LIMIT LAWS AND AUTOMORPHISM GROUPS
OF RANDOM NONRIGID STRUCTURES

OVE AHLMAN AND VERA KOPONEN

ABSTRACT. A systematic study is made, for an arbitrary finite relational language
with at least one symbol of arity at least 2, of classes of nonrigid finite structures.
The well known results that almost all finite structures are rigid and that the class
of finite structures has a zero-one law are, in the present context, the first layer in a
hierarchy of classes of finite structures with increasingly more complex automorphism
groups. Such a hierarchy can be defined in more than one way. For example, the kth
level of the hierarchy can consist of all structures having at least k elements which are
moved by some automorphism. Or we can consider, for any finite group G, all finite
structures M such that G is a subgroup of the group of autmorphisms of M; in this
case the “hierarchy” is a partial order. In both cases, as well as variants of them, each
“level” satisfies a logical limit law, but not a zero-one law (unless k = 0 or G is trivial).
Moreover, the number of (labelled or unlabelled) n-element structures in one place of
the hierarchy divided by the number of n-element structures in another place always
converges to a rational number or to co as n — oco. All instances of the respective
result are proved by an essentially uniform argument.

Keywords: finite model theory, limit law, zero-one law, random structure, automor-
phism group.
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1. INTRODUCTION

In a sequence of articles |7, 9, 10, 12, 18] it has been shown that for any finite relational
vocabulary (also called signature), the proportion of labelled (as well as unlabelled) n-
element structures which are rigid, i.e. has no nontrivial automorphism, approaches 1
as n approaches infinity. By the work of Glebskii et. al. [11] and Fagin [8|, for any
sentence ¢, the proportion of n-element structures (labelled or unlabelled) in which ¢ is
true approaches either 0 or 1 as n tends to infinity. In other words, the class of finite
structures satisfy a (labelled and unlabelled) zero-one law.

However, the asymptotic behaviour of nonrigid n-element structures appears to have
been neglected, besides work of Cameron [2, 3] in the case of unlabelled undirected
graphs. Possibly because the class of nonrigid finite structures make up to only a “mea-
sure zero” subclass of the class of all finite structures. Nevertheless, for any integer
k, the number of (nonisomorphic) n-element structures with at least k elements which
are moved by some automorphism grows exponentially with n; and the same holds for
the number of n-element structures whose automorphism group contains some specified
group. (This follows from the proofs in Section 2.) But more interestingly, considera-
tion of finite structures whose automorphism group has a certain (minimum) complexity
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gives rise to an infinitude of natural classes of finite (nonrigid) structures with logical
limit laws (Theorem 1.2). Each such class has the property that there are more than
one but only finitely many “convergence points”, all of which are rational; that is, there
is a finite set A of rational numbers such that |A| > 1 and, for every sentence ¢, the
proportion of n-element structures in the class which satisfy ¢ converges to a number in
A. Moreover, in a sense that can be made precise, there are only finitely many (but more
than one) “limit theories” of any such class, all of which are Ry-categorical and simple
with SU-rank one.! It appears like the classes of nonrigid structures considered here are
the first nontrivial and “naturally occuring” classes of finite structures with such limit
law behaviour.”

Furthermore, for any two clagsses C and K of finite structures that are associated
with some (minimum) complexity of the automorphism group, the number of (labelled
or unlabelled) n-element structures which belong to C divided by the number of n-
element structures which belong to K converges to a rational number or to co as n — oo
(Theorem 1.1 and Remark 5.17).

In general, this study gives fairly complete answers, for any finite relational vocabulary
with at least one relation symbol with arity at least 2 and for labelled as well as unlabelled
structures, to questions initiated by Cameron long ago (in particular Theorems 1 and 2
in [2]), but also to other natural variations of his questions and to the problem of whether
logical limit laws hold for classes of structures defined in terms of the complexity of their
automorphism group.

A more detailed study, for any m € N, of the typical autmorphism groups of finite
structures such that at least m elements are moved by some automorphism is carried
out in [16]. Roughly speaking, [16] shows that almost all finite structures with some
minimum complexity of their automorphism group have as simple automorphism group
as the minimum complexity allows.

Before stating the main results we introduce some basic terminology, notation and as-
sumptions that will be used throughout. We fix a finite vocabulary, also called signature,
{R1,...,R,} of (only) relation symbols where R; has arity r;. Let r = max{ri,...,r,}
and we call r the mazimal arity. We always assume that r > 2, although this assumption
is sometimes repeated. By a structure, we mean a structure for the above vocabulary,
that is, a tuple M = (M, R{V‘, e Rﬁ/l) where M is a set, called the universe of M, and,

foreachi=1,...,p, RzM C MT™i. The relation RIM is called the interpretation of R; in
M. For every positive integer n let [n] = {1,...,n} and let S,, be the set of all structures
with universe [n] and let S = (72 S,,. For every structure M, let Aut(M) denote the
group of automorphisms of M. (For basic model theory, see [17, 19] for example.)

For groups G and H, G = H means that they are isomorphic (as abstract groups)
and G < H means that G is isomorphic to a subgroup of H. For structures M and
N, M = N means that they are isomorphic. Let N, N*, Q and R denote the sets of
nonnegative integers, positive integers, rational and real numbers, respectively.

LFor any finite relational language with at least one symbol of arity at least 2 and integer [ > 2, the
class of all finite structures and the class of all (strongly) [-colourable finite structures [14, 15] have a
zero-one law with a “limit/almost sure” theory which is Ro-categorical and simple with SU-rank 1. The
class of all finite partial orders has a zero-one law [4] with a limit theory which is probably Ro-categorical
(because the “height” of a finite partial order is almost always 3 [13]), although we have not checked this.

2A trivial example can constructed by adding a new unary relation symbol R to a vocabulary with
some relation symbol of arity at least 2 and letting the interpretation of R be a singleton set in half of
all n-element structures in the initial vocabulary and the empty set in the other half.
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Theorem 1.1. For any two finite groups G and H, each one of the following limits
exists in QU {oo}:
i {M €S, : H < Aut(M)}| i {M €S, : H = Aut(M)}|
im ) im
n—oo |[{M €8, : G < Aut(M)}|" n—oo [{M €S, : G = Aut(M)}]
. [{iM €S, 1 G = Aut(M)}]
lim .
n—00 H./\/l €S,:G< Aut(/\/l)}‘

and

Before stating the remaining main results, we introduce some more notation which will
be used throughout the article. For a set A, |A| denotes its cardinality and Sym/(A)
denotes the group of all permutations of A. If f1,..., fr € Sym(A) then (fi,..., fx)
denotes the subgroup of Sym(A) generated by fi,..., fi,

Spt(f1,..-,fx) = {a € A:g(a) # aforsome g € (fi,...,fr)}

and spt(fi,...,fx) = [Spt(fi,..., fx)|- We call Spt(fi,..., fr) the support of the se-
quence f1,..., fr. For a finite structure M we let

spt(M) = max{spt(f) : f € Aut(M)},
Spt*(M) = {a € M :a € Spt(f) for some f € Aut(M)}, and
spt*(M) = [Spt*(M)].

The set Spt*(M) is called the support of M. Note that we always have spt(M) <
spt*(M). Throughout, we use the following notation for p,p’ € N:

Sn(spt =p) = {M €S, :spt(M) = p},
Sn(spt >p) = {M €S, : spt(M) > p},
Sn(spt <p) = {M €S, :spt(M) < p},
Sn(spt” =p) = {M € Sy :spt"(M) = p},
Sn(spt” >p) = {M €8, : spt"(M) = p},
Sn(spt™ <p) = {M €Sy :spt’ (M) <pj,

Sn(p <spt* <p') = {MeS,:p<spt" (M) <p'}.

Whenever S, C S,, is defined for n € N* we let S’ = [J;2; S/,. The expression almost
all M € S’ has property P means that

i {Me€8S] : M has P}
lim =

1.

Suppose that S), C S, for all n € N*. We say that 8’ = (J,,cy+ S}, has a limit law if for
every first-order sentence ¢ over the vocabulary, the proportion of M € S/ which satisfy
© converges as n — o0. If the limit converges to 0 or 1 for every first-order sentence ¢,
then we say that S’ has a zero-one law.

Theorem 1.2. (i) For every finite group G, {M € S : G = Aut(M)} and

{MeS:G < Aut(M)} have a limit law.

(ii) For every integer m > 2, S(spt* = m), S(spt > m) and S(spt* > m) have a limit
law.

(113) In each case of the previous parts there is a finite set A C Q such that, for every
first-order sentence v, the proportion of structures of the kind considered converges to
some a € A as n — 0.

However, in each case of Theorem 1.2 we do not we have a zero-one law, if G is nontrivial,
as explained in Remark 6.9.
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Theorem 1.3. Theorems 1.1 and 1.2. also hold in the unlabelled case, that is, if we
only count structures up to isomorphism.

Remark 1.4. (Asymptotic estimates) The results, in particular Propositions 4.4
and 5.9 and Lemmas 4.2, 4.3, 5.3 and 5.8 give, in principle, a method of finding, for any
finite group G, an asymptotic formula of the number of M € S,, such that G < Aut(M).

The same is true if ‘<’ is replaced by ‘=’ or if we instead consider, for some arbitrary
fixed integer m > 2, |S,(spt > m)|, [Sp(spt* > m)| or [Sp(spt* = m)| as n — occ.

Remark 1.5. (Irreflexive and symmetric relations) (i) Suppose that every relation
symbol is always interpreted as an irreflezive relation, that is, if M = R;(aq, ..., ar,) then
aj # aj whenever j # j'. Then Theorems 1.1 — 1.3 remain true, but some modifications
have to be made in some proofs and in some technical results of the article.

(ii) Suppose that every relation symbol is always interpreted as an irreflexive and
symmetric relation, where the later means that if M = R;(ai,...,ar,) then M =
Ri(ax(1ys - -+ Qnr(ry) for every permutation 7 of [r;]. Again Theorems 1.1 — 1.3 remain
true, with minor modifications in some proofs and technical results.

Here follows an outline of the article. We deal with labelled structures until the last
section, where we show why the main results also hold for unlabelled structures. In
Section 2 we show that for every m € N there is a number ¢, depending only on m
and the vocabulary, such that almost all M € S(spt > m) have no automorphism the
support of which contains more than t elements. In Section 3 we show, by a Ramsey type
argument, that if M is finite and for every f € Aut(M), spt(f) < ¢, then there are at
most #'72 elements a € M such that g(a) # a for some g € Aut(M). More briefly, with
the notation after Theorem 1.1: if spt(M) < ¢ then spt*(M) < ¢'*2. A consequence of
these results is that for every m € N there is T € N such that almost all M € S(spt > m)
have the property that at most T' elements are moved by some automorphism. (In the
case of unlabelled undirected graphs this was proved, in a different way, by Cameron
2].)

Section 4 considers asymptotic estimates that are needed later. In this section, a
structure A € S and subgroup H of Aut(A) is given and an asymptotic estimate is
proved for the number of M € S,, such that spt*(M) = |A| and there is an embedding
f:A— Msuch that Hf = {fof~' : 0 € H} is a subgroup of the group {g[Spt*(M) :
g € Aut(M)}. The set of such structures is denoted S, (A, H). Sets of this sort are the
“building blocks” of other sets of structures considered here, in the sense that almost all
structures of any set of structures in the main theorems belong to a finite union of sets
of the form J>2 | Sp(A, H). In Section 5 we use the results from previous sections and
in particular the asymptotic estimate of S, (A, H) to prove Theorem 1.1, in the form of
Propositions 5.10, 5.15 and 5.16.

Theorem 1.2, about logical limit laws, is proved in Section 6. Again, the set S,, (A, H)
plays a central role. In fact, the main task is to prove that S(.A, H) has a zero-one law.
This and Proposition 5.9 implies Theorem 1.2. The final Section 7 shows why all main
results also hold for unlabelled structures. This is summarised in Theorem 7.7 which
implies Theorem 1.3.

Terminology and notation 1.6. We use the calligraphic letters A, B,C, M, N to de-
note structures and the corresponding noncalligraphic letters A, B,C, M, N to denote
their universes. Usually the universe will be [n] = {1,...,n} for some n € N*. We
sometimes write @ to denote a finite tuple (a1,...,ay), and if a = (ay,...,a,) and
b = (by,...,by), then we let ab = (ai,...,an,b1,...,by). If M is a structure and
A C M, then MJA denotes the substructure of M with universe A.

Let H and H' be permutation groups on sets  and ', respectively. A bijection
f:Q —  is called an isomorphism from H to H' as permutation groups if H' =
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{fhf~':h € H}. Wesay that H and H' are isomorphic as permutation groups if such
f exists, and this clearly implies that they are isomorphic as abstract groups. We let
H =p H' mean that H and H' are isomorphic as permutation groups. If f: A — Bis a
function and X C A, then f[X denotes the restriction of f to X. If H is a permutation
group on 2 and X C € is the union of some of the orbits of H on 2, then we define
H|X = {h|X : h € H} which is a permutation group on X, and we call H|X the
restriction of H to X.

If f is a permutation of 2 then a € Q is called a fized point of f if f(a) =a. If H is a
group of permutations of € then a € Q is called a fized point of H if a is a fixed point of
every h € H. For a structure A, a € A is called a fized point of A if a is a fixed point of
Aut(A). For any nonempty set 2, Sym(Q) denotes the symmetric group of , i.e. the
group of all permuations of 2, and Sym,, = Sym([n]).

If G is a group and gi1,...,9, € G then (g1,...,g,) denotes the subgroup of G' gen-
erated by ¢1,...,9,. For a permutation group G on a set 2 we let Orb(G) be the set
of orbits of G on © and orb(G) = |Orb(G)|. Such G also acts on Q™, the set of or-
dered m-tuples of elements from €, by the action g(ai,...,an,) = (g(al), e ,g(am))
for every g € G and (ai,...,a;m) € Q™. When refering to “the orbits of G on Q™”
we mean the orbits with respect to this action, unless something else is said. We let
Orb™(G) be the set of orbits of G on Q™ and orb™(G) = |Orb™(G)|. For m,..., 7, €
Symy, we let Orb(my,...,m;) = Orb((m1,..., 7)), orb(71,...,m) = orb({m1,..., 7)),
Orb™(my, ..., ) = Orb™((m1, ..., 7)) and orb™(my, ..., ) = orb™((m1,...,m)). For
unexplained notions such as ‘action, orbit’ etc., see for example [5].

