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µ✗={ f. ✗→ ×}
monoid with o

S✗=(M×j×={ f. ✗→ ✗If bijective } group

✗ = { 1 , . . . ,n ] Sn = Sx symmetric group
of permutations .

If e : category ✗ c- e

Ended ICKX) : monoid
with o

.

Antell = tended)
"

EI y e-- sets s-XEndei.mx , Antell
= Sx

zje-veclko-VEndety-Endp.lv/:k-1mearendomorphisms .

V= K
"

Endicott Nuxalk)
T- [T]

Autelvl = GUY = { f :V→V / f- linear , bijective }.

✓ = K
" GUN = Glnlkl

1-1- IT] .

Det Let M : monoid ✗ iset .

An action on

✗ of M is

µ
:M✗X→✗

,
lm,x11→mx

s.t.tl/--X@bJx--a(bx/



Rmf 11 {µ :M✗X→X} { p :M→M×}
u c- p

ift Mlm ,x1=(plmDLH CAB /
'

=ABi

2) In the
above µ

D an
action iff

P is 9
monoid morphism

⇐ pal -_ idx
1X=X

⇒ pcab)
= pfdopcbl

@b)✗ ealbxl

3) If µ=G is a group

{ p
:M→m×Ipmmp¥m} { p

'

:c, -15×191%4.7

p- p
'

p'Cgtpcgl .

indeed gtG inv ⇒ plop in .

9192=1 ⇒ pig ,)pW=id×
So a group action

µ : G ✗ ✗ → ✗ la ,# to
ax

1X= ✗

acbx) = lab)x

has the same
intonation as

p
:G→ 5.x

,pcggj-plgjoplg.IQ
Why do we

need Tx - ✗

Otherwise ✗→
ax might not be bijective

e.g. µ
:
constant .
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A e-
action of n Ior G) on ✗ is

p : M → Endelx)
monoid morph .sn

for p
: G → Autelx group morphism)

A- c- e

EI e : Ab abelian groups

as actions

p : M - Ende (A)
1 ✗ = ✗

pGnj_idA@bx-aCbx1pCab1-pCajopCb1afX-y7-axtaY.pCathay) =p
(a) ✗ + platy

Pooig
e-- Veeck) K field

are -

-

Veeck) 1<=6 .

Terminology let G group . A representation

of G is (pv), ✓ c- Veeck)

and p
: C)→ GLU) group

morphism .

i. e. p is a linear action
of G on

V

EX-G-fs.ir/s2--7,rn--l,srs--r-Y
representation

.

p : G → GLIIÑ)
s- to :]

rly [
cos

-5m¥

Sir# cos



Det Let M : monoid
, ×

,
Yee and

p ,
:M→EndeCH, p ,

:M→ Endear .

A morphism y :p ,
- pz is yeelx,y,

St men ✗ , ✗ commute

at te
Y # Y

ptmlop-yop.IM

EI Let V
, W c- Veeck) and y : V→W

linear

CK ,
. ) acts on V and W in Ab

as 7 u
-
- V

lalbvll . @b) v

qlvtw = avian

ytAb(V,W) as My -14=6141+4104

y is a morphism of actions as

Ylavtaycvl

Et let G : group Repka : category of reps
'

objects :p
: G- GUY

morphisms
: y :p ,

→ pz morphism of

actions in Veeck)

repka c- REPKG full subcategory
of

( p , V) where dinv < • .
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Def Let lp , V1 be a representation

11 A sub representation
is a subspace V' c- U

set pcgllvy __ V1 V-geG

(pill is a representation pig)v=pcgw

inclusion V' ↳ V is a morphism .

2) ( p , V1
is called irreducible it V -4203

,

and 90,3
,
V are the only subiepsot ( p, V1 .

EI It down -- l then ( p, V1 is irreducible .

Proposition It G abelian ,
then cp.tl irreducible

ift dim V=1

proot
"

⇐
"

clear

"

⇒
" let go G plop

:=T=V→V Let + c- ¢

Cpvliv .

diurnal eigenvalue
of T some:=ke( T- XI) EV

i. e ✓ c- § ⇐ pcgjv -_ tv

Now let ✓ C- Ex

plgjpchjv-pcghdv-plhslv-plbtplstv-flhltu-tpk.jo
Pch)vE Et so

✓ = g g c- G any

pcg)v
- tgv for some -↳ c- R

tu c- V.



Then any V
' EV is a sub representation .

¢ , V1 irreducible
din = V. g.

Lemuria Let 4,4 c- REPKG .

Then there is an

inner product
C- ,

. > :
VXV → ¢ sat .

Use G
(podv, pcssw>

= Cviw

i. e. peas c- UWI .

prod since dimvc - ✓ = 67 for some u

so V admits an
inner product c. , -5

Jet saw> = Egg,v,pG)w5
inner product

SEG

Now [ pchlypch)w> = EcplglplhiyplgplhyEG

= E ( qcgnjv ,pcgbwJ = E Cpcshjvspcshlw
gh C- G

SEG
= fu , ↳ ☐ .(C)→ e) bijective)

s /→ gh

Proposition her ( p , b) c- rep¢G and V1 ← v sabre presentation .

Then F V
"
EV subrep . St V'④ V"=V

proof choose C-
,

.> :V^V
→ E as in Lemma

set V "= ( v 't = { ✓ c- V1 <yvD=o V- view}
.

The V = V'④ v " and V
"
EV is a swbnep .

Leto "eV" ☐

Yu '€V ' < pig)YvD=<v;plg5H)=(vii. pig
-9%3=0
⇒ pcglu"eV !



RIK this proposition works even if 1Gt = @

it we can
find C- ,

. >
.

theorem ( thaschke
) Let ( piv ) c- crepes .

Then V= U ; to some (pi ,Vi) irreducible

5--1

prod induction dimv

It dinV=o then n=o

It dimv > 0 Let 0-+4 EV
subrepstdimv , minus

dimv ,
< • ⇒ V1 irreducible

{Indeed 0=1 UEV ,
the dinu =dimV ,

Casa

so 4--4]

Now V=V ,
④ V

"
V
" EV

swbrepd.LV/--dimV-dimYcdimVn
By induction hypothesis v1 '= ④ V ; ( pi, Vitim .

F- 2
☐

.and V= hi



EI let C) = 83 symmetric group on 942,33
.

✓ = ¢3

pcdei-eocijpltHplGei1-plt1Lea.y-eiooci1-e@gcijtpli61ei.p
G) (111,11--141,1)

V
,
-

. { 1×14×11 ✗ c- E) EV Éubrep .

dinu , __ ,

Vz= { (44,2-1)×+4+2=0) subnet

and V -- V
,
④ V2 dmv ,

=L dink -_ 2
.

Sz = <Sir 15=1, ✓3=1
,

Srs -_ rt)

E- ÷#-*.
"" "

pcolplt) -4pct )pco
on V2

so V2 is irreducible .

Fact For S
,

there are 3 irreducible reps
'

-
up to iso V1 ,Vz, sign rep .


