where Gaussian mixtures are used to approximate the posterior distribution.

The L2-convergence rate and a central limit type result of such approximation
are obtained. This method can be viewed as a natural extension of the classic par-
ticle filters, in the sense that the classic one is a special case of the generalised one.
In general, the approximating measure has a smooth density with respect to the
Lebesgue measure and this can enable us to study more properties of the posterior
measures than the classic particle filters do; especially this makes it possible to study
various properties about the density of p, through its approximation pj'. Further-
more, the Gaussian mixture particle filters also reduces the computational efforts
by carrying more information on each (generalised) particle. It can also be seen
that the asymptotic behaviour (n — o0) of the Gaussian mixtures approximation
is similar to the classic particle filters, which is not surprising. As the number of
(generalised) particles increases, the quantisation of the posterior distribution be-
comes finer and finer. Therefore, asymptotically, the positions and the weights of

the particles provide sufficient information to obtain a good approximation.
Finally, Chapter 6 outlined some possible directions for future research, which

include three other forms of generalised particles as well as the application to the

filtering of the Navier-Stokes equation.
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Appendix A

Convergence Analysis

A.1 Preliminary Results
Proposition A.1.1 (Gronwall’s inequality). Suppose that a continuous function

g(t) satisfies
0<g(t) <alt)+ ﬁ/ g(s)ds, 0<t<T,
0

with B <0 and o : [0, T] — R integrable; then
t
g(t) < aft) + 6/ a(s)ePt=)ds, 0<t<T.
0

Proof. See, for example, in Chapter 5 in [44]. [ |

Proposition A.1.2 (Jensen’s inequality for definite integrals). Suppose v € LP([0,T7])
is integrable for p > 1, then the following inequality holds

t p t
(/ usds) < tp_l/ ubds.
0 0

Proof. See, for example, [70]. [ |

Proposition A.1.3 (The Burkholder-Davis-Gundy inequality). Assume that M is
a continuous local martingale, then for every p > 0, there exists a universal constant

K, such that
~ p ~
E [(sup |MT|) ] < kB[]

t<T

Proof. See, for example, Theorem 3.3.28 in [44]. [ |
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Definition A.1.4 (Markov Semigroup on Cy(R?)). A one-parameter family (Py)¢o

of bounded linear operators on Cy(RY) with norm || - || is a semigroup if
o Py =1 (the identity operator),
o Pip(f) = PAP(f)) for any f € Cy(RY) (semigroup property).
A Markov semigroup (Py)so on R is a semigroup associated to a Markov process
X =(Q (F)izo, (X)izo, (P)izo, {P*:2 € E})

where (R, B(RY)) is a measurable space, (2, (F;)i>0) s a filtered space and P* is
the probability law for each point x € R such that for 0 < s <t, f € B(RY), the set

of bounded B(R?)-measurable functions, and x € R?
E°f (Xou)| 7] = (B)(X.). P*—as.

An example of (P;);>¢ are the transition functions (see Definition 1.1 in Chapter
II1.1 of [63] for details).

A.2 Proof of Theorem 4.2.6

Theorem A.2.1. Let p" = {u : t > 0} be a measure-valued process such that for
any o € C(RY), m > 6, any fivred o > 1 and fived s > t, we have

« B t
W) = ii(an(@) + SO RF + Y / u(at (0)) AW, (A1)

where W = (W*)?_ is an 3-dimensional Brownian motion, and as, af .. CP'(RY) —

Cm(RY) are bounded linear operators with bounds ¢ and Cy (k = 1,...,3) respec-

tively, i.e., |las(o)|lmoo < cll¢llme and ||a’s€,r(§0>||m,oo < Gillollmoo-  If for any
T > 0 there exist constants Yo, V1, .,%a Such that fort € [0,T], p > 2 and ¢, > 0
(1=0,1,...,q),

= n Yo = n, m
Elluo(as(@)l] < —Cllolme, B [[RE7P] < Sl T=1,. a0 (A2)

Then for any t € [0,T], we have

~ C
E [|up ()]") < n—tqllsolm,w (A.3)

where ¢; is a constant independent of n and ¢ = min(qo, q1, - - -, qa)-
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Proof. We first show that for any ¢ € [0, T

g (V)I[E = E[lpp ()] < oo.

Observe that for ¢ =1 and t € [0, 7]

(L) = a1 +ZR +z/ur £ () divk,

then Minkowski inequality and the fact that ||1]],, . = 1 imply

it (af (1)) VW

s,r T

p] 1/p
p] 1/p

where v = max(v,71,---,% ). Then Burkholder-Davis-Gundy and Jensen’s in-

s (Dl < a6 (@ (1 HﬁZHRZ lp +

m )) AWy

S,T

_(a+1)<

equalities we have that

n - Y L o
I @l < 277 a4 1P 27

B
p—1 p p—1 gp—1 0
<2 a+1) a + 275 E E {

i

_ 9p—1 p p—1 op—1 m
=2 o+ 1)+ 27710 K;E

< 2 (o + = +2p Lgr=t|p/2- 1ZE[/ |y (af,(1))] dr}

S 2p—1(a + 1)?1
nd

B
Il
—

(]~

R Y e

ol
—_

= |l
1
VR
o\
S
=
=3
—
S
»n I o
=
YaS
e
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SN—
o
Q
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\—/
=
~
%)
| E—

t
_ i — — — n n
<2 M+ 1P+ 2 e E C;’S/O E (| (1)) dr

k=1

t
< 2p71(a + 1)[1% + 21)15?[(#0/21017\/0 H/’L:‘L (]_) Hgdr (A4>
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where C' = max(CY, ..., Cj). Then from Gronwall’s inequality we have

E [luy WP = llut )11
t
<2P (o + 1)1’% (1 + 2p15pKtp/2le/ exp (2”’15”1(#/2’101’(15 —7)) dr)
n 0

_ Y _
=2 o+ 1L exp (27 grKIPICY)

£D < 0.

