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Abstract

We classify the x-representation types for the radical *-doubles of finite-dimensional
associative algebras over the field of complex numbers.

1 Introduction

Let C denote the field of complex numbers and * : C — C denote the complex conjugation.
All algebras we consider in the present paper are over C and are assumed to have a unit
element. All tensor products and dimensions are taken over C.

Recall that for two complex associative algebras A and B the map ¢ : A — B is called
an anti-homomorphism provided that p(Aa + ub) = Ap(a) + jip(b) and ¢(ab) = p(b)p(a)
for all \, u € C and a,b € A.

Let A be a finite-dimensional algebra with n generators. Consider two free associative
C-algebras A%, e = 1,2, with respective generators x@, ..,z Denote by o : AV —
AP the unique anti-homomorphism satisfying o(mg-l)) = x§-2) forall j =1,...,n. Let I
be an ideal of A}, such that A ~ A /I. Then the set o(I) is an ideal in AP and we
can consider the algebra A* = A Jo(I). Tt is easy to see that A* does not depend on the
presentation of A up to an isomorphism.

Construct now a new algebra, A(x), which is the quotient of the free product AL of
AS) and AS) (i.e., the free algebra with 2n generators xgl), . ,:csll), :E%Q), e ,:vg)), modulo
the ideal J, which is generated by I and o(I). The algebra A(x) is identified with the free
product (over C) of A and A* in a natural way. The algebra AL? possesses a natural
x-structure, defined by (:rg-l))* = x§-2), 7 =1,...,n, and one sees that J is a *x-ideal with
respect to this structure. Hence, A(x) inherits a *-structure and the corresponding x-
algebra is called the x-double of A, see [MT]. It is easy to see that, up to a *-isomorphism,
the algebra A(x) does not depend on the presentation of A. The *-representation types of
k-doubles of finite-dimensional algebras were classified in [MT]. It was shown that A(x) is
x-finite if and only if A = C, A(x) is of type I if and only if dim(A) < 2, and A(x) is *-wild
(in the sense of [0S2]) in all other cases.
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In the present paper we study the x-representation types of a more subtle construction,
which we call the radical *-doubling. The difference is that for the usual *-doubling we
add independent *-adjoints to all elements of the original algebra, whereas for the radical
x-doubling we add independent x-adjoints only to the elements from the Jacobson radical
of the algebra, preserving the natural x-structure on a maximal semi-simple subalgebra.
We classify the x-representation type for the radical *-doubles of all finite-dimensional
algebras, and the answer we obtain is much more interesting than that of [MT]. The
principal advantage of the new construction is that the x-representation type of the radical
x-doubles happens to be a Morita invariant of the original algebra. The list of those A,
whose radical x-doubles are of type I, is also much more interesting and contains all semi-
simple algebras and all finite-dimensional algebras, the length of indecomposable modules
over which is bounded by 2. As a consequence we also obtain a tame-wild dichotomy
for our problem (which is not automatic in the x-case in contrast with the usual finite-
dimensional associative algebras, for which it was proved by Drozd, [Dr], in a very general
setup). Some analogous problems were earlier considered in [Bel, Be2, Se], see also [OS2]
and the references therin.

The paper is organized as follows: in the next section we present a rigorous definition of
the radical *-double of a finite-dimensional algebra, in Section 3 we recall basic facts about
the x-representation types, in Section 4 we formulate our main result, which classifies the
x-representation types of the radical x-doubles of finite-dimensional algebras. The rest of
the paper is devoted to the proof of the main result, which is spread over three sections.
In Section 5 we collected several auxiliary lemmas classifying the x-representation types of
the radical *-doubles of certain finite-dimensional algebras. In Section 6 we establish the
Morita invariance of the x-representation types of the radical x-doubles. The latter study
has led us to a very interesting question, which seems to be both quite natural and rather
nontrivial: describe, up to unitary equivalence, all projections in the full matrix algebra
M, (C*(F2)), where F; is a free group with 2 generators. The answer to this question
would substantially clarify the notion of *-wildness in the sense of [OS2], see Remark 4.
Finally, the proof of our main result is completed in Section 7.

2 Radical *-doubling

In this section we give a thorough definition of the intuitive construction of the radical
x-doubling, described in Section 1.

Let A be a finite-dimensional associative complex algebra, S be a maximal semi-simple
subalgebra of A and Rad (A) be the Jacobson radical of A. Then A decomposes, as a
complex vector space, into a direct sum A = S @ Rad (A). Note that A is not isomorphic
to the direct sum S @ Rad (A) of associative algebras.

Being semi-simple, the algebra S admits a decomposition into a direct sum of full
matrix algebras M, (C), n; € N, by the Wedderburn-Artin Theorem. Every M, (C) has
a natural s-structure associated with the transposition of a matrix. In every M, (C) we
can choose a standard basis, consisting of matrix units. Let {by,...,bs} be a list of all



diagonal matrix units in all M, (C) (they are self-dual with respect to *, i.e. bf =
i=1,...,s), and {c1,...,¢;} be a list of all upper triangular matrix units in all M,
Then {cj,...,c;} will be a list of all lower triangular matrix units in all M, (C). Note
the basis, constructed above, is closed with respect to *.

