PATTERNS IN RANDOM PERMUTATIONS AVOIDING
THE PATTERN 132

SVANTE JANSON

ABSTRACT. We consider a random permutation drawn from the set of
132-avoiding permutations of length n and show that the number of
occurrences of another pattern o has a limit distribution, after scaling
by n*(7)/2 where A(0) is the length of o plus the number of descents. The
limit is not normal, and can be expressed as a functional of a Brownian
excursion. Moments can be found by recursion.

1. INTRODUCTION

We say that two sequences (of the same length) x1 - - xp and y; - - - yg of
real numbers have the same order if x; < x; < y; <y; for all i,j € [k].

Let &,, be the set of permutations of [n] :={1,...,n}. f o =01 0} €
Grand T =my -, € G, then an occurrence of ¢ in 7 is a subsequence
Ty =+ Ty, With 1 <4y < --- <43, < n, that has the same order as 0. We let
ne(m) be the number of occurrences of o in 7, and note that

5wt = (}): (1.1)

geSy,

for every m € &,,.
We say that 7 avoids o if n,(7) = 0; otherwise, m contains o. Let

Gn(o) :={m € &, : ny(m) =0}, (1.2)

the set of permutations of length n that avoid 0. We also let G,(0) :=
U2, 6,(0) be the set of o-avoiding permutations of arbitrary length.

Remark 1.1. For later use, note that n,—1(7~!) = ny(r). Similarly, for
the reverse ol := oy,...01, nyt(r!) = ny (), and for the complement & =
(k+1—01)--- (k+1—0k), (%) = ny (7). In particular, the maps 7 +— 71
7wl and 7 > 7 are bijections &,(c) = &,(071), &,(0) = G, (cf) and

Gn(o) = 6,(7).

The general problem that we are interested in here is to take a fixed
permutation 7, and let 7+, be a uniformly random 7-avoiding permutation,
i.e., a uniformly random element of &,,(7), and then study the distribution
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of the random variable n, (7, ) for some other fixed permutation o. More
precisely, we are mainly interested in asymptotics of the distribution as
n — 00. (Although our methods also yield exact formulas for finite n.) The
present paper is only a partial contribution to this general problem, and we
will soon concentrate on the single case 7 = 132.

Remark 1.2. It is well-known that if 7 is a uniformly random permutation
in &,,, without any restriction, and o is a fixed permutation, then n,(7) has
an asymptotic normal distribution as n — co; moreover, this holds jointly
for several o. See Béna [9, 11| and Janson, Nakamura and Zeilberger [26].
We shall see that the restricted case is different.

Remark 1.3. The simplest non-trivial cases are the cases |7| = 3. There
are 6 permutations 7 € &3, but by the symmetries in Remark 1.1, it suffices
to consider the two cases 7 = 123 and 132.

As background, note first that it is a classical problem to enumerate the
sets &,,(7), either exactly or asymptotically, and to study various properties
of the generating function; see Béna [8, Chapters 4-5]. In particular, two
permutations o and 7 are said to be Wilf-equivalent if |&,(0)| = |&,(7)]
for all n. It is known that all permutations of length 3 are Wilf-equivalent,
with |&,(7)| = (2:)/(71 + 1), the nth Catalan number C,,, when |7| = 3,
see e.g. [28, Exercises 2.2.1-4], [41], [42, Exercise 6.19ee,ff], [8, Corollary
4.7]; in contrast, not all permutations of length 4 are Wilf-equivalent. (The
classification of Wilf-equivalent permutations of length 4 was quite difficult,
see [8] and the references given there.)

A simpler version of the general problem above is to find (at least asymp-
totically) the expectation Eng,(7,,). (If the number |S,,(7)| is known, this
is equivalent to finding the total number of occurrences of ¢ in all 7-avoiding
permutations of length n.) This version of the problem was posed by Cooper
[16], and has been studied by Béna [10] (1 =132,0 =1---kando =k---1),
Béna [12] (7 = 132, |o| = 3 and certain longer o), Homberger [22] (7 = 123,
lo| < 3); furthermore Cheng, Eu and Fu [14] studies the case 7 = 321,
o = 21. (or, equivalently, 7 = 123, 0 = 12). These papers concentrate on
exact formulas and generating functions; asymptotics are derived as corol-
laries. Rudolph [40] studied the problem of when Eng, (7, ,) = Eng, (7 5)
(in the case 7 = 132).