We will also use the terminology and notation that was introduced between Theo-
rems 1.1 — 1.3 as well as the following notation: if fi,..., fx are permutations of [n],
then

Sn(fla ce ,fk) = {M €Sy fi,..., fr € Aut(./\/l)}

By f(n) ~ g(n) (as n — oo) we mean that f(n)/g(n) — 1 as n — oo. It will be
convenient to use the notation expy(z) = 2*.

2. UPPER BOUNDS OF THE SUPPORT OF AUTOMORPHISMS

The main result of this section, Proposition 2.3, is that for any m € N there is t € N
such that the proportion of M € S, (spt > m) such that spt(M) < ¢ approaches 1 as

n — oo. We also derive a couple of corollaries of this which are important for the rest of

the article. The following elementary result, often called Burnside’s lemma or theorem?,

will be used. Proofs are found in [1, 5], for example.

Proposition 2.1. If G is a group of permutations of a finite set M then
1
orb(G) = @l Z |{a € M : g(a) = a}|
geG
Recall that [n] = {1,...,n} and by [n]" we denote the set of ordered r-tuples of elements
from [n].
Lemma 2.2. Suppose that d,n € N*, 7y,... 75 € Sym,, and spt(m1,...,7s) = p. Then
d 1—1 _»\d d—1
n? + (@ ' )(n—p) < Orbd(ﬂ'l,...,ﬂ'S) < nt — pn .
p!

- 2
Proof. Suppose that d,n € N*, 7y,... w5 € Sym,, and spt(my,...,ms) = p. For each
7w € Symy, let @ € Sym([n]?) be defined by 7(z1,...,2q) = (n(x1),...,7(xq)). We
consider the subgroup G = (my,...,7ms) of Sym, and the subgroup G = (7,...,7s)

3But was actually proved earlier by Cauchy and Frobenius, according to [5]
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of Sym([n]?). Note that orb(G) = orb?(G) = orb? (71,...,ms). Also observe that, by
the assumption that spt(G) = spt(ny,...,7s) = p, every g € G has at least n — p fixed
points. Therefore every g € G has at least (n—p)? fixed points. In particular, the identity
permutation has n? fixed points. Therefore we get, by also using Proposition 2.1,

orb?(my,...,ms) = orb(G) = ‘é’ Z [{a € [n]?: g(a) = a}|

geG
(|G| = 1)(n—p)? + n? nt — (n —p)?
> ‘ ‘ _ (’I’L p)d + (~ )
G| |G|
d_ (n _ \d d L= 1)(n — p)d
> (m—p) + " (;L' p)° _n +(pp')(n p)
On the other hand we also have that
orb(G) < (n—p)+§ = n—g
which implies that
~ pnd—1
orbd(ﬂ'l7 ...,ms) = orb(G) < orb(G) ndt < pd— 5
because if (aq,...,aq) and (by,...,bq) belong to the same orbit of G, then a; and b
belong to the same orbit of G. O

Recall that r > 2 is the maximal arity among relation symbols in the vocabulary.

Proposition 2.3. Suppose that m,t € N, f1,..., fs € Symy,, and spt(fi,...,fs) = m.
For all sufficiently large n the following holds, where k is the number of r-ary relation
symbols and the bound O( ) depends only on m,t and the vocabulary:

Sy (spt > 2(m! — 1)rm — (t—1)m!)n"! B
gn(}lf)t,?s‘)‘ < expy (k( ( ) 2(m!() ) ) + O(nT 2))

Hence, if t > 2r(m! — 1)m/m! 4+ 1 then the quotient approaches 0 as n — oo.

Proof. For each i = 1,...,r, let k; be the number of i-ary relation symbols. Suppose
that m,t € N, fi1,..., fs € Symy, and spt(f1,...,fs) = m. Observe that for every i
and every i-ary relation symbol R we have: if a,b € [n]" belong to the same orbit of

(fi,..., fs) and M € S, (f1,...,[fs), then M = R(a) if and only if M = R(b). Since
this is the only restriction on members of S, (f1,..., fs) we get

(2.1) 1Su(f1,---, fs)| = expy <Zkiorbi(fl, . .,f5)>.

i=1
For every m € Sym,, with spt(7) >t we have S, (7) C S, (spt > t) and therefore

(2.2) Su(spt >8)] < D [Su(m)| = D exp2<2kiorbi(7r)).

TeSymn reSyman i=1
spt(m) > spt(m) >t

By first applying Lemma 2.2 on fq,..., fs and then on an arbitrary = € Sym,, we get,
foreachi=1,...,r,

ni 4 (m! — 1)(n — m)°
m!

(2.3) < orb'(fi,..., fs), and
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ni~lspt(m)
2

A straightforward computation® shows that for all sufficiently large n

(2.4) orb’(m) < n'— for every m € Symy,.

n

. I il
(2.5) Zexp2 (] logon — ]Zki 5 >
i=1

j=t =

t—1 r—1
< expy (—kr(;n + O(nr2+log2n)>,

where the bound O( ) depends only on the vocabulary. Notice that the number of
7 € Sym,, with spt(m) = j is (n>]' < n’. By also using (2.1)-(2.5) we now get
J

‘S"(Sptzt)‘ X - .ri7r — - Ari
Sn(f1,. -0 fs)] < Y expy | Y kiorb(m) ;k,ob(fl,...,fs)

TESYymay, i=1
spt(m)>t
d ; n'~lspt(m) i 4 (m! = 1)(n —m)?
< X eXPz(Z’%[” e B i
TeSymn, i=1 i=1
spt(m)>t
n ) T ) . 7471 T ’L ' _ 1 _ 74
i 1 Jn B n' 4+ (m! = 1)(n —m)
é Zn eXpQ(Zkl[n 2 :| Zkz m!
j=t =1 =1
" i nt + (m! — 1)(n — m)? " ) - ni—1
= expy (Zkl[n — ( m')( )]>Zexpz (]lngn—jZki 5 )
i=1 ' j=t =1
| _ " 11— 1) i—1 + i—2
< expy <k1 (m!—1)m N ki (m Jimn O(n ))

m! m)!

=2

t—1 r—1
expy (—kr(z)n + O(n"2 +log, n))

2(m! — Drm — (t —1)m!)n"!
= expy (l{:r( 2 0m) )

+ O(n"? +log, n)) :

O

Remark 2.4. Suppose that we require that a relation symbol R; of arity r; > 2 is always
interpreted as an irreflexive and symmetric relation. Then we need to use a modification
of Lemma 2.2 where, for 7,...,ms € Sym,,, we consider the orbits of G = (my,...,7s)
on the set of r;-subsets of [n] by the action g({a1,...,ar,}) ={g(a1),...,g(as)} for every
g € G and r;-subset {a1,...,ar,} € [n]. By slightly modifying the proof of Lemma 2.2
one gets that if ¢ is the number of orbits of G by its action on the set of r;-subsets of

[n], then
= (pl=1)(" P
(d) (p )(d)ﬁqgnn—g LAY
p! d 2\d—1
By using this when estimating (the appropriate analogues of ) orb?() and orb’(f1,..., fs)
in the proof of Proposition 2.3 for each i-ary relation symbol (where i > 2) that is always
interpreted as an irreflexive and symmetric relation, one gets a similar upper bound, by

4Set a = exp, (log2 n— >, kzg) and we have 3", o’ < a'/(1—a) <" if n is large enough.
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a bit more involved computations. Similar adaptations work if we require that some
relation symbols are always interpreted as irreflexive, but not necessarily symmetric,
relations.

Corollary 2.5. Let m € N. If t > 2r(m! — 1)m/m! + 1 then

5 |Sn(spt > t)| o |Sn(spt > t)|
nor00 ‘Sn(spt > m)’ oo }Sn(spt* > m)|

Proof. This follows immediately from Proposition 2.3, because if f € Sym, and
spt(f) = m, then S,,(f) C S, (spt > m) C S, (spt* > m). O
Corollary 2.6. Suppose that G is a finite group which is isomorphic to a group of
permutations of [m]. If t = 2r(m! — 1)m/m! + 1 then

y [{M € S, : G < Aut(M) and spt(M) < 1)}

im

n—ro0 [{M €S, : G < Aut(M)}]
Proof. Let H = {hy,...,hs} be a permutation group on [m| such that H = G. Let
t = 2r(m! —1)m/m! + 1. Extend each h; to a permutation h} of [n] by letting h(j) = j

for every j > m and h}(j) = hi(j) for every j < m. Observe that for every M €
Sn(hi, ..., hL), G < Aut(M). From Proposition 2.3 we get

[{M €S, : G < Aut(M) and spt(M) > t}| - |Sn(spt > t)|
{M €S, :G < Aut(M)}] = [Sn(, ... R

as n — o0. O

— 0,

3. UPPER BOUNDS OF THE SUPPORT OF STRUCTURES

In this section we prove that for every ¢t € N there is T' € N, depending only on ¢, such
that for every finite structure M, if spt(M) < ¢ then spt*(M) < T. In other words, if
no automorphism of M moves more than ¢ elements, then not more than T elements of
M are moved by some automorphism. This is stated by Proposition 3.5. Corollaries 3.7
and 3.8 will be used in later sections.

Definition 3.1. Let M € S and X C M.

(i) For f € Aut(M) let d(f, X) = |Spt(f) — X|.

(ii) We call f € Aut(M) mazimal if for all g € Aut(M), if Spt(f) C Spt(g) then
Spt(f) = Spt(g).

(iii) Let Aut*(M) = {f € Aut(M) : f is maximal}.

(iv) For M € S, a sequence fy,..., fn € Aut*(M) is called a special sequence of auto-
morphisms of M if it satisfies the two following condition:

For each k=0,...,n—1,

d(fk'—i—l) Spt(f07 ey fk)) = gég?g((/\/l) d(g7 Spt(fO) sy fk))

Notation 3.2. Whenever a special sequence of automorphisms fy, ..., f, € Aut*(M),
k <n and g € Aut(M) are given, then we may use the abbreviation

di(g) = d(g,Spt(fo,--- fx))-
The following lemma states some basic facts about special sequences of automorphisms.

Lemma 3.3. Let M € S and let fo,..., fn € Aut®(M) be a special sequence of auto-
morphisms. Then

(1) for all0 <k <n and all g € Aut(M), di(g9) > di+1(9),

(2) ifk+1<p<n then dp(frs1) > dp(fp) and

(3) if0 <k <n anddi(fr+1) = 0 then for all g € Aut* (M), Spt(g) C Spt(fi,..., fx)
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Proof. Let M € S and let fy,...,fn € Aut*(M) be a special sequence of automor-
phisms.
(1) Suppose that g € Aut(M). As Spt(fo,..., fx) € Spt(fo,..., fxr1) We get

Spt(g) \ Spt(fo,...,fu)] = [Spt(g) \ Spt(fo,.- -, frr1);
that is, di(g) = di+1(9)-
(2) Suppose that £+ 1 < p < n. Since

d = d
k(fr+1) jeinax k(9)
we get di(fr1) = di(fp)-
(3) 0 < k < n and di(fry1) = 0, then maxgeaue(am) de(g) = 0, so Spt(g) C
Spt(fi,..., fx) for every g € Aut*(M). O

Now to a less obvious claim:

Lemma 3.4. Let M € S. Suppose that fo,..., fn € Aut*(M) is a special sequence
and 1 < k < p. If dp(fp) > 0 then there is x € Spt(fx) \ Spt(fo,..., fe—1) such that
z ¢ Spt(fp)
Proof. Let M € S, let fo,...,fn € Aut*(M) be a special sequence and suppose
that 1 < k < p and di(fp) > 0. We use the abbreviations Spt(k) = Spt(fi) and
Spt(0, ..., k) = Spt(fo,..., fx). Let

X = Spt(k) \ Spt(0,...,k—1).
For a contradiction, we assume that X C Spt(p). Since di(f,) > 0 we know that there
is an element a € Spt(p) such that a ¢ Spt(0,...,k). Then Lemma 3.3 (1) together with
di(fp) > 0 gives us that dr_;1(f,) > 0. By Lemma 3.3 (2) we get diy_1(fx) > 0, which
implies that X # (). Also notice that a ¢ X, by the choice of a. From the definition of
X and the assumption that X C Spt(p) it follows that X C Spt(p) \ Spt(0,...,k —1).
By the choice of a we have a € Spt(p) \ Spt(0,...,k — 1), so we get

X U{a} C Spt(p) \ Spt(0,...,k—1),
and recall that a ¢ X. Hence we get
di—1(k) = |Spt(k) —Spt(0,...,k—1)| = |X|
< |Xu{a}| < [Spt(p) \ Spt(0,....k—1)| = di1(p),
ie. dr_1(k) < dg_1(p) which contradicts Lemma 3.3 (2). O

The next proposition tells that, for each k& > 2, S(spt < k) C S(spt* < kk+2).

