
① Let ✗ : set
.

By :{ REXXX } binary relations on X
.

R ,SEB✗ Write ✗ Ry it ⇐HER .

✗(Ros )y ⇒ Fz : ✗ Rznzsy .

a) Show (B×
,

0) is a
monoid

.

(RoS)°T = Rocsot

✗ ( Ros / •My # Fa , : ✗ ① oslzinz , Ty
⇐ Fz

, ,zz :(✗ 122-2^2-25=41^7 , Ty
II

✗ ( Rolsotlly # Fz, ,zz : ✗ Rzzrltzsaiszity
so (Roslot-R.lt#I--{ 14×1 / ✗ c- ✗ } i.e ✗ Ty ⇐ ✗ = -1 .

✗ ( Rot)y ⇐ Fz : ✗ Rznzty

⇐ Fz:X Rzn z=y

⇐ ✗ Ry
so RRs, similarly IoR

So (13×10) is a
monoid .



b) Show Bx = 43×1 "

y : 13×-143×1
"

131--15
✗Ñy ⇐ yRx

✗ ☒ • 5)y ⇐ Fz : ✗Ñznzsy
⇐ 7- 2- : zRFn→ySz
⇒ y$oR)×
⇒

✗ ISTRIY

ylslylkl : YISR)
4 Compute (Bx )

"

guess (B×1×=S×

i. e. R C- Blxl
"

ift V-xF.ly : ✗ Ry
V-yF!x :

✗ Ry

Ros = I means

(Fz : ✗ Rzrzsy ) ⇐ ✗ =y

Ros = I and so R = I means

✗ =y ⇒ (Fz : ✗ Rzrzsy )
⇒ ( Fe : ✗ Szn 2- Ry)



I

Assume ✗ =y ⇒ (Fz : ✗ Rzrzsy )
⇒ ( Fe : ✗ SznzRy)

Let ✗ c- ✗

✗ = -1 ⇒ Iz : ✗ R z n 2- S ✗

If ✗ Rz ' then 2- Rxrxsz
'
so z=z

'

{ 2- / ✗ Rz } has exactly one element

By symmetry { 2- I
xsz}

,

{ 2- I 2- Rx ), all have one

element .

{ 2-12-5×1

Hence R defines a bijection .

So 43×5=4 .



② Let R : commutative ring

A
,
B c- Man 1121

show detlAB)=detlAdetlB) (A)

If R field
,
use row

transformations

and elementary matrices .

Read If y :R→s rung morphism

y : Mnxn (R) → Mnxnls) Ykaii)ij1=fylaij))i;
then yldetttl) = detty /AD

If y is injective and it holds ins

then it holds in R
.

yldet LADY =detlylABD.de/-lYlA1ylBD--detlylAHdetlelBD--yldetlAdetlBD
y injective ⇒ detlABI.de/rlA1deHB1

It A holds in R
,
then it holds oh imy

detlylAEIBH-yldetlABD-yldetls-deHBD-det.ly/A11deH-ylBD
.



To prove
it to given A ,B

it is enough to prove it in

R
'
= subring generated by

{ aijl i,j}u{ bijli ,j }

Let 1 zur variables)

well - let
y : Z[ xij,Yij]→ R

as Z[×ij,Yij]
Xij1- aij

is free
.

Yij1-
bij

Then imy =R
'

But KCxij,yij]- ④ ( xij, Yij)=:K

K field so It holds in K

⇒ * holds in Zcxijyij] ⇒ * holds in R'
,

Alt .
Choose any set ✗ st

y
REX] → R is surjective

✗1- rx

e. g. ✗ = R
.

and QQ)
.



covariant

③ Let F :c → D a functor

• F is calledf-ulllt.it#fuHitV-X,x'eeelx,xY-DlFx,--xY
is surjective ( injective)

• f- is called defuse it Yet Fxee
:

f-✗ = Y .

Show f- is an equivalence ift

F is full
,
faithful and dense .

Assume F : equivalence

i. e 3- G :D → e
st

¢ : FOG = idz 4 :GoF=ide

Any Y c- 8ftp.FCGCY/)~-Ysot-dense.elXixY--gDlFHlFlx'D4elGlFKDGF-cxD/evil
hits 4×14:

lÉoGoF= idea ,✗) ⇒ F : faithful by symmetry
É and 4- bijective

Let h : 1=1×1 -11=1×1

Then IGF 4--941=4--914 LEG insect've so

f- 461hL =h so Ff#



Assume F full , faithful dense

Need to construct G :D → e

Assume some strong choice
principle .

For each Yet choose Xy c- e and est
small.

by : Y I Flxy) as F is dense

set GIYI = Xy so Yy : Y 5 FCGCYII

For any g : Y → Y
'

need to define G(g)

Y ↳ Y
'

4yd Need the

FCGIYII
""
FCGCY 'D

Bethe G( g) =f where Flf)
=

4µg Yj
'

F ! such f- as F full
,

faithful

claim G functor Y -

- Y '

g=1y f- Iga, work

so Gay / '-1GW .

Y É Y
"

Y '→Y'ÉY "

hit LYY"
4yd Hui the

Foxy
FGCY ")

FGCY / → FGIYY → FGIY ")
Flt Flt )

C) 141.4+6149
GLYI -9GW -4GW

"



Y : idg → FOG is natural by construction

41=1.1 : F → F- • G. F
isomorphism

f- full faithful Yµ×,
= f- ( il )

4- : id → G of natural iso .

so f- is an equivalence