In particular, for 7 = 132, by [10], [12] and straightforward singular-
ity analysis (see [20, Chapter VI]), or by Examples 5.8 and 5.11 below, as
n — oo,

™
Enia(migan) ~ \gng/27 (1.3)
1
E nig3(mis2,n) ~ 5’02, (1.4)

T
Enoi3(mi132.n) = Engsi(mi132,0) = Engia(mwis2,n) ~ \8F715/27 (1.5)
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n 1
Enso1(m132,) ~ (3) ~ 6”3’ (1.6)
and, for any fixed k > 1, generalizing (1.3)—(1.4),
21*k
Enlmk(ﬂ'l?ﬁ,n) ~ Jn(k+l)/2. (17)

I'(k/2)

Note that in (1.5), the three expectations are equal for any n; the equality
of the two latter is trivial because ngs1(7132,,) and ngzi2(mwi32,,) have the
same distribution, as a consequence of the first symmetry in Remark 1.1.
The first equality is non-trivial and more surprising; in fact no13(m132.,)
and n931(m132,,) do not have the same distribution, in general. (They have
different variances already for n = 5, as is shown by an enumeration, by
hand or by computer.)

The more general problem of studying the distribution, and not just the
expectation, of ny(m;,) was raised in [26], where higher moments (and
mixed moments) are calculated (using computer algebra) for small n for
several cases (7 = 132, 123 and 1234; several o with |o| = 3).

The main result of the present paper (Section 2) is that the formulas above
for the expectation generalize to arbitrary o € 6,(132), always with growth
as a half-integer power of n, and that, moreover, the random variables after
normalization by this power of n converge to some positive limit random
variables, with convergence of all moments.

Remark 1.4. The case of forbidding 7 = 123 has, as said above, been
studied by Cheng, Eu and Fu [14] (¢ = 12) and Homberger [22] (|o| < 3);
their results yield (after simple calculations and correction of several typos
in [22]), as n — o0,

Eni2(m123,) ~ \an/?, (1.8)

Eniga(mi23,n) = Enoiz(miozn) ~ %7127 (1.9)

Eng31(m123,n) = Engia(m1230) ~ \{37?”5/27 (1.10)
and, which also follows from these and (1.1),

E ngo1 (m123.0) ~ (g) ~ %n?’. (1.11)

Cf. (1.3)-(1.6). Moreover, Homberger [22] shows that also Engg;(mi23,n) =
E na31(m132,,) for any n; however, the distribution of ng3; (7123.5,) differs (in
general) from the distribution of any of the variables in (1.5). (They have
different variances already for n = 4.)

The equivalence given by [14] between ni2(mi23,) and the number of
certain squares under a Catalan path (or equivalently, a Dyck path) implies



4 SVANTE JANSON

by standard results that

1
nPig(minn) ~ 27 [ e(o)ds (1.12)
0

where e is a Brownian excursion; this is apart from a factor 1/2 the same
limit as for nj2(mwi32,n), see Example 7.6. For the other cases above (exclud-
ing the trivial ng2;) we do not know any asymptotic distribution, and not
even asymptotic second moments. It seems likely that methods similar to
the present paper could be useful in this case too, using a suitable bijection
between G,,(123) and binary trees (cf. Remark 4.3), but we have not yet
attempted it.
It seems much more difficult to show results for any longer 7.

Remark 1.5. A special case of the distribution of n,(m,,) is the proba-
bility P(na(ﬂ'ﬂn) = O) that a 7-avoiding permutation also avoids o; this is
equivalent to enumerating the set &, (0, 7) of permutations that avoid both
o and 7 (given that we know |&,,(7)|). This problem has been studied by
various authors (with exact results, generating functions and asymptotics),
see e.g. [41], [6], [43], [15], [39], [31], [32], [33], [29], [1], [2]. Some of these also
consider the number of 7-avoiding permutations with exactly r occurences
of o, which is equivalent to P(n,(m, ) = r). Formally, this is the same
as our problem of the distribution of n, (7, ), but the emphasis in these
papers is on exact formulas for constant r, while we are interested in asymp-
totic results, with r increasing. It would be interesting to derive asymptotic
distributions from these algebraic results, but this seems difficult.