Fix some basis, {a1,...,at}, in Rad (A), and let B denote the basis of A, formed as
the union of the bases for S and Rad (A4), which we have just fixed. For z,y,z € B let
a; , € C be the corresponding structural constant, i.e. for z,y € B we have
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Denote by A(Rad — ) the associative algebra, generated over C by the elements from
BU{aj,...,a;}, subject to the following relations:

xYy = Za;yz, z,y € B;

z2€B
TY = Zafﬂ,z*z*, zeB\{a,...,ar},y €{al,...,ar};
z2€B
Ty = ZO‘;*@*Z*’ z€{al,...;a },y € B\ {ar,...,ax}
2€B
We will call the algebra A(Rad — ) the radical *-double of the algebra A. It is straight-
forward that A(Rad — ) inherits a natural *-structure from that on BU{aj,...,a}}. It is

an easy (but quite lengthy) exercise to show that, up to a *-isomorphism, A(Rad — x) does
not depend neither on the presentation of A, nor on the choice of S, nor on the choice of
{ai,...,a}. For example, if A = C[z]/(x?), then A(Rad — %) = A(x) is the quotient of
the free algebra C(x,y) modulo relations 2 = y* = 0 with the involution given by z* = y.

Both A and A* are subalgebra of A(Rad — %) in a natural way. However, in contrast
with A(x), A(Rad — %) is no longer a free product of A and A* over C, but rather a free
product of A and A* over the “common subalgebra” S. Remark that S can be arbitrary
semi-simple finite-dimensional algebra. In particular, S can be non-commutative. Neither
is S central in A in general. However A(Rad — x) = A(x) (as *-algebras) in the case when
A is local and basic.

3 Basic definitions and facts about the x-representa-
tion types

In this section we list some notation and definitions related to *x-wild and *-tame algebras.
In this exposition we follow [KS2, OS2]. All x-algebras considered here are unital with
the unit 1 and representations of *-algebras are unital *-homomorphisms into B(H), the
x-algebra of all linear bounded operators on a separable Hilbert space H. For a %-algebra,
A, we denote by Rep (A) the category of all x-representation of A. Given a *-algebra,
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A, of operators on H, denote by A’ its commutant, ie. A = {C € B(H) | [C,A] =
0 for every A € A}.

Definition 1. Let A be a x-algebra. A pair, (A4;¢: A — A), where A is a *-algebra and
© is a unital *-homomorphism, is called an enveloping *-algebra of the algebra A if for any
s-representation 7: A — B(H) of A there exists a unique *-representation 7: A — B(H)
such that the diagram

A
(pT

N
A—"= B(H)

is commutative, and any operator X : H; — H, which intertwines representations m; : A —
B(H;) and 7 : A — B(H,) of A is also an intertwining operator for the representations
71 and 79 of the algebra A.

It is easy to see that (A;Id: A — A) is an enveloping *-algebra of A.

Let M,(A) (= M,(C) ® A) be the full matrix algebra over A with the natural x*-
structure. If A is a C*-algebra then M, (.A) carries also the structure of a C*-algebra. Any
representation 7 : A — B(H) of A induces the representation 7, : M, (A) - B(H®...®H)
of the algebra M, (A). The representation 7, determines the representation 7, of an
enveloping algebra, (M, (A), ¢), of M,(A) on the same Hilbert space. If ¢ is a unital -
homomorphism of a x-algebra B to the algebra M, (A) then 7, 0t defines a representation
of B. So we can define a functor, F;: Rep (A) — Rep (B), in the following natural way:

o Fy(m) =7, o1, for every m € Rep (A),
e Fy(c) =diag(c,...,c) for a morphism, ¢ : m; — o, of representations 7y, my of A.

Definition 2. We say that a x-algebra, B, majorizes a x-algebra, A, denoted by B > A,
if there exist n € N, an enveloping algebra, M,(A), of the algebra M,(A), and a x-
homomorphism, ¢: B — M, (A), such that the functor Fy: Rep (A) — Rep (B) is full.

We say that B strongly majorizes A (B =° A) if there exist n € N and a *-homomor-
phism, ¢: B — M,(.A), such that the functor Fi,: Rep (A) — Rep (B) is full.

Note that to define strong majorization we consider M, (.A) as an enveloping x-algebra
of M,(A).

Clearly, B =* A = B = A. Note that both the majorization and the strong majoriza-
tion are quasi-order relations: C > B and B > A imply C > A, and C >° B and B >* A
imply C >° A.

It follows easily from the definition that if B > A then two representations m, mo
of A are unitarily equivalent if and only if the representations Fy(m ), Fy(ms) of B are
unitarily equivalent, a representation 7 of A is irreducible if and only if the representation
Fy(m) is irreducible. Thus the problem of unitary classification of the representations of
the x-algebra B contains, as a subproblem, the problem of unitary classification of the
representations of the x-algebra A.



Practically, in order to verify that the functor Fy, is full, it is sufficient to show that for
each representation m € Rep A on H and C € B(H) the inclusion C € Fy(7)(B)" implies
C = diag(c, ..., c), where c € T(A)'.

