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1 INTRODUCTION: PLANE CURVES

In order to give an idea what algebraic geometry is about we discuss in the
introductory section plane curves in a not too rigorous manner:

Definition 1.1. Let &k be a field. A plane curve C over k is a subset C' C k2,
which can be written

C=V(f) ={(z.y) € k% f(z,y) =0}
with a polynomial f € k[X,Y]\ k.

Example 1.2. 1. For f = X?+Y? -1 and k = R we find V(f) C R? is
the unit circle.

2. For f = X?+Y?and k =R we find V(f) = {0}.

Only the unit circle seems to be an ”honest plane curve”. In order to avoid
points to be plane curves, we shall only consider an algebraically closed field
k. Nevertheless it turns out to be very useful to look at pictures in R2
namely given f € R[X,Y] C C[X,Y] one has V(f) C C? and draws its "real
trace” V(f) NR2% Only one has to understand, which features are due to
the fact that R is not algebraically closed and which ones really reflect the
complex situation.

Remark 1.3. The polynomial f can always be assumed to be square free.

A natural aim when studying a plane curve C'is to try to parametrize it,
i.e. to write

C = {p(t)yit e U C k),

where ¢ = (g,h) : U — C' C k%
In the next theorem we classify plane curves C' = V(f) resulting from
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a polynomial of degree < 2. Here the sign ”=” means, that there is a
"reasonable” bijective map between the left and the right hand side.

Theorem 1.4. Let k be algebraically closed. Then we have V(f) = k for
deg f = 1. For deg(f) = 2 we have the following possibilities

1. V(f) =k,
2. V(f) 2 k" :=k\ {0},



3. V(f) = (kx{0})U(kx {1}) C k?* is the union of two parallel lines,
4. V(f) = (kx{0})U ({0} x k) C k? is the coordinate cross.

Proof. For deg f = 1, the curve V(f) C k? is a line. For a reducible polyno-
mial f = gh of degree 2, we are in one of the cases 1, 3, 4, where the first
case corresponds to h € k*g. Let us now assume that f is irreducible. We
may assume that 0 € V(f) and write

f=/f+h

with homogeneous polynomials of degree 2 resp. 1. Since k is algebraically
closed we can factorize

fa=gh

with homogeneous polynomials g,h € k[X,Y] of degree 1. If g, h only dif-
fer by a nonzero constant factor, we may assume - after a linear change of
coordinates - that fo = X2, otherwise f, = XY. In the first case we have

f=X>+aX +bY
with b # 0. We may solve for Y, and the map

tes (8, —b"Ht* + at)),

is an isomorphism k — V/(f). In the remaining case we have

f=XY +aX +bY

with ab # 0. Then we have

VI )N({=b} xk)=0

ab
t— (t—b,—a—l—?)

provides an isomorphism k* — V(f). O

and

Then we might conjecture



1. Every plane curve C' C k? is the finite union
C=CU..uUC,

of "irreducible” curves Cj, i.e. of curves which do not admit a further
decomposition.

2. For every irreducible curve C' there is a bijective map
koU — C,t— (g(t),h(t)),

where U C k has finite complement and g,h : U — k are rational
functions (quotients of polynomials) with poles outside U.

The first statement is true: If fi, ..., f, are the irreducible divisors of f,
we have C; = V(f;).
The second one is practically always wrong. Let us discuss an example:
Take
f=Y?>-X*X +a).

For k = C and a € Rq the curve V(f)NR? C C? is a noose. Given t € k we
consider the line L; := k(1,t), our parametrization ¢ : k — V(f) associates
to t € k the unique intersection point # (0,0) in L, N V(f). Solving

0= f(A1,1)) = A2t = X*(A +a)
we find

o(t) = (* — a,t(t* — a)).

Note that for a # 0 and char(k) # 2 this is unfortunately not an injective
parametrization: The self intersection point (0,0) has the inverse images +b
where b> = a. On the other hand, for a = 0 the above parametrization
becomes o(t) = (t,t%), it is bijective, but not an isomorphism, since its
inverse can not be defined by the restriction to V(f) C k? of a polynomial
function on k2. In that case

V(f) ={(z,y);y* = 2"}

is called Neil’s parabola, in the origin it has a ”cusp singularity”.
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Definition 1.5. Let C' = V(f) C k* with a square free polynomial f. Then
a point (z,y) € V(f) is called a singular point if V f(z,y) = (0,0). A curve
is called smooth if it has no singular points.

Example 1.6. 1. If C = C;U...UC(, with irreducible curves C; then the
intersection points, i.e. the points in C; N C}, j # ¢, are singular points.

2. Any curve has at most finitely many singular points.

3. The noose has the origin as its only singular point. If a # 0, it is a ”self
intersection point”: This concept may be defined algebraically, but here
we only give the definition for k¥ = C. A singular point (b,c) € C =
V(f) (f being irreducible) is called a self intersection point, if there is
a neighbourhood U C C? of (b, ¢) together with holomorphic functions
g,h : U — C with ¢g(b,c) = 0 = h(b,c), such that f|y = gh and
V(g) # 0 # V(h). In the case of the noose take U = {(z,y); || < |a|},
g(z,y) =y + vz +a,h(z,y) =y — xvT + a, where V- C\Ryisa

suitable branch of the square root.

4. A singular point of an irreducble curve which is not a self intersection
point, is called a cusp singularity, e.g. the origin is a cusp singularity
of Neil’s parabola.

5. Any nonsingular point of a complex plane curve has a neighbourhood
homeomorphic to a disc. This is an easy consequence of the holomor-
phic implicit function theorem.

The ”generic” version of our noose is the curve V(f) with
f = Y2 - p(X)7

where p € k[X] is a polynomial of degree 3 (resp. 2¢ 4 1) with only simple
roots. In that case V(f) is a smooth curve, it is called a plane elliptic
curve (resp. hyperelliptic curve for ¢ > 2). For such curves parametrizations
U — V(f) do not exist at all:

Theorem 1.7. Let C = V(f) be an elliptic resp. hyperelliptic plane curve
over a field k of characteristic char(k) # 2. Then there is no nonconstant
map

(g:0) : U — V(f),

where U C k is the complement of a finite set and g,h € k(T) := Q(k[T])
are rational functions with poles outside U.
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Proof. We may assume that ¢’ # 0 or A’ # 0. (For char(k) = p > 0 we have
g = 0iff g = §(T?) with some g € k(T). Then every g € k(T) can be written
g = go(T?") with g}, # 0. Now replace g with go. In order to see all that,
use the partial fraction decomposition of g.) Furthermore that U C k is the
maximal domain of definition for (g, h), i.e. that at a point a € k\ U one of
the functions g, h has a pole. The equality

h* = p(g)

shows that then the other function has a pole as well and that, if m,n are
the pole orders of g, h at a, we have 2n = (2¢ + 1)m. Formal differentiation
of the above equality gives

2hh' = ' (9)d'.
Let us now consider the rational function
2h/ g/
Y= == k(T).
plg) h @)

Since p has only simple zeros, p’(g) and h have no common zeros in U, in
particular the function ¢ is defined on U. We show that it can be extended to
k, hence is a polynomial. Consider a point a € U with m,n as above. Then
the function ¢ = ¢’/h has a removable singularity at a, since the pole order
m+ 1 of ¢’ is < the pole order n of h: Indeed m+1<n<=1< ({— %)m,
the latter inequality holds, since m > 0 is even.

Finally we want to show that ¢ = 0 - this implies b’ = 0 = ¢’. We com-
pute the degree of ¢. First of all we can define the degree of a rational func-
tion - the difference of the degrees of numerator and denominator polynomial.
Now denote m,n the degree of g, h. If m > 0, we have degp(g) = (20 4+ 1)m
and once again 2n = (2 4 1)m. Since degg’ = m —1 < m+1 < n, we
see that ¢ has negative degree, hence f = 0 and ¢’ = 0. If m < 0, we have
degp(g) = 0 and then degh = 0 and degg’ < m — 1 < 0, so deg(p) < 0.
If m =0 = n, we have deg(¢’) < 0 and obtain again deg(p) < 0. Finally
in the case m = 0 > n, we have degp(g) < 0 and thus degp’(g) = 0 - the
polynomials p and p’ don’t have common zeros - and are done even then since
degh' <n—-1<0. O

Holomorphic Parametrizations: For an elliptic curve V(f) over C there
exists nevertheless a holomorphic parametrization

(g,0) : U —V([),
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where A := C\ U is an infinite discrete set, indeed a lattice: A lattice A C C
is a subset of the form
A,IZdel+-ZkU%

where wy,ws are linearly independent over R, or, equivalently, w; /wy € R. A
meromorphic function f on C is called A-periodic if f(z4w) = f(z) holds for
all w € A. There are only constant holomorphic A-periodic functions: Such
a function would be globally bounded by its supremum on the parallelogram
{rwi + swe;0 < 1, s < 1}, and by Liouville’s theorem it follows that it is a
constant. But there are interesting meromorphic functions: The Weierstraf3-

p-function
1 1 1
o=+ ) (m‘w—)

wEA*

where A* := A\ {0}, is an example of a A-periodic function. It is holomorphic
outside A and has poles of order 2 at the lattice points. For

1 1
a=3) —b=5) —
weA wEA
we consider the function
(¢')? — 49* + 20ap + 28b.

It is holomorphic in U, the Laurent expansion at the origin shows, that it
has a removable singularity there, indeed a zero. But then, being A-periodic,
it has to be = 0. Some more detailed investigations show that

(p,9): U —V(f), f=Y?—4X%+20aX + 28D

is a surjective and locally homeomorphic parametrization; its fibres are ex-
actly the cosets z+A, z € U. Now, in order to get a more satisfactory picture,
one compactifies V(f) by adding a point oo to

V(f) = V(f)U{oco}.

and gets a parametrization

(p,¢") : C — V(f),
sending the lattice points to co. Indeed it induces a homeomorphism

C/A —V(f),
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of the torus with the one point compactification of V(f). Indeed, tradition-
ally one means the compactification V(f) when speaking about an elliptic
curve. And it turns out that for every elliptic curve there is a corresponding
lattice such that we have a homeomorphism of the above type.

There is a further interesting remark: The homeomorphism V(f) = C/A
endows on V(f) the structure of an (additive) abelian group with the point
oo as unit element. The group multiplication, it turns out, can also be
understood in a completely algebraic way: Take any line L C C? and a
point @ € V(f) N L. We can define an intersection multiplicity: It is the
multiplicity of the polynomial function f(p(t)) at 0if ¢ : C — L is a
linear parametrization with ¢(0) = a. Now counting the intersection points
in LNV (f) with multiplicities, there are at most 3 intersection points - two
for 7vertical” lines L = {a} x C, and three otherwise - and their sum in
V(f) = C/A equals zero.

Hyperelliptic Curves: Now let us consider the case of a hyperelliptic curve:
The fact that the polynomial p(X) has odd degree guarantees, that the point
oo € V(f) has a neighbourhood homeomorphic to a disc — if the degree is
even, it is a self intersection point, has a neighbourhood homeomorphic to
two copies of the unit disc £ C C meeting at their centers, i.e. (E x {0})U
({0} x F) C C?* with oo corresponding to (0,0).

In that situation we have to replace C with the open unit disc E: There
is a surjective and locally homeomorphic parametrization

(9.h): E—V(f)

given by two meromorphic functions, where the fibre of the point at infinity
consists of the points, where one of the functions g, h or both have a pole.
Indeed, there is a subgroup G C Aut(F), acting freely on E, such that the
parametrization is G-invariant and induces a homeomorphism

E/G=2V(f).

But for £ > 1 the extended curve V(f) is not a group. Indeed V(f) is
homeomorphic to a sphere with ¢ handles.

2 ALGEBRAIC SETS IN k"

Algebraic geometry deals with objects, called ”algebraic varieties’, which
locally look like ” algebraic sets”, i.e. sets which can be described by a system



of polynomial equations. For this one has first of all to fix a base field:

Notation: We denote £ an algebraically closed field; vector spaces are always
assumed to be vector spaces over k. In contrast to that, we use the letter K
for a not necessarily algebraically closed field.

In this section we define algebraic sets and prove that they correspond
to certain ideals in polynomial rings, the central result being ” Hilberts Null-
stellensatz”, Th.2.17.

To begin with let us mention the following fact: Given any infinite field
K the polynomial ring
K[T| = K[T, ..., T}]

can be regarded as a subring
K[T) c K*"
of the ring K&" of all functions K" — K.

Proof. For n = 1 this follows from the fact, that a polynomial f € K[T] has
at most deg f zeros. For n > 1 write

f=Y f(T, ... To)T, € (K[Th, ..., Tua]) [T
=0

and assume f(z) =0 for all z = (2/,z,) € K™ = K™™' x K. Hence for any
' € K" ! we have 0 = f(2/,T,) € K[T,] resp. fi(z') =0 for all z’ € K"
Using the induction hypothesis we conclude f; = 0 € K[T,...,T,,—1] for all
i=0,..,rand thus f =0 € K[, ...,T,] as well. O

Definition 2.1. A subset X C k" is called an algebraic set, if there is a
subset F' C k[T of the polynomial ring k[7] with
X =N(F):=N(k"F) :={z k™ f(x)=0,VfeF}.

We indicate this by writing
X = k",

and for a finite set F' = {f1,..., f»} we also simply write

N(fb e fr) = N(knv f17 e fr) = N(kna F)
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Example 2.2. 1. Both " = N(k";0) and the empty set ) = N(k";1)
are algebraic sets.

2. One point sets
{CL} = N(kn, T1 — a1y ..., Tn — CLn)
are algebraic sets.

3. Arbitrary intersections

(YN =N B

AEA AEA

and finite unions of algebraic sets are algebraic, since
N(FG)= N(F)UN(G)

with FG := {fg;f € F,g € G}. The inclusion ”2>” is obvious, while
for a point x ¢ N(F)U N(G) we find f € F and g € G with f(z) #
0 # g(x), so fg € FG does not vanish at x either.

4. All finite sets are algebraic; for n = 1 this are all the proper algebraic
sets.

5. Vector subspaces W C k™ are algebraic subsets.

6. Let X := N(k*T2—p(T1)) with a polynomial p(Ty) € k[Ty]. For
p(Ty) = Ty(Ty — 1)(Ty — N\) with X # 0,1 the algebraic set X — k2
is called an elliptic curve. For k = C and A € R draw a picture of
X NR? ¢ R?' In the ”degenerate case” A = 0,1 the real picture
of X is a noose. For p(T}) = T} it is also called Neils parabola, in-

deed, the latter can be viewed as degeneration of the nooses defined by

7. The algebraic set X := N(k3;TyT3 — T3) is also called a quadric cone.

8. The algebraic set Z := N(k*; TyTy — T,T3) is called the Segre cone; if
we identify k* with the vector space k?*? of 2 x 2 matrices with entries
in k, then Z = k?*?\ GLy(k) consists of all singular 2 x 2 matrices.
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Remark 2.3. 1. According to Ex.2.2.1,3 and 4, the algebraic sets satisfy
the axioms of the closed sets of a topology on k™. The corresponding
topology is called the Zariski topology. If we want to express that a
subset X C k" is Zariski-closed we also write simply X — k™.

2. Two nonempty open sets U,V C k™ have nonempty intersection. Or
equivalently: The n-space k™ is not the union of two proper closed
subsets X,Y < k". Otherwise we may assume X = N(f),Y = N(g)
with f,g € k[T]\ {0}. Then fg € k[T]\ {0} satisfies k™ # N(fg) =
N(f)UN(g).

3. If k = C, there is yet another topology both on C" and all its subsets,
induced by the norm ||z|| := /Y ., z:Z;. We shall call it the strong
topology on C" resp. X C C". Note that the strong topology is strictly
finer than the Zariski topology: Polynomials are continuous functions
with respect to both the Zariski and the strong topology.

4. A proper algebraic set X — C™ has no interior points with respect to
the strong topology: Take a polynomial f € C[T]\ {0} vanishing on
X. If a € X is an interior point, then ng( ) =0 for all v € N”, and
thus Taylor expansion gives

f Zlayf _a)V:07

| v
veNn vl oT

a contradiction!

5. We remark without proof that an algebraic subset X C C" is connected
with respect to the Zariski topology iff it is with respect to the strong
topology.

An algebraic subset can always be described by finitely many polynomial
equations:

Proposition 2.4. For every algebraic subset X = N(F) — k" there is a
finite subset Fy C F' mit X = N(Fp).

In order to see that, we first enlarge the set of polynomials defining a
given algebraic set:
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Remark 2.5. The ideal

ap := Zk’[T]f = {Zngl,gl S k’[T'],fZ e Fre N}
=1

fer
of k[T] generated by F' C k[T] satisfies N(ap) = N(F).

Proof. The inclusion F' C ap implies obviously N(F') D N(ar); on the other
hand every polynomial h € ap is a finite sum h = Y., g;f; with f; € F,
whence h(z) = > ., gi(x)fi(x) = 0 for all z € N(F) and thus N(F) C

Hence, in order to study algebraic subsets one could try to investigate
first ideals a C k[T] (or rather in K[T], where K is any field). For n = 1
we know that every ideal a C KT is a principal ideal a = K[T] - f with a
polynomial f € K[T].

Digression to commutative algebra: Noetherian Rings

Definition 2.6. A commutative ring R with unity 1 is called noetherian, if
one of the following three equivalent conditions is satisfied:

1. Every ideal a C R is finitely generated, i.e., there is a finite set F' C
R: |F| < oo, with a = ap.

2. Every ascending chain a; C --- C a; C ... of ideals in R terminates,
i.e. there is a natural number j, € N with a; = a;, for j > jo.

3. Every nonempty set A = {a;,7 € I} of ideals a; C R contains a maximal
element ag, i.e. such that ag Ca€ A — a9 = a.

Proof. Exercise! ]

Remark 2.7. We leave it to the reader to check that given an ideal a =
ar C R in a noetherian ring R, we can choose a "finite basis” Fy C F' of the
ideal a, i.e. such that

ap, = ag.
Note that the word "basis” is used here in an old fashioned way, meaning
nothing but a system of generators, and not requiring linear independence of
the generators, as one does in linear algebra.
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Example 2.8. A PID (:=Principal Ideal Domain) is obviously noetherian.

Theorem 2.9. The polynomial ring R[T) in one variable over a noetherian
ring R is again noetherian.

Corollary 2.10 (Hilberts Basissatz). The polynomial ring K[11, ..., T,] over
a field K is noetherian.

Proof. K|Ty, ..., Ty] = (K[Ty, .., Tu1))|T0]. O

Proof of 2.9. For an ideal a C R[T] we define an ascending chain of ide-
als bg C --- C bjC... in R by

b]' = {TER,H TTj‘i‘Z?"iTi S Cl} .

i<j
For every ideal b; < R we choose generators (s;1, ..., s;;) and corresponding
polynomials
Pik = SjkTJ + Z ’f’ﬁTz c a
i<j

Since R is noetherian, the chain of ideals (b;) terminates at some j, € N.
Our candidate for a "basis” is now

F={pj;0<j<jo,1<k<{}.

Obviously we have then arp C a. It remains to show the opposite inclusion:
For p € a we use induction on d := deg(p). For d < 0 we have p = 0. For
7d—1 = d” let m := min(d, jo). The leading coefficient of p belongs to b,,,
hence has the form Zi’;l reSmie With suitable r, € R. Then the polynomial

14

¢ = p=T"™> rpmr€a
k=1
satisfies deg(q) < d. So we know ¢ € ar and hence p € ap as well. n

Prop. 2.4 now follows from Corollary 2.9 and the remarks 2.7 and 2.5.

Let us now come back to geometry: As a consequence of 2.5 every alge-
braic set is of the form N(a). In the following lemma we study how N(a)
depends on the ideal a C k[T].

14



Lemma 2.11. Let a,b C k[T] and ay C k[T],\ € A, be ideals. Then
1. N(a)=k" < a={0}; a=k[T]= N(a)=0.
2.aCb = N(a) D N(b).
8. N yea®m) = Ny N(an).
4. N(ab) = N(anb) = N(a) UN(b).
Proof. Exercise! 0

On the other hand any algebraic set X < k™ has an associated ideal, its
vanishing ideal (X)) < k[T, as well:

Definition 2.12. The vanishing ideal I(X) C k[T of an algebraic set X —
k™ is
I(X) = {f €k[T]; flx =0} .
The next lemma investigates I(X) as a function of X:
Lemma 2.13. For X < k™ and an ideal a C k[T] we have:
1 I(X)={0} <= X =Fk" and I(X)= k[T] <= X =10;
(X)) D 20 I(X0);

3. I(XUY) = I(X)NI(Y);

\S]

Example 2.14. In general a & I (N(a)) and

ST I S I(N) X

Ael Ael

Namely:

1. For n =1 and a := (T?) C k[T] we have N(a) = {0} and I(N(a)) =
(T).

15



2. For n = 2 and X, := kx{0} = N(Ty), X, := N(T,—T?) we obtain
XlﬂXQ = {O} and I(leXQ) == (Tl,TQ), while

[(X1)+1(Xy) = (I, h=T7) = (1, 1}) & (11, T3) .