Remark 1.6. We have considered avoiding a single pattern 7. Of course,
the same questions can be asked for a set 71, . .., 77 of two or more forbidden
patterns, cf. the references in Remark 1.5 where such sets &, (71,...,7a)
are studied. For a simple example, there are exactly 2"~ ! permutations in
6,,(123,132), and they have a simple structure [41] which makes it easy to
see that the number njs of noninversions has a binomial distribution Bi(n —
1,1/2); in this case, ni2 thus has an asymptotically normal distribution.

2. MAIN RESULTS

From now on we consider only 7 = 132. Note that n,(m132,) = 0 if o
contains a copy of 7; hence we only consider ¢ that themselves avoid 7.

Recall that a descent in a permutation oy - - - 0y, is an index i € [k—1] such
that o; > 0;41; we also define the last index k to be a decent. (Tradition
varies about the latter case; we find this version convenient for our purposes.)
We let D(0) be the number of descents in o. (Note that with our definition
1< D(o) < |o|.) We define

Ao) :=|o| + D(o) (2.1)

and note that
o] +1 < A(0) < 2Jo], (2.2)
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with the extreme values A\(o) = |o| + 1 if and only if 0 = 1---k, and
Ao) =2|o| if and only if 0 = k---1, where k = |o]|.

Theorem 2.1. There exist strictly positive random variables A, such that

na(ﬂ'l?ﬂ,n)/n)\(a)/Q i> Aa7 (23)

as n — 00, jointly for all o € &,(132). Moreover, this holds with conver-
gence of all moments, with all moments of A, finite, i.e., for any sequence
o, ... o) ¢ 6.(132), possibly with repetitions,

E(ngu) ST (M) (71'132’,1)) ~ nZV Me™)/2 E(Aou) e AO.(M)). (2.4)

In particular, for every o € 6,(132), there exists a positive constant A, =
E A, such that

E g (m132.0) ~ Agn™)/2, (2.5)

For a monotone decreasing permutation k- -1, Ag..; = 1/k! is determin-
istic, but not for any other o.

Remark 2.2. Since A, > 0, the limit distributions are not normal; thus
Ne(T132,,) is not asymptotically normal. (For o = k--- 1, use (2.12) below.)
This was conjectured (for o = 312) in [26] based on calculation of the mo-
ments for small n; our theorem verifies this, but it should be noted that the
numerical values in [26, Table 3] for n < 20 are still far from their limits.
A calculation using Theorem 6.4 shows that the normalized third moment
E(X —E X)3/ Var(X)?/? ~ 0.76384 for the limit X = Az;, while for n = 20,
[26] yields 0.44906.

The proof of Theorem 2.1 will occupy the rest of the paper. We will use
two completely different methods that complement each other and prove dif-
ferent parts of the theorem; both use a bijection with binary trees described
in Section 4. One method (Section 7 and Theorem 7.5) uses this to show
the convergence in distribution (2.3); this proof shows also that the limit
random variables A, can be expressed as functionals of a Brownian excur-
sion e(z). In particular (Example 7.6), Ajo = \/§f01 e(x) dz; this is (apart
from the factor v/2) the well-known Brownian excursion area which appears
as a limit in various combinatorial problems (for instance for the total path
length in a random conditioned Galton-Watson tree [3; 4]); for this distri-
bution see also the survey [24] and the references there. (It is sometimes
called the Airy distribution.) More generally (Example 7.8), for the mono-
tone pattern 1---k, Aj..p = cg fol e(x)F~1dx with ¢ = 2=D/2/(k — 1)
However, in general, the description as a Brownian excursion functional is
rather complicated, and it is not easy to even compute its mean.