Proposition 3.5. For every integer k > 2 and every M € S(spt < k) we have
spt*(M) < kF+2,

Proof. Fix any integer k > 2. For i = 0,...,k, let [; = k*~*+1. Note that lo = kF+!
and [; = kl; 1 for each i. Suppose that M € S(spt < k) and, for a contradiction, that
spt* (M) > kR 2,

By definition, any fy € Aut*(M) is a special sequence of length 1. Now let fo,..., fn €
Aut*(M) be any special sequence and suppose that n < lp. By the assumption that
M € S(spt < k) we have |Spt(fo,. .., fa)| < klo = k"™, From the assumption that
spt*(M) > kF*2 it now follows that there is g € Aut(M) such that d,,(g) = [Spt(g) \
Spt(fo,-- ., fn)| > 0. Hence there is also a maximal f € Aut*(M) such that dy,(f) > 0.
If we choose fn+1 € Aut™(M) so that dy,(fn+1) = maxgeaner () dn(g), then fo,. .., fui1
is a special sequence. This proves that there is a special sequence fo,..., fi, € Aut*(M)
such that d,(fp+1) > 0 for every p = 0,...,lp — 1. We fix this special sequence for
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the rest of the proof and use the abbreviations Spt(p) = Spt(f,) and Spt(0,...,p) =
Spt(for - -+ fy)-

We will prove that there are a subsequence (of distinct numbers) ¢y, ..., txy1 of the
sequence 0, ..., Iy and elements b; € Spt(fy,), for i = 1,...,k+1, such that b; & Spt(fy;)
if j # i; so i # j implies b; # b;. Then by, ..., byy1 € Spt(fy, 0...0 fy,,,), where of course
the composition f;, o...0 f;, ., belongs to Aut(M). This contradicts the assumption that
M € S(spt < k).

We will inductively define sequences t, ... ,tlii, for i = 0,...,k + 1, of indices from
which we can extract a sequence t1,...,tx4+1 as above. Let t;-) =jfor j=0,...,0 =
E*1. For each p = 2,...,lp, there is, by Lemma 3.4, a, € Spt(1) \ Spt(0) such that
ap ¢ Spt(p). As |Spt(1)| < k there are by € Spt(1) \ Spt(0) and a subsequence of distinct

numbers t1, . .. ,tlll of the sequence 2, ...,y such that, for all p = #1, ... ,tlll, ap = by. Let
=ty =1

Now suppose that m < k and that, for ¢ = 1,...,m, t,...,t] is a subsequence (of
distinct numbers) of téﬁl,...,tli;ll, bi € Spt(t) \ Spt(0,...,t5 — 1) and b; ¢ Spt(p)
for all p = tﬁ,...,tfi. By Lemma 3.4, there is for each p = t3',...,¢;" an element
ap € Spt(tT*) \ Spt(0,...,¢7" — 1) such that a, ¢ Spt(p). Since [Spt(#{")| < k there
are by+1 € Spt(t]") and a subsequence t’ln“, . ,t?:ni of t3,...,¢" such that, for all
p= t’lﬂﬂ, . ,tﬁni, ap = bymy1. Let 41 = t6”+1 =t When t},... ,tfi are defined for
every it = 0,...,k 4+ 1 and b; for every ¢ = 1,...,k + 1, then, as already indicated, we
taketi:téforizl,...7k+1. O

Remark 3.6. Notice that the proofs up to now of this section do not need the assumption
that we have considered a structure M and its automorphisms. We could, more generally,
have considered a set M and a group of permutations H of M. If we do this, we get
the following version of Proposition 3.5: If k > 2 is an integer and H is a group of
permutations of a set M such that spt(h) < k for every h € H, then

|{a € M : h(a) # a for some h € H}| < ERT2,
Corollary 3.7. Let m € N. If k =2r(m! — )m/m! + 1 and T = k**2 then

. ’Sn(spt >m) N Sy(spt* < T)’
lim

n—00 |Sn(spt > m)|

) ‘Sn(spt* >m) N Sy(spt* < T)|

lim =1
n—00 |Sn(spt* > m)|

Proof. Let k = 2r(m! — 1)m/m! + 1 and T = k**2. By Corollary 2.5,
}Sn(spt >m)| = (1+0(1))[Sn(m < spt < k)|
and by Proposition 3.5,

Sn(m <spt < k)| = [Sp(m <spt <k) N Sp(spt* < T,
so we get [Sp(spt > m)| = (14 0(1))|Sn(m < spt < k) N S,(spt* < T)|. The other
limit is proved in the same way. O

Corollary 3.8. Suppose that G is a finite group which 1s isomorphic to a group of
permutations of [m] where m € N*. Then there is T € N, depending only on G and the
vocabulary, such that

- [{M €8S, : G < Aut(M) and spt*(M) < T}
1 =
n—o0 {M €S, : G < Aut(M)}|
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Proof. By Corollary 2.6 we know that if k¥ = 2r(m! — 1)m/m!+ 1 then

i [{M €S, : G < Aut(M) and spt(M) < k)}| .

im =

n—00 {M e S, : G < Aut(M)}

Let T = k*+2. As Proposition 3.5 says that S, (spt < k) C S, (spt* < T) we are done.
O

4. ASYMPTOTIC ESTIMATES OF THE NUMBER OF STRUCTURES WITH BOUNDED
SUPPORT

By Corollary 3.7, for arbitrary fixed m € N and all large enough n, an overwhelming
part of the members of S, (spt > m) belong S,,(spt* < T') for some T depending only
on m and the vocabulary. We will show that an overwhelming part of the members of|
for example, S, (spt > m) for large enough n, belong to a finite union of sets of the
form S, (A, H), defined below, where the structure A and permutation group H depend
only on the vocabulary and m. In order to understand the asymptotic behaviour of
S,(spt > m) we will therefore, in this section, find asymptotic estimates of ’Sn(.A, H)’
as n — 00. As will become clear in the sequel, the sets of the form S, (A, H) are
the “atomic” pieces of our analysis, and questions about, for example, S, (spt > m) or
{M €S, : G < Aut(M)}, for a fixed G, will be reduced to analysing quotients of the
form }SH(A’,H’)’/’Sn(.A, H)’ as n — oo.

Recall that if H is a group of permutations of (2 and X C € is the union of some of

the orbits of H on Q, then H[X = {h[X : h € H} which is a permutation group on
X. For every structure M, Spt*(M) is the union of all nonsingleton orbits of Aut(M)
on M, so it always makes sense to speak about Aut(M)[Spt*(M) and we always have
Aut(M)[Spt* (M) = Aut(M).
Definition 4.1. Let A € S be such that Aut(.A) has no fixed point. Suppose that H is
a subgroup of Aut(A) such that H has no fixed point. For each integer n > 0, S,,(A, H)
is the set of M € S,, such that there is an embedding f : A — M such that Spt*(M)
is the image of f and Hy = {fof~!:0 € H} is a subgroup of Aut(M)[Spt*(M). Note
that Hf &p H. Let S(.A, H) = UnENJr Sn(A, H)

Lemma 4.2. Let m > 2 be an integer. There are Aq,..., A} € S, without any fized
point and, for each i = 1,...,1, subgroups H;1,...,H;;, C Aut(A;) without any fized
point such that

I
S(spt* =m) = |J | S(4:, Hyy).

i=1j=1
Proof. Let A4,..., A; enumerate all structures of S,,, that do not have any fixed point.
Suppose that M € S(spt* = m). Then M[Spt*(M) = A, for some i. If K = Aut(M)]
Spt*(M), f : A — MISpt*(M) is an isomorphism and H = {f~lof : ¢ € K}, then
H is a subgroup of Aut(.A;) without any fixed point. From the definition of S(A;, H)
it follows that M € S(A;, H). Hence every M € S(spt* = m) belongs to S(A;, H) for

some i and some subgroup H C Aut(A4;). Conversely, for every i = 1,...,l and every
subgroup H C Aut(A;) we have S(A;, H) C S(spt* = m), since spt*(M) = m for every
M e S(A;, H). O

Lemma 4.3. (i) Let m > 2 be an integer. There are finitely many Ay,..., A € S
without any fized point and, for each i = 1,...,1, subgroups H;1,...,H;;, C Aut(A;)
without any fized point such that

I

U U Sa(Ai, Hiy)

i=1j=1

‘Sn(spﬁk Zm)‘ ~ as n — oo.
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(ii) Part (ii) holds if ‘spt™ > m’ is replaced by ‘spt > m’.

(iii) Let G be a nontrivial finite group. There are finitely many Ai, ..., Ay € S without
any fized point and, for each i = 1,...,1, subgroups H;1,...,H;;, € Aut(A;) without
any fized point such that G < H; ; for all i and j and

[
U U Sa(Ai Hiy)

i=1j=1

{M e S, : G <Aut(M)}| ~

as n — 0.

Proof. (i) By Corollary 3.7, there is an integer T such that
Sn(spt* >m)| ~ |Sp(m <spt* <T)| asn— oo.

Since S,(m < spt* < T) = UL, Sn(spt* = m), part (i) follows from Lemma 4.2.
(ii) By Corollary 3.7, there is T such that
Sy (spt > m)| ~ }Sn(spt >m) N Sp(spt™ < T)} as n — oo.
Asevery M € S, (spt > m) N Sy, (spt* < T) belongs to S,,(spt* = p) for somem < p < T,
we get (ii) from Lemma 4.2.
(iii) By Corollary 3.8, there is an integer T such that

{MeS,: G <AUM)} ~ {M €S, : G < Aut(M) and spt*(M) < T}

as n — oo. Since every M € {M € S,, : G < Aut(M) and spt*(M) < T} belongs to
Sy (spt* = p) for some p < T, we also get part (iii) from Lemma 4.2 and its proof, which
shows that we only need to consider A; and H; ; such that G < H; ;. O

As suggested by the previous lemma, an essential step towards the main results is to
asymptotically estimate ‘Sn(A, H )‘ for any A € S without a fixed point and any sub-
group H C Aut(.A) without a fixed point.

Proposition 4.4. Suppose that A € S has no fized point. Let H be a subgroup of
Aut(A) such that H has no fized point. Let p = |A|, for every i = 1,...,r — 1 let g
be the number of orbits of H on A" and, for every i = 1,...r, let k; be the number of
relation symbols with arity i. There is an integer ¢(A, H) > 0, depending only on A, H
and the vocabulary, such that

|Sn AH\NCAH<>exp2<Zk: n—p) + r§k<>qzn ) z)

]: =1

As will be explained below, Proposition 4.4 is a consequence of Lemma 4.6 which in turn
follows from Lemmas 4.9-4.12.

Assumption 4.5. For the rest of this section we assume the following, although the
assumptions may be restated:

Suppose that A € S has no fized point.
Let H be a subgroup of Aut(A) such that H has no fized point.

Also let

p= ‘A|? .
foreveryi=1,...,r —1 let q; be the number of orbits of H on A* and,
for everyi=1,...7, let k; be the number of relation symbols with arity 1.

We consider the number of ways in which the relation symbols can be interpreted on [n]
so that the resulting structure belongs to S, (A, H). Let c4 be the number of structures
in S, that are isomorphic to A. First, it is clear that we can choose the set X C [n] which
is going to be the support of the structure in (;) ways, since we want that | X| =p = |A|.
Then we can choose interpretations of the relation symbols on X in c4 ways so that the
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resulting substructure with universe X, call it Ax, is isomorphic to A. Now suppose
that X C [n] of cardinality p and Ax = A with universe X are fixed. Let

(4.1) Sp(Ax,H) = {M € S,(A H): MISpt*(M) = Ax }.

Note that the condition M[Spt*(M) = Ax means that M [Spt*(M) is identical with
Ax. Also observe that if X, X’ C [n] and X # X’ then S, (Ax, H) and S,,(Ax, H) are
disjoint. Moverover, if both A’y and Ax have universe X and are isomorphic with A,

but A’y # Ax, then S, (Ax, H) and S,,(A’y, H) are disjoint. Therefore Proposition 4.4
follows from the following:

Lemma 4.6. Suppose that X C [n]| and |X| = |A| = p. There is an integer d(A, H) > 0,
depending only on A, H and the vocabulary, such that

r j—1
‘ (Ax, H |~dAHexp2<Zk‘n pi—I—ZZk()q@n p)’ 1)

71=21=1

Lemma 4.6 follows from Lemmas 4.9-4.12, as we will show after proving them. We begin

with some preparatory work. Until Lemma 4.6 has been proved we fix X C [n] such that

| X| = |A| =p and Ax = A with universe X. For every isomorphism f: A — Ax, let
Hy={fof':0€ H},

so Hy is a subgroup of Aut(Ax) and Hy =p H.

Suppose that M € S, (Ax, H). By the definition of S, (Ax, H), M[Spt*(M) = Ax
and there is an isomorphism f : A — Ax such that H; is a subgroup of Aut(M)[
Spt*(M). For each t = 1,...,r — 1, the orbits of Hy on X" forms a partition, denoted
II;, of X*t. Since Spt*(M) = X the following holds for M:

(a) Whenever 2 < j < r, R € {Ry,...,R,} is a j-ary relation symbol, 1 < i <
i, (a1,...,a;) € X* and (d},...,a}) € X* belong to the same part of II; and
(@it1s---5a5) = (aj4q,-..,0]) € ([n] \ X)’™", then, for every m € Sym;, either
both of

(@r(1ys---san@)) and (a;(l), . ,a;(j)),
or none of them, belong to the interpretation of R.

Definition 4.7. If, for every t = 1,...,r — 1, II; is a partition of X? such that (a) holds
(for M), then we say that M respects (the sequence of partitions) Iy, ..., II,_;.

In other words, if M € S,,(Ax, H) then M[Spt*(M) = Ax and, foreach t =1,...,7 —
1, there is a partition II; of X! such that M respects (IIy,...,II,_1) and for some
isomorphism f : A — Ax, II; is the set of orbits of Hy on X* for ¢t = 1,...,r — 1.
Conversely, if M € S,, is such that M [Spt*(M) = Ax and, foreach ¢t =1,...,r—1, there
is a partition IT; of X* such that M respects (Ily,...,II,_1) and for some isomorphism
f+ A — Ax, II; is the set of orbits of Hf on X' for t = 1,...,r — 1, then Hy is a
subgroup of M [Spt*(M) and therefore M € S,,(Ax, H).

Definition 4.8. A sequence IIy,...,II,_; is called a sequence of (Ax, H)-partitions if
the following holds:
(b) there is an isomorphism f : A — Ax such that, for each t = 1,...,r — 1, II; is
the set of orbits of Hy on X".

For every sequence of (Ax, H)-partitions IIy, ..., II,_1 we define
(4.2) Sn(Ax,Iy,...,11,_q) =
{M €8S, : M[X = Ax, Spt*(M) = X and M respects Iy, ..., 11,1}
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and
(4.3) To(Ay,I0,..., II_1) =
{M €S,: M[X = Ax and M respects Iy, ..., II,_1}.