Let C[F;] denote the group *-algebra of the free group F, with two generators, u, v,
and involution defined on the generators in the usual way: u* = u™!, v* = v~'. Let C*(F)
be the full C*-algebra of F;, i.e. the completion of C[F;| with respect to the norm

|la|| = sup{7(a) : m € Rep (C[F2])}.

Definition 3. A x-algebra, A, is called x-wild if A >~ C*(F,). We say that A is strongly
«-wild if A strongly majorizes the group *-algebra C[F].

Clearly, any strongly x-wild algebra is #wild. A motivation for such definition of
x-wildness was a result proved in [KS1, KS2| saying that C*(F:) majorizes any finitely-
generated x-algebra.

Since the majorization is a quasi-order, to prove that a *-algebra, A, is *-wild it is
enough to find some *-wild algebra which majorizes the algebra A. One very important *-
wild algebra, which we will frequently use in the paper, is the following. Let &5 = C{ay, as |
a1 = aj,as = aj). Consider, for some fixed 0 < m < n, the semi-norm ||a|| = ||a||mmn
sup 7(a) on the x-algebra G,, where the supremum is taken over all representation 7 of &,
such that mI < m(a;) < nl, i=1,2, I being the identity operator. Denote by

C=Cph,=0C"(a1,00:m<a;=a; <n,i=1,2)

the C*-algebra which is obtained by the completion of Gs/(a : ||a|| = 0) with respect
to || - ||. Clearly, the elements a; and a; become invertible in € and positive in every
bounded representation. The following statement was proved in [MT, Lemma 4], but the
formulation there contained only the first part of the statement below.

Lemma 1. The C*-algebra € is x-wild. Moreover, there exists a homomorphism 1) : € —
M, (C*(F2)) such that (a;) € My(C[F2]) and the corresponding functor Fy is full.

Remark 1. From Lemma 1 it follows that a finitely generated *x-algebra A is strongly
x-wild if A majorizes € and the corresponding homomorphism % is such that the image
¥ (A) is contained in M, ({(a1, as)), where (a1, as) is the (not completed) *-subalgebra of €.

Definition 4. A x-algebra is called *-finite if it has only finitely many irreducible repre-
sentations up to unitary equivalence, and x-tame if it is of type I (see [Di, Chapter 9]) and
not x-finite.

Remark 2. A finitely generated *-algebra, A, is of type I if and only if for any irre-
ducible representation 7 of the algebra A on a Hilbert space, H,, the operator closure
m(A) contains a compact operator, and therefore contains all compact operators on H,
([Di, Theorem 9.1,Corollary 4.1.10]). Clearly, if a x-algebra has only finite-dimensional
irreducible representations, it is of type I.




4 Main Result

To formulate the main theorem we have to introduce the following notation: for every
positive integer n we denote by A, and A, respectively the path algebras of the quivers

Ayt L2 3 . m2  ma_ n Rad2(4,)=0,
. .
Ag: 4 / g mT—ngl Rad2(4,)=0

modulo the relation that the radical square of the algebra is zero. In particular, the algebra
A is isomorphic to C and the algebra A; is isomorphic to C[z]/(z?).

Theorem 1.  (I) Let A be a finite-dimensional indecomposable associative complez al-
gebra and A(Rad — ) be its radical x-double.

1 A(Rad — %) is x-finite if and only if A is simple if and only if A ~ M,(C) for
some n if and only if A s Morita equivalent to C.

2 A(Rad — *) is x-tame if and only if A is Morita equivalent to either A, for some
n > 1 orto A, for somen.

3 A(Rad — %) is x-wild if and only if A is not Morita equivalent to any of A, or A,
for all n.

(II) Let A and B be two finite dimensional algebras.

1 (A@® B)(Rad — ) is x-finite if and only if both A(Rad — %) and B(Rad — *) are
x-finite.

2 (A® B)(Rad — %) is x-tame if and only if it is not x-finite and both A(Rad — *)
and B(Rad — %) are either x-finite or x-tame.

3 (A®B)(Rad—x) is x-wild if and only if at least one of A(Rad—x) and B(Rad— %)
15 *-wild.

Remark 3. We remark that the algebras A,, and A, are precisely those finite-dimensional
indecomposable algebras, which do not have indecomposable representations of length (=
the number of simple subquotients) greater than 2. This is very well-known and can be
proved for example using the following argument. Let A be a basic algebra, which does not
have indecomposable representations of dimension greater than 2. Consider the quiver of
A. First one shows that any vertex x of the quiver is a starting point of at most one arrow
and is an ending point of at most one arrow, since otherwise the idempotent, representing
z, and elements of A representing two different arrows starting from (ending at) x define a
3-dimensional indecomposable representation of A. This implies that the quiver of A is a
disjoint union of quivers of A, and A,. If Rad ?(A) # 0 we get that there are two arrows,
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in the quiver, whose product is non-zero. With the idempotent, representing the common
vertex, we again get a 3-dimensional indecomposable representation of A. This implies
that A is a direct sum of algebras of type A,, and A,.

Hence Theorem 1 can be reformulated as follows.