As a complement, we therefore give also by another method (Section 5)
formulas yielding (by recursion) the constants A, = EA,, see (5.19) and
(5.8); we describe also (Section 6) how one can similarly find limits for
higher moments (possibly mixed). This method uses a recursion for the
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numbers n,(7) that is given in Section 3, and a probabilistic argument us-
ing subcritical Galton-Watson trees. As examples, we give (Theorem 6.4)
explicit recursion relations for the moments of A, for |o| < 3 (and joint mo-
ments of Ajp and A, with |o| = 3, needed for the recursions). In particular,
Theorem 6.4 yields for the second moments (where (2.6) is well-known, see

[30], [24])

5 10 — 37
]:EAlz — 6, VaI‘ A]_2 == 12 B (26)
19 1
EA? Aiog = — 2.
123 — 607 Var 123 157 ( 7)
7 56 — 157
EA2 Var Agj3 = ——— 2.
213 7907 arfas 960 (28)
43 344 — 1057
EA2,, = EAZ2 — Var Ag3; = VarAzjp = ———. 2.9
231 312 — 340’ ar A231 ar /A312 6720 ( )
For mixed moments we find from Theorem 6.4 for example
13
E(A2A 2.1
( 12 213) 50’ (2.10)
1
E(A12M231) = E(A12A312) = = (2.11)

The matrix of second moments of (A213, Aos1, Agi2) is given in (6.19).

Remark 2.3. For a given |o| = k, we see that the order of Eng,(mi32,,) is
smallest (n**1/2) for ¢ = 1---k and largest (n¥) for 0 = k---1. Cf. the
related result by Béna [10] that for every n, Enj..k(w132,n) < Eng(mwi32,n) <
Eng..1(m132,,) for every o € 6(132), see Section 9.

Remark 2.4. In particular, (2.5) implies that En, (m132,,)/n* — 0 for every
o € S, except k---1, which by (1.1) trivially implies Eng...;(m132,n) ~ (Z)
and ng...1 (132,n) LN 1/k!, which is the case 0 = k- - - 1 of Theorem 2.1 with
Ak..1 = 1/E! deterministic as asserted in the theorem.

For a nondegenerate limit law also in this case (for £ > 1), note that the
same argument yields

n*(kfl/Q) <<Z) — Ng...1 7713271 > — ZAU, (212)

summing over all o € 6(132) with A(0) =2k —1 (i.e., D(o) =k —1).

Remark 2.5. Although the exponent in (2.5) depends only on A(¢), i.e.,
on |o| and the number of descents in o, the constant A, does not. For
example, it follows by (5.19) and (5.8) (see also [25, Example 5.11]) that
E?’L3214 ~ £n7/2 and E?’L3241 ~ £n7/2.

Remark 2.6. Apart from the relation (1.1), there are also simple relations
between the counts n,(m) for o of different lengths. For example,

(n—2)n1a(m) = 3n123(m) + 2n132(7) + 2n213(7) + 1231 (1) + ng12(m), (2.13)
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since the left-hand side counts the number of distinct 4, j, k such that i < j
and m; < 7;, and if 0 € &3, then each occurence of ¢ in 7 contributes ni2(0)
such triples.

For 7 € &,,(132), the term n132(7) vanishes, and if we divide by n°/2 and
take the limit, another term disappears asymptotically, and we find for the
limit variables the relation

A12 = 2A213 + Ag31 + Azia. (2.14)
Similar relations enable each A, to be expressed as a linear combination of
A, for some set of o’ with |o’| = |o| + 1.

Remark 2.7. The limit Ao13 and the sum A3y + Azqo have appeared earlier
as distribution limits in [23], see Remark 7.12.

3. A BASIC RECURSION

If 1.+ 2, is any sequence of distinct numbers, let II(z;---x,) be the
permutation in &,, that has the same order as x;---xz,. We extend the
notation n,(m) in the trivial way to arbitrary sequences of distinct numbers
x1- Ty and Y1 - Yp by Ny, (X1 2p) 1= nn(yl...yk)(ﬂ(:ﬁl cexy)). (We
may similarly extend other notations when convenient.) We also define
ng(x1 -+ xy) =1 for an empty string 0 (i.e., the case k = 0), and let &y :=
{0}.

If € 6, and £ is the index of the maximal element n, i.e.. mp = n, let
7wp =71 7my—1 and TR = w41 -+ - Ty be the (possibly empty) parts of 7
before and after the maximal element. Using the operator II above, we can
regard them as permutations 77, € &y_1 and g € 6,,_y.

