Probability Surveys Vol. 0 (0000) ISSN: 1549-5787 DOI: 10.1214/154957804100000000

Addendum to Moments of Gamma type and the Brownian supremum process area

Svante Janson

e-mail: svante.janson@math.uu.se

I am grateful to Jim Pitman for pointing out several further relevant references.

The integral (5.6) yielding the density function f_X (x) is known as an Hfunction (provided each b_j > 0, which we can assume by Theorem 4.1), see Fox [6] and Mathai, Saxena and Haubold [10]; more precisely, f_X (x) = CD^{−1}H(x/D), where H is an H-function with appropriate parameters determined by a_j , b_j , a^′_k, b^′_k. (The H-functions include many special functions. However, they are in general not positive, and thus usually not density functions.)

Hence, the class of distributions studied in this paper is essentially (ignoring cases such as Example 3.13, when the integral (5.6) does not converge) the same as the class of distributions with a density of the type kH(cx) for an H-function H. Such distributions are called H-function distributions by Carter and Springer [2] and H distributions by Kaluszka and Krysicki [7], see also [10, Chapter 4]. Formulas (rather complicated) for the density of a sum of several independent such variables are given by Mathai and Saxena [8].

Braaksma [1] developed asymptotic expansions of H-functions in great detail and generality, including large parts of the results in our Section 6.

A special case of the H-function is the Meijer G-function [11], obtained when all a_j , a^′_k = ±1 in our notation. Distributions with moments of Gamma type with all a_j , a^′_k = ±1 (and D = 1) are thus essentially the same as distributions with a density that is a constant times a G function; such distributions are called G distributions by Dufresne [4, 5]; see also Mathai and Saxena [9]. (Dufresne [4, 5] include the case when some of our b_j , b^′_k are complex and give an interesting example of this, cf. our Remark 11.3.) The special case when all a_j , a^′_k = 1 is studied further by, e.g., Chamayou and Letac [3] (there called Dufresne laws).

The Meijer G-function is implemented in both Mathematica and Maple as

MeijerG. This allows the use of these programs to plot densities of random

variables identified only by their moments if these are of Gamma type with all a_j , a^′_k = ±1.

See also Weisstein [12, 13] and the further references given there.

References

[1] B. L. J. Braaksma, Asymptotic expansions and analytic continuations for a class of Barnes-integrals. Compositio Math. 15 (1964), 239–341. 0

Svante Janson/Addendum: Moments of Gamma type 1

[2] B. D. Carter and M. D. Springer, The distribution of products, quotients and powers of independent H-function variates. SIAM J. Appl. Math. 33 (1977), no. 4, 542–558.

[3] J.-F. Chamayou and G. Letac, Additive properties of the Dufresne laws and their multivariate extension. J. Theoret. Probab. 12 (1999), no. 4, 1045– 1066.

[4] D. Dufresne, The beta product distribution with complex parameters.

Comm. Statistics – Theory and Methods 39 (2010), no. 5, 837–854. [5] D. Dufresne, G distributions and the beta-gamma algebra. Preprint, University of Melbourne, 2009.

[6] C. Fox, The G and H functions as symmetrical Fourier kernels. Trans.

Amer. Math. Soc. 98 (1961) 395–429.

[7] M. Kaluszka and W. Krysicki, On decompositions of some random variables. Metrika 46 (1997), no. 2, 159–175.

[8] A. M. Mathai and R. K. Saxena, On the linear combinations of stochastic variables. 20 (1973), 160–169.

[9] A. M. Mathai and R. K. Saxena, Generalized Hypergeometric Functions with Applications in Statistics and Physical Sciences. Lecture Notes in Mathematics, Vol. 348, Springer-Verlag, Berlin-New York, 1973.

[10] A. M. Mathai, R. K. Saxena and H. J. Haubold. The H-Function. Theory and Applications. Springer, New York, 2010. xiv+268 pp. ISBN: 978-1- 4419-0915-2 [11] C. S. Meijer, On the G-function. I–VIII. Nederl. Akad. Wetensch., Proc. 49, (1946) 227–237, 344–356, 457–469, 632–641, 765–772, 936–943, 1063–1072, 1165–1175 = Indagationes Math. 8 (1946), 124–134, 213–225, 312–324, 391– 400, 468–475, 595–602, 661–670, 713–723.

[12] E. W. Weisstein, Fox H-Function. MathWorld.

http://mathworld.wolfram.com/FoxH-Function.html

[13] E. W. Weisstein, Meijer G-Function. MathWorld.

http://mathworld.wolfram.com/MeijerG-Function.html