Corollary 1. The radical x-double of an indecomposable associative complez finite-dimen-
sional algebra A is x-finite or x-tame (that is of type 1) if and only if A does not have
indecomposable representations of length greater than 2.

5 Preparatory lemmas: tame and wild collections

Lemma 2. The radical x-double of the algebra A, and A, is x-tame.

Proof. Let ey, ..., e, be the orthogonal primitive idempotents of A, (or A,) corresponding
to vertexes of the quiver A, (A, respectively) and let z;,;; be the element of A, (4,

respectively) which corresponds to the arrow } .

o ——

Let 7 be a non-zero irreducible representation of A, (Rad — *). Denoting p; = 7(e;),
X; = m(Zii+1), we have that p; # 0 for some ¢, X; : p,H - p;iH,i=1,...,n—1, and
Xip;H = 0 if j # 1. Choose the smallest ¢ such that p; # 0. If ¢ # 1 we have X; = 0 for
any 7 =1,...,¢2— 1. If X; =0, then any subspace U C p;H is invariant with respect to =
and therefore 7 is one-dimensional. If X; # 0, one can easily show that for any subspace
U C p;H which is invariant with respect to X;X;, the direct sum U & X;U is invariant
with respect to m. Then using the fact that 7 is irreducible we get that U is necessarily
one-dimensional and generated by an eigenvector of XX, and the representation 7 is
two-dimensional. This shows that A, (Rad — *) is *-tame.

Since radical *-double of A; coincides with its *-double and A; ~ C[z]/(x?) we have, by
[MT], that A;(Rad — ) is *-tame. Consider now A, (Rad—*), n > 1. Let 7 be its non-zero
irreducible representation. Keeping the above notation we have that X; ;X XX, =0 =
X X;X;_1X] | and therefore either ker X;_ X ; = ker X ; or ker X;X; = ker X is non-
zero for some i. If ker X* | # {0} (resp. ker X; # {0}) then this kernel is invariant with
respect to X;X; (resp. X;_1 X ;) and for any subspace U C ker X} ; (resp. U C ker Xj;),
which is invariant with respect to X;X; (resp. X;_1 X, ,), we have that U & X;U (resp.
U@ X} ,U) is invariant with respect to 7. Since 7 is irreducible, using the same arguments
as above we conclude that U is one-dimensional and the representation 7 is one or two-
dimensional. Therefore we have that A,(Rad — ) is *-tame for any n. O

Lemma 3. The radical x-double A of the quiver algebra e <"—e jy , with the relations
y? = xy = 0 is strongly x-wild

Proof. We let f to be the primitive idempotent, corresponding to the right point. The
homomorphism ¢ : A — M;5(C), defined by

e 00 0 ag O 0
V(f)=10e 0], ¥ =[0 0 0], @)= 0
0 0O 0 0 O 0

[



generates a full functor Fj, : Rep(€) — Rep(A). In fact, let 7 be a representation of
¢. To prove that Fy is full it is enough to show that any operator C = C* = [Cij]zjzl,
which intertwines the representation 73 o 1 of A, is diag(c, ¢, ¢), where ¢ intertwines the
cii ci2 0
representation 7 of €. If [C,m3(¢(f))] = 0 then C' = | ¢y c2 0 |. Taking into
0 0 C33
account that 7(a;), i = 1,2, are invertible one gets from [C, 73(¢(y))] = 0 that ¢i1o = ¢21 =0
and c¢y17(a1) = 7w(a1)caa, coom(ar) = w(ar)err. Since ¢ and cop are necessarily self-adjoint,
we obtain from this that cy;m(a;)? = m(ay)?cy; and therefore, by the positivity of the
operator m(ay), c11m(a;) = m(ay)c;r. Thus we have m(aq)coy = cpym(ay) = m(aq)ey; and,
using invertibility of 7(a;), it yields ¢;1 = c9o. Similarly, from [C, 73(3(x))] = 0 we have
C2o = C33, giving A > €. Since ¥(A) C (a1,as) C €, the x-algebra A is strongly *-wild by
Remark 1. O

Lemma 4. The radical x-doubles of the following quiver algebras are strongly *-wild:
(a) ®—"=e Y. e ,
(b) L] <z [ ] —y> L2

(c) o—$>o<y—o,

T

(d) e o, with the relation xy = 0,

(¢) oo

(f) e<"—e 3 v, with the relation y* =0,
(g9) e —"=e 3 v, with the relation y* = 0.

Proof. We shall only give homomorphisms 3 from the corresponding *-algebras, A, to
M, ({a1, a2)) C M, () which generate full functors F : Rep(€) — Rep(A). We denote by
fi, fo and f5 the primitive idempotents for the quiver algebras, which correspond to the
points, counted from the left.

(a)

e 00 0 00
Y(fi)={ 000 |, Y(fo))=] 0 e 0],

000 0 00

0 00 0 0 0
Y)=[ e 0 0 |, Y(y)=10 0 0

0 00 0 ay O



Similar for the case (b) and (c).

(d)

e 00 0 00 00 O
w(fl) = 0 e O ; ¢($) - 0 00 5 Tﬁ(y) = 0 0 a9
0 00 a 0 0 0 0 O
Similar for the case (e).

