
Localizations
Ed Q={ § taek, beZY03 }

¢ : K → Q
,
a- 9-

(a) is inv . ⇐
a e- 21102 .

Let R : ring SER subset

When can we
construct a ring

5'R

of fractions sir
,

ses
,
re R with

a morphism R → S"R
,
ri→i'r

s1- inv .

elements.

Def we call SER a

4 multiplicative set it G.) c- LR:)

is a subinonoid

2) regular if

Hae R Sato ⇒ a=o ( i.e ↳ :R→R
injective Uses

a c- R as -00 ⇒ 9=0 lie . Rs :R→R
injective Uses

EI a) 12=2
,

5=21103 is a regular malt. set

b) 12--2
,

p : prime number
5-- {mic / plan} -11-

Motivation 1) 1-1=1
,

5 't
" should be ltsl !

2) sa=o
should 5 's a : a = o

imply



commwtstiver.in#

Assume R commutative ,
SER malt .

set .

Define 5'R=S×R/~ where
Think

cs.al~lt.tl ⇐ Fires : uta=usb g- = ¥

~ is an equivalence

Reflexive : use 1 c- S

symmetric : trivial

Transitive : use
SS c- s ( exercise)

Rmk_ 1) If S regular, then
( sa)- Itil ⇐

ta=sb

2) Is , a) ~ Its , ta) V-tc-sastk-sja-1.sc/-aj

write As,aD=5'a and define

⑤ 'a)E' b) = Cts )
- '
ab

Sta + t "b :( tsH( tatsb)

Exercise 5112 is a
well-defined ring

with

0=1+0
,
1=1-17

Moreover V- sites 51T is in. with
inverse t 's

Note Is ,
a) -11,01 ☒ Fires : ua=o

So 519=0 ☒
Sa o_0



Proposition z : R→ 542 , a /→
Fa is

a ring morphism, which is injective iff

S is regular .

proof z(at b) = 1-19+1
"b = 1-

' (9+6)=214+261 .

2111 = 1-17=1 .

219 :b) : 1
"

/ ab) i. 1-
'at 'b -1142lb

)
.

7-
'
a =

⇐ Sa o_0

so kerz :{ a c- RI Sato }
so Kerr -- lo} iff S regular .

Thm_ Let R commutate ring ,

SER multiplicative

and 2:12 → 5 'R
,

atria .

Then

21st is inv . V-s.es and it

§ : R→R
'

.

st ¢1s) is inv. its c- 5
,

then

there is a unique 4 : 5'R→R
' at 401=01

R -2,5 'R

R.tt!4
06kW

In fact 41514=41441014 .



R -2,5 'R

41514=46141014 .¥-1.4
Obey

proot 4 : well - defined futon = usb
shuts 9b€ R

⇒ 0/14011-10/14=01401610/161
inultbyolustl

"

⇒ 001-1%1=0/(1-51014)
1402 / (a) = ✗ ( ital -

- ¢111401k) -- 9cal
ok

41514411--31=4651014011-144161--01144*01140161 pong
= ¢6144016b)=4¢sH"ab)

4154+1--161 = 4154 -14ft
- '

b) similar .

4 unique 4cal = 40514=46141514
¥1k, Elis ☐

EI 11 12--2
,

s= Zuo] veg .

5112 = Q
.

2) 12=2 p i. prime ,
s={mek / plan} veg

5R=Zcp={ Fnl Pkm } c- ④

3) R : com ring 5=11,03 ⇒ s "R={ 03
.

not veg .

4) Ri kit] ,
s={ htit} .

- . } neg ,

5 'R=K[t.tt]

5) Ri KEAY]✗×y, 5=11,4×2, .
. .} uotreg .

Sy > o ⇒ 1"y=0 5 'R=K[x,x"]



Non-commutative

Now let R any
ring .

Aim Generalize the above Thin
.

probte.ms ① s( a) It
- ' b) = @ El"ab does not make

sense .

ldea-s-iat-ib-s-ltiaib-d-isia.be
where

a
# tila ,

i. e. tia = at This has a solution
clients ''R

ift Sankt #¢ ( left ore
condition

Oysters
one)

② We need 95=0 =) 1- 'a=o

i. e aszo ⇒ Sato

Det_ Let R : ring
.

A multiplicative
sets

is left one if
right aSntR=¢

it V-lt.at c- 5×12 Sankt =/¢
Sato ⇒ as -30 .

ii ) taek
also ⇒ Saso

RMI It
S : regular then iij is automatic .

EI R= Kind
5=9×1

'

tie-IN} is not one

SynRx=¢

t-x-R-kcx.is/(xy+yx)S--Ixilic- IN ) is one

Indeed ✗my " :-( ymnynxm so ✗mW= -45"wÑ
n :

number of y :S
inw

and SfnRxm¥¢
Ed It R : comin .

then any
malt . set is left ansvigut

ore .



Definition Assume SCR left Ove
.

Then

5'R= 5×124

where ( ga) - ( tib)
⇐ Flu ,r) C- SXR ut-rsa-aub.ru

Motivation
'
.

5 'R
R ¥¥%RR%¥÷R o.ro→ 542

Ñ%t ↳\t%É
5112

Note if R : commutative this the same equivalence

relation
as before

Tlf ut=rs then uta=rsa=sra=
sub = Usb

Ub = V9

If ntaiusb then U' '- su , riut
Then n'

t-sut-sr-rsuib-usb-uta-rawitefs.at] : 5 's and define

stat"b=(t,s5'qb where Ga=at
A

✓

"

R

g-lait"b = It ;D
" / tiatsibl t ,s= sit

✗ 71

S R

Fact ~ : equivalence 542 r.us

( quite tricky)

proposition 2 : R → 5- ' R
,
a /→

Ta is a

ring morphism
with Ken = { GERI Sato } .

throat same proof works as 1--5=7 commute

with everything
☐ .



This If SER left Ove , then 2:12 → 542

satisfies 21st c- HRH
.

If § : R→R
'

satisfies 0/61 c- CRY ,
then 81.4 : 5'R→R

'

88 402=10 ie .

Riss"R

V41 4 .

0104124
" R

'

localiz-atdouincategor.ie#

Idea replace
5 'R

41¥ 4k¥
R OR OR → 542 OK 0 i "R

Hiiiii. t.us#iH*
by

✗
Hey , → ✗

↳ " tiy ,

Need Ore conditions