=

The intuitive reason for this is, that the line X; and the parabola X,
do not meet "transversally” at their common point 0: Both f = T
and f = To—T} satisfy 5—7{(0) = 0 and hence this holds as well for all

functions f € (Tz, To—T}).

What is wrong in the first example? Obviously vanishing ideals I(X)
have the property
fmellX) = fel(X).

That leads us to the following:

Definition 2.15. An ideal a — R is called a radical ideal, if for all f € R
one has:
f"eaforsomemeN = fea.

For every ideal a <— R the ideal

Va = {f € R;3mc N with f™ € a}
is a radical ideal; it is called the radical of a.
Example 2.16. For n = 1 we have /(T?) = (T) in k[T].

Theorem 2.17 (Hilberts Nullstellensatz). For an ideal a C k[T, ...,T,] we
have

I(N(a)) = Va.
In particular there is a bijection

{radical ideals in &[T} N {algebraic sets in k"}

with the map I1: X — I(X) in the opposite direction.

Example 2.18. Consider the ideal a := (T7+T%) C R[Ty,Ty]. Since T7 +T3
is irreducible and R[T}, T3] factorial, we find v/a = a. On the other hand
N(a) = {(0.0)} and thus

I(N(a)) = (T1,T3) 2 Va.
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For the proof of Hilberts Nullstellensatz Th.2.17 we need the following
description of maximal ideals m C k[T].

Theorem 2.19 (Weak Nullstellensatz). For every mazimal ideal m C k[T
there is a unique a € k™ with

m=m,:=I1{a}) =11 —ay,...T,, —an) .
In particular N(a) # ) for every proper ideal a S E[T].

Indeed, it is a consequence of the following purely algebraic result, to be
shown in the next section:

Theorem 2.20. Let K be any field and m C K[T| a mazimal ideal. Then
K — L := K[T]/m is a finite field extension.

Proof of Th.2.19. Since k is algebraically closed, we find even k = k[T]/m,
hence have a natural ring homomorphism

o k[T) — k[T]/m = k,
which is nothing but evaluation at a = (ay, ..., a,) € k" with a; := p(T;). O

Corollary 2.21. If the polynomials f1,..., fr € k[T| = k[T4,...,T,] do not
have a common zero, then there are polynomials ¢y, ..., g, with

Zgifi = 1.
i—1

Proof. According to Th.2.19 we have (fi, ..., f.) = k[T]. O

Proof of Th. 2.17. The equality
Va = I(N(a))

for an ideal a C k[T] is a consequence of the weak Nullstellensatz Th. 2.19:
The inclusion ”C” is immediate: From a C I (N(a)) we obtain

Va ¢ VI(N(a)) = I(N(w)),

since vanishing ideals are radical ideals.
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For the inclusion D" we consider a function g € I (N(a)) \ {0}. We
introduce an additional indeterminate S and consider in the ring k[T, S| :=
k[Ty,...,T,,S] the ideal

b:=a[S]+ (1—g¢S) C k[T, S] = (K[T))]5]
with a[S] := Y o, a-S% Its set of zeros is
N("xk;b) = N(E" x k;a[S]) 0 N(k"xk; 1—gS)

with
N(E" x k;a[S]) = N(k";a) x k

and
N(k"xk;1—gS) =11y = {(x,g(x)_l);arek;} C kyxk C k" xk,

the graph of the function g~' : k7 := k" \ N(g) — k. Hence N(b) — k" x k
is empty and thus b = k[T, S] according to Th.2.19. So there are elements
For e fn € a and h € K[T, S] with

1L = > fiS'+h(1-g9).
=0

Now we apply the algebra homomorphism

kKT,S] — k(T):=Q(k[T)), T;—1T; for j=1,...,n, S—1/g,

and obtain .
I = Z fig™
i=0
So, eventually
g* = Y g"fica
i=0
resp. g € v/a. O

Remark 2.22. If K is any field and K its algebraic closure, Hilberts Null-
stellensatz I(N(a)) = v/a holds for ideals a < KT, .,,,T,] if the zero set
N(a) is taken in K instead of in K™. In that situation one has to consider
7 K-algebraic sets” only, i.e. algebraic sets which are invariant under the

(componentwise) action of the automorphism group Aut g (K).
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We end the first section with some easy topological considerations which
in particular apply to algebraic sets, endowed with the Zariski topology:

Definition 2.23. The Zariski topology on an algebraic set X — k" is the
topology induced by the Zariski topology of k™.

Definition 2.24. 1. A topological space X is called noetherian, if every
decreasing chain X; D X5 D ... of closed subsets terminates.

2. A noetherian topological space X is called irreducible, if it is non-empty
and does not admit a decomposition X = X;UXsy with proper closed
subsets X; G X.

3. A maximal irreducible subspace of a noetherian space is called an irre-
ducible component.

Example 2.25. 1. "7 Affine n-space” k" is noetherian: Since k[T'] is noethe-
rian, the increasing sequence I(X;) C I(X3) C ... terminates and hence
the sequence of the X; = N(I(X;)) does so as well.

2. A noetherian space is quasicompact, i.e. every open cover admits a
finite subcover.

3. A subspace of a noetherian space is again noetherian. In particular

(a) Algebraic sets are noetherian.
(b) Any Zariski open set U C X of an algebraic set X is quasi-

compact.

4. An algebraic set X < k™ is irreducible iff I(X) < k[T] is a prime
ideal.

5. Irreducible spaces are connected, but not vice versa: X := N(k* T1Ts) =
(k x 0) U (0 x k) is connected, but not irreducible.

Proof. We comment only on 4). If X = X;UXj is a nontrivial decomposition,
choose polynomials f; € I(X;) \ I(X). Then fif; € I(X), so I(X) is not a
prime ideal. On the other hand if 7(X) is not a prime ideal, take f1, fo & 1(X)
with fifa € I(X). Then X = X, U X, with Xj := XN N(f;) & X. O

Proposition 2.26. Let X be a noetherian topological space.
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1. If X s irreducible, any non-empty open subset is dense.

2. If Z C X is an irreducible subspace, so is its closure Z. In particular
the irreducible components of X are closed.

3. X is the irredundant union of its finitely many irreducible components.

4. If X = ;_, U; with irreducible open sets U; C X, such that U;NU; # ()
for all i,7, then X is irreducible.

Proof. If X = X; U X, and the X; — X are the union of their irreducible
components, then so is X. Hence, if X is not the union of its irreducible
components, we can construct a strictly decreasing sequence of closed sub-
spaces Yo 2 Y1 2 Yy 2 ... enjoying the same property: Take Y, := X.
Since Y,, is not the union of its irreducible components, it is not irreducible,
so Y, = Z; U Zy with proper closed subspaces Z;, Z5;. W.l.o.g. then we
may assume that Z; is not the union of its irreducible components and set
Y11 := Z;. — Finally assume that Xj,..., X, are the (pairwise different)
irreducible components of X, and that already X = X; U ... U X,_;. Then,
X, = (X, NX;)U..U (X, N X,_1) being irreducible, we find X, C X; for
some %, 1 < ¢ < r. But then necessarily X, = X, a contradiction. ]

Example 2.27. X = N(kg;T3T1,T3T2) = (]{72 X O) @) (0 X 0 x k’)
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3 INTEGRAL RING EXTENSIONS

Though the immediate aim of this section is to prove Th.2.20, the notions
we use are very important also later on. So we give a more general presen-
tation, starting with the following class of rings, which is basic for algebraic
geometry:

Definition 3.1. A K-algebra A is called affine, if it is a finitely generated
K-algebra:
A - K[tl, ,tn]

with suitable elements tq,...,t, € A, i.e., any element in A is a polynomial
(with coefficients in the field K) in the elements ¢y, ..., t,, or equivalently, if
A is isomorphic to a factor algebra of a polynomial ring:

A= K[Tl, ,Tn]/a

with some ideal a — K[T7,...,T,].

The essential point now is to find for a given affine K-algebra A a subal-
gebra B C A (Th.3.10), such that

1. B is isomorphic to a polynomial algebra B = K|S, ..., Sq|.

2. A is a finite (:=finitely generated) B-module.

For the construction of the subalgebra B C A we have to introduce the
notion of an integral ring extension. We characterize first integral elements
in a ring extension R’ O R (of commutative rings R, R’) by three equivalent
conditions. For that we need the notion of a faithful module:

Definition 3.2. An R-module M is called faithful, if M = 0 with r € R
implies r = 0.

Example 3.3. 1. If R — R’ is a ring extension, then R’ is a faithful
R-module.

2. The ideal (2) in R = Z/(4) is not a faithful R-module.

Theorem 3.4. Let R — R’. For an element s € R’ the following three
conditions are equivalent:
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1. There is a monic polynomial p € R[S] with p(s) = 0.
2. R[s] is a finitely generated R-module.
3. There is a faithful R[s]-module, which as an R-module(!) is finitely

generated.
Definition 3.5. Let R — R’.

1. An element s € R’ is called integral over R, if one of the three equiva-
lent conditions in Th. 3.4 is satisfied.

2. The ring extension R’ D R is called integral, if every s € R’ is integral
over R. Any equation p(s) = 0 with a monic polynomial p € R[S] is
then called an integral equation for s.

Remark 3.6. In general there is no unique integral equation of minimal
degree for a given element s € R’ D R: Take a field K and consider the ring

R=K[I*T|=Ke@K -T'C R =K[T] C QR),

=2

with K[T] the polynomial ring in one variable. Then s := T € R’ has
p = S* —T? € R[S] as an integral equation of minimal degree, but the
linear, non-monic polynomial ¢ := T% - S — T3 € R[S] has s as its zero as
well, so p := p + ¢ is another integral equation of minimal degree.

Proof of 3.4. 71) = 2)”: Take an element f(s) € R[s|, where f € R[S].
The euclidian algorithm for monic polynomials in R [S] provides a decompo-
sition f = gp+r with deg(r) < m := deg(p). Hence f(s) = r(s) € 3., Rs'.

Thus L
R[s] = Z Rs".
i=0
72) = 3)”: The ring R [s] is a faithful R [s]-module.
"3) = 1)": f M = Zle Rm, is the faithful R [s]-module, we may apply
Lemma 3.7. We obtain a monic polynomial p € R [S]| with p(s)M = 0. Since
M is faithful, we find p(s) = 0. O
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Lemma 3.7. Let M be an R [s]-module with a generator system my, ..., mg

over R. For every ¢ = 1,...,d we choose elements r;; € R, j = 1,...,d,
with
d
sm; — Zrijmj.
j=1

Then the determinant

p:=det B € R[S]

of the matrix
B:=S E;—(ry) € (R[S)™

(with the d-dimensional unit matriz Ey) is a monic polynomial of degree d
satisfying p(s)M = 0.

Proof. The Leibniz formula for determinants implies, that p € R[S] is a
monic polynomial of degree d. Denoting B# the complementary matrix of
B, ie.

B* = ((-1)""(det B;;)) € (R[S)™,
where Bj; € (R[S])* ™! is the matrix obtained from B by deleting the
j-th row and the i-th column, we have
dxd

B*B=pE; € R[S]'E; C (R[S))

Now substitute s for S and multiply the equality from the right hand side
with the column vector m := (myq,...,mq)! € M?. The choice of the entries
r;; implies B(s)m = 0. Hence, in M¢ we obtain

0= B%(s)B(s)m = p(s)m .
respectively p(s)m; = 0 for all 4, i.e., p(s)M = 0. O

Note that for a field R = K and M := K% m, :==e;,i = 1, ..., d, the above
argument is a proof for the Cayley Hamilton Theorem: An endomorphism
of K% is annihilated by its characteristic polynomial. Take s : K¢ — K¢
as the endomorphism given by the matrix (r;;), such that K[s] becomes a
commutative subring of End(K?).

Remark 3.8. 1. If R’ is integral over R and R’ finitely generated as R-
algebra, then R’ is even a finitely generated R-module. On the other
hand, if R’ is a finitely generated R-module, then R’ is also integral
over R.
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2. If R— R’ and R’ < R" are integral ring extensions, so is R < R".
3. For every ring extension R < R’ the integral closure
R := {s € R’; s is integral over R}
of Rin R’ is a subring of R’.

4. Let R — R’ be an integral extension of integral domains. Then R is a
field iff R’ is.

Proof. 1) The second statement follows from condition 3) in 3.4 with M =
R’. For the first there is a chain of integral ring extensions

R < RJ[s1] < R[s1,8] — ... = Rl[s1,...,ss] =R/,

which are finite modules over its predecessors. Since that property is ”tran-
sitive” the claim follows.

2) For c € R" let c" + Z;:Ol s;j¢/ = 0 be an integral equation over R’.
Then Rso,...,Sn—1] is, according to 1) a finitely generated R-module and
R[s0,...,Sn-1,c| a finitely generated R [so, ..., S,—1]-module, so altogether
a finitely generated R-module. As extension of R[c| it is a faithful R |[c]-
module, hence condition 3) in 3.4 is satisfied.

3) Assume s and s to be integral over R. We have to show, that s+s’ and ss’
are as well. For the integral extensions R < R[s] < R[s,s’| the R-algebra
R s, s] is according to 2) a finitely generated R-module as well as a faithful
module over R [s+5] resp. over R[ss']. Again 3.4 3) is satisfied.

4) Let K := R’ be a field. The inverse s™' € K of an element s € R\ {0}
satisfies an integral equation

If, on the other hand K := R is a field and s € R’ \ {0}, then, R’ being
an integral domain, there is an integral equation p(s) = 0 with a polynomial
p € R[S] not divisible by S. So p = Sq(S) + a with some a € K* := K \ {0}.
But then s(—a~1q(s)) = 1. O
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Remark 3.9. An integral domain R is called integrally closed in its field of
fractions (or normal) if the ring extension Q(R) D R satisfies

Q(R) > R=R.

Indeed, if the integral domain R’ D R is any extension of such a normal ring
the minimal polynomial of an integral element s € R’ C Q(R’) over the field
of fractions Q(R) has coefficients in R and is the unique integral equation of
minimal degree. We mention furthermore, that UFDs are normal rings. The
proof is left as an exercise.

Here is the construction of the subalgebra B C A for a given affine K-
algebra A.

Theorem 3.10 (Noether normalization lemma). Let K be an infinite field,
A:= Klty,...,t,;] an affine K-algebra and

on: K[T,...,T,] — A, T, —

the corresponding surjective homomorphism of K-algebras. Then there ex-
ists a surjective linear map (but not necessarily a coordinate projection)
7: K" — K%, such that the pull back of functions

7 K[Sy,...,S4 — K[Ty,...,T,], f — fom,
provides a finite injective homomorphism of K-algebras
0q = ppor* t K[S1,..., S = K[T\,...,T,] 2% A,

in particular the ring extension K|[Sy,...,Sq] < A is integral.

Remark 3.11. We shall see later on that the number d € N is uniquely
determined. If one admits pull backs with respect to ”nonlinear projections”,
the above theorem is even valid for finite fields K. But then polynomials
should be considered as K -valued functions on K, where K is the algebraic
closure of K.

Proof of Th.2.20. For A := K[T]|/m we choose B = 7*(K|[Sh, ..., S4]) accord-
ing to Th.3.10. Since A is a field, so is B & K|[Sy, ..., S4], hence d = 0 and A
is a finite field extension of K. ]
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Proof of Th.3.10. We do induction on n, the number of generators of the K-
algebra A. For n = 0 we have A = K, so there is nothing to prove. Now let
A= K[T)/a with T'= (11, ..., T,,). If a =0, we are done. Otherwise we take
some polynomial f € a\ {0}. Indeed, we may assume that f is T,,-monic:

Lemma 3.12. Let K be an infinite field. For any f € K|[T]\ {0} there is
a linear automorphism F : K™ — K™ such that g := F*(f) is an "almost
T,,-monic” polynomial

g = I+ g:(TT;,

<m
where ¢ € K* and with T" := (T}, ..., Tp—1).

Proof. Let f = 3" p; be the decomposition of f as sum of homogeneous
polynomials p; of degree ¢ and p,, # 0. Since K is infinite, there is a
point € K™\ {0} with p,,(z) # 0. We may even assume z = (2/,1) =
(x1,...,25-1,1) € K™. Now with

F:K" — K"t =(',t,) — (t' +t,2' t,)
we obtain
m
FA(f) = f(T'+ T T) = > pi(Ti+ 21T, Tt + 201 T, T)
=0

= I+ Zgi(T’)TZ =g
i<m

with ¢ := p,,(2/,1) # 0. ]

Let us now continue with the proof of Th.3.10: If f has T,,-degree m, we
have

and choose 7 : K" — K" ' o = (2/,2,) — 2/. Now consider
A=, (K[T]) C A.

Then A, being a factor module of K[T]/(f), is a finite A’-module. By induc-
tion hypothesis, there is a linear projection m : K"~! — K% such that

K[Sy, .y S 225 K[T7] 223 Af

with ¢, 1 := ¢n |k is finite and injective. Finally take 7 := my o 7. O
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Remark 3.13. We briefly indicate how the above proof has to be modified
if K is a finite field: In that case the pull back automorphism F* : K[T] —
K|[T] in the proof of the auxiliary lemma 3.12 has to be replaced with o :

K[T| — KIT], where
o:T;—=T,+T" fori <n—1, and T, — T,

with exponents m; := 0" %, where b is bigger than all the exponents of in-
determinates T; in the monomials of the polynomial f. Then the maximal
T,-power in
o(T*) =T;" + Y g:(TT,
<m
ism:=m(a) =31, a;b"". Since different multi-exponents a give different
maximal T),-exponents m(«), it follows that the maximal T),-exponent in
o(f) is the maximal m(«a) for a monomial T* appearing in f and thus o(f)
is T,,-monic.

Finally, for use later on, we prove the following important result in the
theory of integral extensions:
Theorem 3.14. Let R — R’ be an integral ring extension. Then

1. gwen a prime ideal p in R, there is a prime ideal p’ — R’ lying above
p, i.e. P’NR =p.

2. Furthermore, p < R is a mazximal ideal iff p' — R’ is, and
3. if pi = ph — R’ lie above p — R, we have p)| = p5.

Proof. 1.) First we assume that R is a local ring and p its (unique) maximal
ideal m. If then m’ < R’ is any maximal Ideal, the intersection m'NR — R
is a proper ideal, since it does not contain 1. In the commutative diagram

R - R/

\ {
R/(RNw) < R'/o

the ring R’/m’ is a field, which is integral over R/(RNm’). According to
Rem.3.8.4 R/(R Nm') is a field as well, such that R N m’ is a maximal ideal
in R and therefore m = R N w/, the ring R being local.
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For general R and p C R we consider the multiplicative system S := R\ p.
Then m := S~!p is the only maximal ideal in the local ring S™!'R, and the
ring extension S~!R < ST'R’ is integral. The first part provides a maximal
ideal m’ < S7!R’ over m. Thus we obtain a commutative diagram

L

p =& R < R <+

3 1 \J
m = SR 5 SR« w
The inverse image p’ C R’ of m’ with respect to the natural map R’ —
S7'R’ is again a prime ideal, lying actually over p: If jz : R — S7!R and
jrr : R" — S7'R’ denote the vertical maps, then

PR = (k) = gt (7))
= jp (M N STR) = jp'(m) = p.

2.) This remark follows from Rem.3.8.4 applied to the integral ring extension
R/p = R'/p".
3.) We may replace R with R/p and R’ with R'/p) resp. assume p = 0 = p)
and that R’ (as well as R) is an integral domain. So we have to show
that for integral domains R C R’ and a prime ideal p’ — R’ we have
p’NR=0=p = 0. Finally replacing R C R’ with S™'R c S~'R’ with
the multiplicative subset S = R\ {0}, Rem. 3.8.4 yields once again that in
the integral ring extension S™'R C S™'R’ not only S™!R, but also S™'R’ is

a field, so S~7!p’ = 0 resp. p’ = 0.
]
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4 AFFINE VARIETIES

In this section we treat all the algebraic subsets X < k™ (with the ”embed-
ding dimension” n = n(X) depending on X) simultaneously as objects of a
category T.A (no standard terminology!), thereby getting rid of any specific
inclusion into some affine space. From a given embedding X — k™ we only
keep the information about the functions obtained as restrictions of a poly-
nomial on k™. These regular functions provide the morphisms X — k, and
they are associated to the topological space X as an additional datum.

