
A-lgebrasandmodutes-OR-moduleslet.cl
= Ab : abelian groups , A. Bee

e(A. D) c- Ab by

4- +g) (a) = f- (a) + gca)

Moreover Ewdelny is a ring under 0
and +

as lfocgeh) / (a) = f- (glal-ihcad-flglaD-tlhkdandkftgj.li/la1=f-tg1LhcaD-.flhlaD+fCgC41
A ring morphism R → Endecott corresponds

to a e- action µ :R×A→A ,
er.at-ra

such that ( rts.la = rats a

e- action { Is resatrÉ%=ra+rb
We call (A- (Ain, -11 ) an R-mod

If A ,
B are R- modules

,
then a morphism of factions

4 : A → B is called an R-module morphism .

→ category R - Mod
.

EI Rik : field R - trod =VecK .



Rink 1) We can consider R - nod as a variety

of T - algebras by extending Ab with

infinitely many operations wr : a- ra RER and

infinitely many identities 1a=a

Irs )a=rls4 riser

rlatb) = ratrb VER

Crts)q= rats a vis c- R

⇒ We have submodule s
, quotients ( by

submodule}
products , free R-module, etc .

✗ : set RHl= { Ev×✗|r×eR, r×=o
to- all

✗ ex but finitely many
✗ c- ✗ }

is free on X : ✗ f- µ
1- pity :{ v×✗1→Ev×f¢ )

✗ ex ✗ ex

2) R - Mod is the category of left R - modules
.

We may also consider

Mod - R : category of right R - modules :

AXR → A
,
Cartman

at = a

aisle @ is

cat b) r = artbr

alrtsl = art as

Note R°P - Mod = Mod - R .



EI let A
,
BG Ab R -

- Ends

.CA/S--EndablhM--HomsslAiB)MxR-M
ME Moa - R

( flirt- for

Sxm-M µ c- Stlod

Is
, f) 1- Sof

Note so / for ) :( of / or

Det If M c- Mod - R
, Mfs - nod (same abelian Group)

we call µ an S - R - bimodule
if

Cmdr = sand

5- Mod - R : category of S - R - bimodules .

Rink 1) If R : commutative R°P=R so

we may identify R -Mr -- trod R .

If the R - Mod we may
consider

NER - Mot -R by smrisrm .

Warning For NER -nos - R we may
have rn -4hr

So R - Mod =/ R - Mod
- R .



2) Note Z is the tree rms on ¢

indeed ¢ R yµ,{k+-iÑ " °

O O

F ! I / LR) neo

F. YI
- n times

So any A- c- Ab admit, a unique 8- module

structure
.

We may identify

Ab = K - Mod



② K-algebras- Let K : commutative ring

les .

K field)

Iet a) A K- algebra is At K - nod

with µ : A- ✗A →A , cab)-
as

which is K - bilinear
,

i. e.

the b) C : act be

9lb-14=9 btac

✗ a)be a Gb) = tlab) ttk

2) A is called an
associative K - algebra

( with unit)

it 1AM ,
-1) is a ring

Rink 1) It A : associative k - ab

k→ A
,
N-th

is a central ring morphism i. e. left)a=aH7a1

In fact any ring R with a central ring morphism

y : K→ R lection apai)
defines an associative K -algebra

.

2) If R : associative K -algebra
,

then

ME R - Mot in MEK - Mod by

+ me ✗ Him y as above .



3) (associative) K -algebras form a variety

EI D R : ring
,

then R c- 2-mod

in fact R : Z - algebra

2) Kcx] polynomial alg one K

3) KCX.li# polynomial alg one K in variables {A) II)

4) V c- K - not End ,dv) is a K- alg , via

K→ Endklv)

-11-1 (vtstv) .

5) let G : group and K field

→ KG i. group algebra

KG free K - module on G with

( Eigg ) (Eigg) = Eigts '9s'=E(Eighth
GEG JEG g. 9

'

baggy '=h

In fact KG has the unique K - algebra multiplication

such that G- KG is a monoid morphism .



If MEKG - Mod we
have

KG 4- Endkcml
I%¥ÉGLklM1=EudklM×

- representation of G

If p : G -164,14 representation of G
,
then

C)
→ Glycol

f) f
free K-modk-G-y.gl?ndicVlyCg.-pCs1
on G : K - linear

411Gt =p "Gl=1v cellos

Etgg ) (Eigg)/ = Eigtaiylglysy
GGG g'C-G g , g

'

=y( Etgg)y(Edgy) so y ring morphism .

GGG g'C-G

Hence v c- KG - Mod .

This gives KG - mod → pep ,cG equivalence

Now assume 191<0 and K=Q
.

let v iv. rep .

and v c- V40 ) KG -4g V surjective as V arr .

1 i1- ✓

free on { 1 }
choose V' EKG subrep st kg . key④ V

' then V1 v iso

Every irreducible rep . appears as a direct summand

of KG .



6) Let M : smooth manifold

CTM / = { f :M→R I f. smooth }

IR - algebra : ✗+g) 1pAftp.glptg/lp1--tlpJgCp)
IR → can

+1- (pret)

D- IMI = vector fields on M i. e.

✗ Ipl = Xp ftp.M pets

varying smoothly in p

QCMI c- heck * Hcp
= Xp-14,

(a) ( p) = t Xp

In fact ⑤ Cut c- cant - More vis

CTMIXO-lml-O-cnj.fi/7i-tX(fX)fpI--fCpIXpC-TplM)


