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Homogenizable structures

Throughout this talk | will only consider structures with a finite
relational signature.

A structure M is called homogeneous if for each finite A C M
and embedding f : A — M, f may be extended to an

automorphism of M.
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Homogenizable structures

Throughout this talk | will only consider structures with a finite
relational signature.

Definition
A structure M is called homogeneous if for each finite A C M

and embedding f : A — M, f may be extended to an
automorphism of M.

M

Theorem (Lachlan and Woodrow 1980)

If M is a countably infinite homogeneous graph then for some
neZ*tU{oc}, M (or M€) is isomorphic to either the random
graph, the generic K,—free graph or a disjoint union of K.

. A444 .
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Homogenizable structures

Definition

A structure M is homogenizable if for some formulas

(pl()_(l), ey gOn()_(n) and Rl = (pl(/\/l), ey Rn = QD,,()_(,,), if
Ri,..., R, are added to the signature of M then M becomes
homogeneous.
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Homogenizable structures

Definition

A structure M is homogenizable if for some formulas

(pl()_(l), ey gOn()_(n) and Rl = (pl(/\/l), ey Rn = QD,,()_(,,), if
Ri,..., R, are added to the signature of M then M becomes
homogeneous.

The infinite graph with 1 edge, add ¢(x): Jy(xEy)
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Homogenizable structures

Definition

A structure M is homogenizable if for some formulas

(pl()_(l), ey gOn()_(n) and Rl = (pl(/\/l), ey Rn = QD,,()_(,,), if
Ri,..., R, are added to the signature of M then M becomes
homogeneous.

The infinite graph with 1 edge, add ¢(x): Jy(xEy)

The random bipartite graph, add ¢(x, y): 3z(xEz A yEz)

W

Ove Ahlman, Uppsala University Easy and hard homogenizable structures



Homogenizable structures

Definition

A structure M is homogenizable if for some formulas

(pl()_(l), ey gOn()_(n) and Rl = (pl(/\/l), ey Rn = QD,,()_(,,), if
Ri,..., R, are added to the signature of M then M becomes
homogeneous.

The infinite graph with 1 edge, add ¢(x): Jy(xEy)

The random bipartite graph, add ¢(x, y): 3z(xEz A yEz)

The infinite complete graph with a disjoint K3, ¢(x):
Ay1, y2(xEyr A xEys)

[ e
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Homogenizable structures

The random bipartite graph in disjoint union with the inifinite
graph with 1 edge, add:
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Homogenizable structures

The random bipartite graph in disjoint union with the inifinite
graph with 1 edge, add:

©1(x) Iy, ya2(xEyr A XEy»)
pa(x)  —p1(x) ATy (xEy)
Y(x,y) 3Jz(xEz A yEz)
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Homogenizable structures

The random bipartite graph in disjoint union with the inifinite
graph with 1 edge, add:

©1(x) Iy, ya2(xEyr A XEy»)
pa(x)  —p1(x) ATy (xEy)
Y(x,y) 3Jz(xEz A yEz)

The non-negative rational numbers, add ¢(x): Vy(x < y)
0 1 2 3 4 5 6
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Homogenizable structures

The random bipartite graph in disjoint union with the inifinite
graph with 1 edge, add:

©1(x) Iy, ya2(xEyr A XEy»)
pa(x)  —p1(x) ATy (xEy)
Y(x,y) 3Jz(xEz A yEz)

The non-negative rational numbers, add ¢(x): Vy(x < y)
0 1 2 3 4 5 6

The non-negative rational numbers in disjoint union with the
non-positive rational numbers, add:

p1(x)  Ty(x <y)

p2(x)  Tyly <x)

3(x)  Vw(pi(w) = w < x)
1 2 3 4 5 6

[ 2= ~6

6 -5 -4 -3 -2 -1 0
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Homogenizable structures

®c

T 5 4 3L g
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Homogenizable structures

Vy(x <)

1 2 3 4 5 6

0

p1(x)  Fy(x <y)
2a(x)  Fy(y < x)
e3(x)  Vw(p1(w ) — w < x)

2 3 4 5

0

T 5 4 3L g

Question: How complicated can the homogenization get?