Definition 4.1. Let X — k" be an algebraic set. A function f: X — k is
called regular if there is a polynomial g € k[T] with f = g|x.

A first observation is

Proposition 4.2. The reqular functions on an algebraic set X — k™ form
a k-algebra O(X). Indeed there is an exact sequence

0 — I(X) — k[T] 25 O(X) — 0
with the inclusion 1(X) < k[T| and the restriction homomorphism
ox - k[T] — O(X)7 g ng'

Proof. Exercise! [

Example 4.3. Here we shall represent the ring O(X) for some examples
either as subalgebra or as extension of some polynomial ring.

1. The Neil parabola X := N (k% T#—T}) admits a polynomial parametriza-
tion ¢ : k — X,s — (s?,5%), hence there is an induced pull back
map ¢* : O(X) — k[S], an injection indeed, the map ¢ being onto
(or rather bijective!). Composing it with the restriction homomor-
phism ox : k[T1,T5] — O(X) leads to the homomorphism k[T] —
k[S], Ty — S?, Ty + S3, whence

O(X) = k[S*, S| =k- 10 k- 5"

=2
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2. For char(k) # 2 the parametrization
k— X = N(K*Ty —TE(Ty +1)),s = (s* — 1,5(s* = 1))

of the noose X induces an isomorphism O(X) = {f € k[S]; f(1) =
f(=1}.

3. For the reducible algebraic set X = (kx0)U (0 x k) take disjoint copies
Z1, Zy of the affine line k£ and look at

(.p:ZlUZQ —>X,Zl € S1 (81,0),22 € So > (O,Sg).
It induces an isomorphism
O(X) = ¢"(0O(X)) = {(f1, f2) € k[S1] ® k[S2]; f1(0) = f2(0)}.

Here k[S1] @ k[S3] denotes the direct sum of the two polynomial rings
k[S;] (in one variable S;!), the ring operations are componentwise.

4. If a parametrization is not available one can look at a projection: Con-
sider
VX =N, T —p(Th)) — K 25 k.

Since v is surjective, the corresponding pull back of functions is injec-
tive, so we may identify ¢*(k[T1]) with k[T}] and thus obtain

O(X) = k[Th] - 1@ k[T1] - Ty = (k[T1])[\/P]
with T; = p(Ty).

With Hilberts Nullstellensatz Th. 2.17 we can characterize all the alge-
bras O(X) up to isomorphy:

Remark 4.4. A k-algebra A is isomorphic to the algebra O(X) of regular
functions of some algebraic subset X < k", i.e.

A= 0(X),
iff it is affine and reduced.

Here ” reduced” means:
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Definition 4.5. A ring R is called reduced, if it does not admit non-zero
nilpotent elements, i.e. if

V=0
holds in R.

Proof of 4.4. An affine algebra A = k[T]/a is reduced iff a = \/a, the latter
being equivalent to a = I(X) for X = N(a). O

Remark 4.6. An algebraic set X < k" is irreducible iff O(X) is an integral
domain iff any two non-empty open subsets have points in common.

Let us now consider the following category T .A of Topological spaces with
a distinguished Algebra of regular functions:

1. The objects are the pairs (X, A), where X is a noetherian topological
space and A C C(X) a subalgebra of the algebra C(X) of all k-valued
continuous functions on X (where k is endowed with the Zariski topol-
ogy, so a function f : X —— k is continuous iff all the level sets
f7Yc),c € k, are closed.) satisfying in addition

A" ={f € A;N(f) =0},

i.e. a function f € A is invertible iff it has no zeros. Functions f € A
are also referred to as regular functions on X.

2. A morphism from (X, A) to (Y, B) is a continuous map
p: X —Y,
such that the pull back homomorphism
" C(Y) — C(X), [ = fop,
maps B C C(Y) into A C C(X), i.e.:

' (B) C A.

Then the pair (X, O(X)) belongs to this category for any algebraic set
X — k™ as a consequence of
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Remark 4.7. 1. Any maximal ideal m C O(X) is of the form
m=m, :={f € OX); f(a) =0}

with a unique point a € X: Consider the restriction map ¢ := gx :
k[T] — O(X). Then o~ '(m) < k[T] is a maximal ideal as well, the
map o being onto, hence

o '(m) = I({a}) = k[T]

for some a € k™, according to Th.2.19. Since I({a}) D I(X), we have
a € X and thus m = p(I({a})) = m,.

2. If f1,...,fr € O(X) are functions without a common zero, they are
not contained in any maximal ideal, hence generate the unit ideal, i.e.
there are functions gi, ...,g, € O(X) with "7, g;fi = 1. In particular
regular functions without zeros are invertible.

For convenience of notation we shall from now on denote the objects
in T A simply by capital letters XY, ... and, in analogy to algebraic sets,
O(X),O(Y), ... their associated algebras of regular functions.

Definition 4.8. An object Y € T A is called an affine variety (over the field
k) if Y =2 X < k" with some Zariski closed set X in some affine n-space
k™. We denote AV C T A the full subcategory with the affine varieties as
objects.

Remark 4.9. 1. For an affine variety X the regular functions separate
points, i.e. given two different points z,y € X there is a function

f e O(X) with f(z) # f(y).

2. The algebra O(X) is a finite dimensional k-vector space iff | X| < oo.
In that case we have a ring isomorphism O(X) = k", where r := | X|.

Example 4.10. Here are two examples of affine varieties X, which are given
independent of any explicit embedding into some k™:

1. Closed subsets of an affine variety are again affine varieties, also called
" closed subvarieties”: A closed subset X — Y of an affine variety Y
inherits the structure of an affine variety: Take

O(X) = OY)|x =0(Y)/I(X)
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with the ideal

OY) = I(X) = {f € O(Y); flx = 0} .

An abstract version of £": Every finite dimensional k-vector space V
is in a natural way a to k™" isomorphic affine variety: The algebra
O(V) is generated by the linear forms V' — k, indeed

oWV)=5(V7)

is isomorphic to the symmetric algebra over the dual vector space V*.
(Recall that S(W) for a vector space W is a factor algebra of the
tensor algebra @2';0 W®4: Divide by the two sided ideal generated by
the elements w; ® wy —wy @ w; € W2 =W @ W.)

The topology on V' is the coarsest topology such that all functions
f € O(V) become continuous.

Remark 4.11. Here are some morphisms in 7 A :

1.

2.

The inclusion 7 : X < k™ of an algebraic subset into k™ is a morphism.

Let X € TA. A map ¢ = (p1,...,0,) : X — k™ is a morphism iff
@1y --ey Pn € O(X)

Let X € TAand j: Y < k™ be the inclusion of an algebraic set. Then
amap ¢ : X — Y is a morphism iff j o ¢ is.

. Amap ¢ : X — Y between embedded affine varieties X — k™ and

Y < k™ is a morphism iff it is the restriction ¢ = @|x of a polynomial
map @ : k™ — k™ (then necessarily satisfying @(X) C Y).

. Let X € TA and Y — k™ be an affine variety. Then the morphisms

@ : X — Y correspond bijectively to the algebra homomorphisms
o:0) — O(X). For Y = k" that follows from the fact that
algebra homomorphisms o : k[T, ...,T,] — O(X) correspond to n-
tuples (¢1,...,0n) € O(X)" (with ¢; = o(7;)). In the general case
consider an embedding Y < k™ and note that k[T| — O(X), T; — ¢,
factors through O(Y') = k[T]/1(Y) iff the map ¢ = (¢1, ..., n) : X —>
k™ satisfies p(X) C Y.
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So it seems, all information about an affine variety X is contained in its
algebra O(X) of regular functions. Indeed:

Theorem 4.12. Denote FRA the category of affine reduced k-algebras. The
functor

O: AV — FRA

given by
X—=O0X),p— ¢

defines an anti-equivalence of categories.

Proof. According to Rem.4.4 we know that every algebra A € FRA is iso-
morphic to the regular function algebra O(X) of some affine variety X. It
remains to show that O : Mor(X,Y) — Hom(O(Y), O(X)) is bijective for
all affine varieties X and Y, but here we may refer to Rem.4.11.5. [
Let us now describe a functor
Sp: FRA — AV
inverse to O : AY — FR.A. For a reduced affine k-algebra A we set
Sp(A) := {m — A, max. ideal},

the “(maximal) spectrum” of the ring A. We want to endow Sp(A) with a
topology and a distinguished algebra O(Sp(A)) of regular functions: Fix a
surjective homomorphism k[71, ..., T,,] — A, denote a < k[T its kernel and
X := N(a) — k" its zero set. Then

X — Sp(A),z +— m,

is a bijection and hence can be used to define a topology and regular functions
on Sp(A). Indeed these data depend only on A: The closed sets are the sets

N(b) :={m € Sp(A);b C m}

with an ideal b — A. It remains to determine O(Sp(A)): For every m €
Sp(A) the map ¢ : k = k-1 — A — A/m is an isomorphism. Hence every
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f € A provides a continuous function f : Sp(A) = k,m — o (f+m). If we
then declare these functions to be regular:

O(Sp(A)) = {f : Sp(A) — k; f € A},

we obtain, due to the fact that

ﬂ m:ﬂmm:{o},

meSp(A) reX

an isomorphism
D :A— OSp(A), f—f.

A comment on notation: Though the elements in the set Sp(A) are ideals,
one usually prefers a geometric notation and denotes z € Sp(A) its points,
such that, strictly speaking, r = m,.

Finally, given an algebra homomorphism o: B — A between reduced
affine algebras B and A, the inverse image o' (m) of a maximal ideal m < A
is again maximal, since k < B/o~'(m) < A/m = k implies B/oc~!(m) = k.
Even better, the map

Sp(o) : Sp(A) — Sp(B), m — o '(m)

satisfies obviously

goSp(o) =al(g)
for any g € B and thus

Sp(0)"(O(Sp(B)) < O((Sp(4)),

so it really is a morphism in our category T.A of topological spaces with
distinguished algebra of regular functions.

In order to see that O and Sp are inverse one to the other we have to
construct natural equivalences

[~23

q)iid]:RA—>OOSp.

as well as N
U :idyy — Spo O.

The first one is defined for A € FR.A by the above
B A — OBSp(A). f = F,

35



while
Uy : X — Sp(O(X)),z — m,

is the natural equivalence over an affine variety X € AV: We need to check
that given a morphism ¢ : X — Y| we have

Uy 0@ =Sp(O(p)) o Uy.

We evaluate the LHS and the RHS at a point x € X and obtain

2

mgo(w) = ((p*)il(ml”%
an equality readily verified.

Let us now briefly discuss some particular morphisms:

Definition 4.13. A morphism ¢ : X — Y is called

1. dominant, if Y = p(X);

2. a closed embedding, if it admits a factorization X = 7 Y, where
Z — Y is a closed subvariety of Y;

3. finite, if O(X) is a finite(ly generated) O(Y)-module.

Proposition 4.14. Let ¢ : X — Y be a morphism of affine varieties.
1. The morphism ¢ is dominant, iff p*: O(Y) — O(X) is injective.

2. The morphism ¢ is a closed embedding, iff * : OY) — O(X) is
surjective.

3. A finite dominant morphism ¢ : X := Sp(A) — Y := Sp(B) is
onto (:= surjective) and has finite fibers: For every y € Y we have

|07 (y)| < r, if the finite B-module A can be generated by r elements.

4. A finite morphism is closed.
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Proof. The first statement as well as the implication "==" of the second
statement is obvious. For the reversed one take Z := ¢(X). Then X — Z is
an isomorphism, since the pull back homomorphism O(Z) — O(X) is. For
the third part take a point y € Y. Since ¢* is injective and O(X) D O(Y)
an integral extension, we may apply Th.3.14 and obtain a maximal ideal
m — O(X) with m" N O(Y) = m,. But m’ = m, for some x € X and thus
y=¢(x). f A=>""_ | Ba;, then A/m,- A is generated by the residue classes
a; + m, - A over B/m, = k, the same holds for O(p~'(y)) = A/I(¢™(y)),
a factor ring of A/m, - A. So O(¢'(y)) is a finite dimensional k-vector
space of a dimension < r, hence the affine variety ¢~ !(y) is finite with at
most r points. Finally let ¢ : X — Y be finite and Z — X be a closed
subset. Then Z — ¢(Z) is a finite dominant map, hence surjective and

thus o(Z) = o(Z). O

We include here a geometric reformulation of the Noether normalization
theorem 3.10:

Corollary 4.15. For any irreducible variety X there is a finite surjective
morphism ¢ : X — k% If X = N(k"; f) — k™ with a nonconstant polyno-
mial f we may choose d =n — 1.

Remark 4.16. Let us explain for k£ = C the geometry behind the notion of
a finite map:

1. First of all we note that a complex affine variety X is compact (w.r.t.
the strong topology) iff it is finite. The nontrivial implication follows
with the above geometric version of the Noether normalization lemma:
For compact X we have d = 0.

2. A morphism ¢ : X — Y of complex affine varieties is finite if and only
if it is (w.r.t. the strong topologies) proper, i.e. if for any compact set
K C Y the inverse image ¢~ '(K) C X is compact as well. Obviously
that implies that ¢ has finite fibers, but that is definitely not sufficient:
The map

N(T\Ty — 1) = C* 25 C

has finite fibers, but is not proper.
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3. The most suggestive characterization of properness is as follows: A
morphism ¢ : X — Y between complex affine varieties is proper if
and only if a point sequence (z,) C X has points of accumulation
in X iff the sequence (p(z,)) C Y has in Y. The implication ="
makes use of the continuity of ¢, while for ”<=" consider the compact
set K consisting of the points y, and the accumulation points of that
sequence. One could thus say, that ¢ : X — Y is proper iff the space
X has "no holes over Y.

A closed subset Z < X of an affine variety X is again an affine variety
with the regular function algebra

O(Z) = O(X)|, = OX)/1(Z).

But what can we do in order to give open subsets U C X also some structure,
say, to make them objects in the category T.A47 We have to look for a good
notion of regular functions on U. We could once again try with the following
algebra

o) :=0X)|u.

But there is some embarrassing fact: If U is dense in X - this is always the
case for irreducible X and non-empty U - we get

OX)|v = O(X).

In particular for the subalgebra O(X)|y C C(U) it need not be true that
functions without zeros are invertible. So we have to enlarge that algebra.
For certain open subsets that is easily done:

Definition 4.17. Let X be an affine variety.
1. A principal open subset U C X is an open subset U of the form
U=X; = X\N(f)
with N(f) := N(X; f) for a suitable function f € O(X).
2. For any f € O(X) \ {0} we define

OX)y = {fim:Xf — k;h € O(X),mEN}.
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Remark 4.18. 1. Any Zariski open set U C X is a finite union of princi-
pal open sets: We can write X \U = N(fi, ..., f,), hence U = |J;_, X,

2. For an ideal a < O(X) in the algebra of regular functions on an affine
variety X Hilberts Nullstellensatz holds as well:

I(N(a)) = Va.

That follows immediately from Th.2.17 by embedding X < k" into
some affine space.

3. O(X)ys is a reduced affine k-algebra: If o : k[T] — O(X) is onto, so
is the extension k[T, S| — O(X);,T; — o(T;),S — 1.

4. For principal open sets Xy O X, we have
O(X)slx, € O(X),.

The inclusion X, C X/ tells us that g € I(N(f)) and thus ¢* € (f) for
some ¢ € N by Hilberts Nullstellensatz. If, say, ¢* = §f we have

ho gnh
fm gém
on X,.

Since in particular O(X); = O(X), for Xy = X, we may define:

Definition 4.19. The algebra of regular functions O(U) on a principal open
subset U = Xy of an affine variety X is defined as

Remark 4.20. 1. A regular function on U = X; without zeros is invert-
ible: We may assume that it is of the form h|y with h € O(X). But
already the restriction of h to X;, D Xy is invertible!

2. The restriction O(X) — O(Xy) is an injection if f € O(X) is not a
zero divisor. In particular that holds true automatically if O(X) is an
integral domain.

3. If X = Sp(A) is irreducible, we obtain an inclusion O(X;) = Ay C
Q(A).
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So a principal open set U C X defines an object (U, O(U)) € T.A. Indeed,
it is again an affine variety:

Proposition 4.21. For a principal open subset Xy C X of an affine variety
X we have

Before we prove Prop.4.21 we need cartesian products of affine varieties:

Remark 4.22. If X < k™ and Y < k" are affine varieties, so is
X XY < k™ x k" = k™",
Note that the homomorphism
OX)0(Y) — O(X xY)
induced by the bilinear map
O(X) x OY) — O(X xY),(f,9) = pri(f) - pry(9)

is an isomorphism (since linear independent functions f; € O(X) and g; €
O(Y) give linear independent functions pr (f;) - pr3-(g;)); hence the affine
variety X x Y depends only on the affine varieties X and Y and not on
the chosen embeddings. But note that the Zariski topology on X x Y is,
except in trivial cases, strictly finer that the product topology of the Zariski
topologies on the factors X and Y.

Proof of 4.21. Let X = Sp(A). It suffices to show that X is affine, indeed
isomorphic to the affine variety

Pypi=NX xk1—fS) = X xk=Sp(A[S]),

the graph of the function 1/f : Xy — k considered as subset of X x k, the

map
1

fa)

being an isomorphism. Note that we even have

)

Xf — Fl/f,l‘ — (ZE,

O(Xy) = A[S]/(1 = f5).

40



Finally, as a preparation of the next section, we prove that a locally
regular function on an affine variety is regular:

Proposition 4.23. Let X = |J._, U; be an open cover of an affine variety
by principal open subset U; = Xy,. Then a function h : X — k is reqular
iff all the restrictions h|y, are reqular for i =1,...,r.

Proof. Write h|y, = h;/ f"* with functions h; € O(X). Then we have f"'h =
h; on U; and fl-miﬂh = f;h; even on all of X. Since the functions fim"+1 have
no common zero, there are functions g; € O(X) with Y.I_, g, f™* = 1.
Then

h = (Z gifimi—i_l)h = Znglhz € O(X)
i=1 i=1
O

Remark 4.24. 1. Let ¢ : X — Y be a morphism of affine varieties.
The inverse image of a principal open subset IV = Y}, is obviously again
a principal open subset: U := ¢ (V) = Xy (y).

2. LetY = U;:1 V; be an open cover of an affine variety by principal open
subset V;. Then ¢ : X — Y is a closed embedding resp. finite resp.
an isomorphism iff all the maps p|y, : U; := ¢ (V) — Vj,j =1,..., s,
are.

Proof. Exercise! ]
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5 PREVARIETIES

Affine varieties are special objects in the category T A of topological spaces
with a distinguished algebra of regular functions. In order to define algebraic
varieties we have to replace T.A with the category of ringed spaces where one
has not only a distinguished subalgebra O(X) on the entire space X, but for
every open set U C X. That leads to the notion of a sheaf of functions:

Definition 5.1. Let X be a topological space.

1. A sheaf F of (continuous) k-valued functions on X consists of a choice
of a subalgebra F(U) C C(U) for every open subset U C X such that
(calling functions € F(U) regular functions)

(a) regular functions restrict to regular functions: F(U)|y, C F(V),
whenever V' C U are open sets, and

(b) locally regular functions are regular: If f € C(U) for U = |J,; U;
and fly, € F(U;) for all ¢ € I, then already f € F(U).

2. A (k-)structure sheaf on X is a sheaf F of (continuous) k-valued func-
tions on X, such that

FU) =CcU)* nFU)
for all U C X, i.e. regular functions without zeros are invertible.

Example 5.2. 1. F(U) := C(U) is a sheaf of functions, denoted simply
C.