We begin with a well-known characterization of the 132-avoiding permu-
tations, see e.g. Béna [10].

Lemma 3.1. With notations as above, a permutation © avoids 132 if and
only if mr, and wr both avoid 132 and furthermore m; > m; whenever i < {
and j > /.

Proof. Although this is well-known and easy, we sketch the proof for com-
pleteness.

If 7 avoids 132 then so do n7, and wg. Furthermore, if the final condition
in the lemma is violated, then m; < m; < 7, for some 7 and j with ¢ < £ < j,
and thus ;7,7 is an occurrence of 132.

The converse is just as easy, by considering the possible positions of an
occurrence of 132 in relation to £; we omit the details. ([

This leads to a basic recursion for n, (7).

Lemma 3.2. Let 0 € 6;(132) with k > 1. Define m by o, = k and let
A:={q € [k —1]: minig;<q0; > maxy<j<k 0;}. Then, for any permutation
m € 6,(132) withn > 1,
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0 (1) = 1 (W) + 10 (TR) + Y Ny (L)1, (TR)
qeEA

+ Noyeopmi (WL)ngm+1...gk (7TR). (3.1)

Proof. Consider first an occurrence 7, - - - m,, of o that does not include .
Then, for some ¢ € {0,...,k}, 11 < -+ < vy <l <vgp1 < -+ < Y.

The cases ¢ = k and g = 0 give the n,(7r) and n,(wRr) occurrences in 7y,
and 7g.

If 1 < ¢ < k-1, we note that by Lemma 3.1, if i < ¢ and j > ¢, then
Ty, > Ty, and thus o; > oj; hence ¢ € A. Furthermore, for every ¢ € A,
we have exactly one such occurrence o in 7 for every pair of occurrences of
01-+-0q in 77, and o441 - - -0y, in . The total number of such occurrences
is thus the sum in (3.1).

Finally, if an occurrence 7, - - - m,, of ¢ contains my = n, then 7, must cor-
respond to the largest element o, in 0, i.e. v, = £. It follows in the same way
as above that the number of such occurrences is ng, ..., _, (71)70,, 1104 (TR)-

O

The set A is empty if m = k; otherwise m € A by Lemma 3.1 so A # 0.
The extreme case is o = k---1 when A = [k — 1]. Note that every element
of A is a descent in o (but not conversely, in general).

4. BINARY TREES

Out proofs are based on a well-known bijection between &,,(132) and the
set B, of binary trees of order n, see e.g. [12]. It can be defined as follows.

Recall that a binary tree T' consists of a root and two subtrees 77, and
Tr (the left and right subtree) which are either empty or themselves binary
trees. Using the notations of Section 3, we define recursively for any per-
mutation m € &,(132) with n > 1 a binary tree T'= T'(7) € B,, such that
its left subtree 77, = T'(7y) and its right subtree Tp = T'(7g); furthermore,
T(() is the empty tree. It is easy to see that this yields a bijection between
6,,(132) and B,.

If T is a binary tree, and o is a permutation, let X, (T := n,(mr), where
mr € 6(132) is the permutation corresponding to T' by the bijection above.
Moreover, let X, 1 := X(T1) and X, g := X5(Tr), where L and R are the
left and right subtrees of T

We can translate the recursion Lemma 3.2 to recursive relations for the
variables X, = X,(T) as follows. (We usually omit the argument T for
notational convenience.)

Lemma 4.1. Let 0 € 6,(132) with k > 1 and define m and A as in
Lemma 3.2. Then, for any binary tree T,

Xo=Xor+Xor+ Y Xorog L Xopsron,R
geEA

+ Xorom1,LXopi1op,Re (41)
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Note also that X, = 0 unless o € 6,(132) and, by (1.1),

Y X, = (Z) (4.2)

cE€Gy

As an illustration and for later use, we write the recursion (4.1) explicitly
for some small 0. For (notational) convenience, we define N = N(T) :=
Xi(T) =|T| and Y = Y(T) := X12(T), and define Ny, Ng, Yz, YR corre-
spondingly. Note that then, by (4.2),

o (V) = (1) v ”

Example 4.2. Taking 0 = 1, 12, 123, 213, 231, 312 in Lemma 4.1 we find
the following recursions, noting that in these cases A = A, is empty except
Agz1 = {2} and Agyo = {1}; for (4.7) we use also (4.3).