(g) The strongly *-wild algebra from Lemma 3 is a factor-algebra of A. Therefore A is
strongly *-wild.
(f) is similar to Lemma 3 and (g). O

Lemma 5. 1 A direct sum of x-algebras is *-finite if and only if all summands are *-finite.
2 A direct sum of x-algebras is of type 1 if and only if all summands are of type 1.

3 A direct sum of x-algebras is x-wild if and only if some of the summands is *-wild.

Proof. The first statement of the lemma is obvious. To prove the rest, it is certainly enough
to consider the case A = A; & A, where A;, Ay are x-algebras.

Let 7 be a representation of A and let 14, denote the unit in A;. Then p = 7(1 4, $0) is
a self-adjoint projection commuting with any element of A. Therefore 7 = 7 @ 7y, where
m(a) = m(a)p, ma(a) = w(a)(1 —p), a € A. By [Di, 5.4.3], 7 is of type I if and only if both
7 and mo are of type I. We have m(a; @ az) = m(a1) and mo(a; @ az) = w(ag), a; € A;. If
A;, 1= 1,2, are both of type I, the restrictions of 7 to each A; are representations of type
I and therefore the representation 7 itself also is of type 1.

Let A be a type I algebra. Assuming that, say .A; is not of type I, we have that there
exists a representation m; of A; such that the von-Neumann algebra generated by 7 (A;) is
not of type I. Now, setting m(a; ®as) = m1(a1), a; € A;, we get a non-type I representations
of A giving a contradiction.

Assume that A is a *-wild. Let ¢ : A — M,,(C*(F2)) be a x-homomorphism generating
the full functor F, : Rep (C*(F2)) — Rep (A). Then 7(p(A)) = n(M,(C*(F2))" for any
representation m € Rep (M, (C*(F3))) (see, for example, the proof of [OS2, Theorem 50]).
By [0S2, Lemma 14], ¢(A) = M,(C*(F2)), where bar indicates the closure in the C*-
algebra M, (C*(F3)). It is well-known that M, (C*(F3)) is an irreducible algebra. In fact,
it is well-known that C*(F,) has a faithful irreducible representation, 7, (see, for example
[Da, Theorem VIL.6.5]), and hence so does M,(C*(F,)): id ® . On the other hand,
o(A) = p(A1B0)Dp(0.Az). Therefore, either p(A;B0) or p(0d.Ay) is zero implying that
either A; or Aj is *-wild with the corresponding *-homomorphisms ¢; : A; — M, (C*(F))
defined via @;(a1) = ¢(a; ®0), a1 € Ay, and ps(az) = (0 ® as), as € A,, respectively.
The converse statement is trivial. O

6 Preparatory lemmas: Morita equivalence

Let A be a *-algebra and let 1 =e; + ey + ...+ e, be a decomposition of the identity of
the algebra A into a sum of pairwise orthogonal projections. Set A;; = e;Ae; and consider
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a vector space B = @F,_,B;; where Bi; = C™ ® Ay; ® C™, {m;} are positive integers.
We write elements of B as matrices (b;;), bj; € B;j. B possesses an algebra structure: if
bij =LH® a;; & g; and Cij = U; ®dz] Q@ w; with f;,u;, € C™| g;,wj € Cmi, aij,dij S Aij, we
define a product of (b;;) and (c;;) by

(bij) - (cig) = (s3),
Sij = D p Dik * Chjs bik - kj = (Gk, k) fi ® igv; @ wj,

where bar indicates the complex conjugation and (g, i) is the scalar product in C™ of

9k, Uk
B is a x-algebra with involution defined as follows:

(bij)" = (b;i)a b;i =59 ®a; ® f]

Taking a trivial decomposition of the identity (n = 1) we get B ~ M,,, (C) ® A with
an isomorphism ¢ given by ¢(f; ® a ® f;) = ei; ® a, where {f;} is the standard basis in
C™ and e;; are the matrix units in M,,, (C). In general, considering in M, +m,+...+m., (A)
the projection p = diag(e; ® I, €2 ® Iy, - .., e, & I, ), where I, is the identity matrix
in My, (C), we have B ~ pMy(A)p, where N =m; +mo+ ... +m,,.

Let p be a *-representation of A on H and set ¢; = p(e;). p generates a *-representation
[I(p) of B on H = & ,H;, where H; = C™ ® ¢;H: if h; = v; ® w;, with v; € C™ and
w; € ¢;H and by; = f; ® a;; ® g,

n

(o) ((big)) (hrs oy -y ) = (un, iz, -y u),  wi = > (95, 05) fi ® plag)w.

j=1

The representation II(p) comes from the following representation II(p) of the x-algebra
pMn(A)p: The representation p naturally induces the representation py of My (A). Let
H =" ,C™ ®H. Then H = py(p)H. For a € My (A), we set II(p)(pap) = pn(pa)|y as
a representation on the Hilbert space H.

Lemma 6. Any x-representation 7 of B is unitarily equivalent to I1(p) for some x-repre-
sentation p of A.