2. L(U) :={f : U — k locally constant} is called the sheaf of locally
constant functions.

3. Let X be an affine variety. For principal open subsets U C X we have
already defined O(U). For arbitrary open U C X we set then

OWU):={f:U — k; flv € O(V) for all principal open subsets V' C U}

and obtain a structure sheaf on X: Let V' C U = |J,.; U; be a principal
open subset and f : U — k with f|y, € O(U;). Since V is quasi-
compact, we may refine V' = J,.; V N U; by a finite covering V' = 1, U
..UV, with principal open subsets V; C V. Then we have f|y, € O(Vj)
for j = 1,...,7 and Prop.4.23 tells us that f|y € O(V). Since that
holds for any principal open subset V' C U, we get f € O(U).
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4. Take k = C and endow it with its strong topology. Then we define on
X = C" (with the strong topology as well) two sheaves of functions H
and &£, namely

H(U) :={f : U — C holomorphic}

and
E(U) :={f:U — C differentiable},

where a differentiable function means a C'*°-function in the ”real sense”,
i.e. if we use C = R? and C" = R?",

Note that for Zariski open U C C™ we have inclusions

OW)SH(U) S EW).

Remark 5.3. Let U C X be an open subset of the affine variety X = Sp(A).
Then
OU) C O(X)lv,

whenever U C X}, i.e. h € O(X) does not vanish on U, but in general a
regular function f € O(U) need not admit a representation f = g/h on the
entire set U. If U = V3 U ... UV, with special open sets V; = Xj., we can
write f = g;/h; on each Vj, such that for irreducible X, we may write

O(U) =[OV € Q(A).
i=1
Only for a UFD A, that can be simplified to
O(U) =) An, = An,
i=1

where h = ged(hy, .., h,.). In particular U C X,

Example 5.4. 1. With the above remark 5.3 we find for U := (k?)* :=
k*\ {0} that O(U) = O(k?)|y = k[T},Ty). Note that (U, O(U)) € TA
is not an affine variety, since the maximal ideal m := (77, 7%) is not of
the form m, for some a € U.
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2. Let us consider the Segre cone X := N(k*; T\Ty — ToT3) — k*. Take
X; = X,, with g; := T;|x. Consider now the open set

U::X\(OXOXkQ):XlLJXQ.

Since g194 = ¢g293 we may define a regular function f € O(U) by

f‘X1 ::@7 f|X1 ::%7
g1 g2
but there is no representation f = g/h with regular functions g, h €
O(X) with a denominator nowhere vanishing on U, or equivalently,
there is no proper principal open subset X;, D U. Indeed O(U)* = k*.
For the proof consider the morphism ¢ : X — k2 (t1,...,t4) > (t1,t2).
It has fibers ¢ '(t1,t2) = k(t1,t2) = k for (t1,t2) € k* \ {0} and
©1(0,0) = 0x 0 x k* = k2, furthermore a section o : U — X, namely
o(ty,ta) := (t1,t2,0,0). We claim that ¢* : O(k*\ {0})* — O(U)* is
an isomorphism. A regular function on k& without zero is a constant,
hence f is constant along the fibers of ¢ and f = ¢*(g) with g = o*(f).
Finally we know from the first point, that O(k? \ {0}) = k[Ty,Tb).
Indeed U = (k?\ {0}) x k C k® holds in T A.

3. There are even examples of affine varieties X admitting open subsets
U C X, such that O(U) is not even an affine algebral

Here is the analogue of the category T .A:

Definition 5.5. A k-ringed space (X, 0O = Oyx) is a topological space to-
gether with a k-structure sheaf @. A morphism between k-ringed spaces
(X,Ox) and (Y, Oy) is a continuous map ¢ : X — Y, such that

e (Oy(V)) C Ox(p (V)

holds for all open subsets V' C Y. We denote RS = RSy the category of
k-ringed spaces.

Proposition 5.6. The category AV of affine varieties is equivalent to a full
subcategory of RSy.
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Proof. Given an affine variety X € AV define its structure sheaf Ox as in
the above example 5.2.3. Now assume that ¢ : X — Y is a morphism of
affine varieties. We have to show that ¢ is also a morphism in RSy. For a
principal open subset V' =Y, we obviously have U := ¢~ (V) = X,+(,) and

¢ (O(V)) = ¢"(O(Y)y) C O(X)pr(g) = OU).

Here we have, for convenience of notation, written O in order to denote Ox
and Oy, and ¢* denotes the pull back Oy (V) — Ox (¢ (V)) for any open
VY.

In the general case write the open set V' C Y as a finite union V =
Vi U ... UV of principal open subsets V; C Y. Given f € O(V), we see that
©*(f) is regular on U; := ¢~ (V;) and hence, using condition b) of Def.5.1.1.,
regular on U = o= }(V) = U; U ... U U, as well.

Finally Th.4.12 gives that any morphism X — Y in AV is induced by
exactly one morphism X — Y in RS;. [

Remark 5.7. 1. Let X be a k-ringed space and Y be an affine variety.
Then ¢ +— ¢* provides a bijection between the morphisms X — Y
and the algebra homomorphisms O(Y) — O(X).

2. Every open subset U C X of a k-ringed space (X,Ox) is again a k-
ringed space with the structure sheaf Oy satisfying Oy (V) = Ox (V)
for open V' C U, making the inclusion U — X a morphism.

3. An arbitrary subset Y < X of a k-ringed space (X,Ox) is again a
k-ringed space as well: We want again that the inclusion ¥ — X
becomes a morphism in RSy, but the definition of the structure sheaf
Oy is more complicated: Call a function f : V — k on an open
subset V' C Y locally extendible to X if any point y € V admits an
open neighborhood U C X with UNY C V and a function g € Ox(U)
extending f|yny. Now set

Oy (V) :={f:V — k locally extendible to X}.

Warning: If U C X is open and V := U NY, the restriction homomor-
phism Ox(U) — Oy (V) need not be surjective!

Definition 5.8. An algebraic prevariety is a k-ringed space X admitting an
open cover X = U; U...UU, by open subsets U; which are affine varieties.
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Example 5.9. 1. Open subsets U C X of an affine variety X are preva-
rieties, U being a finite union of principal open subsets, but not nec-
essarily affine (they are called instead ”quasi-affine”): The prevariety
U:=k"\ {0} C X = k"™ is not affine for n > 1.

2. A closed subspace Y < X of a prevariety X is again a prevariety. This
is an immediate consequence of:

Lemma 5.10. Let X = Sp(A) be an affine variety and Y — X be a closed
subspace, endowed with the induced structure sheaf Oy. Then Y = Sp(B)
with B =O(X)/I(Y).

Proof. The restriction homomorphism A = Ox(X) — Oy (Y) factors through
Ox(X) — B:=0x(X)/I(Y) — Oy(Y)
respectively j : Y — X as
Y — Z:=Sp(B) — X.

As topological subspaces of X we have Y = Z, and we have to show that, for
all open subsets V C Y = Z, the inclusion Oz(V) C Oy (V) is an equality.
Because of condition b) in Def.5.1.1 we may assume that V' C Z is a special
open set; and writing it as V = Z N U with a special open subset U C X, we
see that we may assume U = X and V = Z =Y. Take a function f € Oy (Y).
By definition, we find principal open subsets Uy, ..., U, C X covering Y = 7
and functions g; € Ox(U;) with g;|v; = f|v,, where V; := U; N Z. Hence
flv, € Oz(Vi) fori =1, ....r resp. f € Oz(2). O

Corollary 5.11. For a morphism ¢ : X — Y of prevarieties the following
statements are equivalent:

1. It 1s a closed embedding, i.e. admits a factorization
X 7Y,
where Z — 'Y is the inclusion of a closed subspace.

2. For any affine open subspace V. C Y the inverse image U := o~ (V) C
X is affine and p* : O(V) — O(U) surjective.
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3. There is an open affine cover Y = J;_, Vi, such that U; == o 1(V;) C X
is affine and ¢* : O(V;) — O(U;) surjective fori =1, ..., s.

Let us now come back to algebraic geometry and present some important
examples of prevarieties:

Quotient Constructions: A general idea how to produce new prevarieties
X from a given one Z is to look at quotient spaces X = Z/ ~ of Z modulo an
equivalence relation ”"~” on Z, or, with other words, to take any surjective
map 7 : Z — X from Z to some set X. Then X is endowed with its
m-quotient topology:

U C X open : <= 7 (U) C Z open.
The construction of the structure sheaf Ox uses the same idea:
Ox(U) :={f € C(U);7*(f) € Oz(n~(V))}.

Unfortunately, there is in general no cover of X by open affine subspaces, so
the resulting object is a priori just a k-ringed space. Nevertheless, sometimes
one has good luck:

Projective n-space: Projective n-space is a prevariety
P, =P,(k) = k" U{ocor; L C k"},

which is obtained from k"™ by adding to every line, i.e. one-dimensional
subspace, L C k™ a separate ”point at infinity”, denoted ocoy. Indeed, we
take

Z = (K" = k" {0}

and
P, =P, (k) := {L < k"*' one dimensional subspace }

with the map
7 (K" = PL(k), (205 oy 20) = [205 o0y 20 i= k(20 ..\ Z0).

The numbers zy, ..., z, are called the homogeneous coordinates of the point
[20, -, 2n) € P, they are unique up to a common nonzero multiple A € £*. In
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order to see that the k-ringed space P, is a prevariety we consider the open
cover

with the open subspaces

the latter isomorphism being

20 Zi—1 Rit1 Zn
Ui — k" [z] — (—, ey : s —) :

Zi Zi 2 Zi
In particular we can identify

k" — Ug, 2z = (21, .., 2n) — [1, 2],

the point ooy, for L = kz being the point [0.z]. For n = 1 we thus get the
" projective line”

with oo := [0,1]. For k& = C the projective line P, is (with respect to the
strong topology) homeomorphic to the 2-sphere S?, the ” Riemann sphere” of
complex analysis. But note that P, is not homeomorphic to S** for n > 1.

We finish this section with the remark that the quotient map 7 : (k"*!)* —
IP,, belongs to a particularly interesting class of morphisms:

Definition 5.12. A morphism 7 : £ — X between prevarieties I/ and X
is called a k*-principal bundle if there is an open affine cover X = (JI_, U;
together with isomorphisms (”trivializations”)

T © 7T71(Ui) — U,L x k*
satisfying
1. pry. o7; = m with the projection pry. : U; X k* — k*, giving rise to

2. transitions
-1 . * *
T; 0T, .UinkZ —>Uij><k

looking as follows
(@, A) = (2, fij()A)
with (necessarily nowhere vanishing) functions f;; € O(U;;).
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Example 5.13. The quotient map 7 : (k"*1)* — P, is a k*-principal bun-
dle: Consider the standard open cover P, = J;_, U; with the open subspaces
U; :=={[z]; zi # 0} = k™ and define

7w N (U) — U X ky (20, 00y 20) = ([20, o0y Z0), 20

Determine the corresponding transition functions f;;!
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6 ALGEBRAIC VARIETIES

In "real” (i.e. non Zariski) topology reasonable spaces are Hausdorff, and
also in algebraic geometry one needs a corresponding condition: Reasonable
prevarieties, to be called later on simply (algebraic) varieties, should be ” sep-
arated’. But since even affine varieties, the local models for prevarieties, are
very far from being Hausdorff, we can not use literally the same definition
as in topology. First of all here is an example of the anomalies we want to
avoid:

Example 6.1. Starting with the disjoint union
Z = N (K*Ta(Ix—-1)) = kx{0}Ukx{1} = Sp(k[T]® k[S])
of two lines we consider the ringed space
X = Z/~,
where
(x,0) ~ (y,)) <= x=y €k ori=j.

Then
X =VWuV,=Vy U{oo,01}

with the open subsets V; := 7w(k x {i}) = k, so X is a prevariety, and
Vor = VoNVp 2 k* So X is an affine line with the two different origins
0; :=7(0,4),i =0, 1.

Now a topological space X is Hausdorff iff the diagonal
A={(rza)re X} CXxX

is a closed subspace of X x X, the product of the topological space X with
itself. So we could try to use that formulation: As we already have seen for
affine varieties X, Y, the Zariski topology on X x Y is in general strictly finer
than the product topology, and thus, the above condition is in the context
of prevarieties much weaker than the usual Hausdorff property. But first of
all we have to define the product X x Y for prevarieties X, Y.

Proposition 6.2. In the category of prevarieties (i.e. the full subcategory of
RSy with the prevarieties as objects) there exists products.
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Proof. For affine XY we have already defined X x Y. In the general case we
have to endow the cartesian product X xY with the structure of a prevariety.
In order to do so, we take open affine coverings X = J,_, U; and Y = UZ:1 Vi
and "patch together” the affine varieties U; x V,,: Consider the prevariety Z
defined as the disjoint union

Z =\ Zy,
(7

of the affine varieties
Ziu = Uz X VN'

Now endow X X Y with the m-quotient structure with respect to the natural
map 7 : Z — X x Y, which on Z;, is just the inclusion into X x Y. If we
can show that 7(Z;,) C X x Y is open and

7T|Zi . Zip, E— W(Zi“)
an isomorphism, we are done. To that end let
(Zi;L)jV = Uij X Vuu C Zz',u;

considered as open (ringed) subspace of Z;,, where U;; := U;NU; and V,,,, :=
V., NV,. We have to check that the identity map

id
(Ziw)jv — (Zjv)in

is an isomorphism. That can be done locally: Take a point (z,y) € U;; x
Viw. There are neighborhoods U C Uj; of  and V' C V,, of y, which are
simultaneously principal open subsets of U; and Uj resp. of V,, and V,: Take
for U the intersection of a principal open neighbourhood of x in U; and a
principal open neighbourhood of z in U; (using 6.3.1), and for V' apply the
same recipe. Then the cartesian product U x V is an open subset of both
Zi, and Zj, and the respective induced ringed space structures coincide with
that one belonging to U x V' as the product of the affine varieties U and V/,
as follows from Lemma 6.3, part 2.

Lemma 6.3. 1. Let X be an affine variety, U = Xy and V = U, be
principal open subsets of X resp. U. Then V is a principal open subset
of X.
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2. Let X, Y be affine varieties, f € O(X),g € O(Y). Then
(X XY)fey = Xy x Y.

Proof. Do the first part yourself! For the second part, note that both the
RHS and the LHS are affine varieties with the same underlying set, hence it
suffices to check that the regular function algebras agree. O

To finish the proof of Prop 6.2 we have to check that the prevariety X xY
is a product of X and Y in the category RS,. That follows from the fact,
that given morphisms ¢ : Z — X and ¢ : Z — Y, the map (p,v) : 7 —
X x Y is a morphism as well, since the restrictions (@, )| -1@,xv,) :

(o, )1 (U; x V,,) — U; x V,, are.

So, eventually, we can define algebraic varieties:

Definition 6.4. A prevariety X is called separated or an algebraic variety
(over k) if the diagonal A C X x X is closed in X x X.

Remark 6.5. 1. Affine n-space k™ is separated, since

A=NE"x k™S =T, ..., Sy — Tp).

2. If ¢ : X — Y is an injective morphism from a prevariety X into an
algebraic variety Y, then X is an algebraic variety as well: We have

Ax = (px9)"'(Ay).
3. Open and closed subspaces of an algebraic variety are separated.
4. Affine and more generally quasi-affine varieties are separated.
5. In the general case of a prevariety X with an affine open cover X =
U;_, U; we thus get that
A — O U; x U;
i=1

is a closed subspace of the open set
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Ui_, Ui x U; C X x X and that the diagonal map
0: X — Az (z,2),

is an isomorphism of prevarieties. Hence X is separated iff A;; =
AN (U; x Uj) is a closed subset of U; x U; for ¢ # j. That leads to the

following reformulation of the ”diagonal criterion”:

Proposition 6.6. Assume X = J;_, U; is an open affine cover of the pre-
variety X. Then X is separated iff the intersections U;; == U; NU; C X are
affine for all i,5 and

O(U%) ® O(UJ) — O(Ul])v f X g = f|Uij 'g|Uij7
15 surjective for all 1 < i,5 <r.

Proof. Let us first remark that the above ring homomorphism is nothing but
the pull back morphism

o* O(UZ X UJ) — O(Ul])

belonging to the diagonal map 0|y, : Uy; — U; X Uj.

"=": If A C X is closed, then U;; = AN (U; x U;) = U; x Uj is affine and
the pullback of the inclusion surjective.

7<=": Since the intersection U;; is affine, the given condition means that
the morphisms

Olu,, : Uy = 6~ (Ui x Uy) — U x U

are closed embeddings. Since the U; x U; cover X x X, the morphism 0 :
X — X x X is itself a closed embedding. [

Proposition 6.7. Projective n-space P, is an algebraic variety.
Proof. Denote P, = |J._, U; the standard open cover of P,,. The intersection
Uy 2k < k* x K77 x ks x k)

is affine - we assume j > i. We treat the injections
OU) == O(x(U))
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as inclusions and thus
OU) = O(x (U)o == {f € O(=1(U)); f(At) = f(t),V) € k*}.

In particular we have

while

Hence the homomorphism

TO Tn TO Tn
{T ’TJ‘@ { }_)

is surjective. O

6.1 DIGRESSION: COMPLEX ANALYTIC SPACES

This section is a (non-obligatory) supplement about the relationship between
complex algebraic and complex analytic geometry. No proofs are presented.

We consider on C™ (endowed with the strong topology) the structure
sheaf
H:Uw— H(U) :={f: U — C holomorphic}

of holomorphic functions. Following the recipe of Rem. 5.7 we then may
consider any subset of C" as a ringed space. Actually we only need open
subsets W C C" and analytic subsets Z — W of an open set W C C", i.e.
(relatively) closed subsets, such that for any point a € Z there is an open
neighbourhood U C W together with finitely many holomorphic functions
fi, .y fr € H(U) such that

ZNU :=NU,; f1,... ;) ={z€U; fi(z) = ... = f.(2) = 0}.

In particular, for a (relatively) open subset V' C Z the algebra H (V') consists
of all functions V' — C, which locally can be extended to a holomorphic
function on some open subset of C".
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Definition 6.8. 1. A complex analytic space (or complex analytic variety)
X is a C-ringed Hausdorff space admitting an open cover X = (J,.; U;
with open subspaces U; = Z; — W, where Z; is an analytic subset of
the open subset W; C C™.

2. A complex n-manifold is a complex analytic space X = J,.; U; with
open subspaces U; = W;, the W, being open subspaces W; C C"™.

3. A Riemann surface is a connected complex 1-manifold.

Remark 6.9. 1. An affine variety X — C" is an analytic subset of C",
hence a complex analytic space, denoted X},. So as a set X;, = X, while
the topology is ”"strengthened” and regular functions are replaced with
holomorphic functions.

2. To a complex algebraic variety X we can, using an open affine cover
X = U;_, Ui, associate a complex analytic variety X with X = X
as sets. (Here separatedness of X gives the Hausdorff property for
X},). We thus obtain a functor X — X}, from the category of complex
algebraic varieties to the category of complex analytic spaces.

3. A complex algebraic variety X is connected iff X, is.

4. As a consequence of the (holomorphic) inverse function theorem an
algebraic subset
X = N(C"™ fi,..., fr)

with polynomials fi, ..., f, € C[T] provides a complex (n—r)-manifold

Xy, if
rank (g—;(a)) =r

holds with the Jacobi matrix

= (@) ec

for all points a € X. In particular the isomorphisms ¢ : U; — W,
the "local coordinates” or "local charts” in classical terminology, can
be chosen always as restrictions of linear functions, but the U; are in
general not Zariski open nor are the inverse local coordinates polyno-
mials.
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A complex manifold is a complex analytic space. Here are some remarks
how far the latter are from the former:

Definition 6.10. A point a € X of a complex analytic space is called a
singular point (or a singularity) if it does not admit an open neighbourhood
isomorphic to an open subset in some C". A complex analytic space without
singular points is called nonsingular or smooth; its connected components
form complex manifolds.

Remark 6.11. The singular locus S(X) of a complex analytic space X is a
nowhere dense closed subset of X locally given as the zero locus (:= set of
zeros) of finitely many holomorphic functions. Its complement X \ S(X) is
called the regular locus of X.

Example 6.12. For the Neil parabola X := N(C?; T? — T?) and the noose
Y := N(C?T§ — TZ(Ty + 1)) the only singular point of X}, resp. Y} is the
origin. The affine curves Z := N(C? T3 — p(T})) induces a Riemann surface
Zp.

Remark 6.13. 1. The singular locus S(X}) of a complex algebraic vari-
ety X is even a Zariski closed subset and can be defined without the
passage to complex analytic spaces. Indeed, the definition works for
any field k, but it is not literally the analogue of the definition for
complex analytic spaces.