N = N;, + Np + 1, (4.4)

Y=Y, +Yr+ Nyp, (45)
X193 = X231, + X123,r + Y1,
N,

X213 = X013, + Xo13,r + ( QL) - Y, (4.7)

Xo31 = Xog1,1 + Xo31,r + YLNR + NLNg, (4.8)

X312 = X312,1 + X312, + NLYR + YR. (4.9)

(These recursions can also easily be verified directly, and (4.4) is utterly
trivial.)

Let T, be a uniformly random binary tree in B,,. Note that by the bijec-
tion above T, corresponds to a uniformly random permutation in &,,(132),
i.e. we can identify T;, = T'(m132,,). With this identification and the nota-
tions above we have

Xo(T) = no(m132,0); (4.10)

we will in the sequel use this without comment and study the random vari-
ables X, (T},) when proving Theorem 2.1.

Remark 4.3. The bijection with B,, is equivalent to a bijection with the set
of Dyck paths of length 2n, by the well-known standard bijection between
the latter and B,,. This is equivalent to the bijection by Knuth [28, Exercises
2.2.1-3,5] between 312-avoiding permutations and Dyck paths. Another bi-
jection with Dyck paths is given by [29]. For similar bijections of &,,(123)
and Dyck paths, see e.g. [6], [29], [14]. See also the many bijections with
various objects in Stanley [42, Exercise 6.19 (and its solution)].
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5. EXPECTATIONS

We next use an idea from [23] and consider the functionals X, above for
another random binary tree Ts defined as follows, for 0 < § < 1. Note that
this random tree, unlike T},, has a random size.

We start with the root; we then add each of the two possible children
of the root with probability p := (1 — §)/2 each, and we continue in the
same way with the possible children of any node that we add to the tree,
with all random choices independent. Thus Ty is a random Galton—Watson
tree with offspring distribution Bi(2, p). Since this offspring distribution has
expectation 2p = 1 — § < 1, the Galton—Watson tree Ty is subcritical and
thus a.s. finite.

The construction implies that if T' = Tj, then the subtrees 17, and Tg
are independent random trees; furthermore, each of them is empty with
probability 1 — p = (14 §)/2 and otherwise it has the same distribution as
T. (This can be used as an alternative, recursive definition of Tj.)

Remark 5.1. The argument in [23] uses full binary trees, which makes
the details a little different although the main idea is the same. We thus
present the argument in detail below, and refer the interested reader to [23]
for comparisons.

We let E5 denote expectation of random variables defined for the random
tree T' = Ts. These expectations are generating functions in disguise. In
fact, let Z = Z(T) be an arbitrary functional such that |Z(T")| < C|T|™ for
some constants C' and m. (This guarantees that all expectations and sums
below converge, and is satisfied by the functionals that we consider, viz. X,
and products of these.) We write z, := E Z(T},).

Lemma 5.2. Let Z and z, := E Z(T,,) be as above. Then

1 > 1—62\"
By 7 — 110 ann< ‘5> . (5.1)

I — 4
Proof. There are C,, = (2:)/(11 + 1) trees in B,. If T € B, then T has n
nodes, with 2 potential children each. Of these 2n potential children, n — 1
exist and n + 1 do not exist. The probability that Ts equals a given tree
T € B, is thus

B(Is=T)=p" ‘(L —p)" =221 -5 1+ 0" (5.2)

This probability is the same for all T € B,,, and since |B,| = C,, it follows
that the probability that Ts has order n is

146 (1-61\"

P(|Ts| = n) = P(Ts € By) = C,272"(1-6)" "1 (140)" T = Cnﬁ ( I ) :

(5.3)

Moreover, since (5.2) does not depend on the choice of T' € B,,, we see that

conditioned on |T5| = n, Ts is uniformly distributed in B,; in other words
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(T | |T5| = n) 4. Hence, E(Z | |T5| = n) = EZ(T,) = z, and, using
(5.3),

Bs 2 = 3 P(TH| =) B(Z | [T = ) = 3 P(T] = ),

1+6/1—6%\n
= ZZ” "5 ( 1 ) . ([
By Lemma 5.2, Es Z is, apart from the factor (1 + ¢)/(1 — 9), the or-
dinary generating function of the sequence C,,z,, evaluated at (1 — §2)/4.
Conversely, by taking 0 =+/1 —4x in (5.1), we obtain, for 0 < z < 1/4,

1—-4 1-2z—+1-4
ZCznx x Z = a: v

1+m Bvims 2 = 2z

Note that Z =1 yields the well-known generating function for the Catalan
numbers, see e.g. [20, p. 35].