Using a similar approach, with 1 replaced by ¢, we can obtain a similar inequality

as in the third-from-the-last inequality in (A.4):

B t
n — Y —1 ap—1 2-1 = n( k p
(o)1 < 27 1 el + 278 KPS Bl @)
=1
Now denote by

A, 2 / B [|u (a*,())["] dr = / i (a* (o) |, (A5)

and A = (o + 1)P-%, we have
B

Iy (D)l < 277 Al g, o + 2771 P KT Y AL (A.6)
k=1

Similar to the penultimate inequality in (A.4), we can have that

B t
n - g - — - n n
Iy <27 P Lol + 2 0 K S [ Bl (o))
k=1 0

B t
<PA[lpllb, o +2p_lﬁp_1Ktp/2_ICpZ/ [l [l (1)[F] dr
k=10
t
<P Al + 28 KOS [l Dl
0
=22 Alp|lp, o + 2P BPKPPCPD || P . (A7)
Replacing ¢ by a¥ (@) in (A.7), we get that

i (a5, () Iy <27 Allag (@), oo + 27 B Kr?2CP Dl a  (9) [ o
<P AC||plf, o + 27 BPETPECP D], (A.8)

m,00)
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Substituting into (A.5) and denote by k = p/2, we have for k =1,...,3

tli+1
Al S 2TACTH R0 + 277 P ECT D——llIh o (A.9)
and (A.6) becomes
iz (D)1l <277 Allp ], o
B tli+1
2T PRy [2p1ACpt||<PH%,oo + 2 KO D—— ¢l o
k=1
2/{
<2 Allpllf, o + 22TV KCPAfplf, o + 2207V ﬂQpKzCQpD Ll o
(A.lO)

Repeat what was done in (A.8) and (A.9), and from (A.10), we have that

tn+1

ALy SPTICPAY @Il o0 + 220V ECPA—— ¢l o0
t2f€+1

122~ g 2% D
and then (A.6) becomes

i ()IE <277 All@lf, o + 22D BPECPE Al [f, o, + 20 et P 1AH¢H
t3f€

23(p—1) 3pK303pD
* & (k+1)(2k+1

1[5, 00
) 7

Repeat the iteration process again, we have that

tﬁ+1

ALy SPTICPAY@ll 0 + 220V KO A—— [1¢llh o0

t25+1
+28 D 3 2O A P
p (/i+1)(2/£+1)HSOHm’°°

t3l€+1

(k+1)(2k+1)(3k+ 1)

+23(P—1)53PK304PD ”QOHm 00’

and that

i ()l <22 Allpllh, o + 22~V BPKCPEA| gl f, o, + 2°F 7Y ﬁQpKQC?p AHs@H

3K

(k+1)(2c+1)
t4n

(k+1)(2:+1)(3k + 1

+21e= D g SO Allell7 0

+24(P*1)54PK4C4PD ) ||90H$noo
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Once again we have

i ()1 <22 Allpllp, oo + 227V BPKCPEA| | f, o + 2°F 7Y ﬁ2pK2CQ” AIIsDH

3K

A p
CERCTES

t4/€

(k+1)(2c+1)(3x + 1)
t5n

(k+1)(2c+1)Bk+ 1)(4k + 1)

+24p=1) 33 (3 3P

g I Allpl

+25(r=1) g5 KB P lellh, o

In general after k*"—iteration, we have that

it (D)5 Zllier (D)1
<P A plff, o + 22PTVBPKCPE Ao, o + 2277 i e ] A”SOH

9k(p=1) Glk—1)p k=1 (k= 1)py(k—1)r
(k+1)2k+1)Br+1)---((F—2)k+1)

k(p—1) gkp gk vkp -
D Dk + 1) (k= Dr + D((k = Dr 1

+oot Allellm 0

/17,00
) )
Letting k — oo, we get that!

E [|uy'(0)1”) =l (o)1

Il + PO DR Dl + 200 FPECP LAl
2k(p—1)ﬁ(k—1)pKk—1C(k—l)pt (k—1)k

.. A
T R DR+ DB+ ) (k=2 1) 1P lIme
+ ......
00 (k-1)k
=2 + 1)pl|‘gp||gl . Z 2(k=1)(p=1) glk=1)p prh—1 x(k=1)p . t2 :
S [L[o(s+1)
Let n, = Q(k—l)(p—l)ﬁ(k—l)PK’“—lC(k_l)p% we know & £ > pey Mk exists by
the following ratio test
. Nt k+1 —1 tr
lim —— =2 gPKCP—— =0 < 1.
k—o0 Mtk ﬁ (/{7 — 1)/<L +1
Finally the result (A.3) follows by setting ¢; = 2P~ (o + 1)P74&;. [

1We use the convention that Hj;lo =1.
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Appendix B

Central Limit Theorem

B.1 Limits of 7" and p"

Lemma B.1.1. If the approzimation ©™ is defined by (3.7), in other words,

o) =30 [ o (040 70) e (-4 ) ay

Jj=1

then we have
n—oo

mle) = lim 7 (o) = lim Y@ (Op(v}(0) (B.1)

That is to say, asymptotically, the variances of the Gaussian measures do not con-
tribute to the approximation, and the combination of positions and weights provide

a good approrimation.

Proof. Since

o) =30 a 0 [ (0 + /o) <= e (-5 ) o

= Z a;(t) {so(v?(t)) + %w;(t)go”(v;(t)) + O ((W(1)?) } ,

and w¥(t) ~ 1/+/n, it suffices to show that for £ € N and £ > 1

n

> a0 ()

Jj=1

lim

n—oo

= 0. (B.2)
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We know

n

> e ()

Jj=1

{Z > Z Z E [ (t)al (t)al (1)ar, (b (£) (0 (£) o (0 (£) o (v (£))] }

J1=172=1j3=1 js=1

_”fl”;m{ZZZZJ a0y (1)’ E | (@) <>a;1<t>)2]}

J1=1j2=1j3=1 js=1

E

64C2t

1211500 . 1211500
etk {zzzz}—

J1=1j2=1j3=1 js=1

and thus, for € € (0, 411)7 we have

4 00

. 1
<ol e <0 (B3)

n=1

Z e Z A (e (1)

Let
Z n4a

then ! is integrable, and by (B.3), it is finite a.s.. Also note that for every n > 1,

Z (e} (1)

4
€ . 1 =N n n 4
j=1
therefore
-~ 1 e
Z 2% (t)p(v7(t)) s
j=1
and (B.2) follows immediately. [

As a direct consequence, we have the following corollary for the unnormalised

approximation p":

Corollary B.1.2. If the approximation p" is defined as in (4.3), i.e

o) = &mie) = S aie) [ o (0 +070) e (<4 ) dy

J=1
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then we have

pilp) = lim pp(p) = lim &Y} (t)p (0 (1)). (B.4)

Remark B.1.3. By Lemma B.1.1 we know asymptotically as n — oo, the Gaussian
mazture approximation performs just as good as the classic particle filters. Further-

more, from Chapter 8 in [3] and Lemma B.1.1, we know that

pr(p) — pe(e) and w'(p) — m(e) almost surely.

