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Exercises 2
1. Consider the modal model given by the set of week days
W = {Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday, }

where the accessibility relation R(z,y) is « is no later than y. The truth-values for P,
@ and R are as follows on each day.

t= M Tu W Th F Sa Su
ViP)=1 0 1 1 1 0 1
Vi@=0 0o 1 1 0 1 1
ViR)=1 0 1 0 0 0 0

A possible interpretation of symbols: The activities of Sergeant Snaarskog: P drinks
all day, R drives a tank, ) cleans his guns. Compute the truth-value of each of the
following formulas in the model just defined.

(a) Vm(C(Q@ A R))
(b) Vrn(S(Q A R))
(c) Vm(B(R — P))
(d) D(P — ©Q))
(e) Vm(B(P A Q)
(f) Vm(©DQ))

) Var(OOR))

)

Is it possible to find a formula A = A(P, @, R) which holds precisely on Thursday,
i.e. such that V;(A) =1 is holds precisely when ¢ = Th.

(s

(h
(i) For which week days is it possible to find such formulas?

2. Decide which of the following formulae are provable in intuitionistic propositional logic.

For each formula give a proof in natural deduction or provide a Kripke model which
shows that it is unprovable. (The symbols — and — of Ch. 4 are here denoted O and

N,)

(a) (P2Q)>Q)DQ)D(PDQ)
(b) (PDQ)V(QDP)

(¢) ~~P>(PV~P)



3. Consider a modal logic model M = (N, <, {V;}4en) where Hy (t =0,1,2,...) are propo-

sition variables such that
1 ift>s,

Vt(HS):{ 0 ift<s.

Let P be a propositional variable. Express the following using modal formulas that use
a fixed number of H-variables (whose number is independent of m and n).

(a) P holds at all time points in the interval [m,n] = {m,m +1,m +2,...,n}. (Le.
find a formula A containing P such that M = A iff for all ¢ € [m,n]: Vi(P) =1.)
(b) P holds at some point in time in the interval [m, n].

4. Define for every k € N a relation R; on N such that its corresponding operator O in a
modal logic model (N, { Ry }ken, {Vi}ien) behaves as

Vei(OrA) =1 = Vi(A) = Vi (A) = - = Vigp(4) = L.

What is the intuitive interpretation of this operator? How does < work? Try to give
some general laws for these operators and examples of what they can express.

5. Let M = (W, R, {V;}+ew) be a modal logic model. Let P be a propositional variable.
(a)* Show that if M = OP — P, for each possible valuation V;, then R must be
reflexive.
(b)* Show that if M = OP — OOP, for each possible valuation V;, then R must be

transitive.

6. Suppose that M = (W, R,{Vi}4cw) is a modal logic model. Let A be an arbitrary
modal formula.

(a) Show that if R is reflexive, then M = 0A — A.

(b) Show that if R is transitive, then M = 0OA — OOA.

(c) Show that if R is symmetric, then M = OCOA — A.
)

(d) Show that if R is an equivalence relation, then O satisfies the introspection axioms
in M.
(e)* Show that if R is a linear order, then M = COCA « OCA