2. For a connected complex affine variety X the theorem of Liouville holds:
A bounded holomorphic function on X} is constant. In particular a
bounded open set W C C" is never isomorphic to the complex analytic
space X}, associated to a complex algebraic variety X.

7 PROJECTIVE VARIETIES

Projective space P, plays a role similar to that of affine space k"™ as an
ambient space for interesting algebraic varieties:

Definition 7.1. A projective variety is an algebraic variety isomorphic to a
closed subspace X — P,,.
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Remark 7.2. There are two ways to relate affine varieties to projective
varieties:

1. To every embedded affine variety
Y - k"= U, CcP,
we can associate its projective closure

Y = P, =Uy UP(0 x k™).

2. The affine cone over a projective variety X < PP, is the affine variety
C(X):=mYX)=r"(X)u{0} C k"™,

where 7 : (k"*1)* — P, denotes the quotient morphism. A warning:
The affine cone C'(X) does not only depend on X as algebraic variety,
but as well on the chosen embedding X — P,!

3. The above two cases are related as follows

CY) =k ({1} xY),
where k* - A := {A\z; A € k*,x € A} for a subset A C k™"

The abstract definition of an affine cone is as follows:

Definition 7.3. An affine cone Z C k™ (or for short an affine n-cone) is a
nonempty Zariski closed subset, such that \Z C Z for all A € k. It is called
nontrivial, if it contains points # 0.

Remark 7.4. 1. A nontrivial affine cone is a (finite or infinite) union of
lines through the origin.

2. There is a bijection between the non-empty closed subsets X — P,
and the nontrivial affine (n+1)-cones:

X — C(X)

with the inverse
Kt S Z o w(ZF) C P,

with Z* := Z \ {0}.
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The counterparts to affine n-cones on the level of ideals are the homoge-
neous ideals:

Definition 7.5. Denote k[T], := €D, _, k - T the vector subspace of k[T’]

of all homogeneous polynomials of degree ¢ € N. An ideal a < k[T is called
homogeneous if one of the two following equivalent conditions is satisfied:

1. The ideal a is generated by homogeneous polynomials.

2. The ideal a is the direct sum
o= Do,
q=0

of its homogeneous subspaces a, := a N k[T7],.

The second condition means that with a polynomial g = g g'? € a also
its homogeneous terms ¢(? belong to a. Hence we may replace a system
fi, ..., fr of generators with the fi(q ,t=1,...,7,q € N. On the other hand, if
a = (fi,..., fr) with polynomials f; € k[T],,, then any g = hy fi+...+h,.f, € a

satisfies
'

g(Q) _ Z(hi)(q_‘h)fi € a,.

=1

Proposition 7.6. 1. The zero set N(a) — k™ of a homogeneous ideal is
an affine n-cone.

2. An algebraic set Z — k™ is an affine cone iff its vanishing ideal 1(Z)
18 a homogeneous ideal.

Proof. The first part as well as the implication ”"<=" of the second part
follow from the fact that a can be generated by homogeneous polynomials.
Finally for an affine cone Z the assumption f = Eq f@9 ¢ I(Z) implies
=2, f9 € I(Z) for all X € k, where fy(z) := f(Az). Evaluating
that equality at any point x € Z gives f@(z) = 0 for all ¢ € N resp.
f9e1(2). O
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Corollary 7.7. Any projective variety X — P, can be described as the set
of zeros

X = NPu; f1, .. fr) = A{[t]; /1(t) = .. = fi(t) = 0},
of finitely many homogeneous polynomials f1, ..., fr € k[T, ..., Tp].

Proof. Apply Prop. 7.6 to the affine cone C(X) — k™", ]

Note that homogeneous polynomials are functions only on k"*! and not
on P, but since such a polynomial either vanishes identically on a punctured
line k* - ¢ (t # 0) or has no zeros there, the above description of a projective
variety makes sense nevertheless.

Remark 7.8. If Y = N(a) < k" = Uy, then its projective closure can be
described as follows: R

For a polynomial f € k[T, ..., T,,]\{0} its homogeneization f € k[T, ..., T,]
is the polynomial

J?:: Tgleg(f)f(TJlTb Ty ' T) € K[To, ., Tl
Then the ideal

=Y KTy, Tl [ = k[T, ..., T

fea

a)

satisfies

N@) = C(Y).

Proof. Since P, carries the quotient topology w.r.t. « : k"' \ {0} — P,
we have

CY) =k - ({1} x Y).

Consider the projection

ot
K k™ — K (tgy oy tn) > | = 2 )
to’ " to

The functions f(%, . i—g), f € a, then have
E*- ({1} xY)
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as their common set of zeros in k* X k", and the same holds for the f.fea
Since f € k[T, ..., T,,], it follows

k*- ({1} xY) C N(a).
For the reverse inclusion we show
I(k*- ({1} x Y)) C I(N(a))

Take any g € k[T, ..., T,,] vanishing on k* - ({1} x Y'). Since both ideals are
homogeneous, we may assume, that g is homogeneous (of degree ¢) and not
divisible by Tj - a factor T does not contribute to the zeros on k* x k™. Then
g1 = g(1,Ty,...,T;,) vanishes on Y, so (¢g1)* € a for some ¢ > 0. But then
g =91 resp. g € I(N(a)). O

Example 7.9. If a = (f) is a principal ideal, then @ = (]/”\), because of
the multiplicativity gf = f - g of the homogeneization. But it is not linear,
and thus a generator system fi,..., f. for a does not necessarily provide a

generator system fi, ..., f, for a.

Given an algebraic variety Y, an ” extension” (no standard terminology!)
of Y is an algebraic variety X together with an isomorphism ¥ =2 U C X,
where U C X is a dense open subset. For an affine variety

Y > k'=U,CP,.
such an extension is given by its projective closure:
X =Y <P, =U,UP(0 x k™).
Indeed the projective closure yields a mazimal extension, since, as we shall see

in a moment, projective varieties do not admit any further proper extensions:
They are ” complete”.

Definition 7.10. An algebraic variety X is called complete if it satisfies the
following property: For any algebraic variety Z the projection
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pry: X X Z — Z is a closed map, i.e. maps closed sets to closed sets.

Remark 7.11. 1. In order to check completeness of an algebraic variety
X, it obviously suffices to considers affine ”test varieties” Z.

2. A closed subvariety Y < X of a complete variety is complete, the
induced map Y x Z — X x Z being a closed embedding as well.

3. The image ¢(X) C Y of a morphism ¢ : X — Y with a complete
source X is closed in Y and complete: The graph I'y, C X x Y of any
morphism ¢ : X — Y is the inverse image

Ty = (idx x ) 71(A)

of the diagonal A — Y x Y with respect to the morphism idx X ¢ :
X XY — Y x Y, hence closed, and ¢(X) = pry(I',). Finally, if
C — o(X) x Z, consider the inverse image (¢ x idz)™'(C) — X x Z
and use the completeness of X.

4. A complete algebraic variety X has no nontrivial extensions: The image

U of an extension homomorphism ¢ : X =, U C Yisclosed and dense,
hence U =Y.

5. A regular function on a connected complete variety X is constant,
ie. O(X) = k: A regular function can be regarded as a morphism
f:X — Py = kU {oco} avoiding the value co. Thus the closed set
f(X) is finite.

6. An affine variety X is complete iff it is finite.

7. A complex algebraic variety X is complete iff X}, is compact.

Theorem 7.12. Projective varieties are complete.

Proof. According to the above Remark 7.11.2 it suffices to show that P, is
complete. So let Z := Sp(C) be a w.l.o.g. affine variety and Y — P, x Z a
closed set. With B := pr,(Y') we have the commutative diagram

Y — P,xZ
3 1

?
B — A
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and want to see, why we are allowed to remove the question mark. For z € Z
we consider the sectional variety

}/;:: {yepn;(wa) GY}>

such that
B={z€Z;Y, #0}.

Denote

OY) = k™' x Z

the closure of
(m X idZ)_l(Y) s (k”“ \ {0}) x Z,

where 7 X idz : (k"' \ {0}) x Z — P,, x Z. Indeed

(mxidz) " (Y) = [J(C(¥2)" % {=})

z€B

and

oY) = (U C(Y2) x {z}) U ({0} x B).

z€EB

We want to show B = B, i.e. the second term is not really needed. The
below lemma assures that V = Z \ B is open:

Lemma 7.13. Let Z = Sp(C) be an affine variety and X < k" x Z be a
relative cone, i.e.

X, ={tc k"™ (t,2) x X} — k"t
is a (possibly empty) affine cone. Then the set
Vi.={z€Z;X, Cc{0}}
1S open.
Proof. We consider the vanishing ideal
a:=I(X)— C[T] :=C[Tp, ..., T,)],

a graded ideal
a=(fi,. fr)
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generated by homogeneous polynomials f; € C[T] of degree d; as well as its
”sectional ideals”

a. :={f(2,T); fea}=(filz,T),.... fr(2,T)) = k[T], z € Z.
Then
z €V < N(a,) C {0}
and furthermore
N(a,) C {0} <= a, D m’ for some £ € N
with the ideal
m .= (To, ceny Tn) — k’[To, ceny Tn]

The implication ”<=" is clear, while for the opposite direction we first note
that Hilberts Nullenstellensatz provides an exponent s € N with 7 € a,
for i = 0,...,n. Now take ¢ := (n + 1)s: The ideal m* is generated by the
monomials 7% with |a| = ¢, and any such monomial divisible by some T7.
As a consequence we obtain that

v=Jv
=1
is the ascending union of the sets
Vii={z€Z;a. Dm'}.

Thus we are done if we can show that V;, C Z is open for any ¢ € N. In order
to see that we consider the linear maps

F. : E:=@Dk[T)i—, — L= k[T),
i=1
(917 M gr) H glfl(Z7 T) + cee + g"‘f"‘<27 T)'
Since the homogeneous ideal m’ is generated by k[T],, the inclusion a, D m’
is equivalent to the surjectivity of the linear map F, : £ — L:
Vi={z€ Z;F,: E — L is onto }.

Finally, the map Z — Hom(F, L),z — F,, is continuous (Hom(E, L) is a
k-vector space and the subset consisting of the surjective maps open, namely
using matrix representations, described by the nonvanishing of at least one
of the minors of F, of size dim L). Thus V;, C Z is open, as desired. O

]
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8 DIMENSION

A first basic invariant of an algebraic variety X is its dimension:

Definition 8.1. The dimension of an algebraic variety X at a point a € X
is defined as

dim, X :=max{n e N;I X; ={a} S X1 & ... & X,,, X; = X frreducible},

while
dim X := maxdim, X.
aceX
Remark 8.2. 1. Since a maximal strictly increasing chain of irreducible

subvarieties starts with a point, we have

dim X =max{n e ;I X, & X; & ... & X, X; — X irreducible}.

2. If a € U C X with an open subset U C X, then dim,U = dim, X.
This follows from the fact that Y +— Z := Y defines a bijection between
the irreducible subvarieties Y < U containing a and the irreducible

subvarieties Z — X containing a, the inverse map being given by
Z—zZnNnU.

3. dim X = 0 iff |X| < co.

4. If Xyq,..., X, — X are the irreducible components of X containing a,
then

dim, X = max dim, X;.

i=1,...,

-----

We call X purely n-dimensional, if n = dim X; for all irreducible com-
ponents X; — X.

6. A pure 1-dimensional algebraic variety is called a curve.

7. A pure 2-dimensional algebraic variety is called a surface.
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8. An irreducible variety is a curve iff the proper closed subsets are the
finite sets.

9. dimk = 1 and dim, k" > n for all @ € k™: Take X, := a+ (k' x 0) with
the origin 0 € k",

In order to determine the dimensions of varieties the following comparison
result is a standard tool:

Proposition 8.3. Let ¢ : X — Y be a finite surjective morphism of affine
varieties, b € Y. Then we have

dim, Y = max dim, X,
a€p1(b)

and in particular
dim X = dimY.

Proof. First note that for any dominant morphism ¢ : X — Y and closed
Z — X we have
I((2))) = I{(Z)nO(Y),

where we treat ¢* : O(Y) — O(X) as inclusion.

"dim, Y > max,e,-1(5) dimg, X7: Consider a strictly increasing sequence of
irreducible subvarieties Xo = {a} G X1 & ... & X,, on X. Then the (closed)
images Y; := ¢(X;) are as well irreducible closed subvarieties of Y and Y; ;
Y;+1: Otherwise we would have

I(X)NOY) = I(Y) = I(Yi1) = [(Xi:1) NO(Y),

a contradiction to Th.3.14.3, since O(Y) C O(X) is an integral extension.

"dim, Y < max,e,-1) dim, X7: Given any irreducible closed subvariety
Z <Y, there is an irreducible component of ¢~1(Z) projecting onto Z, i.e.
the restriction of ¢ to that component has image Z. Now consider a strictly
increasing sequence of irreducible subvarieties Yy = {0} S V1 & ... &V,

on Y. By downward induction we construct a strictly increasing sequence

Xo & X1 & ... & X, on X lying above the ;. Take X, as an irre-
ducible component of ¢~(Y,) projecting onto Y,. If X; is found, take
X1 = ¢ 1(Y;) N X; as an irreducible component projecting onto Y;_;.

In particular X = {a} with some a € ¢~1(b). O

Corollary 8.4. We have dim k™ = n = dim, k", where a € k™, and
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dim X < oo for any affine variety X.

Proof. The second part of the statement follows from Prop. 8.3 together with
the Noether normalization theorem. The first part is obtained by induction,
the case n = 1 being obvious. Assume now Xo & X1 & .. S X,, = k" is a
strictly increasing sequence of irreducible subvarieties in £, n > 1. If we can
show dim X,,,_1 < n, we have necessarily m —1 <n — 1 resp. m < n: Since
X1 # k", there is a polynomial f € I(X,,—1) \ {0}. As a consequence of
the lemmata 3.12 and 8.3, we see that

dim X,,,—; < dim N(k"; f) =n — 1.
[

Remark 8.5. 1. If U C X is a non-empty open subvariety of the irre-
ducible variety X, then we have dimU = dim X. Write X = (J_, V;
with affine open sets V; C X. Since dim X = max;—;__,dimV; and
dimU = max;—;__,dimU NV;, we may assume that X is affine. For
X = k™ the claim is obvious because of dim, £™ = n for all a € k™. For
arbitrary affine X consider again a finite surjective map ¢ : X — k.
Take V := k%\ (X \U) - a non-empty open subset, since dim p(X\U) =
dim(X \ U) < dim X = n. But ¢~ }(V) — V being finite and sur-
jective, the inclusion U D ¢ (V) implies dimU > dime (V) =
dimV = n.

2. Let £ D K be a field extension. The transcendence degree trdegr, F €
N U {oco} is defined as the maximal number n of over K algebraically
independent elements x4, ..., x, € E, i.e. such that there is an injective
K-algebra homomorphism K|[71,...,T,] < FE, and if such a maximal
number does not exist, then one sets trdegr, £ = 0o. As a consequence
of the geometric Noether normalization theorem 4.15 we see that for an
irreducible affine variety X = Sp(A), we have dim X = trdegr,Q(A).

A minimal irreducible subvariety of a variety X is a point. But what
can we say about maximal proper irreducible subvarieties Z — X of an
irreducible variety X, i.e. such that dimZ = dim X — 17 If X is affine,
there is a function f € O(X) \ {0} vanishing on Z. Hence Z — N(f) is
an irreducible component of the "hypersurface” N(f) < X - but in general
one can’t expect equality! On the other hand all the irreducible components
Z < N(f) of a given hypersurtface N(f) have indeed codimension 1:
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Theorem 8.6 (Krulls Hauptidealsatz). Let X be an n-dimensional irre-
ducible algebraic variety. Then the zero locus N(f) — X of a regular func-
tion f € O(X) \ {0} is empty or purely (n—1)-dimensional, i.e. all its
irreducible components Z — N(f) satisfy dim Z =n — 1.

Proof. By Rem. 8.5.1 we may assume that X = Sp(A) is affine as well
as N(f) < X irreducible: Given an irreducible component Z < N(f) of
N(f), replace X with an open affine subset U C X with UNN(f) =UNZ.
For X = k" we may assume f € k[T] to be T,-monic, hence the restricted
projection

N(f) — k" — k"1

onto the first n — 1 coordinates is finite and surjective and we may refer to
Prop. 8.3.

In order to obtain the result in the general case we choose a finite sur-
jective morphism ¢ : X — k" and look for a polynomial g € k[T] with
©(N(f)) = N(g): Then we may apply Proposition 8.3 to the morphism

elniy  N(f) — N(g).
We take g := M(f) with the norm function
N QA) — k(T) == Q(K[TT)

of the field extension Q(A) D k(T), see the below remark with B = KT for
a short presentation. Since f|¢*(g) we have

N(f) C¢ ' (N(g)) = X
and thus ¢(N(f)) C N(g). We consider the diagram
X D N(f) u ¢ (V)
1 1
k" D> N(g) U Vv
with a principal open subset V' = k}! C k™. Since @(N(f)) < k™ is closed, it

suffices to show that the lower union is disjoint if the upper one is. But in

that case we have f € O(¢~1(V))* and thus g = N(f) € O(V)*. O
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The norm function associated to a field extension: We consider a
finite field extension F D K fitting in a diagram

QA) = £ O K = Q(B)
U U U
A > B = B

with rings A, B and the integral closure B of B in Q(B). We define the norm
function M = Nip.x) : £ — K of the extension £ D K by

MN(a) :=det(py : E — E),

where p, € Endg(FE) is the multiplication with a, i.e. pq(x) := ax. Then we
have

1.

=

(1) =1

(ac)

2. =
3. M(A) C

3

N(a) - N(c),
B

4. MN(A*) C B*, and
5. aN(a) in A.

The first two statements are obvious, we comment on 3) and 5), while 4)
follows from the multiplicativity 2) and statement 3). We use:

Lemma 8.7. Denote p, € K[S] the minimal polynomial of an element a € E.
Then, for a € A we have:
Pa € B[S]

and the characteristic polynomial x, € K|[S] of e € Endg(FE) satisfies

Xa = (pa)" € BIS]

with r .= [E : K[a]].

Since (—1)"N(a) = x4(0) (with n := [E : K]) is the constant term of the
characteristic polynomial x, and x,(a) = 0, that implies both 3) and 5).
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Proof. The minimal polynomial p, € K[T]| of an element a € A C E lies in
B[S]: We may assume - by enlarging F if necessary - that p, splits into linear
factors over E. Then p,|f, if f € B[S] is an integral equation for a € A (i.e.,
a monic polynomial in B[S] with a as zero). As a consequence, all zeros of p,
are integral over R, hence its coefficients - being obtained from these zeros
by additions and multiplications - are both in K = @Q(B) and integral over
B, but B is integrally closed in Q(B), so they are already in B.

Now let us consider the characteristic polynomial x, € K[S] of u, €
Endg(FE). The minimal polynomial p, of a is also the minimal polynomial
of 4, a divisor of the characteristic polynomial of p,. If F = Kla], both
polynomials are monic of the same degree, so they coincide. In the gen-
eral case, choosing a basis w1, ...,x, of E as Kla]-vector space provides a
lig-invariant decomposition F = @?:1 Ka)x;, and the characteristic polyno-
mial of fie|Kae, 15 Pa- So, altogether we obtain (p,)" as the characteristic
polynomial of y,. [

Finally, in order to see that we may apply the above reasoning with

B = K|[T] we add
Proposition 8.8. A UFD B is integrally closed in its field of fractions.

Proof. Assume that a := p/q € Q(B) with relatively prime p,q € B has an
integral equation

Multiplication with ¢ yields

in particular ¢|p" resp. ¢|p. But that implies ¢ € B* resp. a € B. O

Proposition 8.9. For any point a € X of an irreducible affine variety X we
have dim, X = dim X.
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Proof. We may assume that X is affine, since for a € U C X with an open
subspace U C X we have both dimU = dim X and dim, U = dim, X, and
use induction on dim X. The case dim X = 0 is trivial, since then X is
finite. Now assume dim X > 0. Take a regular function f € m, \ {0} and let
Z < N(f) be an irreducible component of N(f) < X containing a. Then,
by induction hypothesis, dim, Z = dim Z, and thus

dim X > dim, X > dim,Z =dimZ =dim X — 1,
so necessarily dim, X = dim X. O]

Corollary 8.10. 1. Let X := N(k™; fi1,..., fr) <= k™ be a subvariety de-
termined by r equations. Then either X s empty or every irreducible
component Xog — X of X has dimension dim Xo > n —r.