B.2 Limits of the terms in p"

Lemma B.2.1. Let ¢ € CS(R) be a test function, and define the measure-valued

processes

~n e Zézéa 6 "(t)a 16?2 £ - Z {525 j }2 51}?(0 (B5>

then for any t € [0,T],
= hn B =, Poas,
where pb and p? are two measure-valued processes satisfying
) = (o) + [ {oe(40) 4 mh) ) = )]
+ pu(B) [ () = mo (R, ()] s
+ [ {pthe) =t 0) + ma 1) b (B.6)
) =)+ [ {:0r40) = lps(Wplh) = )]l
+15(0)(ps(h))? + 2 [ps(h)ps(hp) — (ps(h))*ms()] }ds
# [ 0 0n0) + o)} B.7)

Proof. We begin by noting that for t € [id, (i + 1)J)
ﬁ?1<90) - Zgzéa ( ) ( ;l(t))a
] 1
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and that

[t/6]—1
) = @)+ D (Aits(@) = it (#)
1=0

[t/6]—1

> (ks (0) — 75@) + (50) — Fhs(@)) . (BB)
By the fact that
d (af (t)(v} (1)) =aj (t)dp (v} (1)) + @(v] (t))daj (t) + d{aj(-), (v} ()
—a3(t) [(AQ) (0 () dt + (h) (W} (0)aY, + (/o) (0} 1))V,

—ad}(t) | (o) (e )V + (1 = a/2)(¢"0*) (v (1)t
(B.9)

where a f Then we have that, for t € [id, (i + 1)J),

(o) — i (o)

- fomor- [ el St

2/5 52’;52 {a?(S) [(Ap) (v} ())ds + (hep) (v] ()Y + (#'0) (v (5))AV.D]
— ad}(s) [(¢'0) (V] ()dV.? + (1 = a/2)(¢"0%) (v} (s ))dS}}

t t 1 < [ , .
= [[rcaps+ [ oo vimar 3 [ g,
i 2 j=1 i

Hence we have that, for any ¢ € [0, T,

[t/5]-1
52 (Bt () = 75 (@)) + (A (2) = Blys(9)

=0
(z+1)5/\t (i+1)oNt
| mtagass [ tagay,

;{ ONL SAt
mz/(z—l—l)é/\t

n

+

> ()@ <>>dvu>} (B.10)

We now let
n 1 n
(bt £ = Z aj (t)év;?(t)u

n <
Jj=1



and consider

[t/8]—1 [t/5]—1
~n,1 ~n,1 n
(P(zﬂ)a(@) Plit1)5— ) Z &is z+1)5 - ¢(i+1)5—(90))
i=0
[t/0]—1

= >~ {€h0ns(0) — E [€560ns(9) Firns-]
1=0

+ B [€507416(0) | Firno-] — E50%sns () } (B.11)

We now consider the two terms in the right hand side of (B.11).
For the first term

[t/6]-1

Mtn’ﬁ = Z {fus¢ 1+1)6 ®) — [€%¢6+1)6(@)’f(i+1)5—] } ) (B.12)
by Proposition A.4 and Lemma 4.7 in [56], it is a F;-adapted martingale and

E

~n,1
sup ‘Mt” e
t€[0,T]

4
] < —||<P||moo; (B.13)

and then by virtue of the proof of Lemma B.1.1, we know that

~n,1
sup ‘Mtn’p v
t€[0,T]

Then, for the second term in (B.11), since a}((i +1)d) = 1, we have

&isPlirys(p) = S Z aj ((i + 1)0)p(vj ((i + 1)d)) = f > el ((i+1)d)),
j=1
and thus
E €560 4196 (9) | Fi1s-] S Z]E (i 4+ 1)6)) | Fi+1yo-]

5 Z (Z (i + 1)8)p(u (i + 1>5>>>

52& ((i + 1)8) (v ((i + 1)5)).
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Furthermore,

E[ﬁ%¢@+1)a(@)|f(i+1)5 ] fﬁs¢nz+1 _(¢)

:gZag((iﬂ)é)@( "((i +1)8)) — "‘Z (i+1)6—)¢ (v7((i + 1)5-))

i=1

= (ﬁ > al((i+ 1)5)) > ap((i+1)8)e (v ((i+1)5))

j=1

k=
_ & Za;((z’ +1)6—)¢ (v} ((i +1)6—)) (B.14)

We now obtain the stochastic differential equation for the terms in (B.14).
First notice that, if let Sy = ;_, aj(t), then

n

dS; = ap(t)h(y (1) dYs;

k=1

and

dS; ' = — S;72dS, + S;72d(S.),

M:
Q
~—~
S
=3
—~
~
SN—
S~—
\—/
o
QL
~

=-S5 Z ap () (v (£))dY; + S;° (

k=1 k=1

It thus follows that

daj(t) =d (aj(t)S; ') = a (t)dS; ' + S Hdaj (t) + d (aj (), S71),
=a’(t) [ 572 i al ()l (t)dY, + S, (Z ap (t > dt]
+ S al (t)h(V (1)) dY; — Z ap(t ] alt (t)h(v}(t))dt

=al(t) [npdt + (PdYy, (B.15)
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where

Also notice that
Ao (1) = [(A)(e} (1)) + (0/2)("0?) e} (1)t + VI = (o) (e ()av;.