If 114, ..., I, is a sequence of (Ax, H)-partitions and M € T,,(Ax,II;,...,II,_1) then
there is an isomorphism f : A — Ax such that, for i =1,...,r—1, II; is the set of orbits
of Hy on X' and, by Assumption 4.5, every orbit of Hy on X has at least two members;
hence X C Spt*(M). Consequently,

Sn(.AX,Hl, e aHrfl) g Tn(-AXa Hla e 7H7‘71>

From the argument before the definition of S,,(Ax,II;,...,II,_1) it follows that

(4.4) Su(Ax, H) = | Sa(Ax,M0,..., 1, 4),
Iy,.... 11—
where the union ranges over all sequences Ilj,...,II,_; of (Ax, H)-partitions. The

next step in the proof of Lemma 4.6 is to estimate ‘Sn(.AX,Hl, e ,Hr_l)‘. Then we
deal with the slightly problematic issue that even if IIy,...,II,_; and IT},...,II/_, are
different sequences of (Ax, H)-partitions it may be the case that S(Ax,II;,...,II,_;)
and S(Ax,II%,...,II'_;) have nonempty intersection. However, as we will show, their
intersection will always be negligibly small, which implies that we can add the asymptotic
estimates of the cardinalities of all S,,(Ax,Il1,...,II,_1) to get an asymptotic estimate
of the cardinality of S,,(Ax, H). Recall that for i = 1,...,r, k; is the number of i-ary
relation symbols. Also, p = |A| = |X| and, for i = 1,...,r —1, g; is the number of orbits
of H on A’

Lemma 4.9. IfI1;,... 11, is a sequence of (Ax, H)-partitions, then

r j—1
‘Tn(.Ax,Hl,... r—1 | = eXp2<Zk n — pi + ZZ k; ( )%n p) z)

7j=2i=1

Moreover, there is € : N — R, depending only on A, H and the vocabulary, such that
lim,, o0 €(n) = 0 and for all large enough n the proportion of M € T, (Ax, Iy, ..., II,_1)
such that M ¢ S, (Ax,Iy,...,I1,_1) is at most e(n).

Proof. Suppose that IIy,...,II,_; is a sequence of (Ax, H)-partitions, so there is an
isomorphism f : A — Ax such that, for each t = 1,...,r — 1, Il; is the set of orbits
of Hy on X!, Since H; =p H it follows that II; partitions Xt into ¢ parts, for every
t=1,...,7r—1. Let

(n) :exp2<2k‘n pi—l—ijzlk‘<>qln Py~ )

71=21=1
First we will prove that ‘Tn(.AX, Iy,...,IL_q) | = 7y(n). As observed before Lemma 4.9,
Sn(AXaHh e 7Hr—1) g TTL(AXa Hla e 7]:[7“—1)

and X C Spt*(M) for every M € T,(Ax,I,...,II,_1). Then we show that the
proportion of M € T, (Ax,II;,...,II,_1) such that X is a proper subset of Spt*(M)
approaches 0 as n — oco. Moreover, we will get a bound £(n) as in the lemma. For the
rest of the proof of this lemma we use the abbreviation

T, = Tn(-AXa H17 v 7]:[7‘—].)'
To determine }Tn} we consider the number of ways in which the relation symbols can be

interpreted on [n] so that the resulting structure M has the properties that M[X = Ax
and M respects Iy, ..., II,_1, that is, (a) holds for M. Since the substructure on X must
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be Ax, there is only one choice for the interpretations on tuples all of which coordinates
belong to X.

Now we consider in how many ways the relation symbols can be interpreted on tuples
that intersect both X and [n] \ X so that resulting structure respects Iy, ..., II,_1; so
in this stage we only consider relation symbols of arity at least 2. Let R € {R1,...,R,}
be a relation symbol of arity j > 2 and let 1 < ¢ < j — 1. We consider the number of
ways in which R can be interpreted on j-tuples a € [n])/ with exactly i coordinates of @
from X in such a way that the resulting structure respects Il1y,...,IL,._1.

Suppose that

ai,...,a;,a,...,a; € X and biiq,...,b5 € [n]\ X

!/

and that the i-tuples (ai,...,q;) and (@, ...,a;) belong to the same part of II;. Since

we want (a) to be satisfied we have the choice of letting both j-tuples
(al, ey Qg bi+1, ce ,bj) and (a’l, ce ,a;, bi+1, ce ,bj),

or none of them, belong to the interpretation of R (and this independently of other
choices). We considered the case when ai,...,a; and df,...,a; occured in the first i

positions of the respective j-tuple, but the same is clearly true if a1, ..., a; and af,. .., d,

7
take other positions in the respective j-tuples, but still so that a; preceeds ay if | < U
and q; takes position ¢ if and only if @) takes position t.5 There are (z) ways in which
i positions in an j-tuple can be chosen. Therefore the number of ways to choose the

interpretation of R on j-tuples with exactly ¢ coordinates in X in such a way that (a) is

satisfied is
o (o)

where we recall that ¢; is the number of parts of the partition IT; of X*.5 If i/ # i
and 1 <4’ < j — 1 then the corresponding number of choices for j-tuples with exactly i’
coordinates in X is independent from the previously made choices. Therefore the number
of ways in which R can be interpreted on tuples that intersect both X and [n] \ X is

exp, ( ]E:l (‘Z) gi(n - p)”) :

=1

The same argument can be carried out for every relation symbol R of arity at least
2. The number of choices for each such R is independent of previously made choices.
Therefore the number of ways in which all relation symbols with arity at least 2 can be
interpreted on tuples that intersect both X and [n]\ X in such a way that (a) is satisfied
is

(4.5) exps < Z Ji K (Z > gi(n — p)ﬂ'—i) .

j=2i=1

Finally we consider interpretations on tuples a such that none of the coordinates of a
belongs to X. If R has arity ¢, then there are 2(n=P)" ways in which to interpret R on
tuples a € ([n] \ X)*, independently of other choices. As there are k; relation symbols of

5We consider only the given order of a1, ...,a; and af, ..., a; because, in general, an i-tuple obtained
by reordering a1, ..., a; need not belong to the same part of II; as (a1, ...,a;).

6If we assume that R is always interpreted as an irreflexive and symmetric relation, then the corre-
sponding number is exp, (g; (?:f)) where ¢; is the number of orbits of the action of Hon {B C A : |B| = i}

given by h({b1,...,b;}) = {h(b1),...,h(b;)} for every h € H and i-subset {b1,...,b;} of A.
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arity ¢, the number of ways to interpret all relation symbols on [n] \ X is

(4.6) expy (;kz(n —p)’),

Suppose that a structure M has been constructed by making the choices described
above. Then, by construction, M[X = Ax and M respects IIy,...,II,_;. By assump-
tion, H has no fixed point which implies that every part of the partition II; of X has
at least two members. Since M respects Ily,...,II,_1 and IIy,...,Il,_1 is a sequence
of (Ax, H)-partitions it follows that X C Spt*(M). It is also clear that every mem-
ber of T,, can be obtained in exactly one way by making choices as described by the
construction. Hence, by multiplying (4.6) and (4.5), we see that ‘Tn‘ =v(n).

It remains to prove that for all large enough n,

[{MeT, :|’SII‘):((M) # X} < ¢(n),

where lim,,_,o £(n) = 0 and ¢ depends only on A, H and the vocabulary. After defining
T, = T,(Ax,II;,...,II,_1), see (4.3), we observed that if M € T, then X C Spt*(M).
Since Iy, ..., II,_; is a sequence of (Ax, H)-partitions, there is an isomorphism f : A —
Ax such that, for each t = 1,...,7 — 1, I, is the set of orbits of Hf = {fof™' : 0 € H}
on X'. Let Hf = {h1,...,hs} and extend every h; € Hy to h} € Sym, by hi(z) =
hi(z) if € X and hi(z) = x if x € [n] \ X. Then Spt(h},...,h,) = X and hence
Spt(hllv e 7h;) = ‘X| = ‘A| =p

If M €8S, then M belongs to S, (h},...,h.) if and only if the following condition
holds: for every t = 1,...,r and every t-ary relation symbol R, if @ and b are two t-tuples
from the same orbit of (h],...,h.) on [n]' (which here denotes the set of ordered ¢-tuples
of elements from [n]), then either M = R(a) A R(b) or M |= =R(a) A ~R(b). As X is a
union of orbits of (hf,...,h.) it follows that if we define

Su(hyy .. bl Ax) = {M €S, (b, .. kL) : MIX = Ax},

then there is a constant 0 < ¢ < 1, depending only on A, H and the vocabulary, such
that

(4.7)

(4.8) Sn(RY, ... by Ax)| = c[Sn(h, ... 1Y)
From the definition of h},...,h} it follows that
(4.9) Sn(hy, ... b, Ax) C T,.

By (4.8), (4.9) and Propositions 2.3 and 3.5, there are A, pg > 0, depending only on A,
H and the vocabulary, such that for all sufficiently large n,
S (spt* > po)| - |Sn(spt* > po)| < gmhar
T (Sl L))

Hence, for all large enough n, the proportion of M € T,, such that spt*(M) < pg is at
9=t

least 1 —
Fix any a € [n]\ X and o’ € [n] such that a # o’. From the definition of T, it is clear

that for every sequence of distinct (r — 1)-tuples by, ..., b, € ([n]\ (X U{a, a’}))ril, the
proportion of M € T, that satisfies the following is 27":

(4.10) for every i = 1,...,k, M |= R(a,b;) <= M |= R(d,b;).

Observe that if M € T, spt*(M) < pp and g(a) = o’ for some g € Aut(M), then
there is a sequence of distinct (r — 1)-tuples by,...,bs € ([n] \ (X U {a, a’}))r_l such
that r = 2(m=P0=2""" anq (4.10) is satisfied. Hence the proportion of M € T,, such that
spt*(M) < po and g(a) = @ for some g € Aut(M) is at most 2~ P0=2"""  Ag the
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proportion of M € T, such that spt*(M) < pg is at least 1 — 2_/\”T_1, it follows that
that the proportion of M € T,, with an automorphism g such that g(a) = a’ is at most
2~ (n=po=2)""" 4 o=An""" Tt follows that the proportion of M € T,, which have distinct
elements a € [n]\ X and @’ € [n] and an automorphism ¢ such that g(a) = @’ is at most
n? (2—("_1”0_2)“1 +2_’\”T71). This immediately implies (4.7), so the proof of Lemma 4.9
is finished. O

Remark 4.10. If we assume that all relation symbols are always interpreted as irreflexive
and symmetric relations then we get

r r j—1
n—op n—op
’Tn(AXal—-[la"wHTfl)‘ = €XP2 (;kl( i > + ZZ k]q;<j_z>>,

=2 i=1

where ¢} is the number of orbits of the action of H on {B C A : |B| = i} given by
h({b1,...,b;}) ={h(b1),...,h(b;)} for every h € H and i-subset {b1,...,b;} of A. Under
the same assumptions we still have ‘Sn(AX,Hl, .. ,Hr,l)‘ ~ ‘Tn(AX,Hl, .. .,Hr,l)’
by the same argument as above (and a modification of Proposition 2.3).

Lemma 4.11. Suppose that 111, ..., 11,1 is a sequence of (Ax, H)-partitions. For each
1 <i <, the proportion of M € S, (Ax,I11,...,11,_1) with the following property is at
most £(n) where e(n) — 0 as n — 0 and the function € depends only on A, H and the
vocabulary:

(t) There are an r-ary relation symbol R, different parts P, P' € T1;, a = (a1, ..., a;) €
P anda' = (d),...,a}) € P' such that for every b = (biy1,...,b,) € ([n]\ X) 7,

M = R(a,b) < M = R(@,b).

Proof. By Lemma 4.9 it suffices to prove that the proportion of M € T, (Ax,Iy,...,II,_1)
with property (1) is at most £(n) where €(n) — 0 as n — 0 and ¢ depends only on A, H
and the vocabulary. Suppose that M € T, (Ax,I1,...,1I;) and (f) holds, so there are
different parts P, P’ € II;, a = (a1,...,a;) € P and @’ = (a},...,a}) € P' such that for
every b= (biy1,...,by) € ([n] \ X)" 7,

M = R(a,b) <= M = R(@,b).

Fix these tuples a and @’. The number of ways in which we can interpret R, in such M,
on tuples of the form ab and @b where b € ([n] \ X)" " is 2"™P)""" | independently of
how R is interpreted on other tuples and independently of how other relation symbols
are interpreted.