2. Let X := N(Py; f1, ..., fr) = P, be a projective variety determined by
r nonconstant homogeneous polynomials. If r < n, then X is non-
empty and every irreducible component Xg <— X of X has dimension
dim Xy >n—r.

Proof. 1.) The first part is proved by induction on the number r of equa-
tions, the case r = 0 being trivial. Now for r > 0 every irreducible com-
ponent Xy — X is contained in an irreducible component Z, of Z :=
N(E™; fi1, ..., fr—1). By induction hypothesis we know that dim Zy > n—r+1,
while X is an irreducible component of N(Zy; f..), so, according to 8.6, has
dimension at least n — 7.

2.) With 7 : (k"*!)* — P,, denoting the quotient morphism we have

X =n(NE" fryen £2) \{0}) # 0,

since f;(0) = 0 for i = 1,...,r and, according to the first part, all the irre-
ducible components of N(k™*!; fi, ..., f.) have dimension > n+ 1 —r > 1.
Finally use that dim C'(X) = dim X + 1, since

Cf()()TZ = Xz x k*
holds for X; := X NU; (with U; := P, \ N(P,; T7)). O
Let us now study the dimensions of fibres of a dominant morphism ¢ :
X — Y between algebraic varieties X and Y, where we use the convention

dim () : = —oc.
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Simultaneously we investigate the sets ¢(X) obtained as images of mor-
phisms. Here is an easy example showing some possible phenomena:

Example 8.11. The morphism ¢ : k? — k%, (s1,52) — (51, 5182) maps a
line s, = a parallel to the s;-axis to a the line ¢ty = at; through the origin.
In particular it satisfies

{(t1,t7't2)} , if (t1,t2) €K x k

90_1(t17t2) = {0} X k ) if (t17t2) = (070)
) , otherwise
and thus
0 s if (tl,tg)ek'*Xk
dim ™" (t1,t5) = 1 ,if (t,t2) = (0,0)
—o00 , otherwise

Furthermore for V := k* x k, we get an isomorphism
Plo1vy 9 (V) — V.

Note furthermore that ¢(k*) = V U {(0,0)} is neither open nor closed in
k2, not even locally closed and thus does not inherit in a natural way the
structure of an algebraic variety.

Proposition 8.12. Let ¢ : X — Y be a dominant morphism between the
irreducible varieties X and Y. Then

1. dim X > dimY,

2. the irreducible components of a nonempty fibre ¢~ (y) have at least
dimension d := dim X — dimY, and

3. there is a nonempty open subset W C'Y, such that all fibers o= (y) of
points y € W are pure-d-dimensional.

Proof. 2.) We may assume that Y is affine and take a surjective finite map
T:Y — k" (sor = dimY). Look at ¥ := mop : X — k". Since
w.lo.g. ¥(y) = 0, we see with the first part of Cor.8.10, that all irreducible
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components of 1)1(0) < X have dimension at least dim X —r. On the other
hand, if 771(0) = {y1 = v, ¥2, ..., s}, then

70 = Ue W),

a disjoint union, so the fiber ¢ !(y) is a union of irreducible components of
¥~1(0), and we are done.

In order to prove the remaining points we need the following auxiliary
lemma:

Lemma 8.13. Let ¢ : X = Sp(A) — Y = Sp(B) be a dominant morphism
of irreducible affine varieties. Then, with d := dim X — dimY', there is a
non-empty open subset W CY and a factorization

Qlp-1w) = pry 0 Y : o N W) W x ke Py

with the projection pry, : W x k¥ — W and a surjective finite morphism
Vo Y (W) — W x k% In particular the fibers ¢~ 1(y),y € W, are pure
d-dimensional.

Proof. We have already seen that an irreducible component Z < ¢~!(y) has
dimension at least d; on the other hand the morphism

Z = ¢ ' (y) — {y} x k*

is finite, whence dim Z < d.
The pull back ¢* : B — A being injective, we treat it as an injection
and create the following diagram:

Blai,...,a,] = A Cc (B\{0})'A = C = Kla,..,a,] DO A
U U U U U
B C Q(B) = K C KI[T] D B,[T].
U
B

The algebra C'is an affine K-algebra. So we may apply the Noether normal-
ization theorem 3.10 and obtain a finite injective homomorphism

K[T] = K[Ty,...,T,] < C,
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where we even may assume 7; € A for j = 1,...,d. If the polynomials
¢ € (K[T))[S],i = 1,...,r, are integral equations over K[T] for the (B-
algebra) generators a; € A, we have ¢; € (B,[T])[S] for a suitable

g € B\ {0}: Take g as a common denominator of the coefficients of the
polynomials f;; € K[T], such that ¢; = S™ + 37, fi;S7. Then obviously,
A, is a finite By[T]-module, and we may take W = Y,, with the above
factorization corresponding to the algebra homomorphisms

B, — By[T] — A,.

Since dim X = dim ' (W) = dimW x k% = dimW +d = dimY + d, we
obtain d = dim X — dimY’. [

We go on with the proof of 8.12:
1.) Take any affine open subset V C Y and U C ¢ (V) and apply the
lemma 8.13 to ¢|y : U — V| finally remember that dimY = dim V' as well
as dim X = dimU.
3.) We may again assume that Y is affine and write X = |J_, U; with
affine open subsets U;. Then we may find open subsets W; C Y such that
¢~ H(y)NU; is pure-d-dimensional for all y € W;. Now set W :=(,_, W;. O

It is natural to ask how dim ¢(y) depends on y € Y. We may for example
consider the sets

Tn(p) == {y € Y;dimo(y) > m}

for m € NU {—o0}. Then one could hope that the T,,,(¢) — Y are closed
subsets, but Ty(¢) = ¢(X) need not be closed. Instead we try it with the
sets

Sp(p) = {x € X;dim, ¢ *(p(x)) > m}.
In any case So(X) = X is closed, and
Tn(p) = #(Sm(e))-

Since the definition of S, () is local in X, we succeed showing

Proposition 8.14. For any morphism ¢ : X — Y between algebraic vari-
eties X and 'Y the sets

Sp(p) = {x € X;dim, o *(p(x)) > m}.
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are closed:
Sm(p) — X.

Equivalently: The function X — N,z — dim, ¢! (p(x)) is upper semicon-
tinuous.

Proof. We do induction on dim X, the case dim X = 0 being trivial. If
X =J;_, X; is the decomposition of X into irreducible components, then

Xi)'

Sm(ip) = U Sl

Hence we may assume that X is irreducible, and, obviously, that ¢ is domi-
nant and thus Y irreducible as well. According to Prop.8.12 we have S,,,() =
Xform<d:=dimX —dimY. So let m > d. But 8.12 assures that there
is a nonempty open set W C Y, where all fibres ¢~ 1(y),y € W, are pure-d-
dimensional. Consequently S,,(p) C Z := X \ ¢ (W) with dim Z < dim X.
Since Sy, (@) = Sm(p|z), we may use the induction hypothesis. O

Finally we use Lemma 8.13 in order to characterize image sets ¢(X) of
morphisms ¢ : X — Y between algebraic varieties X and Y. First of all we
call a subset Y C X of a topological space locally closed if it is of the form
Y = ZNU with a closed subset Z — X and an open subset U C X, ie. Y
is closed in a suitable open neighborhood U C X or, the other way around,
Y is open in its closure Y.

Definition 8.15. A subset of an algebraic variety X is called constructible
if it is a finite union of locally closed subsets.

Lemma 8.16. The constructible sets of an algebraic variety X form an al-
gebra of sets €(X), i.e. €(X) CP(X) is closed with respect to finite unions
and intersections and with respect to taking the complement.

Proof. By definition €(X) is closed with respect to finite unions, and if we
can show A € €(X) = X \ 4 € €(X), the de Morgan rules give that €(X)
is closed with respect to finite intersections as well. Solet A =J,_, A;NU; €
¢(X) with closed A; — X and open U; C X. Then

X\A—X\(OAJ\Ul) —h(X\AiﬂUi)

i=1 i=1
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T

= O(X\Az‘)U (X\Ui)

- <ﬂ(X\Ai)ﬂﬂ(X\Ui)> € ¢(X).
TER({1....})

iel igl

.....

]

Example 8.17. 1. €(X) C P(X) is the smallest algebra of sets contain-
ing all open subsets.

2. On any set X the sets which either are finite or cofinite (i.e. have
a finite complement) form an algebra of sets. From this and the
previous point it follows that for an irreducible curve constructible
sets are either finite or cofinite resp. either closed or open. If X
is a reducible curve, any constructible set is still locally closed: If
X = _, X; is the decomposition into irreducible components, then
Ael(X)<—= A =ANnX, € €(X;)Vi=1,...,7,s0 A is constructible
iff every A; C X; either is closed or open in X;. Then it follows that
A is open in its closure A, which is the union of certain irreducible
components of X and finitely many isolated points.

3. The set A = (k* x k)U{0} C k? is constructible, but not locally closed,
since it is not open in its closure k2.

Proposition 8.18. The image ¢(X) C Y of a morphism ¢ : X — Y
between algebraic varieties X and Y s a constructible set:

p(X) € g(Y).

Proof. We use induction on dim X, the case dimX = 0, i.e. |X| < oo,
being obvious. Furthermore we may assume X to be irreducible and ¢ to be
dominant and hence Y is irreducible as well. Then, according to Prop. 8.12
there is a non-empty open subset W C ¢(X), so p(X) = W U ¢(Z) with
Z =Y \ ¢ '(W). Since then dim Z < dim X the induction hypothesis gives
that ¢(Z) is constructible, hence so is W U p(Z). O
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9 RATIONAL FUNCTIONS AND LOCAL RINGS

On a complete algebraic variety X there are only locally constant regular
functions; so they do not provide any information about the geometry of X.
Instead we have to allow "poles” and ”points of indeterminacy”: We consider
pairs (U, f), where U C X is a dense open subset and f € O(U) a regular
function on U. Two such pairs are identified using the equivalence relation

(U7 f) ~ <V7 g) <~ f|UﬂV = g|UﬂV-

In order to see that this really provides an equivalence relation, note that a
finite intersection of dense open subsets is again a dense open subset.

Definition 9.1. A rational function on an algebraic variety X is an equiv-
alence class of pairs (U, f) with a dense open subset U C X and f € O(U).
We denote R(X) the set of all rational functions on X.

Remark 9.2. 1. Since the restriction O(U) — O(W) of functions is
injective for dense open subsets W C U, a rational function represented

by (U, f) has a unique representative (Upax, fmax) With a maximal open
subset Upax C X: Set

Umax = U V ) fmax’V =4g.
(Vrg)N(va)

In order to simplify notation, we denote rational functions f and Dy :=
Upax their domain of definition.

2. The rational functions form a k-algebra, the sum f+g¢ resp. the product
fg having a domain of definition containing the (dense) intersection
DN D,.

3. A morphism ¢ : X — Y, such that ¢(X,) < Y is an irreducible com-
ponent of Y for every irreducible component Xy < X, induces a pull-
back homomorphism ¢* : R(Y) — R(X). In particular the inclusion
of an open subset U C X induces a a restriction map R(X) — R(U);
indeed it is an isomorphism R(X) = R(U) if U C X is dense.

4. If X = Sp(A) is affine, then

R(X) = S'A
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with the localization of A with respect to the multiplicative set
={f € A; flx, € I(Xo) V irreducible components X, < X}

of all nonzero divisors in A. In particular

if X is irreducible.

. For an irreducible variety X the ring R(X) is a field

isomorphic to the field of fractions of the ring of regular functions on
any (non-empty) open affine subset U C X.

. The morphism
f :D F— k

representing a nonzero rational function on an irreducible variety X
can be extended to a morphism

~

fZUZ:DfUH)l/f—>P1:kU{OO},

by defining R
flx) = [(1/f)(x),1] € Uy C Py

for x € Dy/;. The points outside Dy U, /; are called ” points of inde-
terminacy’ of the rational function f. If X = Sp(A) is affine, a point
a € X is a point of indeterminacy of f € Q(A), iff g(a) =0 = h(a) for
all representations of f as fraction f = g/h with g, h € A.

For example take X := k* and f := T}/T. Then D; = k x k* and
D,y = k* x k, while the origin is the only point of indeterminacy.
Indeed the morphism f : (k?)* — P, turns out to be the quotient
morphism. In particular there is no extension to a morphism k? — Py,
since the restriction f|x+; of f to a punctured line k*t can be extended
to the entire line kt only with 0 — [¢], that value depending on the
chosen line.

In the sequel we shall use also the letter f in order to denote f
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7. X = Uzzl X, is the decomposition of X into irreducible components,
then the component covering

ﬂ:)N(::]:[XZ»—LX

=1

induces an isomorphism
i=1

since, with U := X \ U, ; Xi N X and U := 7 Y(U) = U, we have
R(X) 2 R(U) = R(U) = R(X).
In particular R(X) is a finite direct sum of fields.

Remembering the fact that affine varieties form a category anti-equivalent
to the category of affine reduced k-algebras, it is natural to ask whether the
category of k-algebras, which are finite sums of (as field) finitely generated
k-extensions, has a geometric counterpart as well. The point here is to find
the correct notion of a morphism. In analogy to rational functions there is
also the notion of a rational morphism:

Definition 9.3. A rational morphism between two algebraic varieties X,Y
is an equivalence class of pairs (U, ¢) with a dense open subset U C X and
a morphism ¢ : U — Y, where the equivalence relation is

U, @) ~ (V,Y) <= oluvrv = Yluav.

As with rational functions every rational morphism ¢ : X — Y has a
a maximal domain of definition D, where it is an ”ordinary” morphism of
algebraic varieties. A rational morphism ¢ : X — Y between irreducible
varieties X,Y is called dominant if p(U) C Y is dense in Y for some (and

thus all) dense open subset(s) U C D,.

Theorem 9.4. The functor R : X +— R(X) from the category of irre-
ducible algebraic varieties together with the dominant rational morphisms as
morphisms to the category of finitely generated field extensions of k is an
anti-equivalence of categories.
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Proof. If K = k(ay,...,a,), we have K = R(X) with X := Sp(k[aq, ..., a,]).
Assume now that o : R(Y) — R(X) is a k-algebra homomorphism. We
may replace X and Y with (nonempty) open affine subsets, i.e., we may
assume X = Sp(A),Y = Sp(B). If B = k[by,...,bs], choose a common
denominator g € A for the elements o(by), ...,0(bs) € Q(A). So o(B) C A,
and the morphism X, — Y corresponding to the k-algebra homomorphism
o|lp: B — A, defines the rational morphism X — Y we are looking for —
the easy proof of uniqueness is left to the reader. ]

Corollary 9.5. For irreducible algebraic varieties X,Y the following state-
ments are equivalent:

1. R(X) = R(Y)

2. There are nonempty open sets U C X and V CY such that U =V as
algebraic varieties.

In that case we say also, that the varieties X and Y are birationally equiva-
lent.

Proof. "<=": R(X)=R(U)=ZR(V)=R(Y).

"=": Let p : Uy — Y and ¢ : V; — X be morphisms inducing the
above isomorphism in the respective directions. Take U := o~ '(V}) C U;
and V := o(U) C V. O

Definition 9.6. An n-dimensional irreducible algebraic variety X is called
rational, if it is birationally equivalent to k™, or equivalently, if it admits a
non-empty open subset U C X isomorphic to an open subset V' C k™.

For the study of local properties of an algebraic variety resp. of rational
functions one needs even non-affine subrings of R(X), which are sufficiently

big in order to be understandable:

Definition 9.7. Let Y — X be an irreducible subvariety and X, <— X the
union of the irreducible components of X containing Y. The local ring Ox y
of X at Y is defined as

OX,Y = {f € R(Xo),y N Df 7é 0}
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Note that Ox y is a subring, since any two nonempty open subsets of the
irreducible Y have nonempty intersection and thus

]D)erg,]D)fg D) ]D)f ﬂ]D)g < (Df N Y) N (Dg M Y) 7é (Z)
Furthermore:

Remark 9.8. 1. To justify its name, we remark that Ox y is a local ring
with maximal ideal

myy = {f € R(Xo); f’Yﬂ]DJf = 0}.

2. If U C X is an open subset intersecting Y, we have Oxy = Oy vy

3. If X = Sp(A) with Y C X being contained in all irreducible compo-
nents of X, the ring Ox y is isomorphic to the localization

Oxy =2 S'A
of A with respect to the multiplicative subset S := A\ I(Y).

4. The ring Oxy is noetherian: If b — Oxy = S™'A is an ideal, then
A being noetherian, we have a := bNA = Ag; + ... + Ag,, and that
implies b = S™la = S~1Ag; + ... + S~ 1Ag,.

5. The ring Oy y is never an affine algebra: The only local reduced affine

algebra is the base field k.

The extremal choices of Y are of particular importance: For minimal
Y # 0, i.e. a one point set {a}, we obtain the local ring Ox, of X at the
point a:

Definition 9.9. The local ring Ox, of X at a € X is defined as
Ox.a = Ox (o = {f € R(X0); Dy > a},

where Xy < X is the union of all irreducible components of X containing a.
The ring Ox , is called the ”local ring of X at the point a € X” or the ” stalk
of the structure sheaf Ox at the point a € X”.
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Remark 9.10. 1. We can also describe Ox , as the direct limit
Ox,. = lim Ox(U),

U>a
taken with respect to the (by inclusion) partially ordered set of open
neighbourhoods of a. With other words the elements in Ox , are equiv-
alence classes of pairs (U, f), where a € U and f € Ox(U) with
(U, f) ~ (V,g) iff flw = g|w for some open neighbourhood W C UNV
of the point a.

2. If k = C we can as well consider the stalk
H, = lUm H(U),
U>a

of the structure sheaf H of X, where now U ranges over all strongly
open neighbourhoods of a. We have

H, = C{T}, ..., Tp}

with the ring C{T1,...,T,,} of convergent power series on the RHS iff
a ¢ S(X}). Furthermore we now can also define rigorously the notion
of a self intersection point: A point a € X is a self intersection point
iff H, is not an integral domain.

The local ring Ox, of an algebraic variety X at a point a € X is an
important tool in the study of the local geometry of X near a; indeed there
is an analogue to Th. 9.4: We define the category of ”germs of algebraic
varieties” to have as objects the pairs (X, a), where X is an algebraic variety
and a € X a point. Furthermore a morphism from (X,a) to (Y,b) is an
equivalence class of morphisms ¢ : U — Y of algebraic varieties, where
U C X is an open neighborhood of a € X and ¢(a) = b, two morphisms
being equivalent if they agree on some open neighborhood of a. Obviously
such a morphism ¢ induces a pullback homomorphism ¢} : Oy, ;@) — Ox.a
depending only on the equivalence class of ¢.

Theorem 9.11. The functor
(X,a) = Oxa, [¢] = ¥

15 an anti-equivalence between the category of germs of algebraic varieties and
the full subcategory of the category of all k-algebras, whose objects are local
rings of algebraic varieties.
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The proof is analogous to that of Th. 9.4 and thus left as an exercise to
the reader. In particular we have as well the following corollary:

Corollary 9.12. For points a € X,b € Y in the algebraic varieties X,Y the
following statements are equivalent:

1. Oxq = Oy as k-algebras

2. There are open neighborhoods U of a € X and V of b € Y, such that
U =V with an isomorphism of algebraic varieties sending a to b.

Remark 9.13. 1. The local ring Ox, is an integral domain iff a is con-
tained in exactly one irreducible component of X. So all the local rings
of an algebraic variety X are integral domains iff X is the disjoint union
of its irreducible components.

2. For an irreducible variety we have Ox, C R(X) for all a € X and
O(X) = () Oxa-

aeX

10 NORMAL VARIETIES

Definition 10.1. A point @ € X in an algebraic variety X is called a normal
point, iff the local ring Ox , of X at a is an integral domain, which is integrally
closed in its field of fractions Q(Ox,.) = R(X). An algebraic variety X is
called normal iff all its points are normal.

So a normal variety is the disjoint union of its irreducible components.

Proposition 10.2. 1. An irreducible affine variety is normal iff its alge-
bra of regular functions A is integrally closed in its field of fractions

Q(A).
2. The normal points of an algebraic variety X form a dense open subset.
In the proof we use the following basic facts:

Remark 10.3. 1. If A is normal, i.e. integrally closed in its field of frac-
tions, so is S™'A for any multiplicative subset S C A: If f € S~1A
has integral equation p(f) = 0 with a monic polynomial p € S7'A[T],
then hf has integral equation h"p(h~'T),n = degp. But for a suitable
choice of h € S that polynomial has coefficients in A, and A being
normal, we get hf € Aresp. f=hf/h e ST1A.
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2. The integral closure A C Q(A) of an affine k-algebra without zero
divisors in its field of fractions Q(A) is a finitely generated A-module,
thus in particular an affine algebra.