Then we have

d a3 (1) ()]
a7 () dip(uy (£)) + (0] (D)day (t) + d (@ (), 9 () (),
—a7(t) { [ (Ap) (0} (1) + (a/2)(¢"o*)(v <>>}dt+¢—1—a<w>< H(0)av,? |

+ (] (1) {@p(t) [nidt + Y]}
=ay (t)

")
{[(Aw)( 1) + (@/2)(¢"0?) (0 (1) + () ()] dt
+

i
i

PV (1) dY; + VT —a(do)(v ())dvm}; (B.16)

and

d (Siaj (t)e(vy (1))
=Sid (a5 ()e(v; (1)) + a5 (e(vy (1)dS, + (@5 () (v (), S.),

:sta;@){[(Aso)(v;( )+ (@/2)(6"0?) (0 () + o (1))t
(W ()GY; + /T algo) (u (1)dV,d }

+al(t Z ap(t £))dY,
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Therefore

i‘%guﬂ)é Zag((@' +1)8)p (v ((i +1)3))

n (i+1)6
§is Su; Z a’(id)ey ﬁ; Z /5 d [Ssal (s)p(v)(s))]
=171
é—n n (i4+1)6 )
:fSi(; Z a(i0)p (vi(i6)) + f Z /5 V1-— aSsd?(s)(gp’a)(v?(s))dvs(])
j=1 j=1 i

n Mmoo p(it1)s
+ Z / S.a} ()2 (7 (5)) [h@?(s)) = S aREh( () | av:

n (i+1)5 "
L& / D IACUCIOIBLACRTAC) (hwy(s)) - az<s>h<v2<s>>) s

n J; -
k=1 j=1

Because of (B.9),
u*z (i + 1)6—)p (v}((i + 1)5-))

n r(i+1)8
:fza?@”)@ (v @0)) + / @ ()| (A9 W) (1) + (a/2)(¢"0*) (w3 (1) dt

n 5
(i+1)0

n  p@+1)5 4 n
1S / GOVI=aleo)@ OV + 5 [ o)) 0 0)ay.

O (i+1)5 (i+1)5
j=1 i

) 0

(i4+1)6 o (i+1)s .
T (a/2) / i (po?)ds + Y2y / €107() () (1 (5)) AV,

i no ST i
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Now we can see that

[t/d]—1
~n,1 ~n,1
Z (p(i+1)5<90) - p(i+1)67<<10))
=0

[t/6)—1
=M 3 B [€560s(0)| Forns-] — Exdlhans—(9) }
=0

e e n M (i+1)6 ) A
=M""" ¥+ Z {ﬁs Z/ V1-— ozSSa;-‘(s)(gp’a)(v?(s))dl{s(])
i=0

j=1 0
n " (i4+1)6 n
83 [ s [h@;(s)) = > a AR | Y,
g=1"" k=1
n (i+1)6 ™ n
S5 TS ) Y B ()Y,
i k=1 j=1
n " (i4+1)6
= Ssa?<s>{<Aso><vy<s>> + (/267 (25(6))

5 k=1 j=1
0 (i+1)dNt (i+1)oNt
S E s [ ey,
0 A iOAL
(i4+1)0Nt 1—a n (i+1)0Nt '
+ (a/2) / pet(@"o?)ds + > / &sal (s) (/o) (] (5)) AV .
it n ST Jiene
(B.19)
Note the fact that
L'6‘5’75 = étn7
n
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then from (B.10) and (B.19), (B.8) becomes

r 1(s@)

—Po () +an

Z{ o V1 —aglal(s)(¢'o)(v](s))dV,Y

n (i+1)oAt n
+>° / £} (5) (v (5)) [h(v?(s)) - Z a (s)h(vj (s))

j=1 1ONE

(i+1)oANt é&n n

10Nt

dYs

0y ” Agzy { (/20 (w1 (5))

j=1 z5/\t
{( ) —h(U?(S))( aZ(SW(?fZ(S)))] }dé‘

(i+1)6Nt n
+/ % M) D 5)ole7(5) (%?(s))— aZ(s)h(vzz(sw) ds}'

SAt P = e
(B.20)
Similar to the proof of Lemma B.1.1, we have
1 /1
w (15 [ @o)0p v ~0 asnoos B2
tefo,T] | T =1 i
and
sup Mtn’ﬁn’l’@ — 0 asn — oo. (B.22)
te[0,7T

For j¢ (), since aj(0) = 1, then

Zf D=3 el 0))

by Lemma B.1.1 we obtain

lim 55" () = mo(¢p).

n—oo
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Finally, using Lemma B.1.1 and Corollary B.1.2, the limiting process
pi = lim pp!

satisfies
A = (o) + [ {pde)+ 7 W) = puthi)
+ pu(1) [ms(hip) = mu()7(0)] Jels

" / [pu(he) —m(Wpule) + ml@)u(h) Jave (B23)

Similarly, for the second process
~n,2 n\2 (,n 2 n .
pr () = " Z (&s) (aj (t)) 90<Uj ();
j=1
by using exactly the same approach as for {p™!},,, we obtain the equation satisfied

by its limiting process

pilp) £ lim g

to be
0 = mle) + [ {p.(40) = D Doulhie) = pWon()] )
+ () (ps(0)* + 2 [pu(R)ps (i) — (o)) Js

+ [ p0)p. o) + p. 0o} Y. (B.24)

The proof is now completed. [ |

B.3 Limits of \/ﬁMﬁfg] and /nB,""

In order to prove that {U"},, converges in distribution to a unique process, we should

first investigate the limiting processes in the right hand side of

t

t
U(e) <Us(o)+ [ UN(A)ds+ [ UNo)aY, + VA, + VaGT,
0 0
1 ‘ ! n n j
+% Z/O §ley010; (8) [Ri,j(@ds + R2 ()Y, + RS j(9)dVP |5 (B.25)
j=1
which are what the following lemmas have done.
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Lemma B.3.1. Assume the conditions in Proposition 5.1.6 hold, then

[t/9]
Jim (VAAS), = 3 (a0 [rs- () = (ra- (2] (B0

If we let
[t/9]

A 23 paU s () - (ma (o) (B.27)

where {Y;}ien is a sequence of independent identically distributed, standard nor-

mal random variables, and {\/ﬂi(g_(go?) - (Wig_(go))QTi} are mutually independent
given the o-algebra YV; then we have (A?); = lim,, ., <\/EZATL’“")t.

Proof. Note that A™¢ is a discrete time martingale, then

lim (vnA™?),
(/9]
=lim <Z &= [(oh — na(i6-)) (X7 (i0))] >

[t/5]
=1 n ZE
17IZH n Z 7,5 —

+ 3 (o = nap(is-)) (0} — nay(io-) ) (X7 (i8))0 (X (i9))
I#j
[t/3]

—hm ! Z [Zna (10— 1 — &?(ié—)) (QD(X;‘L(M)))Q

=1

(o = ny(i6-)) " (X3 (00)°

:Fié—]

- na?(M—)a?(i5—)¢(XZ‘(i5))90(X}‘(i5))]

I#]

[t/d] n n 2
—hmZ pis(1 [Z a7 (i0—) (p(X7(i6)))* — (Z a;(ié—M(X;‘(ié))) ]

[t/0]
= Z (pis(1))? [mis— (%) — (mis—())°] ,

here we made use of Lemma B.1.1 and Remark B.1.3 in Appendix C.