On the other hand, for M € T, (Ax,II;,...,II,_1) without property (}), the number
of ways in which R can be interpreted on tuples of the form ab and a@'b where b €
([n] \ X)) is 4"=P""" independently of how R is interpreted on other tuples and
independently of how other relation symbols are interpreted. Therefore the proportion of
M e T, (Ax,I;,...,II,_1) with property (}) is at most 2("*”)7‘_1/4("*”)“1 < 2= (n=p)
O

Lemma 4.12. If1I;,... I,y and I1}, ..., II_, are two different sequences of (Ax, H)-
partitions, then
|Sn(Ax, Ty, .. Tm1) NSy (Ax, T, TT )|
|Sn<-AX7H17 ceey Hrfl) U Sn(AX’ Hll’ R H;—l)‘ B

g(n).

where e(n) — 0 as n — 0 and the function & depends only on A, H and the vocabulary.
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Proof. Suppose that IIy,...,II,_; and II}, ..., II/ _; are different sequences of (Ax, H)-
partitions and that

M S Sn(AX7H17"'7HT’—1) n STL(AX7 /17“'7 ;"71)'

Then for some 1 < i < r, there are a,a’ € X* such that @ and @’ are in the same part of
the partition IT} but in different parts of the partition II;, or vice versa. In the first case,
M has property (T) from Lemma 4.11 (for every r-ary relation symbol R) when seen as
a member of S, (X,IIj,...,II,—1). In the second case, M has property (1) when seen
as a member of S, (X, II},...,II/_;). Therefore, using Lemma 4.11, the quotient of the
lemma is at most 2¢(n) where e(n) — 0 as n — 0 and the function ¢ depends only on
A, H and the vocabulary.. O

Proof of Lemma 4.6. Let

roJj—

~(n) —@%(an p’+JZ;Z lk’](>qzn ) 1)

1

and let d(A, H) be the number of different sequences Iy, ..., II,_; of (Ax, H)-partitions.
Hence, d(.A, H) is finite and depends only on A, H and the vocabulary. We prove that
Sy (Ax, H)| ~ d(A, H)y(n). From (4.4) it follows that

(4.11) Sn(Ax, H)| < d(A, H)v(n).
Let U,, be the union of all intersections
Sn(Ax, Iy, ..., IL—1) N Sp(Ax,I0,..., I _4)
where ITy, ..., I,y and IT}, ... , I, range over all unordered pairs of different sequences

of (Ax, H)-partitions. If the sums below ranges over such unordered pairs, then, by
Lemma 4.12, we have

U <

Sp(Ax, T, .., Tl_1) N Sp(Ax,IT, ..., ;_1)‘

< s(n)z(‘Sn(AX,Hl,...,HT_l)\ + [Su(Ax, T, ;,1)\)
~ e (51) )

where £(n) — 0 as n — oo By Lemma 4.9, S, (Ax,Iy,...,II,_1) ~ v(n) for every
sequence IIy, ..., 11,1 of (Ax, H)-partitions. It follows that, for every such sequence,

Sn(Ax, Iy, ... IL_1)| — |[Uy| ~ ~(n).
Since S, (Ax,IIy,...,II,_1) \ U, and S,(Ax,II},....IIl_;) \ U, are disjoint if
Iy,..., 10,y and I}, ..., II/ _; are different sequences, it follows that
‘Sn<AX7H)‘ > Z‘SH(AX7H17"‘7HT—1) \ Un‘
> 3 (ISa(Ax, T Ty)| = [Unl) ~ d(A H)y(n),

where the sums range over all sequences Iy, ..., II,_; of (Ax, H)-partitions. This to-
gether with (4.11) implies that ‘Sn(.AX,H)‘ ~d( A, H)~(n), so Lemma 4.6 is proved [

As explained in the paragraph after the statement of Proposition 4.4, it follows from
Lemma 4.6, so now we have also proved Proposition 4.4. We can now derive two corol-
laries of this proposition. These corollaries, as well as the proposition itself will be used
in the next section. It will be convenient to use the following notation:
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Definition 4.13. Suppose that H is a group of permutations of the set Q. Then p(H) =
|2], ¢(H) is the number of orbits of H on 2 and s(H) is the number of orbits of H on
02,

Corollary 4.14. Suppose that r = 2, that A € S has no fized point and let H be a
subgroup of Aut(A) without any fized point. Let p = p(H) = |A|, let ¢ = q(H) and

for i = 1,2 let k; be the number of relation symbols of arity i. Then there is an integer
c(A, H) >0, depending only on A, H and the vocabulary, such that

Su(A )| ~ oA 1) (") expy (= 2halp = + kan + hag? — bip).

Proof. By Proposition 4.4 with » = 2 and ¢ = ¢, there is an integer ¢(A, H) > 0,
depending only on A, H and the vocabulary, such that

2
!SH(A, H)! ~ ¢(A,H) (Z) expo (Zkz(n —p)" + 2kaq(n —p)>

=1
= (A H) (") ex (k2—2k - k kop? — k
= (A H)( ) expy (kon 2(p—q)n + kin + kop 1p)-
O

Corollary 4.15. Suppose that r > 2, that A € S has no fired point and that H is a
subgroup of Aut(A) without any fized point. Let p = p(H) = |A|, let ¢ = q(H) and
s = s(H). Moreover, let k be the number of r-ary relation symbols, let | be the number
of (r — 1)-ary relation symbols, let m be the number of (r — 2)-ary relation symbols and

define

B(z,y,2) = k@x? — kr(r—Day — lr—Dz + I(r—1)y + k:<g>z

Then there is an integer c¢(A, H), depending only on A, H and the vocabulary, such that

1S, (A, H)| ~ c(A H) <Z>

€XPg (kn’” — (kr(p_q) — l)nrfl + (ﬁ(p,q,s) + m)ner + O(nrg))_

Proof. For every i = 1,...7 — 1, let ¢; be the number of orbits of H on A’. For
every j = 1,...,7, let k; be the number of relation symbols of arity j. So we have
G =q g =S58,k =k, ke—y =1 and k,_o = m. By Proposition 4.4, there is an integer
c(A, H) > 0, depending only on A, H and the vocabulary, such that

1S, (A, H)| ~ c(A, H) (Z) expy (A(n)),
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where

: : k; (‘Z) i(n — p)“) + (gl( R 1)%(” - p)’"_l_’)

Ly k(j) (n— p)r~

1
= mn—p) + ln—p)" " + kin—p)
+ U(r—=1)gn—p)"* + krqln—p)" " + k<;>8(n—p)“2 + 0(n"?)

= kn" — (kr(p—q) - l)nT_1 + (B(p,q,s) + m)nr_2 + O(nr_g).

5. COMPARING DIFFERENT GROUPS

In this section we use the analysis from Section 4 to prove Theorem 1.1, which collects the
statements of Propositions 5.10, 5.15 and 5.16. The main technical result of the section
is Proposition 5.9 which helps to break down more complex problems to problems about
quotients of the form S, (A, H)/S,(A’, H'), where the meaning of S, (A, H) was given
by Definition 4.1. Also recall Definition 4.13 of p(H), q(H) and s(H) for a permutation
group H. As usual, r denotes the mazimal arity and in this section k denotes the
number of r-ary relation symbols and | denotes the number of (r—1)-ary relation symbols.
Parts (ii) and (iii) of the next result will not be used in this article, but they are used
in [16].

Proposition 5.1. Suppose that A, A’ € S are such that neither Aut(A) nor Aut(A') has
a fized point. Moreover, suppose that H is a subgroup of Aut(A) without fized any point
and that H' is a subgroup of Aut(A") without any fized point. Let p = p(H), ¢ = q(H),
s=s(H), p=p(H"), ¢ =q(H') and s' = s(H").
(i) The following limil exists in QU {oo}:
_|Sn(A H)
lim ——— .
(i) Suppose that r = 2.
(@) Ifp—q<p —q orifp—q=p' —q andp>p', then
o |Su(AL HY)|
im -—— - — 4 =

(b) If p—q=p—q and p =’ then there is a rational number a > 0, depending only
on A, A", H, H' and the vocabulary, such that

. [Su(A HY)|
llm —_———— =

(#3) Suppose that r > 2 and let B(x,y,z) be as in Corollary 4.15. If any one of the two
conditions
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p—q<p —¢g,or
p—q=p —q and B(p,q,5) > B, ¢,5)
hold, then
. [Sn(A HY)|

T}Eﬁom =0

Proof. (i) From Proposition 4.4 it follows that there are integers C,C’" > 0 and poly-
nomials A\(z), N (x) with integer coefficients, depending only on A, A’, H, H' and the
vocabulary, such that

Sn A/,H/ (04 ;/ /
"Sn((.A, H))“ ~ CETL)) €XPg ()\ (n) — )\(n))

p

Depending on whether the leading term in the polynomial A (n) — A(n) has positive
degree and negative coefficient, positive degree and positive coeflicient, or is constant,

expy (N (n) — A(n))

approaches 0, oo, or a positive real as n — oo, respectively. In the first case
]SR(A/7H/)‘/‘STL(A, H)|

approaches 0. In the second case it approaches co. In the third case, when X (n) — A(n)
is constant, we get the conclusion by considering whether p > p/, p =p' or p < p'.

(ii) Suppose that r = 2. Then Corollary 4.14 says that for some positive integers C
and C’, depending only on A, A’, H, H' and the vocabulary, we have

[Su(A H)| C'(y)
[Su(A H)] C()

p

expy (2k[(p— ) = (' = )]m + K[~ )] + Up—]).

From this we immediately get claims (a) and (b).
(iii) Suppose that r > 2. Then Corollary 4.15 implies that for some positive integers
C and C’, depending only on A, A’, H, H and the vocabulary, we have

[Su(A H)| C'(y)
[Su(A, )] C(;)

p

expy <k7’ (p—q) — @ —=)]n" "

+ [B@.d.8) — Blp.g.s)n" % + O(”T‘_g))

Soifp—qg<p —q orif p—q=p —¢ and B(p,q,s) > B, ¢, ), then this quotient
approaches 0 as n — oo. O

For the rest of this section, whenever we denote structures by A or A, some-
times with indices, we assume that they have no fized point. Also, whenever
we denote groups by H or H', sometimes with indices, we assume that they
have no fized point. Sometimes these assumptions are repeated and sometimes they
are not necessary.

For different subgroups H and H' of Aut(A) the sets S, (A, H) and S, (A, H') may
have nonempty intersections, which complicates the analysis of an asymptotic estimate of
the cardinality of a union like (J;*, Sy (A, H;). However, it turns out that for subgroups
H and H’ of Aut(A), either S, (A, H) = Sy, (A, H') or |S, (A, H)NS,, (A, H')| is negligibly
small for large enough n. The results 5.3 — 5.8 make this statement precise.
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Definition 5.2. Suppose that A € S and that H and H' are subgroups of Aut(A).
We write H ~4 H' if there is an automorphism g € Aut(A) such that, for every t =
1,...,7 — 1, and every orbit O of H on A,

9(0) ={(g(ar), ..., g(ar)) : (ar,...,ar) € O}

is an orbit of H' on A’.
Observe that ~ 4 is an equivalence relation on the set of subgroups of Aut(A).

Lemma 5.3. Suppose that A € S and that H and H' are subgroups of Aut(A). If
H ~a H' then S(A H) = S, (A, H').

Proof. Suppose that H ~4 H’. Recall from the discussion after the statement of
Proposition 4.4 that S,,(A, H) is the disjoint union of all sets of the form
Sh(Ax,H) = {M € S,(AH): M[Spt*(M) = Ax },

where X C [n], |X| = |A|, Ax has universe X and Ax = A; and similarly for H'.
Therefore it suffices to prove that for all such X C [n] and Ax we have S,,(Ax,H) =
Sn(Ax,H'). By (4.4),

SH(AXaH) = U Sn(AXth---aHrfl)a
Iy, 01
where the union ranges over all sequences IIy, ..., 11,1 of (Ax, H)-partitions (see Def-

inition 4.8) and S, (Ax,IIy,...,II,_1) was defined in (4.2). The same holds for H'.
Hence it suffices to show that if IIy,...,II,_1 is a sequence of (Ax, H)-partitions, then
Iy, ..., II,_; is a sequence of (Ayx, H')-partitions.

So suppose that II,...,II,_1 is a sequence of (Ax, H)-partitions and hence there is
an isomorphism f : A — Ax such that, for each ¢t = 1,...,r—1, I; is the set of orbits of
Hy={fof™':0€ H} on X'. As we assume that H ~4 H’, there is an automorphism
g € Aut(A) such that, for every t = 1,...,7 — 1 and every orbit O of H on A, g(O) is
an orbit of H' on A'. It follows that f' = fg~': A — Ax is an isomorphism and for
each t and each orbit O’ of H' on A?, g=1(O') is an orbit of H on A’. Consequently, for
each ¢, II; is the set of orbits of Hy = {f'o(f')"':0 € H'} on X!, so IIy,...,II,_1 is a
sequence of (Ax, H')-partitions. O

Lemma 5.4. Suppose that A € S and that H and H' are subgroups of Aut(A) such
that H %4 H'. Let X C [n], |X| = |A| and let Ax have universe X and Ax = A.
If Iy,...,I,_1 is a sequence of (Ax, H)-partitions and I1},... 1., is a sequence of
(Ax, H')-partitions, then (ILy, ..., I,_1) # (I}, ..., II/._,).

Proof. Suppose that H %4 H', I1,...,II,_1 is a sequence of (Ay, H)-partitions and
ITf,..., I _, is a sequence of (Ax,H’)-partitions. Towards a contradiction, assume
that (IIy,...,II,—1) = (II},...,II._;). Then there are isomorphisms f : A — Ax and
f"+ A — Ax such that, for every t = 1,...,7—1, II; is the set of orbits of Hy = {fo f™' :
o € H} on X' and II is also the set of orbits of Hy = {f'o(f’)"! : o € H'} on X'. So
Hy and Hy have the same orbits on X, for each ¢. It follows that g = (f/)"!f: A — A
is an automorphism such that for every ¢t = 1,...,7 — 1 and every orbit O of H on A,
g(0) is an orbit of H' on A'. Hence H ~4 H’ which contradicts our assumption. O

Lemma 5.5. Suppose that A € S and that H and H' are subgroups of Aut(A) such that
H %4 H'. Suppose that X C [n], | X| = |A| and that Ax is a structure with universe X
such that Ax = A. If11y, ..., 11, is a sequence of (Ax, H)-partitions and 11, ... 11/ _;
is a sequence of (Ax, H')-partitions, then
Sn(Ax, 1Ty, ... 1) N Sp(Ax, I, ... I
Sn(Ax, Iy, ... TL1) U Sp(Ax, I, .. 1T,

I
Y < &(n),
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where £(n) — 0 as n — oo and the function € : N — R only depends on A, H, H' and
the vocabulary.

Proof. The assumptions and Lemma 5.4 imply that (IIy,...,II,_1) # (II},...,IIl_,).
Lemma 4.11 is applicable to each one of the sequences IIy,...,II,_; and IT},... I/ ;.
Now observe that the proof of Lemma 4.12 works out in exactly the same way even
if ,...,II,_; is a sequence of (Ax, H)-partitions and II,...,II/_; is a sequence of
(Ax, H')-partitions; the proof of Lemma 4.12 only uses the assumption that the se-
quences IIy, ..., I,y and IT}, ..., II/_, are different. Hence Lemma 5.5 is proved. [

Remark 5.6. If A € S and H C Aut(A) is a subgroup, then, by Lemma 4.6 and the
argument between Proposition 4.4 and Lemma 4.6,

suam] ~ oy )Isatax. ),

where C'is a constant that depends only on A, H and the vocabulary, X C [n], Ax is a
structure with universe X such that Ax = A (and S,,(Ax, H) is as defined in (4.1)).

