
categoriesawdfunctor-slcatesoriesdet-A.ca/egoryeconsists of

• A class of objects Obe

• For all ✗ Yeobe
a set

ECX,Y ) f- Homely,Y)) of morphisms from
✗ to Y .

• Composition maps

e(Y,Z)×eK,Y)→e(XZ) , (g) f) 1-
g. of

such that all morphine sets are disjoint

• I 1 ✗ c- e(XX) st 1×of=f go7×=g

• hofgot / = frog ) of .

Notation f- tell ,Y) write ✗ f→Y

fee CKY) is an
isomorphism it

Fgte ( Y ,X) st fog -

- ly got : Ix .

X=Y
,

EI 1) Sets objects : sets

morphisms : functions

Tx : ✗ → ×
,

✗ 1→x

0 : function composition
.

2) Let 1- i. type

T- alg objects : T - algebras

morphisms : morphisms of Tn algebras .



Deflate : category .

We call D a subcategory are

if
obteobetk.YC-e-YV-yc.at .

and identities and composition
are

induced .

D is called full it DCX.it/--elXYj .

3) Let T : type and e is a class of
Fake

leg .

e- VCI ) ) .

Then we
regard

I C- T - alg as a full subcategory

so semigroups , Monoids, Groups,
Rings

,

Com Rings

Domains, Fields ,

4) Let K : field .

Veeck) : vectorspaces
1K

with linear maps .

veclk) Eveclk) full subcategory

of finite dimensional vector spaces .

5) Let M :
monoid

.

Define em
" category

Olsen :{ * }

eµl* , A) = M .

Composition :
multiplication .

G) Top : topological spaces with
continuous maps.

Haus c- Top full subcategory of Hausdorff top . spaces.

7) Top . : objects (14×0) ✗ c- Top
,

xoex

morphisms IX. xol -414%1 , f : ✗ → Y continuous

f( Xo)
= Yo ,



Zfunctors

Ded Let e , t categories

contravariant
A Éty

F :L-18
consists of

• For each ✗ c- Obe an object 1=1×1 c- obt .

• For every ✗-44 the
amorphism 1=1×1 FLY,

int

FCH¥HFlY)

sat . a) 1--11×1--11=1×1

b) f- ( got/
= f- (g) 01=11-1 .

f- (go f) = Flfloflg )

E✗_ 71 Let e : category
and ✗ c- obe

covariant

ecx, -1 : e- Sets

YI-ecx.tl/lY4Z)l-lelxYt-JeCx.H
%-) fog

contravariant
et ,H : e- sets

YI-yeCY.ly
(YAZ ) 1- (elyxjc-ecz.ly/gofc-lgAl-te(-n,-z):e0Pxe-setscovaiaut

obe°P= Obe e"(KY ) = ICY
,

go.pt : fog .



2) e =
Veeck) dual space

contravariant

D: Veeck)
→
Veeck)

VI-ltomklvikt-vedklr.ly
1) (f) =

-

of

3) Let M : monoid M×={ men / in invertible
}
.

M× is a group .

It 4 :µ→N
monoid morphism

then 4th 'T E N
" (check)

and
Y / µ×:µ✗→N× is a group

morphism .

So 1)
✗

i. Monoid ,
→ Groups

covariant
functor .

similarly C)
✗

i. Rings → Groups

R- Kif
5) Let (4×0) c- Topo

Tikal__kÉ¥;ti-%
}

✗
'

IT ,
(4×0) group

ñÑ=Ñ

✗

✗

a. {
✗ 1240*4
241--4 # tel

☒ Xo) FLY .to/nyf*:1Tlx,xo1-lTCY.YdTt-f-oJ
In fact IT,

: Topo → Groups .



6) Let R commutative ring

GLNCR ) = { A : nxn -
matrices /R / A invertible}

= (Mn×nlR1Y
f : R → s ring morphism

F : Mnxn ( R) → Mu×n( 8), Caij
)l→( Hai;D

ring morphism

F
"

: Mnxn CRY → Mnanls )×

Ghnlf) : G"LnCR1 → Glncs) group
morphism .

Gln : com Rings → Groups .

3Natwaltranstormatim-hete.it : categories

F. G :e→D
functors .

A natural transformation § : f- → G consists of

morphisms ¢× : Foy → Ga) in D for each ✗ c-

estV-fc-elx.ly f- (f)
FIN→ FCY)

④ t
Gcf,

toy
commutes

Gal- GCY)

i. e. GCH 0¢11 = $yoF(f)

if § isomorphism Glfj =¢yoFCHoQI! Then we call

of a natural isomorphism and F = G.



EI 11 Recall Glen : com Rings → Groups

L - Y : Com Rings → Groups

dot : Gln → f)
✗

Show late .

detp : GLNCR / → R×

A :(aij)1→deHA)=Esiaiai\ÉR"sesh
in

group morphism as detp.HR/--detplAdetlBI .

y : R →
s ring morphism

A-- laij )1- D= lykij))
GLNCR) ¥41 Gluck -

tdets Idetrt L
R
" -41N, s✗

{signfoitaiaitsfgsignbl.TK/aiaiD4letD:Veclk)-VecCk/V-DCDCv
) ) linear

Yu
✓1- ( f-↳ fly / c- DIDIVD

Dii, I

if T :V→W
✓1- TH

vi. w I I
Yv

A LYWywc.tw/):ftsflTH/p1pHvy-EgDlDlwHYvHl-p1py-pfqwD--qnoDa-lift>Hit



4Equivalencesandadjo.tn#D-etA functor F : e.→ D is called

an equivalence it FG :P
> e st

FOG a idp

Go F =

id.EE/-D:veclk)-veclk1Yv:V-sDlDlvH is injective

Yuki -0 ⇒ yulvl( 1-1=0 If
11

fly ⇒ v=o .

But if dinvc - then din DIVI = DMV.

so Yu is bijective . di"mDlDWD .

So D: veclk ) → neck)
is anequivalece

as Y : idve.cc/cj-sDoD
natural isomorphism

.



Deet let F :D →e
and G :e→8 functors

we call ( F
,
Gl an adjoi-tpa.ir it

e( FY ,
X)→~D(Y ,

GX) natural in KY

i. e. elf - n - a) apt , , G-a)
as

functors D
"

✗ e → sets
.

1) Let V : variety of T- algebra,

V c- T - alg full subcct .

F : sets → V
'

✗ 1-11--1×1 free on ✗ inv ✗ Fly

✗ s→Y map

✗ # FIN
91 fue = : 5- (g) uniqueness ⇒ Flgoh) -1%101=14

y Fly

G : ✓→ sets
,

forgetful functor

A 1-9 A underlying set

41-24 underlying function .

Hour / FLY), A) = { y : Fly→ A morphism } .

Homsets ( Y ,
Gott / = { g : Y →A / gtnnotion } .

Y # FLY soQTY.it:1/-omplFlYI,Aj-ltomseplY,GttDY1-yotyV-g1ydF!y
is bijective i. e. (F. G) adjoint pair .


