
ALGEBRAIC STRUCTURES

Xantcha

Solutions 30th August 2013

1. (a) π “ p165qp34q.

(b) π “ p15qp16qp34q is odd.

(c) For instance π2 “ p156q.

(d) For instance ρ “ p16q, since

πρ “ p15qp34q ‰ p56qp34q “ ρπ.

(e) The order of π is lcmp2, 3q “ 6.

2. (a) —

(b) The factorisation is ppxq “ px` 1qqpxq, where

qpxq “ x3 ` 5x` 5

is irreducible over Q by Eisenstein’s Criterion.

(c) The factorisation ppxq “ px ` 1qqpxq is still valid, but now the irre-
ducibility of qpxq follows from qp0q “ qp˘1q “ ´1.

3. (a) —

(b) Clearly G is closed under matrix multiplication. It contains the
identity matrix I , and each matrix is its own inverse, since

˜

a 0
0 b

¸˜

a 0
0 b

¸

“

˜

a2 0
0 b2

¸˜

1 0
0 1

¸

.

This property shews that G is isomorphic with the Klein four-
group.
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(c) This is clear, since

A ¨ pB ¨ xq “ ApBxq “ pABqx “ AB ¨ x

and
I ¨ x “ Ix “ x.

(d) The orbit of P “ pp, qq is t p˘p,˘qq u. The stabiliser is as follows.

If p ‰ 0 ‰ q:

#˜

1 0
0 1

¸+

If p “ 0 ‰ q:

#˜

˘1 0
0 1

¸+

If p ‰ 0 “ q:

#˜

1 0
0 ˘1

¸+

If p “ 0 “ q:

#˜

˘1 0
0 ˘1

¸+

“ G

4. (a) —

(b) —

(c) Define an isomorphism by

ϕ : QˆQ Ñ Qrxs{px2 ´ 1q

pa, bq ÞÑ a
1` x

2
` b

1´ x
2

“
a` b

2
`

a´ b
2

x.

This map is clearly additive, and ϕp1, 1q “ 1. Multiplicativity follows
since

ϕpa, bqϕpc, dq “
ˆ

a` b
2

`
a´ b

2
x
˙ˆ

a` b
2

`
a´ b

2
x
˙

“
ac ` bd

2
`

ac ´ bd
2

x “ ϕpac, bdq.

Since ϕpp ` q, p ´ qq “ p ` qx, the map ϕ is surjective. It is also
injective since 0 “ a`b

2 ` a´b
2 x implies a` b “ a´ b “ 0, and hence

a “ b “ 0.

5. (a) —

(b) Yes: S3 has a subnormal series

tpqu Ĳ tpq, p123q, p321qu Ĳ S3.

The factor groups are abelian of orders 3 and 2, respectively.
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(c) Yes: Z has the trivial subnormal series

t0u Ĳ Z

with the single factor group abelian.

6. (a) —

(b) Define an isomorphism

ψ : S Ñ T , s ÞÑ s` I .

It is additive and multiplicative, and sends 1 to 1` I . Moreover, it is
clearly surjective.
It only remains to shew that ψ is injective. Suppose s P S is such that
0` I “ ψpsq “ s` I . This implies s P I , and therefore s P SX I “ t0u.

7. (a) —

(b) ppxq “ x4 ´ 4 “ px2 ` 2qpx2 ´ 2q.

(c) The splitting field of ppxq is Qp
?

2,
?
´2q “ Qp

?
2, iq. Any auto-

morphism of this field must map
?

2 ÞÑ ˘
?

2 and i ÞÑ ˘i, which
leaves only four choices. On the other hand, the Conjugation Iso-
morphism Theorem ensures the existence of automorphisms per-
forming all these exchanges.
(The automorphisms can of course also be constructed directly:
There is

ζ : Qpiqp
?

2q Ñ Qpiqp
?

2q, a` b
?

2 ÞÑ a´ b
?

2

swapping ˘
?

2 and

η : Qp
?

2qpiq Ñ Qp
?

2qpiq, a` bi ÞÑ a´ bi

swapping˘i, and then there is the product ζη “ ηζ swapping both.)
Consequently, the Galois group of ppxq is isomorphic with the Klein
four-group.
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