Corollary 5.7. Suppose that A € S and that H and H' are subgroups of Aut(A) such
that H %4 H'. Then

1Sh(A, H) N Su(AH)|
S, (A, H) U S,(A H)

where £(n) — 0 as n — oo and the function ¢ only depends on A, H, H' and the
vocabulary.

< e(n),

Proof. Suppose that A € S and that H and H’ are subgroups of Aut(A) such that
H #4 H'. By Remark 5.6, it suffices to prove that there is a function £(n), depending
only on A, H and the vocabulary, such that lim,,_,. e(n) = 0 and for every X C [n] and
Ayx as above,

Su(Ax, H) N Su(Ax, HY)|
< e(n).
1Su(Ax. H) U Sp(Ax, 17)|
Recall from (4.4) that
Sn(AXaH) = U Sn(AXanla"wHT‘fl)
Iy,... 01

where the union ranges over all sequences of (Ax, H)-partitions. Given X and Ax there
is a finite bound «, depending only on A, H, H' and the vocabulary, such that there
are at most « sequences IIy, ... II,_; of (Ax, H)-partitions and at most « sequences
I, ...,II'_; of (Ax, H')-partitions. Therefore the bound we are looking for is a fixed
multiple of the bound given by Lemma 5.5. 0

Lemma 5.8. Suppose that A € S and that H;, i = 1,...,m, are subgroups of Aut(A)
such that if i # j, then H; %4 H; and ‘Sn(.A, Hi)’/’Sn(A, HJ)‘ converges to a positive
rational number. Then

m

~ > [Sn(A H))l.

=1

2

Proof. From Corollary 5.7 it follows that if ¢ # ' then

=1

(5.1) 1Sn(A, H;) N Sp(A, Hy)

< 0(1)<‘Sn(A7Hi)‘ + [Su(A, Hy)

).
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where the bound o(1) depends only on A, Hy,..., H,, and the vocabulary. Now the as-
sumption that [Sy (A, H;) ‘/‘Sn(A, Hy)| converges to a positive rational number and (5.1)
implies that if ¢ # 4/, then

1Su(A, H;) N Sn(A Hy)

for some bound o(1) which depends only on A, Hy,..., Hy,, and the vocabulary. If we
let U,, be the union of all intersections

Sn(.A, HZ) N Sn(.A, Hz/)
where {7,7'} range over all subsets of [m] with cardinality 2, then we get, for every 1,
1Su(A, Hy)| — |Upn| = (1-0(1))[Sn(A, Hy),

where the bound o(1) depends only on A and Hy,..., H,. Now we get

QSR(A,HZ-) > f;(\sn(A,Hm L= (1—0(1))i\sn(A,Hi)|.
Since also
an(A,Hi) < Zi\sn(A,Hi)\
the proof of the lemma is ﬁ;_ished. } 0

Proposition 5.9. Let Ai,..., Ap, Al,..., A, €8S be such that none of them has any
fized point. Suppose that for every i = 1,....,m and j = 1,...,l;, H;; is a subgroup
of Aut(A;) without any fized point and that for every i = 1,...,m" and j = 1,....1}
Hl’] is a subgroup of Aut(A}) without any fized point. Then the following limit exists in
QU {oo}:

(5.2) lim ‘U;nll U? 15 (A H/ }
" | U Ul Sl A Hiy)|

Proof. By just removing, if necessary, some A; or A, and relabelling the rest of the
structures and groups, we may assume that A; 2 A; if i # j and A} 2 A’ ifi £ 7. Also
by Lemma 5.3, we may assume that H;; #&4, H; ;v if j # j' and that H, g a Hi it
ji#i

By Proposition 5.1 (i), for all 1 <7 <m and all 1 < j, 5" <1,

|Sn(Ai, H; )

i)

converges to a rational number or approaches infinity, as n — oo. The same holds for
all 1 <i<m/,alll <y j <l and ‘S (A, H’ !/!S (AL H’ . Therefore it suffices
to prove (5.2) under the assumption that for all 1<i<m and all 1 < 4,7 < [,
|Sn (A, Hijr)
m/ and all 1 < j,j" <,
number.

79

i) ”)‘ converges to a positive rational number and for all 1 <14 <

n(AG H |/|S (Ai, H; ;) | converges to a positive rational
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From our assumptions we have S,,(A;, H; j)NSy,(Ay, Hyr j) = 0 if i # i’ (and the same
for A, A}, H]; and HZ{J/). By applying Lemma 5.8 and the assumptions, we now get

m’ I m’ I

‘ Uit Uj:l Sn (A HZ/])‘ . > i Zf:1 ‘Sn(A;, Hz/j)‘
m } - m li =

’ Ui, Uiz Sa(As, Hm)‘ Yy o [Sn( A, i)

_ ‘S’I’L(AllaHl,l)} + ‘S'I‘L(Ar/rnlva’lm/H
2?11 Zé.i_l}S (Ai) ‘ 2211 z?:l‘sn(Az”Hi,j)}
-1 m I -1
1S (A, Hij) |> ( L[S Ai,H,j)y )
+ ...+ .
(§§\s (A ) 228, (a1, )

Note that Proposition 4.4 implies that, for all ¢, j and all sufficiently large n, }Sn(Ai, H”)‘ >
0, and similarly for and A} and H] j» 80 we do not divide by zero in the above expres-
sion if n is large enough. By Proposition 5.1 (i), for every choice of 7,7, and 7/,

1S, (A;, Hi,j)\/\sn(Ag,, H), )
implies (5.2) so the proposition is proved. O

converges to a rational number or approaches co. This

Proposition 5.10. Let G and G’ be finite groups. Then the following limit exists in
QU {oo}:

{M €S, : G <Aut(M)}]
lim .
n—oo [{M €S, : G < Aut(M)}|

Proof. Let G and G’ be finite groups. Lemma 4.3 implies that there are finitely many

structures Ay, ..., Am, Al ..., A, €S,
subgroups H;1,...,H;;, € Aut(A;), for i =1,...,m, and
subgroups Hj |,..., H; , C Aut(Aj), for i=1,...,m/,

such that the following hold:

(i) None of the permutation groups Aut(A;), Aut(A;), H;; or H;; has any fixed
point.

(i)) [{M €8, : G < Aut(M)}] ~ (U;?; Ui, sn(Ai,Hi,j)‘ as n — co.
(i) [{M € Sp: G' < Aut(M)}| ~ ‘ UZ1 U?Zl Sn(.Ag,HZ(’j)’ as n — 0o.
Hence it suffices to prove that
m’ 4
U U Sl AL )
lim
e ‘UZ Uy n(Az’aHivj)‘

exists in Q U {oo}. But this follows immediately from Proposition 5.9. O

By the definition of S, (A, H) (Definition 4.1), for every M € S, (A, H), Aut(M)]
Spt*(M) has a subgroup H; such that Hy =p H. The next lemma shows that for
almost all M € S(A, H) any such Hy has the same orbits as Aut(M)[Spt*(M).

Lemma 5.11. Suppose that A € S has no fixed point and that H s a subgroup of
Aut(A) without any fized point. There is a function e(n), depending only on A, H and
the vocabulary, such that lim, o e(n) = 0 and the proportion of M € S, (A, H) with
the following property is at most e(n):
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(x) For some isomorphism f : A — M|Spt*(M) such that Hy = {fof~™' : 0 € H}
is a subgroup of Aut(M)[Spt*(M), there is t € {1,...,7 — 1} such that the
orbits of Aut(M)[Spt*(M) on Spt*(M)! are not the same as the orbits of Hy
on Spt*(M)*.

Proof. Let M € S,,(A,H), X = Spt*(M) and Ax = M| X, so Ax = A. Moreover, let
f: A— Ax be an isomorphism and assume that Hy = {fof~!: 0 € H} is a subgroup
of Aut(M)]X. Suppose that for some t € {1,...,r — 1} the orbits of Aut(M)]X on X!
are not the same as the orbits of Hy on X*. Tt follows that Aut(M)[X has fewer orbits
on X' than Hy. Hence there is a subgroup H’ of Aut(A) such that H C H’, H' has
fewer orbits than H on A' and M € S,,(A, H'). Tt follows that H' %4 H and that

M e S, (A H)YNS,(A, H).
Now Corollary 5.7 implies that
‘Sn(A, H) N S,(A, H’)| < e(n)‘Sn(A, H) U S, (A, H')

)

where e(n) — 0 as n — oo and &(n) only depends on A, H, H' and the vocabulary.
Since H is a subgroup of H' we have

Sn(A, H') C S,(A H),
which implies that
(5.3) Sn(A, H')| < e(n)[Sn(A, H)|.

We have proved that if M € S,,(A, H) and satisfies (x) then M € S,,(A, H') for some
subgroup H' of Aut(.A) such that (5.3) holds. As the number of subgroups H' of Aut(.A)
is finite and depends only on A the lemma follows. O

Definition 5.12. Suppose that A € S has no fixed point and that H is a subgroup
of Aut(A) without any fixed point. For M € S,(A, H) we say that H is the full
automorphism group of M if for every isomorphism f : A — M][Spt*(M) such that
Hy = {fof~! : 0 € H} is a subgroup of Aut(M)[Spt*(M) we have H; = Aut(M)]
Spt*(M).

Lemma 5.13. Suppose that A € S has no fized point and that H is a subgroup of
Aut(A) without any fized point. The proportion of M € S, (A, H) such that H is the
full automorphism group of M converges to either 0 or 1 as n — oo.

Proof. By Lemma 5.11, it suffices to consider M € S,,(A, H) with the following prop-
erty:
For every isomorphism f : A — MJSpt*(M) such that Hy is a subgroup of
Aut(M)|Spt*(M), Hy and Aut(M)[Spt* (M) have the same orbits on Spt*(M)*
forallt=1,...,r —1.
For such M the question whether there is g € Aut(M)[Spt*(M) such that g ¢ Hy
depends only on the isomorphism type of A, H and the isomorphism f : A — M]
Spt*(M). In fact, it depends only on the isomorphism type of A and H. For if f
and f’ are isomorphisms from A to M[Spt*(M), Hy = Aut(M)[Spt*(M) and g €
Aut(M)[Spt*(M) does not belong to Hys, then, since |Hs| = |H| (because f'f~1 is
an isomorphism from Hy to H as permutation groups), we get |[Hp| < |[Aut(M)| =
|Hy| = |Hy|, which is impossible. O

Lemma 5.14. Suppose that A € S has no fized point and that H C Aut(A) is a subgroup
without any fized point. For every group G < H, the proportion of M € S, (A, H) such
that G = Aut(M) converges to either 0 or 1 as n — oc.
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Proof. Suppose that A € S has no fixed point, that H C Aut(A) is a subgroup without
any fixed point and G < H. Since Aut(M) = Aut(M)[Spt*(M) for every M € S,
Lemma 5.13 implies that the proportion of M € S, (A, H) such that H = Aut(M)
converges to either 0 or 1 as n — oo. If G = H it follows that the proportion of
M € S, (A, H) such that G = Aut(M) converges to either 0 or 1 as n — oo. If G is
isomorphic to a proper subgroup of H then, since H < Aut(M) for every M € S,,(A, H),
it follows that G' 2 Aut(M) for every M € S,,(A, H). O

Proposition 5.15. If G is a finite group then there is a rational number 0 < a < 1 such

that
) ‘{MESn:G%Aut(M)H
lim =

= a
A (M eS8, G < Ant(M)}]
Proof. Let G be a finite group. By Lemma 4.3, there are finitely many

structures Aq,..., A, € S and
subgroups Hj1,...,H;;, C Aut(A;), fori=1,...,m
such that:
(1) None of the permutation groups Aut(A;) or H; ; has a fixed point.
(ii) G < H;j for all i and j.
(ii)) [{M €S, : G < Aut(M)}] ~ (U?ll Ui, sn(Ai,Hi,j)‘ as n — oo,
Lemma 5.14 says that for every A; and every H; ; the proportion of M € S, (A;, H; ;)
,m, j

such that G = Aut(M) converges to either 0 or 1. Let (A}, H;,), i = 1,...,m/, j
1,...,1;, enumerate the pairs (A;, H; ;) such that the proportion of M € S, (A;, H; ;) for

s g P

which G = Aut(M) converges to 1. Then

m'
[{M €S, : G = Aut(M)}] )Uizl Ujs Sn(AéaHé,ﬂ\ . .
~ a asn— oo
{MESu: G =AM Uz, Ui, Su(An )|
for some rational 0 < a < 1, by Proposition 5.9. O

Proposition 5.16. Let G and G’ be finite groups. Then the following limit exists in
QU {00}

. ! ~
i {MES, G = Au(M)}|

n—oo [{M €8, : G = Aut(M)}|

Proof. By Lemma 4.3, there are finitely many

structures Aj,..., Apy, Al ..., A, €S,

subgroups H;1,...,H;;, € Aut(A;), for i =1,...,m, and

subgroups Hj,,..., Hj; C Aut(A), fori=1,...,m’,

such that:
(i) None of the permutation groups Aut(A;), Aut(A;), H;; or H;; has any fixed
point.
(i) G < H;j and G' < Hj ; for all 4, j.
(ii)) [{M €S, : G < Aut(M)}] ~ |U§;1 U, Sn(Ai,Hi,j)‘ as n — 0o,
(iv) [{M €8, : G' < Aut(M)}| ~ ‘ U UL, Sn(A;,HZfJ)’ as n — co.