The second part of the lemma is obvious. [ |
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Lemma B.3.2. Assume the conditions in Proposition 5.1.6 hold, then

lim ‘\/_G a.s.. (B.28)
Proof. For G™¥, we know that
/3] n
VG =30 S Vagsar(io-) [o(X](i8) - B (o(X7)))]
=1 j5=1

first note that X7 (i) ~ N (v} (id),w?(i6)) and X's are mutually independent (j =
1,...,n), also not the fact that w ~ O(1/y/n); if we let Z7'(i6) = Xf(ié)—l@ (X7(i0))
then Z7(t) ~ N(0,w?(t)), and then by making use of the central moments of Gaus-

sian random variables, we have

/s n 12
B || 303 vagiapio-) [(x70) - E (e )] | s
[/ n 2
<AWIE || 303 vighai6-)2; i) ‘y

<C" (1 lo,0ols) ™ o0 Z (ar(i6—-))" (W (i6—))°

<C"llgll2, ||a||02m66a6n122 enani

n

=C" |l llo 16200 > (&5 (i6-))

7=1

then by taking the expectation on both sides, we have

B | (vicys) | <clo ol 6“ZE[ >”}
<2 Ho—|roio6“2¢ (@ 5-))”]

| 1 o4€°28!
<CT||90|| ||U||O 56n9z €1 n24
j=1
T

_ MPy,0,8
- 9
n2
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where
T,24
Tos = CT ey e T lo|1% |lo]|§2.0°
is a constant independent of n. Then similar to the proof of Lemma B.1.1 in Ap-

pendix C, we have the result. [ |

Lemma B.3.3. Assume the conditions in Proposition 5.1.6 hold, then

n—oo

R )
lim —= / &L s51507 () RL;(p)ds = A7, (B.29)
Vi~ Jo

where .
A =, [ weas (B.30)
0
¢, 18 a constant, and the operator V is defined by

_ f%Dm N UQO(4) B 3(1490)"
2 4 2

L%

Proof. Since
3 1 . ! n n
Jljglo% ;/0 &l 51607 (5) Ry ;(p)ds
1 <& t " (4)
= tm =3 | 5@/a]5a?<s>{w?<s>[(f§ # Z82) (4306) — 1(49)| }ds
1 <& t " (4) 3(Ap)”
< im 3 [t {age [ (154 25 - 252 ) o] Lo
j=1

. t n 1 (4) 3(Aw)"
—tim % S e { (5 + - 2 e} as

we have the required result. [ |
Lemma B.3.4. Assume the conditions in Proposition 5.1.6 hold, then

1 n . 2
T n n 2 dY. — AR P B.31
i (G5 [ @nanmiom) ~(e)

t

where .
AP =, / (p(he" — (hp)")) dB, (B.32)
0

¢, s a constant and B® is a Brownian motion independent of Y.

122



Proof. Observe that

lim / LN st ()R ()Y,
nﬂm<0\/ﬁ;[/5]5a J t
t

2
. 1 - n n 2

, U Smen onpoy oy (P97
:nh_{go % ;5[5/6]5(1]' (s)wj (8)( g (Uj (S)) - Q(hg@))) ds

= lim ﬁﬁ ;f{;méay(s)w?(s) [(h(p// _ (h(’0>//)('l};-l($))]> ds

n—oo 0

= lim Ci/o <% Zf[’;/ﬂaa}?(s) [(hgpu _ (hgp)//)O);l(s))]) ds

n—oo

n—oo

= [ 0 e = () s = (A7)

t

t
~lim & / (7 (" — (h)"))? ds
0

and then we have the result. [ |

Lemma B.3.5. Assume the conditions in Proposition 5.1.6 hold, then

, 1 < [ 3 ) R?
n n A — (AP’ B.
nILIEO <\/ﬁ ;/0 §fs/e165 (8) B 5 (0)dV < ' >t ’ (B.33)

t

where .
O R AR
0
B®) s a Brownian motion independent of B® and Y.

Proof. Bearing in mind that w} o -Lthen using exactly the same approach as in

vn'
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the proof of Lemma B.1.1 in Appendix C, we have
I A
lim (—= Y [ &s5a7(s) RS ;(0)dVY)

ng{olo <\/ﬁ = /0 5[5/(5}60'] (S) $,J (SO) s

R A
= /0 n ; (&as) ()" (R (9))" ds

t

n—oo

n—oo

=l [ (s ()° ()0 (0) s

t B
—lim [ 22 ((0g)?) ds = / 72 ((09)?) ds = (AT . (B.34)
n— Jo 0 t
We then have the result. [ |

Remark B.3.6. From the above arguments we can see that, asymptotically, the

variances {w}}5_, do not contribute to the approxvimating system.
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Appendix C

Generalised Particle Filters

C.1 Wavelets

A wavelet is a wave-like oscillation with an amplitude that starts out at zero, in-
creases, and then decreases back to zero. Mathematically speaking, a wavelet is
a function used to divide a given function or continuous-time signal into different
scale components. Usually one can assign a frequency range to each scale compo-
nent. Each scale component can then be studied with a resolution that matches
its scale. A wavelet transform is the representation of a function by wavelets. The
wavelets are scaled and translated copies (known as daughter wavelets) of a finite-
length or fast-decaying oscillating waveform (known as the mother wavelet). The
main purpose of the mother wavelet is to provide a source function to generate

daughter wavelets which are translated and dilated versions of the mother wavelet.

In formal terms, this representation is a wavelet series representation of a square-
integrable function by a complete and orthonormal set of basis functions for the
Hilbert space of square integrable functions; and this orthonormal series is gener-
ated by the mother wavelet. Wavelet transforms are classified into discrete wavelet
transforms (DWTs) and continuous wavelet transforms (CWTs). Note that both
DWT and CWT are continuous-time transforms, and thus can both be used to

represent continuous-time signals.