Proof. The first part follows from the fact, that a localization of a ring inte-
grally closed in its field of fractions enjoys the same property, as well as any
intersection — see Rem.9.13 — of such rings does.

For the second part consider a normal point a € X. Since the irreducible
points of X, i.e. the points lying in only one of the irreducible components
of X, form a dense open subset, we may replace X with an irreducible affine
open neighborhood of a resp. assume that X = Sp(A) is irreducible and
affine. Then we have A C Ox , for the integral closure A of A in its field of
fractions Q(A). But on the other hand it is a finitely generated A-module,
say A = Af, + ...+ Af, with f1,..., [, € Q(A). Hence there is a common
denominator g € A for fi,..., f, satisfying g(a) # 0 and thus A, = Eg
is integrally closed in Q(A,) = Q(A), so the open neighborhood X, of a
contains only normal points. ]

Remark 10.4. The affine variety X = Sp(ﬁ) is called the normalization of
X, the morphism 7 : X — X induced by the inclusion A C A is finite and
surjective; it fits into a commutative diagram

X — X
U U

Y

~U) = U
where U C X is the open subset of all normal points of X.

Let us now pass to the case of a maximal proper irreducible subvariety
Y — X of an irreducible normal variety X, i.e. Y has codimension 1 in X:
The ring Ox y then is a " discrete valuation ring”:

Definition 10.5. A discrete valuation ring R is a noetherian local integral
domain, whose maximal ideal m < R is a principal ideal:

m = (m)

with an element 7 € R\ {0}.

83



Remark 10.6. Every nonzero element x € R in a discrete valuation ring R
can be written uniquely

(1) r=enm"

with a unit e € R* and n € N. In particular R is a PID, the ideals being the
zero ideal and the ideals (7"),n € N. This is a consequence of the fact, that
an element in R is either a unit or divisible with 7. We can write x = a, 7"
so long as possible; then the chain of ideals (a, ) is strictly increasing, whence
it follows that there is a final e := a,, it is necessarily a unit. Furthermore
the field of fractions is a disjoint union

QR) =R, ={0yu [ J R 7"

n=—0oo

Example 10.7. Let p € R be a prime element of the UFD R. Then R, :=
{a/b € Q(R);a,b € R,ged(p,b) = 1} is a discrete valuation ring.

Indeed there are more rings R, such that the localization R, with respect
to a prime ideal p C R is a discrete valuation ring. Of course p has to be a
minimal nonzero prime ideal. Here we shall prove:

Theorem 10.8. For an irreducible normal variety X its local ring Oxy at
a one codimensional irreducible subvariety Y — X is a discrete valuation
Ting.

Proof. Since R is a noetherian local ring, the lemma of Nakayama applies to
M :=m C R and tells us that m # 0 implies m? # m. We take any element
f €m\ m? and claim

m = (f).
First of all we prove:

m" C (f)

for n > 0. Namely: We have f € I(D;NY) C O(Dy). Then Y — N(f),
and thus Y, being of codimension 1 in X, is an irreducible component of
W — X. Hence we may choose a principal open subset U C D, with
UNY =UnNN(f). Replacing X with the affine variety U, we see that we
may assume X = Sp(A) and f € A with Y = N(f).

84



Now, if I(Y) = (g1, ..., gr), then g; € I(N(f)), so Hilberts Nullstellensatz
provides a number m € N with ¢ € (f) for i = 1,...,7. Then we have

Iyrc((f)—4

with n := mr and as well
m" C (f) — R.

We now show that the assumption m ¢ (f) leads to a contradiction. Choose
n € N minimal with m™ C (f). Obviously n > 2 and there is an element
g € m" 1\ (f) C m. We investigate how the element h := g/f € Q(A) \ A
acts on m — R:

1. We have

o

because of g € m"~! and m" C (f),

mTL
C — C A,
f

2. but
h-m¢ m.

Namely: Otherwise M := m is a faithful R[h]-module, which is finitely
generated as an R-module. But that means that h € Q(R) is integral
over R, hence, R being integrally closed in its field of fractions Q(R),
we conclude that h € R, a contradiction.

Hence the ideal h-m C R contains elements in R\ m = R*, and consequently
h-m= Rresp. h~! € m and

f=f-h-hl=g-hlem m=m

a contradiction, since f € m\ m?.

As a consequence of Th.10.8 we can define multiplicities: Given a normal
irreducible variety X we can for any codimension one irreducible subvariety
Y — X define an order function

ordy : R(X) — Z U {0}
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associating to a rational function h € R(X) its "order” (or " multiplicity”)
along Y as follows: If Oxy D m = (f), then

n , if h=-ef" with e € O}
ordy (h) ::{ 0 ifhzOf o

The order function satisfies
ordy (gh) = ordy(g) 4+ ordy (h)

as well as
ordy (g + h) > min {ordy(g),ordy (h)}.

Note that in particular for irreducible Y < X of codimension 1 and a nonzero
f € R(X) we have either Y NIDy # 0 or Y NIy ¢ # 0 depending on whether
ordy (f) > 0 or ordy(f) < 0. So the points of indeterminacy of a rational
function f form a closed set of codimension at least 2. For normal curves we

thus find:

Remark 10.9. 1. A rational function f € R(X) on an irreducible normal

curve has no points of indeterminacy, hence defines a morphism f :

2. Indeed, we may replace P; with any complete variety Y and obtain
that any morphism ¢ : U — Y defined on a non-empty open subset
U C X of an irreducible normal curve into a complete variety ¥ can
be extended to a morphism ¢ : X — Y.

3. As a consequence we obtain that the category of irreducible normal
complete curves is anti-equivalent to the category of finitely generated
field extensions of our base field k of transcendence degree 1.

4. Finally let us mention, that for £ = C the functor X — X} is an
equivalence between the category of irreducible normal complete curves
and the category of compact Riemann surfaces.

Definition 10.10. For an irreducible affine variety X we denote ©(X) the
free abelian group generated by the codimension one irreducible subvarieties
of X, i.e.

D(X):= {an;m € 7Z,Y; — X irreducible, dim X = dim Y] + 1} )
i=1
The elements D = ', n;Y; in D(X) are called Weil divisors on X.
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Now given a rational function f € R(X) \ {0} on an irreducible normal
variety X we can associate to it a divisor

Dy = > ordy (f) - Y.

irred. 1-codim Y <—X

Note that the above sum is finite, indeed ordy (f) # 0, iff Y is an irreducible
component of N(f) or of P(f), where N(f) = f~1(0) is the set of the zeros
of fand P(f) = f~'(oco) the set of poles of f. Then

R(X)" — D(X), f— Dy,

is a homomorphism of abelian groups: Dy, = Dy + Dy. The divisors of the
form Dy are called principal divisors; its cokernel is the divisor class group
of X.

11 REGULAR POINTS

In order to study local properties of an affine algebraic variety X < k™ one
could - as in real analysis - think of “approximating“ X near a point a € X
by an affine linear subspace a + T, X, where T, X — k" is a vector subspace
of k™: For a polynomial f € k[T] and a € k™ denote

dof =) o7

(a)-T; € kT

i=1
its "differential“ at a € k", i.e. d,f is the linear term in the Taylor expansion
of f(T + a) € k[T] at 0. Then we define provisionally(!) the tangent space
of X at the point a € X as
ToX := N(k";d.f, f € 1(X)).
Indeed, since d,(fg) = f(a)dag + g(a)d,f we see that
TaX = N(knv dafla X3 dafr)>

where the polynomials fi, ..., f. generate the ideal I(X).

87



Example 11.1. For a hypersurface X = N(k"; f) with squarefree f € k[T
(such that I(X) = (f)) we have T,(X) = N(k";d.f). So with the ” singular
set” S(X):={a € X;d,f =0} — k™ we have

dim X . ifae X\ S(X)

dlmT“X:{dimX+1 . ifa e S(X)

For example for f = T§ — T} and char(k) # 2,3 we have d,f = 2a,Ty —
3a3T, = 0 iff a = (ay,a2) = 0, so the Neil parabola X = N(k?; T7 — T}) has
one singular point, the origin.

Though the geometric information encoded in the tangent space is essen-
tially related to T, X as a subspace of k™, it is nevertheless useful to define
it in a functorial way as an abstract vector space, depending only on the
local ring Ox ,: While the only isomorphy invariant of a vector space is its
dimension, the functoriality enables us to rediscover embedded versions of
the tangent space.

To begin with let us consider a point @ € X in an affine variety X =
Sp(A). We call a linear map ¢ : A — k a derivation at a if the Leibniz rule

6(fg) = 0(f)gla) + f(a)d(g)

holds for all f,g € A. Denote Der,(A) the vector space of all derivations of
AataceX.

Example 11.2. For ¢t € k" denote ¢ : k[T] — k, f — d,f(t), the formal
derivative in the direction ¢ € k™. Then

Der, (k[T]) = {6{;t € k"} = k™.
If o: E[T] — A denotes the restriction map onto A = k[T']/1(X), then
Der,(A) — Der,(k[T]),6 — dop
is an injection with image
Dery(A) o0 = {0}t € T, X}

Indeed, both, the left and the right hand side consist of the derivations of
k[T] at a vanishing on I(X).
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Lemma 11.3. There is a natural isomorphism
(mg/m2)* — Der,(A),a — aogq,

where q : A = k& m, — m,/m2 is the composition of the projection onto
m, with the quotient map m, — m,/m2.

Proof. Obviously the given map is injective, and one checks immediately that
« o ¢ really is a derivation at a € X. On the other hand for any derivation
6 € Dery(A) we have d|,2 = 0 as a consequence of the Leibniz rule, so &
induces a linear form 3_: m,/m2 — k, f +m2 — §(f), and since 4|, = 0
anyway, we obtain 6 = d o q. ]

In the next step we replace m, C A with the maximal ideal mx, C Ox,
of the local ring of X at a.

Remark 11.4. For a € X = Sp(A) the natural map A — Ox, induces an
isomorphism
m,/m; — my,q/m% .

To see this remember that for any multiplicative set the functor M + S=1M
is exact. Here we take S := A\ m,. Then my, = S 'm, as well as
m% , = S~'mZ, while S7'(m,/m?) = m,/m?, since f € S acts on m,/m’
by multiplication with f(a) € k*.

Definition 11.5. The Zariski tangent space of an algebraic variety X at a
point a € X is defined as

TaX = (mX7a/m§(7a)*.

Remark 11.6. 1. For any morphism ¢ : X — Y of algebraic varieties
and a € X there is an induced homomorphism T, : T, X — T,,)Y.
Let b := ¢(a). The pull back ¢* : Oy, — Ox, maps my, to
my, as well as m%cb to mgga, so there is an induced homomorphism
myjb/m%ﬁb — mxva/mg(va,. Its dual is our homomorphism 7.

2. There is a covariant functor
T:(X,a) » T, X, 0= Thp

from the category of germs of algebraic varieties to the category of
k-vector spaces.
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3. The tangent map T,¢ : T,Z — T, X induced by a closed embedding
t: Z — X of a closed subvariety Z containing a is injective: The ho-
momorphisms Ox , — Oz, as well my , — mz, and mx,/m% , —
myz, /mQZ’a are surjective. Hence T}, being the dual of the last map, is
injective.

Proposition 11.7. For the tangent space T, X of an algebraic variety we
have
dim7,X > dim, X.

Proof. If Xi,..., X, are the irreducible components of X passing through
a, we have dim, X = max(dim, X3, ...,dim, X,) and T,X; — T,X. So it
suffices to prove the claim in the case r = 1. Furthermore we may shrink X,
hence assume that X = Sp(A) is affine and that the vector space mx.a/ng(,a
has a basis fi +m% ,, ..., fn + m% , with regular functions f; € O(X). Then,
according to the lemma of Nakayama we have even mx, = (fi, ..., f,) resp.
after a further shrinking m, = (fi, ..., fn) = A. But according to Cor.8.10
every irreducible component of N(X; fi, ..., f,) = {a} has at least dimension
dim X — n, whence n > dim X. O

Definition 11.8. A point of an algebraic variety is called a regular or smooth
point if dim 7, X = dim, X, otherwise a singular point or a singularity. We
denote S(X) C X the set of all singular points of X, also called its singular
locus. The complement X \ S(X) then is the regular locus of X.

Example 11.9. 1. If X = N(k"™; f1, ..., f,) is of pure dimension d, then a

point a € X is a smooth point iff the Jacobi matrix (g%? (a))
J 1<i<r1<j<n

has a non-vanishing (n—d) x (n—d)-minor.

2. The local ring Ox, of a curve is a discrete valuation ring iff a € X is
a normal point iff @ € X is a smooth point: A discrete valuation ring
R is a UFD, hence integrally closed in its field of fractions, and the
quotient m/m? is a one-dimensional vector space over R/m, since the
maximal ideal m < R is a principal ideal. On the other hand Th. 10.8
ensures that the local ring at a normal point of a curve is a discrete
valuation ring. For a smooth point a € X we have dimy my ./ m%m =1,
hence, according to Nakayamas lemma, mx, is a principal ideal, while
Ox q is an integral domain according to Th.11.10 below and noetherian
anyway.

90



For the next result we need a statement which we shall prove later on:

Theorem 11.10. The local ring Ox,, of an algebraic variety at a smooth
point is an integral domain. Fquivalently, a smooth point of a reqular variety
is contained in exactly one irreducible component of X.

Theorem 11.11. The regular locus X \ S(X) of an algebraic variety is a
dense open set.

Proof. Let us first show that the singular locus is closed: S(X) < X, resp.
that the regular locus X'\ S(X) is open. Since according to 11.10 the reducible
points of X, i.e. those which are contained in several irreducible components
of X, are singular we may assume that X is irreducible, indeed even affine.
But in that case the description of S(X) of Ex. 11.9.1 by minors gives the
result. It remains to show that any irreducible variety X admits smooth
points. We start with irreducible hypersurfaces:

Proposition 11.12. For an irreducible polynomial f € k[Ti,...,T,] there
are points a € N(k™; f) with d,f # 0. In particular the reqular locus of
X = N(k™; f). is nonempty.

Proof. If d,f = 0 for all a € X, we have % € I[(X) for i = 1,...,n resp.

f |g—7€. Hence all partial derivatives, having a total degree less than that of
f, have to vanish. And that means that our base field k£ has characteristic
p>0and f € k[TP] = k[T?, ..., TP], but k being algebraically closed we have
kE[T?] = (k[T])?, in particular, f is not irreducible, a contradiction. O

In order to apply that in the general case we need

Proposition 11.13. If L = k(ay,....,a,) C k is a finitely generated field
extension, then there is a subset I C {1,...,r}, such that the a;,i € I, are
algebraically independent and L O E := k(a;;i € I) is a finite separable field
exrtension.

Proof. We use induction on r. We may assume that aq, ..., ay is a maximal
set of over k algebraic independent elements. If ¢/ = r there is nothing to
be shown. Otherwise denote f € k[Ty,..7,,T,] \ {0} a polynomial with
f(ay,...,ap,a,) = 0. We may assume that f is irreducible. Hence, according
to Prop.11.12 some partial derivative g—jé,i = 1,....¢,r, does not vanish,
indeed we may assume i = r. So a, is separable over k(ay,...,a,) as well as

the field extension L D k(ay, ..., a,_1). Now apply the induction hypothesis to
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F :=k(ay,...,a,_1) and use the fact that two successive separable extensions
give again a separable extension. O

Finally we are done with the following

Lemma 11.14. Any irreducible algebraic variety X (of dimension n, say)
contains a non-empty open subset U isomorphic to an open subset V of a
hypersurface N (k™1 f) in affine n+1-space:

X>U=V CNE™:f).

Proof of Lemma 11.14. According to Prop.11.13 there is an intermediate
field £ = k(11,...,T,) of the field extension R(X) D k, such that R(X) D E
is a finite separable extension. The primitive element theorem now pro-
vides an element ¥ € R(X) with R(X) = E[¢]; indeed we may even (after
possibly multiplying with some polynomial in k[T, ...,T,]) assume that ¢
is integral over k[11,...,T,]. Then we have f € (k[T1,...,T,])[Tn+1] for the
minimal polynomial f of ¥ over k(T1, ..., T,,). Thus N(k"™!; f) and X have
isomorphic rational function fields, and we may apply 9.5. m

]

Remark 11.15. Let us comment on smooth points in complex algebraic
varieties. We may assume that X — C" is affine, let I(X) = (f1,..., fr).
Consider a smooth point a € X. W.lo.g. d,fi,....,d.fr form a basis of

i Cd,f; = C[T];, and the Jacobi matrix (g{f (a) , is nonsingular.
J 1<ij<
Then

Fite (21,0 20) = (fi(t), oy fot), togr, - tn)
maps an open neighborhood U of a biholomorphically to a ball V' centered
at F'(a) and
F(XNU)CNWV;z1,.,20) = V.
But we may assume that dim, X = dim, X for all b € U, hence the functions
Goy1 = fez10F 7Y .., g, := fro F~! do not depend on 2,1, ..., 2, - otherwise

we would obtain dim 7, X < n—/¢ = dim, X = dim; X for some points b € U.
So gi(0,...,0, zp11, .., 2n) = gi(F(a)) = 0 even for i > ¢ + 1 and thus

FXNU)=NV;z1,...,20) =V,
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i.e., the point a € X admits with X NU a strong neighborhood, which is, as
a complex analytic variety, isomorphic to an open ball in C*~*.

In contrast to that it is quite far from being true — even for £k = C — that a
smooth point a € X admits a Zariski-neighborhood isomorphic (as algebraic
variety) to an Zariski-open subset of k" (where n = dim, X). Indeed, this
would imply that (w.l.o.g. X being irreducible) R(X) = k(11,...,T,) is a
purely transcendent extension of k.

In order to investigate the local structure of a variety near a point a €
X a little bit closer we replace the tangent space T,X with the tangent
cone TC,(X) — T,X. As before we start with an embedded description
for X — k™ at a = 0. While the tangent space ToX is described by the
linear parts of the polynomials vanishing on X, every nonzero polynomial
f € I(X) contributes to the description of the tangent cone TCy(X) with its
(non-vanishing) homogeneous component f™* of lowest degree: For such a
polynomial f =70 f; € k[T] = D2, k[T]; we define

[ = fy, if fy #0.

Then

with the homogeneous ideal

L(X) = Y k[T]-fm"

fel(X)*

and I(X)*:=1(X)\ {0}.

Example 11.16. Since (fg)™n = fmin. gmin" the tangent cone of a hyper-
surface X = N(k"; f) with squarefree f is a hypersurface as well:

Ip(X) = (f™) and TCy(X) = N(k"; f™").
For example the noose X = N (k% T3 — T?(T; + 1) has tangent cone
TCo(X) = Nk T2 —T?) = k(1,1) Uk(L, —1) = k* = )X

a union of two lines (if char(k) # 2). In particular, the tangent cone can
detect the two branches of X at 0 in a purely algebraic way!
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On the other hand for the Neil parabola X = N(T3 — T) we have
Ip(X) = (T22 )
and hence
TCo(X) = k(1,0).
So we see, that Io(X) need not be a radical ideal!

Let us now present a description of T'C,(X) depending only on the local
ring Ox, of X at a. We start with an algebraic construction, the associated
graded algebra:

Definition 11.17. Let R be a ring and m — R a maximal ideal. The
associated graded algebra gr, (R) is the direct sum

o0

gru(R) == @Pm?/met,

q=0
the multiplication being the bilinear extension of
m?/m?™ x m®/mst — mt /et
(a+m? b+ m*) s ab + miteth,
If R is a local ring, then gr(R) := gr,(R) with the unique maximal ideal
m— R.

Remark 11.18. 1. Note that there is no natural ring homomorphism
R — gr(R). Nevertheless for f € R we can define

(f) = f+mittegr(R), , if fem?\mt! for some ¢ € N
SV 0 ., otherwise ’

but that does not yield a homomorphism. We note that gr(fg) =
gr(f)-gr(g) holds, if gr(R) is an integral domain and that gr(f) = 0 iff
feNg m.

