
ALGEBRAIC STRUCTURES

Xantcha

Solutions 17th December 2012

1. (a) —
(b)

σ “

ˆ

1 2 3 4 5 6 7 8 9
4 5 9 3 1 2 6 8 7

˙

“ p14397625q.

(c) σ “ p15qp12qp16qp17qp19qp13qp14q is odd.
(d) σ is a cycle of length 8, hence it is of even order 8.
(e) No, since σ “ π2 has order 8, π would have to have order 16 or

more. There are no such permutations in S9.

2. (a) —
(b)

ppxq “ 1` x` x2 ` x3 “ p1` xqp1` x2q,

where 1` x2 is irreducible since it has no zeroes.
(c) Polynomials (residue classes) in Z3rxs{pppxqq add and multiply as

usual, modulo the relation x3 “ ´1 ´ x ´ x2. There will be zero
divisors, for p1` xqp1` x2q “ 0.

3. (a) —
(b) By the Fundamental Theorem of Finitely Generated Abelian Groups,

there are exactly two groups of order 2012 “ 22 ¨ 503:

Z2 ˆ Z2 ˆ Z503 and Z4 ˆ Z503.

4. (a) —
(b) Let n be the least positive integer with xn “ 0. If n “ 1, then x “ 0.

If n ě 2, then 0 “ xn “ x ¨ xn´1, and both x, xn´1 ‰ 0.
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(c) If x is nilpotent with xn “ 0 and r is arbitrary, then prxqn “ rnxn “
0, so also rx is nilpotent. If x and y are both nilpotent with xn “
yn “ 0, then

px` yq2n “
2n
ÿ

k“0

ˆ

2n
k

˙

xky2n´k “ 0,

since either k or 2n´ k is at least n.
(d) The relation

0`N “ px`Nqn “ xn `N

implies xn P N , which in turn implies pxnqm “ 0 for some m. Hence
x itself is nilpotent, and therefore x P N , so that x`N “ 0`N .

5. (a) —
(b) Obviously

pg, gq ˆ ph, hq “ pgh, ghq P D
p1, 1q P D

pg, gq´1 “ pg´1, g´1q P D.

(c) Every subgroup of a normal subgroup is normal. The map

ϕ : G Ñ pGˆGq{D, x ÞÑ px, 1qD

is homomorphic:

ϕpxqϕpyq “ px, 1qD ¨ py, 1qD “ pxy, 1qD “ ϕpxyq.

It is injective since px, 1qD “ p1, 1qD implies px, 1q P D, and therefore
x “ 1. It is surjective since

pa, bqD “ pab´1, 1qpb, bqD “ pab´1, 1qD.

Hence it is an isomorphism, whence G – pGˆGq{D.
(d) Choose G “ S3. Then

pp12q, p23qq ¨ pp12q, p12qq ¨ pp12q, p23qq´1 “ pp12q, p13qq R D.

6. (a) —
(b) One finds the multiplication table in Table 1.
(c) T is clearly commutative, since the elements 1, i, j, k all commute.

T has zero divisors, for example p1` jqp1´ jq “ 1´ j2 “ 0.
(d) Define the isomorphism T Ñ CˆC by

1 ÞÑ p1, 1q i ÞÑ pi, iq j ÞÑ p1,´1q k ÞÑ pi,´iq.

Since these four elements constitute a basis for C ˆ C, and they
satisfy the relations the tessarines do, this will be an isomorphism.

2



¨ 1 i j k
1 1 i j k
i i ´1 k ´j
j j k 1 i
k k ´j i ´1

Table 1: Multiplication table for the Tessarines.

7. (a) —
(b) One calculates

α
2 ` 1 “ 2i

?
6

pα2 ` 1q2 “ ´24,

so that α is a zero of the polynomial ppxq “ px2 ` 1q2 ` 24 “ x4 `

2x2 ` 25.
It has no integral zeroes since ppxq ą 0 for real x (alternatively, use
the Rational Root Theorem; the only possibilities are ˘1,˘5,˘25).
There are no integral quadratic factors, since the three numbers 1,
α “

?
2 ` i?3, and α2 “ 2i

?
6 ´ 1 obviously cannot be rationally

combined to form 0. (Alternatively, one may consider the equation

x4 ` 2x2 ` 25 “ px2 ` ax` bqpx2 ` cx` dq,

which has no integral solutions a, b, c, d.)
Hence ppxq is the minimal polynomial of α.

(c) rQpαq : Qs “ deg ppxq “ 4.
(d) Since Qpαq contains

?
2` i?3 and

1
?

2` i?3
“

1
5
p
?

2´ i
a

3q,

it will contain
?

2 and i?3. Consequently,

Qpαq “ Qp
?

2, i
a

3q

and all the conjugates of α, namely ˘
?

2 ˘ i?3, will be included.
This shews Qpαq is the splitting field of ppxq, and therefore a Galois
extension.
To find the Galois group, we observe that an automorphism must
map

?
2 ÞÑ ˘

?
2 and i?3 ÞÑ ˘i?3. Since the extension has degree

4, the Galois group has order 4, and so these four combinations
are all valid, making the automorphism group isomorphic with the
Klein four-group.
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