Definition C.1.1. The continuous wavelet transform of a function f € L*(R) with
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respect to some mother wavelet 1 is defined as

Worla,b) = [ 70 (i )

where

) = 7 (157, (©2)

The parameters a and b are called dilation and translation parameters respectively.

In order to reconstruct the original function f(z), inverse continuous wavelet trans-

form is given as

/ / = Wy f(a,b)] \/mz/? <t - b> db da, (C.3)

where 1 is the dual of 1 satisfying

/ /OO|5| (tl_b)@D( ab)dbdazé(t—tl).

Usually ¥ (t) = Cy YW(t), where the constant Cy satisfying

15 called the admissibility condition, and zﬁ 1s the Fourier transform of 1.

Definition C.1.2. A discrete wavelet transform is any wavelet transform for which
the wavelets are discretely sampled. Specially, this is done by modifying the wavelets

(C.2) into the following expression

o3ult) = o (S ) = ot - ()

where a 1s the fized dilation step and b is the translation step which depends on the
dilation step a. The discrete wavelet series can be made orthonormal by the choices
of dilation and translation parameters and the mother wavelet. By orthonormality
we mean that it can be used to define a Hilbert basis:

1 if j=mand k=n

<¢j,k7¢7,n> = /_‘: %’,k(@%m,n(@dw = { (C.5)

0 otherwise
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Now an arbitrary function f(z) can be reconstructed in the following way
F&) = > > (f i) islt). (C.6)
j=—00 k=—00

This expression is the inverse wavelet transform for discrete wavelets.
In the following, I will list some examples of (mother) wavelet functions.

Example C.1.3 (Haar wavelet). The Haar wavelet is the simplest possible wavelet,

its mother wavelet function ¥(x) is defined as

1, ifo<z<i
Yr)=4q -1, if s<z<1 (C.7)

0, otherwise

The support of ¥ is [0,1]. We dilate 1 by powers of 2, and translate the dilate by

277 times an integer, in order to get the daughter wavelets

bip() = 25 (2 — k).

It is easy to show that {v;y : j, k € Z} is an orthonormal family. However, the dis-
continuity, and therefore the non-differentiability, is the main technical disadvantage

of the Haar wavelet.

Example C.1.4 (Daubechies wavelets). The system of Daubechies wavelets is an
expansion of Haar wavelets with the scaling function ¢(x) = 1pj(x). Note that for
the wavelet function defined in (C.7), we have

() = p(22) =2z = 1), @(x) = p(22) + (22 - 1).

It 1s observed that ¢ on a larger scale is essentially the same as ¢ on a smaller scale.
The scaling function for the Daubechies wavelets satisfies a more complicated scaling

function:
N
p(z) = ap(2x — k), (C.8)
k=0
where the coefficients ay, must be chosen with great care. Once the values of ¢ on

integers are known, the values on half-integers can be obtained; and inductively so
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are the values of ¢ at dyadic rationals m2=7. This, by continuity, determines p(z)

for all x. Hence the wavelet v is determined by the identity
N
¥(x) = D (~Dfay_ip(2r — k). (C.9)
k=0
Example C.1.5 (Harmonic wavelets). The harmonic wavelet is defined as:

exp(idrz) — exp(i2mx)

= ;].
¥() " , (€10)
and we can conclude that the wavelets series defined by
b2z — k) = exp(idm(27x — k)) — exp(i2n(2'x — k)) (11)

i2m(29x — k)

forms an orthogonal set.

C.2 Finite Elements

The definition of a finite element was initially given by Ciarlet in 1978.
Definition C.2.1. A finite element consists of a triple (K, P,N) where:
1. K is a compact, connected, Lipschitz subset of R% with non-empty interior;
2. P is a finite-dimensional space of functions on K, i.e. p e P : K — R™;

3. N ={Ni1,Ns,...,Ni} is a basis for P', where P’ is the dual space of P, that

18, a set of linear functionals on the Banach space P.

In the definition, K is called the element domain, P is called the space of shape

functions; and N is the set of nodal variables.

Definition C.2.2. Let (K, P,N) be a finite element. Then the basis {¢1, da, . .., b1}
of P dual to N (i.e. Ni(¢;) = 0i;) is called the nodal basis of P.

The following proposition simplifies the verification of the third condition of
Definition C.1.

Proposition C.2.3. Let P be a d-dimensional vector space and let {N1, Na, ..., Ngq}

be a subset of the dual space P’, then the following two statements are equivalent.
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o {N,Ny, ..., Ny} is a basis for P'.
e Given v € P with Nju =0 fori=1,2,...,d, thenv =0.

Proof. See Lemma 3.1.4 in [5]. |

Definition C.2.4 (Mesh). Let Q be a domain in RY. A mesh is a union of a
finite number (N ) of compacted, Lipschitz sets K,, with non-empty interior such
that {K1, K, ..., Ky} forms a partition of Q,i.e.,

Q= U%Zle and mtK, NintK, =¢ for m #n.

The subsets K, are called mesh cells or mesh elements. A mesh {Ky,Ks,..., Ky}
is denoted by Ty,. The subscript h = maxger, hi, where VK € Ty, hi = diam(K) =

mMaXg, xpeK Hxl - x2||d :
Now we introduce the interpolants, we begin by defining the local interpolant.

Definition C.2.5. Given a finite element (K, P,N), let the set {¢1, ¢a, ..., 1} C P
be the basis dual to N'. If v is a function for which all Ny € N, i = 1,...,k, are
defined, then we define the local interpolant by

k
Ixv =Y Ni(v)¢; (C.12)

Definition C.2.6. Suppose §2 is a domain with a mesh T. Assume each element
domain, K € T, is equipped with some type of shape functions P and nodal variables
N, such that (K, P,N) forms a finite element. Let m be the order of the highest

partial derivatives involved in the nodal variables. For f € C™(S)), the global
interpolant is defined by

N N  km
Irf=) Ik, f =) > NN, forall K, eT. (C.13)
m=1 m=1 i=1

In the applications of the global interpolation, it is essential to find a uniform
bound for the norm of the local interpolation operator Z+. It is therefore necessary
to compare the local interpolation operators on different elements. The following
notion of affine equivalent can be shown as an equivalent relation (see Exercise
(3.4.4) in [5]).
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Definition C.2.7. Let (K, P,N) be a finite element and let F(x) = Az + b be an
affine map. The finite element (f(,73,/\7) is affine equivalent to (K, P,N) if

o« F(K)=K;
o [*P =P, where F*(f) £ fo F;
o EN =N, where (F.N)(f) £ N(F*(f)).
We write (K, P,N) ~p (K,P,N) if they are affine equivalent.