E 112 (5.4)

Remark 5.3. For the variables Z that we study below (products of X, ),
Es Z turns out to be a polynomial in §~!; in this case (5.4) yields the gener-
ating function > > | Cpz,2™ as a rational function of /1 — 4z. By analytic
continuation, the resulting formula is valid for all complex x with |z| < 1/4,
and the generating function extends to an analytic function in C\ [1/4, c0).

We can now apply singularity analysis and obtain asymptotics of z, from
asymptotics of E5 Z as § \, 0. (Note that although we can define the random
tree Ty for 6 = 0, which will be a critical Galton—Watson tree and thus a.s.
finite, the expectations that we are interested will all be infinite and of no
use to us; hence we consider 6 > 0 and take asymptotics.) We state a simple
case that is enough for our purposes. In this section and the next, we let
Op(67™) denote an arbitrary polynomial in 6~1 of degree at most m.

Lemma 5.4. If Es Z = ad ™+ Oy (5_(7”_1)), wherem > 1 and a # 0, then

I'(1/2
EZ(T,) ~ ar<<m//2))n(m+1)/2 asn — oo.
Proof. By Remark 5.3, the generating function y 2 | Cpz,2" extends to an
analytic function in C\ [1/4,0), and as x — 1/4, by assumption and (5.4),
[0.9]
1—+/1-4
chznzx” ~ aix(l —4z)? ~a(1 — 4z) "M/,
n=1
This implies by standard singularity analysis (see [20, Corollary VI.1]),
nm/Q—l

I'(m/2)’
The result follows by this and the standard asymptotic expression C, ~
4" /v/mn3 for the Catalan numbers [20, p. 38]. O

Cnzn ~ ad™
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For later use, we show also the following, recalling N(T') := |T'|.
Lemma 5.5. (i) Let f(0) =Es Z. Then
1
Es(NZ) = 7(5—1 —8)f(8) + 671 £(5). (5.5)

(i1) In particular, if Bs Z = ad~™ + Op((g—(m—l))} where m > 1 and
a € R, then Es(NZ) = %ma(sf(mﬂ) + 0, ((57(m+1))‘

Proof. (i): Differentiate (5.1). This gives, using (5.1) also for NZ,

d 1 146 —20n (1 —§2\n
—Es Z = 71[‘3 VA 71}3 Z+ —
T R I R +1—52 O ()
2 20
The formula (5.5) follows.
(ii): An immediate consequence of (5.5). O

As an example, taking Z = 1 yields f(6) = 1, and thus (5.5) yields
Es N =461 (5.6)
Taking Z = N in (5.5) now yields
1

e
S5 (5.7)

and we can continue and find explicit expressions for Es N for any desired
m. (One can check that Lemma 5.4 is correct but trivial in these cases.)

After these preliminaries, we now consider the variables X,, and begin
with their expectations for T5. Recall that A(o) is defined by (2.1).

1
Es N? = 55—3 +672 -

Lemma 5.6. Let 0 € 6(132) with k = |o| > 1 and define m and A as in
Lemma 3.2. Then Es X, is a polynomial in 6~ of degree A(c) — 1 given by
the recursion Es X1 = 61 and, for k > 1,

Es X, —5—1w Es X, Es X,
6 No — 4 Z § Noy-oq 5

Ogq+1'0k
qEA
(6 = 1) Es Xopoorys m =1,
+ 15711 = 6)2 Es Xoyoooyy Es Xy ooops 1 <m <k,
26 = 1) Es Xopoopy s m=k.