Proof. Let m be a *-representation of B on H and let p; be the projection onto the subspace
7(Byi)H. Since b;; - b;; = 0 for b; € By, bj; € Bj; and ¢ # j, we have p;p; = 0 if i # j and
Yo pi = 1so that H = @, H;, where H; = p;/. We also have that 7(B;;)H; = 0 if
k # j and w(B;;)H; C H;. Since each Bj;; is an algebra isomorphic to M, (C) ® A;; with
the unit I,,,, ® e; and any representation of the later is unitarily equivalent to id ® p;, where
p; is a representation of A;; on a Hilbert space H;, we have that there exists a unitary
operator V : @' H; — H = & ,C™ ® H; such that for the representation 7' = VaV !,

7' (bis) loms om; = (id @ pi) (@i (bis)) = (i) (bia),

where b; € B;; and ¢; @ B;; — M, (C) ® A;; is the isomorphism of the corresponding
algebras defined above.
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Let {f¥} be the standard basis in C™. Then Ran 7'(ff ® p; ® fF) C fF ® H;, and we
have

T(ff ®ai; @ f}) ] @w; =7 (ff @ pi ® fE)'(f} ® ai; ® fj)7'(f; @ p; ® [})f] ® w; =
T (fF@pi ® fHT'(ff © ai; @ f})(f}, £3) [} @ wj = (f}, £3) 1T © .

for some w; € H;. Since f] ® a; ® fi = (ff @pi ® ff) - (ff ® ai; ® f}) - (f} @ p; ® f}) one
easily checks that ©'(f] ® ai; ® f})f; @ w; = (f}, f7) f{ ® W so that @; depends only on w;
and Q5.

Let X,,; be the mapping from H; to H; which sends w; to w;. It is easy to check that
it is a linear bounded operator and that

™' (fi ® aij @ g;)u; ® wj = (g5, 85) fi ® Xay;w;

for arbitrary f; € C™, g;,u; € C™, and w; € H;. We extend X,,; to the whole space H in
the trivial way and denote the resulting mapping by the same letter. What is left to prove is
that p(a) := ZZ]‘:I Xpiap; » @ € A, is a x-representation of A on @}, H;. Direct verification
shows that Xg, 5, = Xo;; + Xp,; and Xy, = AX,,; implying p(a + b) = p(a) + p(b) and
p(Aa) = Ap(a).

0= (50 (500 -5 (S

1,j=1 1,j=1 1,j=1

and, if hy € C™ such that (hy, hy) = 1

™(fi ® piabp; ® g;)(u; ® w;) = 7' (fi ® Z(Pz’apk - prbp;) ® gj) (u; @ wy) =
k=1

= Zﬂ'l(fi ® piapr @ hy)m' (he ® prbp; ® g5)(u; ® wy) =
k=1

=) 7' (fi ® piapk @ hi) (g, ;) bk @ Xipppw;) =

k=1
gjauj fz (E : piapy kbpjwj) :

On the other hand, 7'(f; ® p;abp; ® g;)(u; ® w;) = (95, U;) fi ® Xp,abp;wj, giving us

pzabpj 2: plapk Prbp;

and

=Y Xpatp, = Z Z piane Xpuom; = p(@)p(b).

i,j=1 i,j=1 k=1
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Since p(a*) = 327 -1 Xpiarp; and p(a)* =377, X, to show that p is a *-representation

we have to prove that X, -5, = X7, . The verification of this is an easy task and we left

it to the reader. O

Lemma 7. Any idempotent in the algebra M, (C[Fs]) is equivalent to an idempotent of the
the form q ® e, where q is an idempotent in M,(C) and e is the unit in C[F3].

Proof. By [Co, Corollary 3], the algebra C[F3] is a free ideal ring. Hence the statement of
the lemma follows from [Co, Lemma 2.5]. O

Lemma 8. 1 A is x-finite if and only if B is x-finite.
2 A is of type 1 if and only if B is of type 1.
3 If A is strongly x-wild then B is x-wild.

Proof. The first statement follows from Lemma 6.

Assume A is of type I. Then so is the algebra My (A). In fact, any *-representation
of My(C) ® A is unitarily equivalent to p = id ® 7, where 7 is a x-representation of A.
Therefore the von-Neumann algebra generated by p(My(C) ® A) is My(C)QN, where
N is the von-Neumann algebra generated by m(A). Since N' and My (C) are of type I
so is My(C)QN ([Ta, Theorem 2.30]). Like A, My(A) is a finitely generated algebra.
Therefore, by Remark 2, if p is an irreducible representation of My (A) on H, the closure
p(My(A)) contains a compact operator K. Let p be the projection given the isomorphism
pMn(A)p ~ B. Clearly, for P = p(p), the operator PKP is compact as an operator
from B(H), where H = PH. Thus for the representation II(p) of the algebra pMy(A)p,
the operator closure of the image II(p)(pMy(A)p) contains a compact operator. Since,
by Lemma 6, any representation of pMy(A)p is unitarily equivalent to II(p) for some
p € Rep A, this implies that pMy(A)p and therefore B is of type I. We leave the converse
statement (which we do not need) to the reader.