Definition C.2.8. The finite elements (K, P,N) and (K, P, N) are interpolation

equivalent if
Inf=1Igf, V[ sufficiently smooth, (C.14)

and is written as (K, P, N') ~1 (K,P,N).

Several examples of finite elements can be found in [5] and [34].
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Appendix D

Navier-Stokes Equation

D.1 The Inner Product on H

Recall we have defined

H = {L — periodic trigonometirc polynomials u :

V-u:O,/T2u(:L')d:c:0}

and H as the closure of H with respect to the (L*(T?))? norm. We also defined
P : (L?*(T?))?> — H to be the Leray-Helmholtz orthogonal projector.

[0,1)2 — R2

Proposition D.1.1. Given v = (u1,us) € H,v = (v,v2) € H, (i.e. x+— u(x):
[0,L)? — C? and z — v(x) : [0,L)* — C?; z — wu(x),us(x),vi(z) or ve(z) :

[0, L) — C) we define the function {(-,-) : H x H — C as follows:

(1, v) = %/p(uﬂ)(m)daz, (D.1)

where u-v = w vy + Ugve, T = (T1,T9) € T2 = [0, L)?. Then (-,-) is an inner product
on H.

Proof. First we know that for u,v,w € H and «a, 5 € C

1 - 1 —
(u, av + Pw) = —/ (u-av+ pw)(x)der == [ (u-(@v+pw))(x)dx
L2 T2 L2 T2

1 _ -1 _
T2 T2(u -0)(z)dx + ﬁﬁ . (u-w)(z)dx

Il
ol

= a(u,v) + Blu, w); (D.2)
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similarly we have

{ou + o, w) = alu, w) + F{v, w). (D.3)

It is obvious that

1 S 1
(00 = 5 @@ = 5 [ (0 D@ = @) (D4
and
(uyu) >0 and (u,u) =0< u=(0,0). (D.5)
Then by definition we have (-, -) is an inner product. [

Given k = (ky, k)", define k*+ = (ky, —k;)". Then under the above defined inner

product, an orthonormal basis for H is given by 1, : R? — C2, where

k+ 2mik - x
27
o) & e (7

for k € Z*\ {0}.

D.2 Calculation of ozifj

From the definition of the inner production, we should have

f = 5 [ (Pl 90,) ) (@)

but note that 1 - Vib; € H (see (D.9) below), so we can write o’ as

o = 2 (V) - T (2)d, (D.6)

L? )

where k = (ky, ko) and x = (x1,79). In order to calculate ai’j, we firstly write

Ur(x) as

o kg 27Ti(]€1$1 + kgl’g) kl 27Ti(k11'1 + kg%g) T
ot = (o (SR e (B

2 (Yh(x), i)
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and therefore

V()
k?g 27Ti<—k1171 — k’gl‘g) ]{?1 ox 27Ti(—k31$1 — k’g[[‘g) T
e —_——
AN L R L

£ (h(2) 024 (@) | = o (e);
Letting I = (I1,12)" € Z*\ {0} and j = (j1,j2)" € Z*\ {0}, similarly for ¢; and 1;
we have
9] 9]
(V- Vs = (Wi -+ 5 ) (95.95)

1 61 82 8¢2
@d’m;’mflma)

and
; 1 2
— w 5¢ w
(b - Viby) - by = 1, (wz oot wz +12, w wz : (D.8)
Simple calculation gives us
O} 2mi fijo 2mij - oM} 2mi g3 (2m’j : :c)
= . exp ) a. - €Xp )
01 L |j| L dry L |j| L
ov; 2w j} exp (2m'j : x) | OV 2mi jijs o (27m'j . x) |

or, L |j| L Ors L |j] L

and

27?1(12]1 — lija) (27”'1 ) 1’) (27”'3' ) x) <j2 —j1>T
-V ex ex —_— T T

. 27Ti(l2j1 — l1j2> 2mil - x . .
- Il (75 ) v (D.9)
and
’(,Dl awl 271'2([2]1 — l1]2>l{32]2 27T’L(l +] — k’) -
(gt i) = P e ()
8@/}2 WP\ 2mi(logy — lija)kudn 2mi(l+j —k) =
(4 +%a)‘ P oo ().
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Then by (D.8) we know that

(1 - V) - U
_2mi(logi — hjo) (kaja + Fajo) exp (2m'(l +j—Fk)- l‘)
L [k|[1]]7] L
2mi(lag1 — lija)(kuji + koja) ox 2mi((ly + 1 — k)an + (Io + jo — ko))
- L KI5 b L
(D.10)
We therefore obtain
1
o = 55 [ (0 95) ) / / - Vi) - B) (@)dards,
in other words,
2mi(loj1—l j2) (k1j1+kaj2) : _ ;.
| ST k=i
ald = (D.11)
0 otherwise.

D.3 The Decay of the Fourier Coefficients

In this section, we show in the periodic case (for deterministic Navier-Stokes equa-
tion), for an initial condition in the space V', the corresponding strong solution
becomes analytic both in space and time. After establishing the space analyticity
of the solutions in the 2-dimensional periodic case, we derive, as a consequence, the
exponential decay of the Fourier coefficients with respect to their Fourier mode. The

content of this section can be found in [37].

For each o,s > 0, the Gevrey space D(exp(cA®)) is defined as the domain of
the exponential of 0A®, where A is the Stokes operator. We will give a precise
characterisation of this space by means of Fourier series as follows. We know that a

vector field u € H is characterised in terms of Fourier series as a function

u = Z uke%i%w, U € Cd, U_) = ﬂk, (D12)
kezd
such that
k
T Uk = 0 for all k € Z% and lu|? = kzz:d |ug|? < oo. (D.13)
€
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For the Gevrey space, we can define the operator exp(cA®) in Fourier space by

exp(oA)u = 3 exp (0 (%%)j g exp (m% - x> . (D14

kezd

The domain D(exp(cA®)) is defined as usual by
D(exp(cA®))={ue H: e ue H}.

