
T.at?::i.:i::::::-..+isi..in .
certain axioms

Exainpes Let µ :
set with an operation

• µ : MXM → M
,
Cab)1→

ab

@ b) c = alby associativity

MIMI aid, c) = µ(a,µ( bc))

Then M is called a semigroup

• e c- M
,
stea-a.ae/Theneisuuiqne)

Neutral element

M is called a monoid ( It we have

both M , e)
• Fat M 3- a-

'
c- M :

a-
'
are - aa

-1

Inverse

M is called agvoupi.frwe have
all three .

• V-a.be M ab = ba commutative

It all of the above

M is called an abeliangroup

Often write Mia ,b)=a+b e=o



Examptes • I> o
= { 1. 2,3, . .

.} with + semigroup .

• IN = { 011,2 , , .
.
. } with 1- monoid

with •
monoid .

• K with + abelian group .

• GLn④) = { M : nxn - matrices over
1C / detm -403

.

with malt .

non-abelian group
.

• ✗ set M×={ t :X → ✗ lfimap }

with composition is a
monoid

• ✗ set S✗= { f- c- Mxl f- bijective } .

with composition is a group.

EI
.

• Let R set with

µ
:RxR→R ,

@ b)- ab

✗ : RXR → R ( a. b)→ a -16
.

Then R is a ring it

112,2 ) : abelian group .

( Rem ) :
monoid aid

albtcl = abtac } distributivity .
@ + b) ( = act

be

EI Mak) with matrix
Mutt and addition .

p commutative it ab -- ba Ex E

R doF in addition 7-+5 and ab=o⇒a=oov
6--0

E-✗ Z

R field it 11=0 and Kato Fei ' : aa-1=1 EI



geb=

Det • A type is a set T ( think operations)

with T- IN
,

Winona ltnink arity )
nw=2 binary

operation

• A T-algebra- is a set A with

maps WA : Anw →A for each WET

EI T={µ} , nn=2

MA
: AZ →A

For instance a
semigroup is T - alg A

St MA is associative .

Rink If nw=o
then A°={ * 3 singleton

W : A°→A

We identify w with WIA) c- A constant.

EI 1- = {ME } nµ=Z he -_ 0

MA
'.AZ → A EA c-A

e. g. a monoid Mala.be/--ab,EA=e
.

is a T alg , where MA associative

{
+

neutral element .

EI T = {µ , Eli } nµ=2 , he =o , nz=7

e. g. group with Mca,b)=ab
E=e

,
2( a) =a?

inverse Ya Mla , 2cal)=E=µl2Ca1 , a) .

EI T = { a. E;2,M,E
'

} e. s . R : ring
n : 20 I 2 0 ✗ ( a. b) = atb ,

50=0 z(a) = - a Mla.ly/=abE'=/



3swbalgebrasandmovphdsms-D.ITher A be a T - algebra .

A subset BE A st V-wet

walls
" / c- B

is called a subalgebra and is itself a

T - algebra by restriction

WB =

'

WA / Bnw

EI let BIEA subalgebra , fi c- I

i) then N Di c- A is a subalg .
itI

Ii ) If (B) ie± is totally outed by C-

then V13 : c- A is a subalg .

iet

pet ÉÉ ,
" the ,TB T - algebras .

A map

4 : A → B is called a morphism of T -algebra,

it y(WAH,
,

.
. . ,✗nwD=Wpl6Hd , - n ,YHnwD

V-wc-TV-xic.AE/-T--{µ ,
E } nµ=

2 ne
--0 as before

M , N mouoids . y
:m→N

4 /Mula.tl/=l-abNnlylatelbH--bla1plb/ylEm)--Y-nEN--1n-



EI T = { µ ,
2

,
9 } nu - 2 nil he -

-
o

G
,
It groups

are T - algebras .

is plant = elalcelbl

ii) play = plat
"

iii ) YHG ) = lit

In this case it ⇒ iil
,
ii ;) follows from axioms .

41761Gt 41161411g) multiply by 611g )
"

11

411g ) ⇒ 1H=yHa1 .

similarly i) ⇒ ii) .

EI • If A T - algebra and BE A subalgebra

then inclusion 13 → A is a morphism .

• If y : A → B is a morphism , then

YIAIEB is a subalgebra .

wplylah.mil/anwi)--ylww-az-;;IDc-elA7.



4Expressions_

Let T : type and ✗ set ( think variables /

The set WI of expressions
( or words )

is the smallest set sit .

• ✗ E WI

• If WET and Wi , -

- - Wnwtwxt

thenlw.wi.ru/Wna)tWxTthohkWlWii.niWnw)
Note each WET can

be considered as an

operation µÉ )
"
"

→ WI
,

(w, , . . ,Wnw)l→(with .
- Nnw)

So WI is a
T -algebra .

EI T={µ ,s } Mr =Z he
-

- o ✗ = Garb ?

Write { = e Wwi ,Wz1= Wiwz

Then WE = { a. b. e
aa

,ab.ae/ba,bb,be,ea,eb,eealaa1,alabl
,

. . - i

blaaj , blab) , . - .

elaal,e(ab) , - .
-

Kala , @a) be . - .

'

:

( b@Cabbie etc .



Proposition Let A : T- algebra and

f :X → A map .

Then there is a unique
morphism

YjW§
-A stylxt-fldv-xc.li

✗A
proof 4+1×1 -- fix V- ✗ c- ✗ given

Yflwiwi ,
.
. - iwnwl-wallf.IM ,

- - ywnw))
only choice to make lpf a

morphism

But notice this defines yf
recursively .

Det Fix a countable infinite set ✗ = { a. big .
- .}

• Let w , , Wz c- WE we say Wi=wz

is satisfied in a T- algebra A
it

lfflwi ) = lfflwz) for all f : ✗→ A.

EI 1- = {me } as before Mla ,b7=ab
e=e

if W ,
= lab)c wz=a( b4

Then wi=Wz is satisfied in A itf µ associative

ii ) w ,
= a Wz=ae

W > = ea

{Wi
-

- We are satisfied in A itt e neutral

W
,
= Wy



VI. Let J c- WE ✗ WE .

The class

of T - algebras satisfying w
,
=w
,
flu ,wdtJ

is called a variety lot type T)

• Semigroups, monoid ,
,
groups .

rings

abelian group , commutative
rings .

are varieties.

• Domains
,
fields are

not varieties

luthor : ab -- o ⇒ a-- o a
b--0

}
can't be
expressed

Kato Fat : añ'=e as identities

silly reason
No field with 7 element .

prod
serious reason next time .


