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Today R : commutative ring

often R : K- algebra
K -

- field e.g.
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Q How far are these from each other -

Ed Glen , QC×¥yy✗.GG#-yX-1-g(XTI)x4-i--H4DW-D
¢ : well - def and inj . as (114-1) / far ⇐ 1×4,11-611

^ 441 Hey
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Det An ideal I GR is

1) prime it abet ⇒ a c- I v be
I

2) maximal if I C- JER
I - J or T

- R

Prop_ Let I
C- R ideal

9) I prime ⇐ RII domain

b) Imax ⇐ RII field .



Det The Krull dimension of R is

dim R := sup { nlpo ERE . .

-
Epn Pi"Ñme }

ideal

EI 11 K field ⇒ dink = 0 so}

proper

2) donkey -_ o ideals lot (E)
not prine

3) dina Kcx, , . . ,xnJ=n

0 4- (4) f- (4,1/2) G. -
.
Elk , .

-

-
Xu) prime

⇒ din z n dim Eu
requires work

.

41 din 2=1 lol C- 47

Detlprop Let R : domain a.
bar then

(a) = (b) ⇐ a=ub u c- R
"

Prost "⇒" (a) e (b) ⇒ a = ab g = ✗ya
9=0--16--0

a-1-0 X> =)

be ya ⇒ ×,yeR"
"
⇐
"

a=ub ⇒ a c- (b) } ⇒ (a) = (b) . 8
⇒ a"a=b ⇒ be (a)

Props Let R : PID at R ' -403 .

TF.AE

y a iv. (i.e.
a-- Xy ⇒ ( say)nR" / =D

21 Ca) prime

3) (a) maximal

proof 3) ⇒ 2) oik
.

2) ⇒ 1) aexy ⇒ Xyf (a) ⇒ ✗ a vyc.ca,

Wlog ✗ tea ⇒ ④ =/at ⇒ uX=9=✗y next

⇒ u= > e- R" y¢R×.

1) ⇒ 3) (a) C- (b) c- R ⇒ a =×b ⇒ ✗c- R'
'
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CI let R " PID

7) ai- R in ⇒ Rha) field

2) If R not field dink =) .

cos c- IN
mat

.

⇐ prime

② Factorization

&Éa c- Riso ] arR×

a not in ⇒ a-- Goa ,
Go
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"

a. not Irv ⇒ 90=9010901 Goo
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1) Does this stop i. e. a =p ,
-
-upn Piotr .

?

2) Are CPD
,
CPD
,

, -

, Cpu ) unique up kook .

If V9 D
,
D hold we call R Unique factor:*

domain
.

EI Z
,
key , ,

- An] UFD

EI R -

- ZEDD i. e. Raimo 0:24] → e

✗ 1-F- i
is not a UF.DZ?--ll-iR-i)ll-tF ;)
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siuz.tz-nit.IE?-EyntZ



The R : PID ⇒ R : UFD

This (Gauss) R : UFD ⇒ Rcx) : UFD

Cos R : UFD REX , , .
-

,XD : UFD

③ Noetherianr.us#F:comnutariverihs.Ti-tE
1) Any ideal is fun . gen .

2) Io C- I
,
E. . - ER → FN : V-izNIi.IN

3) Any set E =/0 of ideals in R has

a maximal element.

Then we call R noetherian

proof"y
"

in 2) set E- Uti c- Rice

1) ⇒ I = 191 .
- -9m) ⇒ FN : gj

c- In

→ E- IN ⇒ IN 7- Ii .

"

Follows by 2- ours lemma

as any
chain in (E

, E)
has a maximal element (upper

bows)

⇒ [ has a wax element .

"

31--17-5 Let I c- R ideal

write { = { JEIIJ
f. g.) 3) ⇒ Eh

's
wax el .

Jor
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YI¥Énen-jo-cgc.az ⇒ To -1+14

→ a c-To → I c- To c- I ⇒ I =J.
☐

EI Any PID is Noetherian .

Prod If R : Noetherian domain th

.am/bc-RiEo} be R
" facto into

it .

(not uec . unique

prod Assume not

b. = bo

bn=an+ ,
but ,

ai
, bit R7( {03012×1
bi dont factor .

Now ( b , ) c- Cbz ) c- . -
-

R : Noetherian Fn : Conf =b( util

⇒ bnei = Ubn ut R×

⇒ any =U I 0

The R :P ID ⇒ R : UFD

proof R No .eth .

So we only need uniqueness

same proof as for integers .

key cat proline ⇐ a
irrelevant

to a -40 .



Prod let R : Noetherian

① If IER ideal RII : Noetherian .

② If SER multiplicative 5' R : Noetherian

.pro#Exercise .

Note in ② we may assume

s is regular by ①
Thm_ ( Hilbert 's Basis Theorem)
If R comin .

Noetherian rms ,

then RCD is Noetherian .

Corollary If K : field then KCX,
- -

- xD is

Noetherian .

i. e- any ideal rh KIX, . - in) is f. s.

Corollas If K : field any
Comm . f. s . Kats

is Noetherian .

proof A : f.g. ⇐ FKCX ,
.
-
✗
a] A swj .

roetn

⇒ ind = A
"

KEK -
- xiltero .



pooot Let I C- REX] we show I = f- g.

set In :{ac-RI-ai-b.bg/--trbic-R)e-R
in part . I. =InR

claim In ER ideal In c- Inn
.

⑦
②

⑦ add - and mutt w by RER

② malt .✓ by ✗

Now Io c- Ic -
- - R Noetherian ⇒ 2N

bt In -_ In Tn >_ N.

For I ⇐ N Ii = ( am , - nai.my c-
pikemen

for some aij c- R
.

By def I ; there is

t.gl/l--9igXit- .
.

c- I

claim I -
- I
' :=( fij / osier, Kiani)

I
/
c- I clear . Show I

c- I
'

.

let get we show g
C- I by induction adegg

=n
.

u= o g C- In R =Io = (so, - - - Como) ⇒ SAI!
% , Homo



u > o ⇒ 91×1=6×4-1 . -
- c- I

→ be In = Ii Whr i -- mon (Mn )

⇒
b =

Éicjaij for some g- ER

j=i

set fix, = crfij)✗" - '
'

=
bit - - c- I

'

so degfg - f) < n .

Since g
- f c-I

we have g- f- C- I
'

by lhductrion .

⇒ g c- I' + t = I
'

① Z[Tsi] = 2%(2+5) Noether down
.

but not ULFD
.

② KIA , , - - xD Noeth . UIFD

③ K[×y✗z, - - . ] Not Noeth .

but UFD .

Exercise
.

⑨ H i. holomorphic
functions is not Noetherian

but a
domain .