» Number of formulas?
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Homogenizable structures

Vy(x <)

1 2 3 4 5 6

0

p1(x)  Fy(x <y)
2a(x)  Fy(y < x)
e3(x)  Vw(p1(w ) — w < x)

2 3 4 5

0

T 5 4 3L g

Question: How complicated can the homogenization get?
» Number of formulas?

» Number of free variables?
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Homogenizable structures

Vy(x <)

1 2 3 4 5 6

0

p1(x)  Fy(x <y)
2a(x)  Fy(y < x)
e3(x)  Vw(p1(w ) — w < x)

2 3 4 5

0

T 5 4 3L g

Question: How complicated can the homogenization get?
» Number of formulas?
» Number of free variables?
» At least 3, V,Vd, dV etc. ?
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> k—homogeneous graphs
Definition

M is (> k) k—homogeneous if for each finite A C M such that
|A| = k (]A] > k) and embedding f : A — M, may be extended
to an automorphism.

A >k—homogeneous structure is homogenizable.
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> k—homogeneous graphs

For n € Z* let G, be the graph with vertex set
V=7 x{1,...,n} and edge set E = {{(a,1),(b,J)} : a # b}.
Note that G, | Z x {i} = K and G, is the homogeneous graph

isomorphic to the infinite disjoint union of K.

(=11 oD (LD

The Graph G,

(-12) a2
0,2)
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> k—homogeneous graphs

For n € Z* let G, be the graph with vertex set
V=7 x{1,...,n} and edge set E = {{(a,1),(b,J)} : a # b}.
Note that G, | Z x {i} = K and G, is the homogeneous graph

isomorphic to the infinite disjoint union of K.

(=11 oD (LD

The Graph G,

(-12) a2
0,2)

Lemma

Let M be a countably infinite graph. M is >k—homogeneous but
not 1—homogeneous if and only if for some n € 7" and finite
homogeneous graph H, M (or M€) is isomorphic to G,UH.

The Graph G,u C, % Q
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> k—homogeneous graphs

If t > 2 let H:1 be the graph with universe

Hin =7 x {1,...,t} x {1,2} such that the inclusion map

v Henx — G x {1,2} is an isomorphism. Let H; have the same
universe as H;: 1 but with edge set

Ei» = Eg,, U {{(a,i,2),(b,j,w)} :z# w and a = b}.

Lastly define the graph 1 as having universe Z x {1,2} and
edge set E = {{(a,/),(b,j)} :i=jora=bbuti#,j}.

The Graph H, The Graph H, ,

ol
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> k—homogeneous graphs

Lemma

Let M be a countably infinite graph. M is >k-homogeneous,
1—homogeneous but not 2—homogeneous if and only if M (or
ME€) is isomorphic to He1 or Hio for some t.

——

The Graph H, |
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> k—homogeneous graphs

Lemma

If M is a >k—homogeneous infinite graph which is
1—homogeneous and 2—homogeneous, then M is homogeneous.
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> k—homogeneous graphs

Lemma

If M is a >k—homogeneous infinite graph which is
1—homogeneous and 2—homogeneous, then M is homogeneous.

Theorem (A. 2016)

Let k € Z". If M is a >k—homogeneous countably infinite graph
then M (or M€) is isomorphic to one of the following

» A homogeneous graph.
» G,UH for some n € Z*+ and finite homogeneous graph H.

> H;:1 or Heo for some t.
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> k—homogeneous graphs

Corollary

GnUH is homogenizable using a unary formula.
H¢1 and Hip are homogenizable using a single binary formula.

The Graph H, |

The Graph G,u C, Q

The Graph H, ,
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> k—homogeneous graphs

Questions:
» How does this work for more complicated vocabularies?

» Especially, can we find a nice classification without classifying
the homogeneous ones?

=

The Graph H, |

=l

The Graph H, ,
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> k—homogeneous graphs

Thank you!
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