Assume now that A is a strongly *-wild algebra. To prove x-wildness of B ~ pMy(A)p
it is enough to show that there exists a *-homomorphism ¢ : pMy(A)p — M, (C*(F2)) such
that ¥(pMny(A)p) is dense in M, (C*(Fz)). In fact, since (m,(M,(C*(F2))) = M,(C) ®
(7(C*(F))) = CI, @ (m(C*(F))) for any 7 € Rep (C*(Fz)), we would have in this
case that C' € Fy(m)(pMn(A)p) = (mn(M,(C*(F2))) = CI, ® (7(C*(F2)))', giving the
statement. We know the existence of a *-homomorphism ¢ : A — Mg (C*(F;)) satisfying
this density condition (see the corresponding arguments in the proof of Lemma 5) and,
moreover, the condition ¢(A) C My (C[F]). Let pn be the x-homomorphism My (A) —
My (C[F;]) induced by ¢. Then

on(PMn (A)p) = on(p)pn (My(A))eon(p)

is dense in oy (p) Mnk(C*(F2))en(p). ©n(p) is a projection in My (C([F3])) and there-
fore, by Lemma 7, is equivalent to a projection of type ¢ ® e, where ¢ is a projection
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(say, of rank n) in Myg(C). Let T € Myg(C([F2])) be an invertible element giving the
equivalence. Then

on (P) My i (CH(Fa))on(p) = T (g @ e)T My (C*(F)) T (q®@ )T =
= Tﬁl((] ® G)MNK(C*(J:Q))(Q X €)T

Since (¢ ® e)Myk (C*(F2))(g ® €) = My (C*(F2)), we have on(p) Mk (C*(F2))on(p) =
M, (C*(Fy)). If § is the corresponding isomorphism, § o ¢y : pMy(A)p — M, (C*(F)) is
the required *-homomorphism ¢ : pMy(A)p — M, (C*(F3)). O

Remark 4. Using similar arguments one can prove that if B is strongly *-wild, then A is
*-wild. We do not know if strong #-wildness can be replaced by *-wildness. This would
be true if we could prove that any projection in M, (C*(F2)) is unitarily equivalent to an
elementary one, that is ¢ ® e, where q is a projection in M, (C). However, at the moment
we do not know how to prove the last statement (and we do not know if it is correct).

7 Proof of the main result

The second statement of the theorem follows from Lemma 5. For the first statement we
can assume that the algebra A is indecomposable and basic using Lemma 8.

If A is basic and is isomorphic to A;, then it is obvious that A(Rad — x) ~ A is x-finite.
In fact it has (up to a *-isomorphism) only one irreducible *-representation, which is the
trivial one.

By Lemma 2, the radical *-double of both A, and A, is *tame. In Remark 3 we
have seen that the algebras A,, and /Nln are characterized as those finite-dimensional basic
indecomposable algebras whose dimensions of indecomposable representations do not ex-
ceed 2. To complete the proof it is now left to show that the radical *-double of a basic
indecomposable algebra A, admitting a 3-dimensional indecomposable representation, m
say, is strongly x-wild. Let us denote by B the quotient of A modulo the annihilator of .
We note that B is basic and indecomposable and that 7 induces a 3-dimensional indecom-
posable representation of B. It is of course enough to show that the radical *-double of B
is strongly *-wild. We will now show that this essentially reduces to Lemma 4.

We have the following three possibilities for 7:

(I) 7 has exactly one 1-dimensional subrepresentation which we denote by 71, and ex-
actly one 1-dimensional quotient representation which we denote by ms.

(IT) 7 has exactly one 1-dimensional subrepresentation which we denote by 71, but more
than one 1-dimensional quotient representations.

(III) 7 has exactly one 1-dimensional quotient representation which we denote by 7, but
more than one 1-dimensional subrepresentations.
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In what follows we are going to study all possibilities for B case by case.

Assume first that 1 is a primitive idempotent. Then the radical *-double of B and the
usual #-double of B in the sense of [MT] coincide and the statement follows from [MT,
Corollary 1] (remark that all *-wild x-doubles in [MT] are in fact strongly *-wild by the
constructions used in [MT] and Remark 1).

Let us now assume that B has two non-equivalent orthogonal primitive idempotents f
and 1 — f. Since both these elements do not annihilate 7, we can assume that the image
of f is 2-dimensional and the image of 1 — f is thus 1-dimensional. In the case (I) we have
three possibilities:

1. 1 — f is not annihilated by 7;. In this case the algebra B is (via m) the algebra of
the following matrices:

b d
B = 0 l ta,b,c,d,l € Cp
0 a

S 0

and one easily constructs an isomorphism to the algebra of Lemma 4(f). Using the
latter lemma we conclude that B(Rad — *) is strongly s-wild.

2. 1— f is not annihilated by m,. In the same way as above, it is easy to see that in this
case B is isomorphic to the algebra of Lemma 4(g) and hence B(Rad — ) is strongly
*-wild.

3. 1 — f is annihilated by both m; and my. It is easy to see that in this case B is
isomorphic to the algebra of Lemma 4(d) and hence B(Rad — ) is strongly *-wild.

