
Generatorsandrelationske.ca#:T:typeT-IN
W1- her

"

arity of w

"

A : T - alg WA
: A

"
"

→ A " operators

If nw :O Wa e A constant

A ,
B : T - alg y : A -1.13

morphism

YIWAK,
-

.
- Xnul ) = Wp (41×1), .

. .-4kcal)

If y is bijective the - y : isomorphism .

then 4-1 is also an isomorphism , A- =D
" isomorphic

"

✗ : variables

WI : expressions
in ✗ using WET

If f- : ✗ → A F ! yf
: WE → A morphism g. KI

- HA

Fix I countable

If W
, ,
Wz c- WET we say

w
,
-

- wz is
satisfied in A

it 4+141=4+141
Y t :# → A

Lot I c. WI ✗ WÉ .

Then ✓ = VII) : T - alg 's satisfying u=wz
V-lwi.us?c-I-



7Qnotientsle.tt
: T- algebra and ~ is an equivalence relation

on A.

Iet we call ~ a co-Host V- wet

✗ ;
- Xi

' Isis nw ⇒ walk .
. .Xnw )
~ Walks .

- - Xnj)

Then A/~= { It ✗ c- A} has a unique Fab

structure st IT :A
→ AL is morphism .

✗1- I

namely waw , .

.

. ,Inw)=wAHnw)

E± Let y
: A → D

.

Define

✗~✗
'
:# 41×1=41×1

If y morphism then ~ is a congruence .

T
If Xi - Xi

' ⇒ y( WAH, . - - Xnw)/ =

wpfy.lk/-..YlXuw1)--wplylxih.--/Ylxnw)/--YlwAlxi
,

.
. /

✗ iw ))
⇒ walk .

- / Xuw) ~ WACK
'

,
. . .,✗iw



This ( Isomorphism) If y : A → B morphism

then I :A/~ → left
,
I /→ 41×1

is an isomorphism,
and

A 4- B

ofthe
Ah# YIA)

Prost 9 well-defined and bijective .by construction .

9111-1×11=91×-1--41×1 . ☐

Proposition let ✓ = VIII is a variety of

f- algebras .

Then V is closed under subalgebra,

quotients, direct products and directed unions .

proofs Subatgebras BEA

If W
,

= We is satisfied in A

then -11-
in B

directproducts-3AI.es Aj c- V

jeg

↳All IEJ , .
.

.

-
( Xjhwjey)A-- IT Aj

= ( Wajlxj
'

,
.
- -1×54 )jeJ

.

If we = We can be checked

for each component JEJ separately .



quotients Let ~ is a congruence on A

het Cwi
,
Wz) c- I .

I "→A
let I→fA/~

f) LIT

choose ☒ →t A st IT of '=f Ah

WÉ A

y¥jT
commutes by uniqueness

of yy
.

( apply IT)
4*11=9.141 as A c- ✓

⇒ yflw , )=yflwD ⇒ At c- V.

directunion { A ;};⇐j is totally ordered by C-

B-- UAJ
iej

,

Aj c- V .

W ,
= Wz involves only finitely many

variables .

so it can
be checked in B by

considering some Aj . ☐

Rink Let R
,
S domains RXS is not a domain .

as 11,0110 , 1) = ( 0,07 .



EI Let G : group NEG subgroup .

gN÷{ gh / how} Ng= { hg / her} .

Ni.no/malgN--NsV-gc-G.detmegnhbygN=hNK--Ng-.NhC--ghY-Nc-- haier)
then ~ is a congruence

W =E constant automatic .

W=µ Assume g.
~ hi gznhi

g ,gzN= g1Ng~= hinge = h
,
Nh
,
-_hHN

or
so µ(91,94

-uchi , hi .

W'-2 g
- h g-

'Na Ng-1
=h"hNg"=h"Nh⑤

= h"N .

So 2cg ) - 21h1 .

Write G/~= GIN

Let y : G- H key :-. 4-1111+1 c- G

is a normal subgroup .

ylgtylh ) ⇐ ylglylhl-l.lk
"

⇐ gh
"

c- key
.

ylgh
")

2) let R ring .

subgroup
IER Wrt + .

is called ideal it task ,V-✗ c- I axtt, ✗a←I .

then X- y :# ✗- ye I is a congruence

R/~ = R / I

3) For semigroups congruences are not given by subsemigroups.



Zteeaebras

Let V = VIII variety of T- algebras .

Def_ Let f- c- V and X set with ✗ -41?

We say F is tree on ✗ in V if

BEV with 9 :X
→ B 7 ! 6 : f- → B.morphism

St yfflx ) / = 904

✗f- F

g) ptt :p
Rink 11 If A

,
A
' free on ✗ we have

✗ t_ A By uniqueness 4041 __ idai

yloy : idaHE "
So A=A '

2) If I -4
ie ✓ = all T-algebras .

then WI is tree on X .



Let ~ be the smallest congruence

%!"✗ st w ,=w, is satisfied in WIL

for all 1W
,
,Wz)tI .

Set f- = WIG
and ✗ IF

↳ WITH
Note f- c- V.

claim f- is free on ✗ in V

Met g : ✗ → BEV

twirls
morphism .

4g defines a congruence on WI

which
satisfies the condition as BEV

so since ~
is smallest we get

Hats
WE -4,13

i-Y-w.is?te of



EI 1) ✓ = uronoids X={ a. b ,c3 .

f- =
strings + ✗

= { 1,9 ,b , 499 ,
ab
, UG . .

- ,
aabcs

Now let the a
monoid

f- :X -1M, f- (a) = A

f-(b) = B

fed :c

then y :f→M ,
aycaab 1-

ABCAAB .

e. s M= ( IN , -11, A- 2, 13=0 ,

C- I

ylabcaab) = 2+0+1
-12+2-11--8 .

2) ✗ = { 4×3 V -

- wuss
.

F- REX,y)
noncommutative polynomials

i. Xy

e. g. 1-12×+4 -4+3×2 - y
'

Xyxtyxxxy

3) ✗ = { KY } V= commutative oiks .

F=K[✗,y] polynomials in Ky

f- i. ✗→ ¢ fcx) =\ ftp.i

Y : F → 6
,ltx-yl-l-l-i-2-i.lt/X--O/V--r.hgsF--?



3Re1ati
Let vi. variety

✗ =
set

f- = tree on
✗ in V.

✗ IF .

REFXF relations lri.ru/c-R .

Let ~ be the
smallest congruence

out

st r,
- rz V-lri.nl ER .

The algebra 1h V given by generators
✗

and relations R is

4×1127--1=4
EI ✓ = Groups ✗ ={ Vis } .

f- ={7,4s.ir#r3rs,srs3vs,.v-1sr2srs-BletR--
{ Kill.lv?Y,lsrs,r-iB.G--(XlR)--(r,sIi=l,V3=l.srs--v-D.

dihedral group 5=1 ⇒ 5=5
'

r3=1 ⇒ v2 : V
'

Srs :p
-kit ⇒ sv=

Ms

G-- { limits , sr.sn}



Define y :C>
→ GLZGR)
sits
ri- R

such that s ? I , R
>
= I

SRS -_ R

e. g R : rotation by 2¥

s.ci:1#is
then I

,
R
,
R
"

s SR SR
'

are distinct so 161=6