As in the proof of Proposition 5.15 we now use Lemma 5.14. So let (A7, H/)), i =
1,...,m* j 1,...,l*, enumerate all pairs (A;, H;;) such that the proportion of

M € S, (Ai, H; ;) for which G = Aut(M) converges to 1. Similarly, let (Aj,HL),
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i=1,....m" j=1,.. .,lj, enumerate all pairs (A;,H{J) such that the proportion of
M € S, (A}, H ;) for which G" = Aut(M) converges to 1. Then
+ 0
H./\/l €S, : G = Aut(/\/l)}‘ ‘UZL =1 Sn(Aijjﬂ)‘

[(MeS: G=autM}] ™ [Ur, UL, s, o)

where, by Proposition 5.9, the right side converges to a rational number or tends to
infinity as n — oo. O

Remark 5.17. By the use of Lemma 4.3 and arguments similar to those already carried
out one can prove that a, /b, converges to a rational number as n — oo if, for example,
an = |Sp(spt > k1)| and b, =[S, (spt > k2)|.

6. LOGICAL LIMIT LAWS

The main results of this section are Theorems 6.1 and 6.2, where the later implies Theo-
rem 1.2. In Remark 6.9 we observe that we do not have a zero-one law in Theorems 6.2
or 1.2.

Theorem 6.1. Suppose that A € S has no fized point and let H be a subgroup of Aut(A)
without any fived point. Then S(A, H) has a zero-one law.

Before proving Theorem 6.1 we derive:

Theorem 6.2. (i) Let Ay,..., Ay €S be such that none of them has any fized point.

Suppose that for every i =1,....mand j =1,...,l;, H;; is a subgroup of Aut(A;) with-

out any fired point. Then U U S(A;, Hi ;) has a limit law. Moreover the limit always
i=1j=1

belongs to a finite set of rational numbers which is determined only by the structures A;

and the permutation groups H; ;.

(ii) The following sets have limit laws: for every finite group G, {M € S : G = Aut(M)}

and {M € S : G < Aut(M)}, and for every integer m > 2, S(spt* = m), S(spt > m)

and S(spt* > m). Moreover, in each case there is a finite set Q C Q such that for every

sentence p, the proportion of structures in which ¢ is true converges to a number in Q.

Proof. Part (i) is immediate from Theorem 6.1 and Proposition 5.9. For part (ii) let X
be any one of the sets of structures considered. By Lemmas 4.2 and 4.3 (and in one case
the proof of Proposition 5.15), there are structures Ajp,...,A; € S without any fixed
point and for every ¢ = 1,...,l and j = 1,...,l;, a subgroup H;; of Aut(A;) without
any fixed point, such that if X,, = X NS, then

I 1
U U Sn(Ai, Hiy)

i=1j=1

[Xa| ~

Now part (ii) follows from part (i). O

6.1. Proof of Theorem 6.1. Suppose that A € S has no fixed point and let H be a
subgroup of Aut(A) without any fixed point. We will define a theory T4 i and show that
it is consistent and complete and that for every finite subset A C T 4 g, the proportion
of M € S, (A, H) such that M = A approaches 1 as n — oo. Then the compactness
theorem implies that if T4 i |= ¢ then the proportion of M € S,,(A, H) in which ¢ is
true approaches 1 as n — o0; otherwise that proportion approaches 0. The argument
follows a well known path, using so-called extension axioms. What makes things more
complicated here, compared with Fagin’s original proof [6, 8] that for every k € N the
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proportion of M € S,, satisfying the k-extension axiom approaches 1 as n — oo, is that
all members of S,,(A, H) have nonempty support (of cardinality |A]).

To make the main ideas of the argument more transparent, to avoid heavy formulations
and notation and to expose more clearly how our argument differs from the “standard
argument” (in |6, 8] for example), we will prove Theorem 6.1 in the special case when
the vocabulary consists of only one binary relation symbol R. It is straightforward to
generalise the argument to any finite relational vocabulary with at least one relation
symbol of arity at least 2, but it comes at the expense of longer definitions and heavier
notation and formulations in order to keep track of all data and how it can be com-
bined. Moreover, the arguments can be modified to the case when we assume that some
(possibly all) relation symbols are always interpreted as irreflexive relations, or when we
assume that some (possibly all) relation symbols are always interpreted as irreflexive and
symmetric relations.

For any structure M and formula ¢(z) we let

pM) = {aeM: M| ¢(a)}.

Let p = |A], A = {a1,...,a,} and let z1,...,z, be distinct variables. For a;,a; € A,
let a; ~ a; mean that a; and a; belong to the same orbit of H. Let x4(z1,...,zp) be
a formula which describes the isomorphism type of A. More precisely, xa(z1,...,xp)
is the conjunction of all formulas of the following form: z; # z; for i # j; R(z;, x;) if
A = R(a;,aj); and —R(z;, x;) if A= —R(a;,a; ).

We will define formulas 6(x), {(z,y) such that the proportion of M € S, (A, H) such
that the following hold approaches 1 as n — oo:

(I) For every a € M, M k= 6(a) if and only if a € Spt*(M).
(II) M satisfies following sentence, denoted 1):

Elxla---axm<XA(xla"'axm) N Vy[@(y) — \/y:xl:| A

N @iz A N\ i) A

aira; aia;

A\ ¥ |00) A o) —

ij=1

(E(vaz‘) — &y, ij)) A (f(:ci,y) — &(wy, y))] ) :

It is straightforward to define, for every k € N, a sentence ¢ such that for every, possibly
infinite, structure M:

(ITI) If M = ¢ then the following hold:

(a) |6(M)| = m and the relation defined by &(,y) restricted to (M) is an
equivalence relation.

(b) For every choice of i € {0,1}, B C M \ (M) with |B| = k, sets E, E’ of
&-equivalence classes on (M) and Y)Y’ C B, there is ¢ € M \ (M) such
that

(i) M R(c,c) <= i=1,
(i) for every a € (M),
M E R(c,a) <= a belongs to some class in E and
M = R(a,c¢) <= a belongs to some class in E’, and
(iii) for every b € B,
M E R(c,b) <= beY and
ME R(byc) <= beY'
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We call i the k-extension aziom. Assuming that we have 0(z), £(x,y), ¥ and @i, k € N,
as above, we let

Tag = {¢Y} U {gr: ke N}

Note that every model of T4 g is infinite. We postpone the proof that T4z has a
model to the end of the argument. By Los’ and Vaught’s categoricity theorem (see
[19], Theorem 8.5.1, for instance), T4 i is complete if we can prove that it is countably
categorical.

Lemma 6.3. If M1 and M3y are countable models of T.q g then M1 = Mo.

Proof. This is a standard back-and-forth argument, so we only sketch it. Suppose
that M; and My are countable models of T4 ;7. Since both M; and My satisty 1 it
follows that §(M;) and 6(Mz) are finite and that there is an isomorphism fy : M|
O(M1) — M2l0(Ms) such that for all a,b € (M), M1 E &(a,b) if and only if
My = €(fo(a), fo(b)). Therefore it suffices to prove the following statement:

Claim. Suppose that By C M; \ (M), By C My \ 6(Maz) and that
i Mil(0(M1) U Br) — Ma[(0(Ma) U Ba)

is an isomorphism. If ¢1 € My \ (6(M1) U By) (or ca € M\ (6(Mz) U By)) then there
is cg € My \ (0(M2) U Bg) (or c1 € My \ (0(M1) U By)) such that f can be extended to
an isomorphism from My[(6(M1)U By U{c1}) to Ma[(0(Mz) U By U {ca}).

Let k = |B1| = |Bz2|. The claim follows in a straigthforward way since M and N are
models of {1, vi}. O

It remains to show that there are 0(z) and {(z,y) such that, for every k, the proportion
of M € S,,(A, H) that satisfy (I) and the sentences 1 and ¢y approaches 1 as n — oo.
Recall that, with the notation from Section 4,

S.(A,H) = |JJSx(Ax, H),
X Ax

where the first union ranges over all subsets of [n] with cardinality m = |A|, and for each
such subset X, the second union ranges over all structures Ax with universe X that
are isomorphic to A. As observed in that section, if X # X’ then S,,(Ax, H) is disjoint
from S, (Axs, H). Moreover, if Ax and A’y are different structures with universe X then
Sn(Ax, H) is disjoint from S,,(A’y, H). Recall our assumption in this proof that there is
only one relation symbol R and it has arity » = 2. In Section 4 we also saw (recall (4.4))
that for each S, (Ax, H),

Sn(Ax, H) = [ JSn(Ax, ),
11

where the union ranges over all (Ax, H)-partitions II; of X; see Definition 4.8. The
number of (Ax, H)-partitions of X is the same for every sufficiently large n, every
X C [n] with |X| = m and every Ax = A. Therefore it suffices to prove that there are
O(x), {(z,y) and, for every k, 0 < a < 1 such that for every X C [n] with |X| = m,
every Ax = A with universe X and every (Ax, H)-partition II;, the proportion of
M € S, (Ax,II;) that satisfy (I) and the sentences ¢ and ¢y is at least 1 — a™.

For the rest of this section we fix X C [n] with |X| =|A| =m and Ax = A
with universe X. The results below refer to all large enough n with respect to other
parameters that occur.
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Definition 6.4. We say that M € S, (Ax,II;) has the k-eztension property if (I11I) (b)
holds when ‘0(M)’ is replaced by ‘X’ and ‘€-equivalence classes’ with ‘parts of the
partition II; (of X)’.

Lemma 6.5. For every k € N there is 0 < oy, < 1, depending only on k and A, such
that the proportion of M € S, (Ax,I1y) which does not have the k-extension property is
at most ..

Proof. Recall that S,,(Ax,II;) C T, (Ax,II;), where T, (Ax,II;) was defined in (4.3)
in Section 4. From Lemma 4.9 we know that ‘Sn(AX,Hl)}/}Tn(AX,Hl)‘ — 1 as

n — 00, so it suffices to prove the statement of the lemma for T,,(Ax,II;) in the place of
Sn(Ax,II;). The reason for doing this is that T,,(Ax,II;) is easier to work with because
its members do not have the constraint that the support of the structure is exactly
X (but from the arguments in Section 4 we know that for every M € T,(Ax,II;),
X C Spt*(M)).

Let M € T,,(Ax,II;). A subset B C [n]\ X of cardinality k can be chosen in no more
than n* ways. Once B C [n] \ X with |B| = k is fixed, the number of ways to choose
i € {0,1}, E,E' CII; and Y,Y’ C B is bounded where the bound depends only on k
and A. Therefore it suffices to show, for an arbitrary fixed B C [n] \ X with |B| = k
and an arbitrary choice of i € {0,1}, E,E’ C II; and Y,Y’ C B, that the proportion
of M € T, (Ax,II;) such that there is no ¢ € M such that the conjunction of (i)—(iii)
of (IIT) is satisfied is at most ) for some constant 0 < oy, < 1 that depends only on &
and A.

For arbitrary ¢ € [n]\ (X U B) we estimate the probability that at least one of (i)—(iii)
of (III) fails. We consider T,,(Ax,II;) as a probability space by giving each member the
same probability. From the definition of T, (Ax,II;) we see that the probability that
M € T, (Ax,II;) satisfies (i)-(iii) of (III) is 277 for some 8 > 0 depending only on | X|
and |B|, and independently of what the case is for other elements than cin [n]\ (X UB).
The probability that, for every ¢ € [n] \ (X U B), the conjunction of (i)-(iii) does not
hold is therefore

(1 . 2,B)n—‘XUB|.

As B can be chosen in at most n* ways it follows that the probability that the conjunc-
tion of (i)—(iii) is not satisfied in M € T, (Ax,II;) is at most o} for some 0 < o, < 1
that depends only on k& and A. O

Remember that m = |A| = | X|. Let 6(z) denote the following formula:

m—1
32/1,---,ym_1< N z#u N Nvi#yi A
i=1 itj

m—1
Vz[(z #x A /\ z # yz) — (R(CL‘,Z) — R(y1,2)>]>.
=1
Lemma 6.6. Suppose that M € S, (Ax,I11) has the 2-extension property. Then for all
ae€M,aec X =Spt'(M) if and only if M = 6(a).

Proof. Suppose that M |= 6(a). Then there are distinct by,...,by,—1 € M different
from a such that for all ¢ different from b1,...,b,,—1 and from a,

M = R(a,c) «— R(by,c).

As M has the 2-extension property this is only possible if a,b; € X = Spt*(M) and a
and b; belong to the same part of II;.
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Now suppose that a € Spt*(M) = X. Let by,...,b,—1 be such that
X = {a,bl, cee ,bm_l}

and a and b; belong to the same part of II;. By the definition of S, (Ax,II;), there is
an automorphism of M which sends a to b; and fixes every element outside of X and
therefore we must have

M }z‘V’Z[(z;éa A Txlz#bi) — (R(a,z) — R(bl,z))].

Let &(x1,x2) be the formula
Vz<ﬂ9(z) — [R(z,m1) +— R(z,m)]).

Lemma 6.7. Suppose that M € S, (Ax,I11) has the 2-extension property. Then for
all aj,a9 € X = Spt*(M), a1 and ay belong to the same part of Iy if and only if
M &(ar, az).

Proof. Suppose that aj,as € X = Spt*(M) and a; and ay belong to the same part of
IT;. By the definition of S, (Ax,II;), for every ¢ € M \ X there is an automorphism
which sends aj to ag and fixes every element outside of X. From Lemma 6.6 it follows
that M ): f(al,ag).

Now suppose that aj,as € X = Spt*(M) and M = £(a1,az). From Lemma 6.6 it
follows that for all c € M\ X

M E R(c,a1) < R(c,az).

Since we assume that M has the 2-extension property this is only possible if a1 and as
belong to the same part of 11;. g

According to the arguments before Definition 6.4 and the compactness theorem, the
following corollary concludes the proof of Theorem 6.1.

Corollary 6.8. For every k € N, there is 0 < a < 1, depending only on k and A, such
that the proportion of M € S, (Ax,I11) that satisfy (I) and the sentences ¢ and ¢, for
l=0,...,k is at least 1 — ™.