In the case (II) we have two possibilities:

1. 1 — f is not annihilated by 7. It is easy to see that in this case B is isomorphic to
the algebra of Lemma 4(e) and hence B(Rad — %) is strongly *-wild.

2. 1 — f is annihilated by 7. It is easy to see that in this case B is isomorphic to the
algebra of Lemma 4(g) and hence B(Rad — ) is strongly *-wild.

In the case (III) we have two possibilities:

1. 1 — f is not annihilated by 7. It is easy to see that in this case B is isomorphic to
the algebra of Lemma 4(e) and hence B(Rad — %) is strongly *-wild.

2. 1 — f is annihilated by 7. It is easy to see that in this case B is isomorphic to the
algebra of Lemma 4(f) and hence B(Rad — ) is strongly *-wild.
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Finally, let us assume that B has three non-equivalent pairwise orthogonal primitive
idempotents e, f and 1 — f — e. Then the rank of each of them under 7 is 1-dimensional.
Hence in the case (I) we get that B is isomorphic to the algebra of Lemma 4(a) and hence
B(Rad — x) is strongly *-wild. In the case (II) we get that B is isomorphic to the algebra
of Lemma 4(c) and hence B(Rad — x) is strongly *-wild. In the case (III) we get that B is
isomorphic to the algebra of Lemma 4(b) and hence B(Rad — %) is strongly #-wild. This
completes the proof.

Acknowledgments

Research was partially supported by STINT and Swedish Research Council. We thank
Prof. Yu.Samoilenko, Prof. C.M.Ringel, and Prof. S.Ko6nig for helpful discussions. We are
especially in debt to Prof. Yu.Drozd for informing us about the results of [Co].

References

[Bel] Yu. Bespalov, Algebraic operators, partial isometries, and wild problems. Methods
Funct. Anal. Topology 3 (1997), no. 1, 28-45.

[Be2] Yu. Bespalov, Families of operators satisfying relations in Hilbert space, Ph.D.Thesis,
Institute of Mathematics, Kyiv, 1992.

[BS] Yu.N. Bespalov, Yu.S. Samoilenko, Algebraic operators and pairs of selfadjoint oper-
ators connected with a polynomial relation. (Russian) Funktsional. Anal. i Prilozhen.
25 (1991), no. 4, 72-74; translation in Funct. Anal. Appl. 25 (1991), no. 4, 289291
(1992)

[Co] P.M.Cohn, Free ideal rings. J. Algebra 1 1964, 47-69.
[Da] K.R.Davidson, C*-algebras by examples, Fields Institute monographs, 1991.
[Di] J.Dixmier, C*-algebras, North-Holland Publ. Comp., Amsterdam, 1982.

[Dr] Ju. A. Drozd, Tame and wild matriz problems. Representation theory, I (Proc. Second
Internat. Conf., Carleton Univ., Ottawa, Ont., 1979), pp. 242-258, Lecture Notes in
Math., 832, Springer, Berlin-New York, 1980.

[KS1] S. A. Kruglyak and Yu. S. Samoilenko, Unitary equivalence of sets of selfadjoint
operators. (Russian) Funktsional. Anal. i Prilozhen. 14 (1980), no. 1, 60-62.

[KS2] S. A. Kruglyak and Yu. S. Samoilenko, On complexity of description of represen-
tation of x-algebras generated by idempotents, Proc. Amer. Math. Soc., 128 (2000),
no. 6, 1655-1664.

15



[MT] V.Mazorchuk and L.Turowska, *-representation type of x-doubles of finite-dimensio-
nal algebras, Preprint 2002:1, Uppsala University, to appear in Proc. Edinburgh Math.
Soc.

[OS1] V. Ostrovskii, Yu. Samoilenko, Representations of quadratic x-algebras by bounded
and unbounded operators, Repts. Math. Phys. 35 (1995), no. 2/3, 283-301.

[0S2] V. Ostrovskii, Yu. Samoilenko, Introduction to the Representation Theory of Finitely
Presented x-algebras. 1. Representations by bounded operators. Rev. Math. Math.
Phys. 11 (1999), part 1, 1-261.

[ST] Yu. Samoilenko, L. Turowska, On bounded and unbounded idempotents whose sum is
a multiple of the identity, Methods Funct. Anal. Topology 8 (2002), no. 1, 79-100.

[Se|] V.V. Sergeichuk, Unitary and Euclidean representations of a quiver, Linear Algebra
Appl. 278 (1998), no. 1-3, 37-62.

[Ta] Takesaki, M. Theory of operator algebras. I. Reprint of the first (1979) edition. En-
cyclopaedia of Mathematical Sciences, 124. Operator Algebras and Non-commutative
Geometry, 5. Springer-Verlag, Berlin, 2002.

Volodymyr Mazorchuk, Matematiska Institutionen, Uppsala Universitet, Box. 480, SE 751
06, Uppsala, Sweden, e-mail: mazor@math.uu.se,
web: “http://www.math.uu.se/ mazor/”.

Lyudmila Turowska, Chalmers Tekniska Hogskola, Matematiska Vetenskaper, SE 412 96,
Goteborg, Sweden, e-mail: turowska®math.chalmers.se,
web: “http://www.math.chalmers.se/ turowska/” .

16