Therefore, a vector field u € D(exp(cA®)) can be characterised in terms of Fourier
series representation by the divergence-free condition and by the condition that the
Fourier coefficients decay exponentially fast in the sense that
2s
Z ez ug|* = |7 uf? < 0. (D.15)
kezd

The norm in the space D(exp(cA®)) is given by
U] p(eoasy = le? | for u € D(e??). (D.16)

The space D(exp(cA®)) is actually a Hilbert space, and the associated inner product
is given by

(U, V) p(erasy = (e u, e v)  for u,v € D(e”?). (D.17)

In what follows, we will be mostly concerned with the case s = 1/2. An-

other Gevrey-type space that we will consider is D(A'/2 exp(cA'/?)), which is also

a Hilbert space; its inner product is given by
(,0) pan2 expoa1/2y) = (A2, AV ) (D.18)

for u,v € D(AY? exp(cA'/?)); the associated norm is given by
2

_ ‘A1/260A1/2u|2 — 97 Z e47ra’%‘ ‘Uk‘2 (Dlg)

kezd

2
ol

D Al/QeaAl/Q)

L
L

for u € D(AY? exp(a A'/?)).

The following inequality is satisfied by the bilinear term B(u,v) for u,v and w
in D(AY2 exp(aA'/?)) with o > 0:

(e”"* B(u, v), e Aw)|

1/2
<c \Al/ze"Al/Qu\\A1/260A1/2U|]A1/260A1/2w\ 1+ log |A60A1/2U’|2 (D 20)
=2 A | Al/2e7 A2 |2 :
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where ¢, depends only on the shape of the domain T?; and this inequality implies
that the bilinear term B(u,v) belongs to D(exp(aA'/?)).

Because we want to establish the analyticity in time of the solutions as functions
with values in Gevrey space, we must assume that the forcing term f itself belongs

to a Gevrey space. Hence, we assume that
feD(Ee ")
for some o1 > 0. The NSE can then be written for complex times £ € C as

d
d—z +vAu+ Blu,u) = f, (D.21)

where u = u(§).

In the 2-dimensional case, owing to the uniform bound on the enstrophy of the
strong solutions, the domain of analyticity can be extended to a neighbourhood of
the whole positive real axis. We fix 0 € [—7/4,7/4], 0 < s < Ty(||uol), where

To(lluoll) = To(lluoll, | floy, v, T?)
2 2 -1
— |:Cgl/)\1 (1 + |f|01 + ||U’0|| >10g09 (1 + |f|01 + ||U0|| >:| (D22)

V2/\1 VQ)\l V2/\1 VQ)\l
(cg and cg are constants depending only on the shape of the domain T?), and consider
the time & = se® for s > 0; then the following estimate holds:

||u(sew)|’i(scos€) < 07)‘1V2 + 2||u0||27 (D23)

where ¢; depends only on the shape of the domain T?. The function ¢ is chosen to
be

p(€) = min(v;*¢, o)

for £ > 0. Then we define the region

AG (luoll) = Ag, (lluoll, [ £1o,, v, T%)
= {e=se: 10l < F.0 < 5 < Tolllull /1oy, v T2), A1 %] sin 6] < o }
(D.24)
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This set is a domain of analyticity of the solution u = u(&) of the complex Navier-
Stokes equations. The origin ¢ = 0 belongs to the closure of AY (||uol[). Moreover,
on the closure of this domain we have

[w(©)f] < erhir® + 2| uo|® - for € € AT, (fuoll, | floy, v, T?).  (D.25)

D(A1/2€4p(s cos 0)A1/2)

In the 2-dimensional case, the strong solutions exist for all positive time and their
enstrophy is uniformly bounded. Hence, the domain of analyticity of the solutions
can be extended to a neighbourhood of the positive real axis. Indeed, we know that

for each t > 0,
1

VQ)\l
Then at time ty > 0, we obtain the analyticity of the solution on the domain

lu@I* < lluoll* + -1 f1*. (D.26)

to + AZ, (([luoll® + 1F2/ (M) %) € to + AG (lu(to) ).

By taking the union for all ¢, > 0 of the domains in the LHS of this expression, we

obtain the analyticity in an open, pencil-like domain

AL (luoll) = U {to + 20, ((Nluoll® + /(X)) )} 5 (D.27)

to>0

this is a neighbourhood of the positive real axis and has ¢ = 0 on its boundary.

Moreover, our estimates extend to all of A (Jug|) in the sense that
|U(€)|2(A1/2e¢(SCOSG)A1/2) < C7)\1V2 + 2||’LL0||2 + ‘f|2 (D28)

for ¢ = se? € A_jl(||u0||, | floys v, T2).

From (D.22), (D.24), and (D.26), we can write the domain of analyticity as
A7 (luoll) = Ag (luoll, [£lo, v, T%) = {€ € C;[Im &] < min{Re &, dp}},  (D.29)

where dy is the largest width of the pencil-like domain A} , estimated by

50 > min L Cl()l/)\l 1 + |f|31 10g C11 1 + |f|§l B (D?)O)
Y ViR v |

where ¢;9 and ¢;; depend only on the shape of the domain T?2.
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An immediate consequence of the space analyticity of NSE solution in the 2-
dimensional periodic case just derived is the exponential decrease of the Fourier
coefficients of each solution with respect to the wave number. We have proven that
for a forcing term f in the Gevrey space D(exp(o;AY?)) with o; > 0, and for an
initial velocity filed ug in H, the corresponding flow u = w(t) is analytic in both space
and time. Moreover, after some short transient time when the radius of analyticity
of the solution u(t) increases, we find u(t) in the Gevrey space D(exp(dyA'/?)) with
dp as in (D.30). According to (D.28), the norm of u(t) in this space is bounded
uniformly in time:

2
V2>\1

lu(t) 2 < er vt + 2Hu0]|2 +

D(A1/2€UA1/2) = ’f‘2 for ¢ > (50. (D31)

From the Fourier series characterisation (D.19) of the space D(exp(dyA'/?)), we
obtain
0oL (1) 2 < M2, (D.32)

k
L

|u<t>’§)(Al/2eoA1/2) = 27T Z
kezd

where M? is the bound on the RHS of (D.31). Therefore, it is straightforward to
deduce the following (crude) bound:

lug)? < ‘e—molﬂ. (D.33)

L‘E
V2rL | L
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