2. The ideal m gives rise to a filtration (m?),ey of the ring R, but only if
we can find for every ¢ a complementary additive subgroup R, C mq,
ie. satisfying m? = R, ® m?™ such that R; - R; C R;;j, then gr(R)
can be identified with the subring @;io R, of R. For example this is
true for R = k[T] and m = mq: Take simply R, = k[T,, the vector
subspace of polynomials homogeneous of degree ¢.
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3. For the local ring S™'R with S := R\ m we have
gr(ST'R) = gr,(R)

due to the fact that S~'(m?/mi*!) =2 m?/m?*! the elements in S al-
ready acting as isomorphisms on the R/m-vector spaces m?/md*!,

Proposition 11.19. For X = Sp(A) — k™ we have

k[T]/Io(X) = gr(Ox,).
Proof. According to Rem.11.18.3 we have

gr(Ox0) = gry, (A).

On the other hand the quotient homomorphism

0:k[T) — A, f— flx
induces a surjective homomorphism

gr(o) : k[T] = gr(k[T]) — gr(A),

where the graded algebras are taken with respect to myg — A and m =
0 Y (mg) = k[T]. We have to show that ker(gr(o)) = Io(X). For a homoge-
neous polynomial f € k[T, we have

gr(0)(f) = 0= flx em™ <= fem™ +1(X),
ie. f= g™ for some g € I(X). O
Definition 11.20. The reduction Red(R) of a ring R is defined as
Red(R) := R/,

where v/0 < R denotes the nilradical of R.

Remark 11.21. 1. The reduction Red(A) of a graded algebra A = B~ 4,
is again a graded algebra, its nilradical v/0 < A being a graded ideal.
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2. A graded reduced affine algebra A = P2, A, is (as graded algebra)
isomorphic to the algebra of regular functions on an affine cone iff A,
as a k-algebra, is generated by the elements of degree 1.

Definition 11.22. The tangent cone of an algebraic variety X at a point
a € X is defined as the affine cone

TCo(X) := Sp (Red(gr(Ox.4))) -
Remark 11.23. There is a natural embedding
TC,(X) — T, X,
since the linear map
mya/my, = 2r(Ox.a)1 = gr(Ox.4) — Red(gr(Ox.a))
extends uniquely to a graded epimorphism
S*(mya/m¥ ) — Red(gr(Ox.a)) = O(TC,(X))
and S*(my,/m% ,) = O(T,X) because of (T,X)* = my ,/m%,.

In contrast to the tangent space, the tangent cone has always the same
dimension as the original variety:

Theorem 11.24. For a pure d-dimensional variety X all the tangent cones
TC,(X) at its points a € X are pure d-dimensional as well.

Proof. The idea of the proof is as follows: First of all we may assume that
X = Sp(A) — k™ and a = 0. We then construct a morphism 7 : 7 — k",
called ”the blow up of k™ at the origin ”, such that

1. Z is irreducible and can be covered by n open subsets W; = k",
2. the morphism 7 : Z — k™ induces an isomorphism

™

VAR 7 — (k’n)*
with Z* := 7= 1((k")*), and

3. the " exceptional fiber” 71(0) — Z is a local hypersurface isomorphic
to projective (n—1)-space P,,_;.

96



The 7 strict transform” X of X < k™ with respect to 7 is obtained from
X*:= X\ {0} as the closure

~

X =711(X*) — Z,

the inclusion X < 771(X) being proper in general. We shall prove that the
isomorphism
1 0) =P,

induces an isomorphism
XN H0) = N(Po_1: Io(X)).

Hence, the projective variety N(P,_1; (X)), being isomorphic to a local
hypersurface with dense complement in the pure-d-dimensional variety X , is
pure of codimension 1 in X. The tangent cone being the affine cone over it,
then is of pure dimension dim X.

Blow up: Let us give first a heuristic description of Z: It is obtained from
k™ by a sort of surgery, one removes the origin and replaces it with a copy of
P,,_1 in such a way, that the closure of k* - ¢ in Z is obtained by adding the
limit point [¢] € P,,—;.

We realize the variety Z as the closure

Z: =T, = k" xP,4

of the graph
FQO — (kn)* X Pn,1

of the quotient morphism
o: (k") — Py, t — [t]
in k" x P,,_1. We have
Z = N(k" xP,; S;T; — S;T;,1 < i< j<n},

where the points in k™ x P,,_; are denoted (¢, [s]) with ¢, s € k™ and S;T; —
S;T; € k[Ty,...,T,, 51, ..., 5,). In order to understand the geometry of the
variety Z we consider the restricted projection

p:Z Sk x Py 2P, .
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Above the standard open subset V; := P, 1 \ N(P,_1;5;) there is a trivial-
ization

7 Vi X kiVVZ =p 1 (V}),
([, A) = (Asi s, [s)).

Hence Z = |J._, W; with the open subsets W; = V; x k = k"' x k = k"™
Since each of the subsets W; C Z is dense because of W;NW; = (V,NV;) x k,
we get the first part of our claim about Z, and the exceptional fiber is a local
hypersurface, since

7 H0)NW; = 7(V; x 0) = (Vi x k) = W,
Strict transform: We have an isomorphism
mor: Vi x k* — (k")

given by
([s], A) = As;'s.

In order to determine )A(, = XN W; welook at V; x k* C V; x k= W, and
compute the closure of

(mom) M(Xp) = Vixk*CVixk
in V; x k. A regular function in &[Ty, vanishing on X7, is of the form 7, *f

with a polynomial f € I(X) < k[T]. If f = > f, € I(X) C k" with
homogeneous polynomials f, of degree ¢, we find

fomor=Atf (A%) = zq:fq <g) NS

(2

Now 7'2-_1()? NW;) < V; x k is the zero locus of all regular functions on V; x k,
whose restriction to V; x k* vanishes on (mo7;)7*(X7,). These functions being
of the above form with only ¢ > ¢, either vanish on V; x 0 or yield f™®(S;1S).
Since that holds for i = 1, ..., n, we see that

(0xPoy)NX =0x N(Py_y:Io(X))
as desired. n
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Let us now draw some conclusions:

Remark 11.25. If a € Y — X, then obviously TC,(Y) — T'C,(X). Fur-
thermore, the closure of a finite union being the finite union of the separate
closures, we see that, if X7, ..., X, are the irreducible components of X passing
through a, then

P(TC(X)") = U P(TCu(Xi)7)

with the quotient morphism ¢ : (k")* — P, _;. It follows
TC.(X) = TCu(X5).
i=1

Note that the corresponding statement does not hold for the tangent spaces:
The union of the subspaces T,(X;) <— T,X will in general be no subspace
anymore - e.g. consider X = N(k* TiTy) at a = 0, but it is not even true
that T,X =Y., T.(X;), as the example X = N (k% Ty(T, — T})) shows.

Theorem 11.26. A point a € X in a variety X is a smooth point iff gr(Ox )
1S a polynomaial ring.
Proof. Let ¢y, ..., g, be a basis of mX,a/m_QXﬂ. Then
o k[S1, ..., Sn] — gr(Ox.a), Si — gi,
is an epimorphism. With other words
TC,(X) = Sp (Red(gr(Ox.4))) = N (k”; ker(a)) Ny

7«<=": If gr(Ox,) is a polynomial ring, then T'C,(X) = k™ and dimy, gr(Ox )1 =
dim T'C, (X)), whence

dimy T, X = dimy gr(Ox )1 = dimTC,(X) = dim, X,

so X is smooth at a.

"=": If a € X is a smooth point and dim, X = n, the n-dimensional
subvariety TC,(X) < k™ coincides with k™. In particular ker(o) = {0} and
o k[S] — gr(Ox,) is an isomorphism. O
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Remark 11.27. Note that for a smooth point a € X with dim, X = n
we have T'C,(X) = k™, but TC,(X) = k™ does not imply that a € X is a
smooth point. For example for the Neil parabola X = N(k* T3 — T}) we
have TCO(X) =kx0= ]{7, while gI‘(OX’()) = k‘[Tl,TQ]/<T22)

In order to prove Th, 11.10, we need a further result of commutative
algebra:

Theorem 11.28 (Krull Intersection Theorem). Let M be a finitely generated
module over the local noetherian ring R with mazimal ideal m. Then

ﬁ miM = {0}.

Proof of Th.11.10. Take f,g € Ox, \ {0}. The Krull intersection theorem
gives gr(f) # 0 # gr(g), hence gr(Ox,) being an integral domain, we obtain
0 £1(/) - gr(g) = @r(fg), in particular fg £ 0. .

Proof of 11.28. Since R is noetherian, the module M is noetherian as well:
So the submodule

D:=(\m'M
q=1
is finitely generated. If we knew that mD = D, the lemma of Nakayama
would give the result, but we do not and have to use a more sophisticated
argument. The module M being noetherian, there is a maximal submodule
F Cc M with DN F = 0. Furthermore, according to Nakayama’s lemma
D =0iff D/mD = 0. Hence we may replace M with M/mD resp. assume
that mD = 0. Now we are looking for some ¢ € N satisfying m‘M C F.
Namely, if we succeed with that, then

D=Dnm‘M CcDNF=0.

We show that for every a € m there is some exponent s € N with a*M C F.
Hence, if m = (aq, ..., a,) and s; € N for a; as above, then we have mM C F
with ¢ := rmax(sy,...,s,). So, given an element a € m let us look for an
appropriate exponent s € N. Indeed, if (a*M + F)N D = 0, it already follows
from the maximality of F', that F' = a°M + F resp. a*M C F. Now the

My = {u e M;a"u € F}
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form an increasing sequence of submodules M C M; hence M being noethe-
rian, we have My = M, for some s € N. For b =a’m+ f € (a*M+ F)ND
we then obtain

ab=a*"'m+af € aD CmD =0,

ie. ab =0 and a**'m = —af € F resp. m € M,., = M, and already
a’m € F. Hence b € F and thusbe FN D =0, ie. b=0 as desired. ]

Eventually we want to discuss a little bit more in detail the structure of
a local ring at a regular point.

Definition 11.29. Let R be a noetherian local ring. The m-adic completion
R of R is the ring

o0
R:=1lmR/m" C R/m"
im 12/ g /
consisting of the sequences (a,+m"),>; satisfying a,41 — a, € m" for all
n € Nyg. With other words, a sequence in R is obtained recursively as
follows: Start with any element in R/m, and given the n-th element take as

its immediate successor any inverse image of it with respect to the natural
map R/m"™ — R/m".

Example 11.30. 1. For R = Ox, with X = Sp(A) we have

OX,a - @A/(ma) ’

to be seen as follows: Since the elements in S := A \ m, become units
in the local ring A/(m,)", we have

Ox.af(mxa)" = S7HA/(mg)") = A/ (m,)".
2. For a € k™ we have R
Ok",a = k[[Tla "'7TnH7

where k[[T71, ..., T}]] denotes the ring of formal power series in n inde-
terminates with coefficients in k. Assuming a = 0 apply the previous
point to X = k".

Proposition 11.31. A point a € X is a simple point iff the completion @X,a
is isomorphic to a formal power series ring.
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Proof. Let a € X be a smooth point. We may assume that X = Sp(A).
Take functions fi, ..., f,, € m, providing a basis of m,/(m,)? and consider the
map

k[Th ,Tn] — A,ﬂ — fz

It induces surjections k[T] — A/(m,)" for every n € N. On the other hand,
gr(Ox,) being a polynomial ring in the indeterminates gr(f;), we conclude
that k[T]/(mg)™ and A/(m,)" have the same dimension as a k-vector space,
so the induced map

k[Ty,...,T,]/(mg)" — A/(m,)"
is an isomorphism for all n € N. Now apply Ex.11.30.2. On the other hand
gr(Ox.0) = gr(Ox.0)
gives with Th.11.26 the reverse implication. ]

Theorem 11.32. The local ring Ox, of an algebraic variety X at a smooth
point a is factorial.

A possibility to prove Th.11.32, is to use the fact that the formal power
series ring Ox, = k[[T71, ..., T4]] is known to be factorial, but we prefer here
a geometric proof of 11.32. Of course we may assume that X = Sp(A) is an
affine irreducible variety. To any subvariety Z — X passing through a we
associate the ideal

[(Z)q = {f € Oxa; f € [(D;NY) C O(D))}.

Theorem 11.33. Let a € X be a smooth point of the irreducible affine vari-
ety X = Sp(A). Then for every irreducible subvariety Z — X of codimension
1 passing through a, the ideal 1(Z), C Ox, is a principal ideal.

Proof of Th.11.32. Since I(Z), = (f) for Z — X irreducible of codimension
1 is a prime ideal, the generator f is a prime element. It remains to show
that every non-unit is a product of such generators. To see that we consider
the set of proper principal ideals (g) C Ox, with a generator ¢g not admitting
a factorization. Take a maximal such ideal (g). Assuming g € A we have
a € N(g) — X. Let Z — N(g) be an irreducible component passing through
a. Then Z has codimension 1 according to Krull’s principal ideal theorem,
Th.8.6, and thus I(Z), = (f). Hence g = hf with (h) 2 (g). So h admits a
factorization and thus g as well: Contradiction! O
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Proof of Th.11.33. First let us reduce the problem to the case where
1. X < k%! is a hypersurface and a = 0, and

2. the restriction ¢ : X — k? of the projection k%' — k% onto the first
d coordinates is finite and Z Ny ~1(0) = {0}.

The following lemma describes how to reduce successively the embedding
dimension of X:

Lemma 11.34. Let X — k™ be a d-dimensional irreducible variety, 0 € X
a reqular point, and Z — X a 1-codimensional irreducible subvariety passing
through 0. Then there is a projection m,_, : k" — k"' such that for
W =11 1= Tu_1|x the following holds:

1. v is finite,
2. the tangent map Ty : ToX — Tok™ ! is injective,

3. form > d+2 we have ¥ ~(0) = {0}, and ¢ induces an isomorphism of
germs (X,0) = ($(X),0), finally

4. forn=d+1 we have still =1 (0) N Z = {0}.

Proof. A projection (:= surjective linear map) m : k" — k" ! is up to a
coordinate change in k"~ determined by its kernel L := ker(r), a line. In
order to find the good choicg of L we consider k" = U, C P,, as a subiet of
projective n-space. Denote X the projective closure of X and X, := X \ X
its part at infinity, furthermore

q:P,\{[1,0,...,0]} — N(P,;T0), [t] — [0,t1, ..., t,]
the projection onto N(PP,;Ty) = P, 1. For n > d + 2 consider the set
E = q(X\{0}) Ug(ToX \ {0}) U Xo

with the identification To X — Tok™ = k™. It is a proper subset of N (P,,; Ty) =
P,_1 for dimensional reasons: dim X., = d — 1, since X, — X is a local
hypersurface, and ¢(7pX \ {0}) = P,;_1, while dim¢(X \ {0}) < dim X = d.
Forn=d+1 let

E=q(Z\{0}) Uq(ToX \ {0}) U Xw.
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Now for L = (¢ '(a) N Up) U {0} with a ¢ E the conditions 2), 4) and
the first one of 3) are obviously satisfied. It remains to show the finiteness.
After a linear change of coordinates we may assume that L = ke, resp. that
Tn_1 is the projection onto the first n — 1 coordinates. Then we have to
find an integral equation for T, |x over k[T}, ..., T,,_1]. Since [0,...,0,1] &€ X,
there is a polynomial f € I(X) C k[T1,...,T,], such that its homogeneization
f= Ty f(Ty'T) satisfies £(0,..,0,1) = 1 and thus f € (k[Ty, ..., Tp_1))[T0]
as well as f = ]/t\(l, Ti,...,T,) are T,-monic - this gives the desired integral
equation. Finally let us show the second part of 3): Set Y := 1(X) < k" 1.
Since 1 is finite and ¢)~1(0) = {0}, the sets ¥»~! (V) form a neighbourhood
basis of 0 € X. As a consequence, if O(X) = O(Y) fi+...+O(Y) f., we have
as well Ox o = Oyof1 + ... + Oy f,. Since Ty : To.X — T,Y is injective,
P* o myp/my, — myo/m%, is surjective. Now we apply Nakayama’s
lemma to the finite Oxp-module my o and obtain myxo = Ox - ¢¥*(my).
Hence
Ox,0/Ox 0" (my) = Ox/mxo = k.

So 1 is a generator of the finite Oy -module Ox  since it is mod my, i.e.
Y* : Oyg — Ox is surjective, while injectivity follows from the fact that
Y : X — Y is dominant and ¢~1(0) = {0}. O

The special situation as described in the beginning is treated with the
tools of the proof of Krull’s principal ideal theorem. Let X = Sp(A) and
treat the pull back homomorphism ¢* : k[T] < A as an inclusion. We
write I(¢)(Z)) = k[T] - h with some polynomial h € k[T] and show that
I(Z)o = Oxg-h. If 10) = {z; = 0,29, ..., 2, }, we are done, if we succeed
in showing

1. Any function g € I(Z) with g(x;) # 0 fori =2, ...,r liesin (h) — Ox.
2. The ideal I(Z), is generated by functions g € I(Z) as above.

1.) For the characteristic polynomial x(7,S) € (k[11,...,T4])[S] of the mul-
tiplication p, € Endy ) (Q(A)) we have

X(T,8) = p(T,8)S + (=1) N(g) € (k[T])[S]

with the extension degree ¢ := [Q(A) : k(T)]. Due to the Hamilton-Cayley
theorem we have x(py) = 0 resp. x(g) = 0, hence

N(g) = (—1)"'p(T,9)g
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yields M(g) € I(¥(Z)) = k[T]-h; so it suffices to show that g := p(T', g) € A'is
invertible in Oxy D A or, equivalently, that g(0) = p(0, g(0)) = p(0,0) # 0.
To see that we consider the induced multiplication map

pa: AY(Th, o Ty) — AJ(T4, ..., Ty

over the fiber v =1(0) = N(X; Ty, ..., Ty) with g := g+(T1, ..., Ty) € A/(T1, ..., Ty).
Note that the algebra A/(T, ..., T;) need not be reduced, but in any case we
have

Red(A/(T1, ..., Ty)) = Oy~ 1(0)) = k.

If now f(7,S5) € (k[T])[S] denotes the minimal polynomial of T, 1|x over
k(T,...,T;) (since k[Ty,...,Ty] is integrally closed in its field of fractions
k(Ty,...,Ty), it has coefficients in k[T, ..., T,]), we have

A2 KTy, o, Tysr] [ (F(T, Tysr))-

Hence
A/(Th sy Td) = k[Td—I—l]/(f(O?Td-l-l))v

and

f(07 Td-‘rl) = Td+1 H(Td-i-l - ai)mia
=2
where z; = (0,a;) € k¢ x k,i = 2,...,7, are the points # 0 in the fiber 1»~1(0).
The polynomial f(0,Tyy1) has a simple zero at the origin, since otherwise
97_(0) = 0 gives 0 x k C TypX, which contradicts the injectivity of the

0Tg41
tangent map

Toh : ToX = kerdy f — Tyk? = k%

With the Chinese remainder theorem we decompose

ATy, ... Ty) 2 k® @ ETg)/(Tgrr — ai)™)

i=2
and, correspondingly, § = (44, ..., g,.). Since g(x;) # 0,7 = 2, ..., r, the element
G; € k[Ty11])/((Tye1 — a;)™) is a unit, and thus the characteristic polynomial
of the isomorphism 5 has no zero for i = 2,...,r, while that of g = 0 is

S € k[S]. Hence
X(07 S) = SC](S) :p<07 S)S

with p(0,0) = q(0) # 0.
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2.) Assume I(Z) = (h4,...,hs). Choose ¢ € k, such that ¢* # h;(z;) for
i=1,.,rj=1,..,sand f € I(Z) with f(x;) = cfori = 2,...,r - remember
that the restriction A = O(X) — O(Z U {xo, ..., 2, }) is surjective. Take
now g; := h; + f% According to Nakayama’s lemma they generate I(Z)o,
since their residue classes g; mod mx oI(Z)o coincide with h;, hence generate
](Z)O/m)(,()](Z)(). ]

Remark 11.35. Let R := Ox, be the local ring of a regular point a € X
of the algebraic variety X. According to the above argument we can embed
R as an intermediate ring

Ry := E[T]m, € R C K[[T]].

More precisely, R looks as follows: Take a power series f € k[[T]] integral
over Ry. Then
Ry [f] D Ry

is a semilocal ring, i.e. it contains only finitely many maximal ideals, and

R = Q(Ro[f]) N E[[T]] — Q(K[[T1]),
is the localization of Ro[f] with respect to the maximal ideal m := Ry[f] N
(Th, ..., T,).

Trevlig Sommar!
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