Proof. Let ¥ = max(2,k,m) (where m = |A]). By Lemma 6.5 there is 0 < a < 1,
depending only on k¥ and A such that the proportion of M € S, (Ax,II;) with the
l-extension property for every [ < k' is at least 1 — ”. From Lemmas 6.6 and 6.7 it
follows that all M € S,,(Ax,II;) with the l-extension property for every | < &/ satisfy (1)

and the sentences ¢ and ¢; for [ =0,... k. ]

Remark 6.9. Let S’ be any one of the sets of structures in part (ii) of Theorem 6.2 and
let S;, = S’ N'S,,. We assume that if a finite group G is involved in the definition of S’
then G is nontrival. We will show that S’ does not satisfy a zero-one law. By Lemmas 4.2
and 4.3 (and in one case the proof of Proposition 5.15), there are mutually nonisomorphic
A1, ..., A; € S without any fixed point and, fori=1,...,l and j = 1,...,[;, subgroups
H; j € Aut(A;) without any fixed point such that

Lo
U U Sy (Ai, H; )

i=1j=1

IfSis{MeS:G<Aut(M)} or {M € S: G = Aut(M)}, then we may also assume
that G < H; j or G = H; j, respectively, for all ¢ and j.

[Snl ~
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Now observe the following: Suppose that A € S has no fixed point and that H is a
subgroup of Aut(A) without any fixed point. Let A" and A” have the same universe A
as A and assume that for every relation symbol R, RY = () and RA" = A’ if R is i-ary.
Then H is a subgroup of Aut(A’) and of Aut(A”) and, from Proposition 4.4, it follows
that

S, (S

|Sn(A, H)| 1Sn (A, H)|
converge to the same ¢ € Q as n — oco. From the assumption that S’ is one of the
sets of structures in part (ii) of Theorem 6.2 (and G is assumed to be nontrivial) it
follows that there must be i,4’, j, j' such that A; 2 A; and both ‘Sn(Ai, H”)}/‘SH and
‘Sn(.Ai/,HZ-/Jv /}S’n‘ converge to positive numbers ¢ and ¢ as n — oco. With the help
of the formula 6 from the proof of Theorem 6.1 one can easily construct a sentence ¢
which, in almost all M € S, expresses that “M [Spt* (M) = A;”. Then the proportion
of M € S/, in which ¢ is true converges to some number 0 < d < 1.

7. UNLABELLED STRUCTURES

The main result of this final section is Theorem 7.7, which implies Theorem 1.3, which
says that Theorems 1.1 and 1.2 hold also for unlabelled structures.

Definition 7.1. (i) For every M € S, let [M] = {N € S: N = M}.

(ii) For every X C S, let [X] = {[M] : M € X}.

(iii) We say that a set X C S is closed under isomorphismif M € X, N € Sand N = M
implies that N € X.

The next lemma is a generalisation of Lemma 4.3.10 in [6].

Lemma 7.2. If X,, C S,, is closed under isomorphism then
HXn] |n! = Z ‘Sn(ﬂ') N Xn‘
TeSymn

Proof. For every M € S, and # € Sym,,, let 7(M) denote the unique structure
N € S,, such that 7 is an isomorphism from M onto N. Fix an arbitrary M € X,, and
let H = Aut(M). Then H is a subgroup of Sym,, and we consider the left cosets of H
in Sym,,. Note that for every N' € X,, we have N’ = M if and only if there is 7 € Sym,,
such that m(M) = N. For all 7,0 € Sym,, we have

TH=0H < H=n110H < 7 'c€ H=Aut(M) < 71(M)=0c(M)
As we assume that X, is closed under isomorphism it follows that
{N € X, : N =2 M}| = the number of cosets (the index) of Aut(M) in Sym,,.

Hence
[Aut(M)] - {N € X : N =M} = [Symy| = nl,
and, as [Aut(N)| = [Aut(M)] if N'= M, we get

o AutV)] = D |Aut(M)| = [{N € Xyt N = MY [Aut(M)] = nl.

NeX, NeX,
N=M N=M
If My,..., M,, is a sequence containing exactly one representative from every isomor-

phism class that is represented in X,,, then m = ‘ [Xn] ‘ and

Z |Aut(M)| = Z Z |Aut(NV)| = Zn! = |[X4]]| - nl.

MeX, i=1 NeX,
N=M;
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We also have

Z |Aut(M)] = {(M,7): M € X, and 7 € Aut(M)}| = Z Sn(m) N X,
MeX,, TeSymy,
which concludes the proof of the lemma. ([l

Lemma 7.3. If Y C S is closed under isomorphism and p > 2 is fized, then
‘S (spt*™ < p) OY‘ Nn"[ (spt* <p)ﬁY” as m — 0o.

Proof. For every permutation m of [n] and M € S,, let m(M) denote the unique
structure M’ € S,;, such that 7 is an isomorphism from M to M'. If M € S, (spt* < p),
7 is a permutation of [n] and (M) = M, then Spt(r) C Spt*(M). Hence there are at
most p! permutations 7 of [n] such that m(M) = M. Since we assume that Y is closed
under isomorphism we get

Sn(spt* <p) N Y| > (n!—p!)HSn(spt* <p nY].
It is also clear that
Sn(spt* <p) N Y| < nl|[Su(spt* <p) N Y]|.
Since (n! — p!) ~n! as n — oo, it follows that
‘S (spt* < p) ﬁY|~n'H (spt* <p)ﬂY”.
]

Proposition 7.4. Suppose that m,t € N, f1,..., fs € Symy, spt(fi,...,fs) = m and
t > 2r(m!—1)m/m!+ 1, where r > 2 is the mazimal arity of the relation symbols. Then
there is A > 0 such that for all sufficiently large n,

| [Snlspt = ]| A
Hsn(flavfs>” =2

Proof. Suppose that m € N, f1,..., fs € Sym,, and spt(fi,..., fs) = m. Let
Su(fiye-sfs) = {IMES, : M= N for some N € S,.(fi,..., fs)}

and observe that [ n(f1y- ., fs)] = [Sn(fl, e fs)]. By Propositions 2.3 and 3.5, there
are constants p, « > 0 such that for all sufficiently large n,

< 2—omT’1:I:O (nT’Q) ]

‘Sn(spt* >p)‘
‘Sn(fla" . 7fs)’

Since ‘Sn(fl,...,fs)‘ < |§n(f1,---,fs) )

‘?n(spt* > p)‘ < 2—0m7"_1:|:(’)(nT_2)’
Su(fis-os f5)]

which implies that
(7.1) ISu(f1, o fs) 0 Su(spt* <p)| ~ [Sulfr,.... fo)].
Lemma 7.3 with Y = S,,(f1, ..., fs) gives
Su(fis-oos fs) N Su(spt” <p)| ~ nl|[Sa(f1,--., fs) N Sa(spt™ < p)]|-
This and (7.1) gives
(7.2) ! [Sn(frs-- o fo) 0 Su(spt™ <p))| ~ [Su(fr,... £
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Suppose that ¢ > 2r(m! — 1)m/m! + 1. By Lemma 7.2 with X,, = S,,(spt > ) we get

(7.3) [Sn(spt = )] -n! = > [Su(m) N Su(spt >1)].

TESymay,

For every m € Symy, }Sn(ﬂ) N S, (spt > t)} < ’Sn(spt > t)’ and there are not more
than (t — 1)!n*~! permutations = € Sym,, such that spt(m) < t. Therefore,

(7.4) D [Sa(m) N Su(spt > 1) < (t— 1) [S(spt > )]

TESYymay,
spt(m)<t

If m € Sym,, and spt(m) >t then S, (7) N S,(spt > t) = S, (7), so we get

(7.5) > ISa(m) N Sulspt =) = > [Sa(m)].
TESymn, reSymy
spt(m)>t spt () >t

Now we get

(7.6) > [Sulm) N Su(spt > 1)
TESymay,
< (=D Sulspt = )] + D [Su(m)] by (7.4) and (7.5)
TeSymay,
spt(m)>t
<=M T Sum] + > [Sa(m)] by (2.2)
TESYMy TESYMmn
spt(m)=>t spt(m) >t
<20t-1t > [Su(m)].
weSymn
spt(m)>t
Moreover, as H n(fiseoy fs ” | n f1,...,fs)H we have

B
[[SnGspt > )][ _ |[Sa(spt > )]
[Sn(fi s I [[Sulfise )]
| [Sn(spt > t)] |
Hgn(fl,...,fs) Sn(spt* < p)]|
_ n! - [[Sn(spt > t)]|
nt- H (f1,--- fs) N Su(spt* < p)]|
~ 2 reSymn ‘Sn m) N Sp(spt > t)‘

(7.7)

IN

by (7.3) and (7.2)

‘/S\n(fh . '7f5)‘
2(t — 1)!”t_1 ZﬂeSymn ‘Sn(ﬂ')‘
< spt(m) 2t by (7.6
N |Sn(f17afs)‘ ( )
< 2(t—1)ntt Z expo (Zkiorbi(w) - Zkiorbi(fl, e fs)>
TESYymn, i=1 i=1
spt(m)>t

by (2.1) and (2.2).
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Since t > 2r(m! — 1)m/m! + 1 it follows from the final estimates of the proof of Propo-
sition 2.3 that there is 8 > 0 such that

2 eXp2<Zkorbl - Z’%Orbi(fl,--.,fJ) )
=1

TESYyman
spt(m)>t

This together with (7.7) implies that there is A > 0 such that

HSn(Spt 2 t)]\ “Anrt
St gl = 2

for all large enough n. 0

Corollary 7.5. Let m,t € N,
(i) If t > 2r(m! — 1)m/m! + 1 then

lim HS (SptZt)” — lim HS Spt>t”
n—00 H (spth)” n—00 HSn spt*>m”

(ii) There is T > m such that
’ [Sn(spt > m) N Sy (spt* < T)”

e

) ‘ [Sn(spt* >m) NS, (spt* < T)”

lim = 1.
L [l

Proof. Part (i) follows immediately from Proposition 7.4, because if f € Sym,, and
spt(f) = m, then S,,(f) C S,,(spt > m) C S, (spt* > m).
Part (ii) is proved like Corollary 3.7, but with part (i) instead of Corollary 2.5. O

Corollary 7.6. For every finite group G there is T € N such that

iy LM €80 : G < Aut(M) and spt*(M) < T} ]|

Proof. Let G be isomorphic to a permutation group without fixed points on [m] for
some m € NT. Let t = 2r(m!—1)m/m!+1. In the same way as we proved Corollary 2.6,
but using Proposition 7.4 instead of Proposition 2.3, we get

|[[{M € Sy, : G < Aut(M) and spt(M) < t)}]]

lim — — = 1.
n—00 |[{M € S, : G < Aut(M)}]|
By Proposition 3.5 the sought after T exists. O

Theorem 7.7. For each result in the previous sections which, for some sequence S, C
Sn, n € NT, and set X C S that is closed under isomorphism, can be stated in the form

. [spnX]|
lim c
where 0 < ¢ < 1, we also have
!
lim } S, r) X] ‘ c
oo |[S]]]

for the same constant c.
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Remark 7.8. The statement in Theorem 7.7 that we get exactly the same limit ¢ in
both the labelled and unlabelled case may seem counter intuitive, because we consider
structures with a nontrivial automorphism. Roughly speaking, the reason why we indeed
get exactly the same limit in the labelled and the unlabelled case is that for each S’ =
Unen+ S, considered, there is p such that |S),| ~ [S), N S,(spt* < p)| and therefore
Lemma 7.3 can be applied in the proof of Theorem 7.7.

Example 7.9. Here are three examples of applications of Theorem 7.7.
(i) Let t > 2, let ¢ be a sentence and let

X, = {IMeS: M}

By Theorem 6.2, |S,(spt > t) N Xw‘/‘sn(spt > t)} converges to some 0 < ¢ < 1 as
n — oo0. Now Theorem 7.7 implies that

lim HSn(sptZt) N Xw” _ .
oo |[Sa(spt > )]

i1) Let G be a finite grou a sentence and X, as above. By Theorem 6.2
(i) group, ¢ o y :

{MeS,:G<Aut(M)} N Xy
{MES,:G < Aut(M)}]

converges to some 0 < ¢ < 1. Theorem 7.7 implies that

-~ [{M € Sn: G <Aut(M)} 0 X]| .

e [[[MeS,: G < Aut(M)]]]

Proof of Theorem 7.7. Suppose that S/, C S, for n € NT, that X C S is closed
under isomorphism and that we have proved (in previous sections) that

.S, nX]|
lim — =

(7.8) c

for some 0 < ¢ < 1. In all of these cases it is clear that S’ = [J;2; S/, is closed under
isomorphism. It also follows, either by definition or by results that have been proved,
that there is an integer p such that

[, N Su(spt* < p)|

(7.9) lim =1 and
/ *
(7.10) fi 1527 S“(,Spt <ol _
oo |[8%]]

It follows from (7.8) and (7.9) that

(7.11) i 1SnEPSp) 0S80 X|
’ n—00 ‘Sn(spt* Sp) N S,‘ '

Lemma 7.3 with Y = S’ gives

)

’Sn(spt* <p) N S| ~ nl|[Su(spt* <p) N ]

and with Y = S’ N X it gives

|Sn(spt* <p)n§sn X‘ ~ n!HSn(spt* <p) n§sn XH



38 OVE AHLMAN AND VERA KOPONEN

This together with (7.11) gives
|[Sn(spt* <p) N 8" N X]| _ n!|[Sn(spt* <p) N 8’ N X]|
‘[Sn(spt* <p) N S’” N n!‘ [Sn(spt* <p) N S’H
Su(spt* <p) N § N X|

S, (spt* <p) N S|

— C asn — 0.

Combining this with (7.10) gives

|[Sn(spt* <p) N S, N X]|

|[S5]]

_|[Subspt'<p) 0 8, 0 X]||[Sulspt <p) 1S3 S
~|[Salspt* <p) N S]] 8,]] c asn—oo.

Finally we have

[S, N X]| |[Sn(spt* <p) N S}, N X]| [[Sn(spt* >p+1) N S, N X]|

A IGAl i IGAl

which tends to ¢ as n — oo, because of (7.12) and (7.10). This concludes the proof of
Theorem 7.7. U

(7.12)
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