The polynomial Es Xy has leading term B0~ M=) and vanishing constant
term, where B, > 0 satisfies the recursion By =1 and, for k > 1,

1 lp . m=k
== ByiowBo . o 27701 0k-10 ’ )
4% 1oaT ot ’“+{0, m < k. (58)
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Proof. We use induction on A(c). We use the recursion in Lemma 4.1 and
take expectations, considering the terms on the right-hand side of (4.1)
separately.

Since T}, is a copy of T' = Ty with probability p = (1 — §)/2 and empty
with probability 1 —p = (1 — §)/2, and the same holds for Tx, we have

1-6
B Xot = Bs Xop = pEs Xo = —5— Es X, (5.9)

Furthermore, T, and T are independent, and thus, for g € A,
E(S (Xal-noq,LquJrl-nak,R) = E5 (Xal-noq,L) E(S (qu+1~-~0'k,R)

= (%6)21&5()(01-”0:;)E5(X‘7q+1"~0k)' (5.10)

By the induction hypothesis, this is a polynomial in 61 of degree
Mot 0g) =14+ XNogg1--05) — 1

=q+D(0o1---0¢) —14+k—q+D(og41---0%) — 1

=k+D(o1---0r) —2=Xo) — 2, (5.11)
recalling that ¢ € A implies that ¢ is a descent in o, which implies D(o - - - 04)+
D(og41---0r) = D(0o1---0p) by our definition of D. (Note that the in-
duction assumption that the expectations are polynomials with vanishing
constant term is used to guarantee that the right hand side of (5.10) is a
polynomial in 6!, even though it contains the factor (1 — §)?; the same
applies below.)

For the final term in (4.1), we consider four different cases. First, if
1 < m < k, then as in (5.10)

1—5y\2
]E(S (Xa‘l---a'm,1,LXUerl---O'k,R) = <7) E(S(Xal~~-0'm_1) E(S(Xam+1'-~0'k)7

2
(5.12)
and this is a polynomial in 6! of degree
Mo om_1) =14+ ANomyr - 0) — 1
=m—1+D(o1 - om-1)—1+k—m+ D(opt1---0x) — 1
= Ao) — 3. (5.13)

If m =1 < k, then the final term of (4.1) is simply Xo,...;,,r, With an
expectation that by induction is a polynomial in 6! of degree

Mog- o) —1=k—14D(o2---0r) —1=A0o) — 3, (5.14)

since 1 is a descent.
If m =k > 1, then the final term of (4.1) is similarly Xs,...,, ,,, with
an expectation that by induction is a polynomial in 6~! of degree

Moy rop1)—1=k—14+D(o1--0k-1) — 1 = Ao) — 2, (5.15)

since k — 1 is not a descent in o.
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Finally, if m = k = 1, i.e., if ¢ = 1, the final term is simply 1, again a
polynomial of degree A(o) — 2.

Collecting the terms above, we thus obtain from (4.1)

Es X, = 2pEs X, + f(0) = (1= ) Es X, + /6),  (5.16)
where f(§) is shorthand for a polynomial in 6! of degree (at most) (o) —2,
which yields
Es X, = 0~ f(6), (5.17)
a polynomial in 6! of degree (at most) A(¢) — 1 and without constant term.
Writing f(J) explicitly, this yields the recursion stated in the lemma. For
o = 1 we have f(§) = 1 and (5.17) yields Es X; = 6!, as was found in
another way in (5.6).

Moreover, an inspection of the leading terms above shows that the leading
coefficient of f(J) is B, given by (5.8) when |o| > 1, and B; = 1. Thus, by
induction, B, > 0. (Recall that A # () if m < k, so the right-hand side of
(5.8) contains at least one non-zero term.)

This completes the induction step. O

It is now easy to show (2.5).
Corollary 5.7. For every o € 6,(132),
Eng(mi32,n) = E X, (T5) ~ Agn*)/2, (5.18)

where

Y
RGN 19

with B, given by the recursion (5.8).
Proof. Immediate from Lemmas 5.6 and 5.4, together with (4.10). O

Example 5.8. For |o| = 1, we have Es N = Es X7 = 71, as stated in (5.6).
For |o| = 2, we have two cases. For X132 =Y we obtain, cf. (4.5),

Es Xio=2(6'—1)Es Xy = 3621571, (5.20)

Similarly, by Lemma 5.6 (with A = {1}) and a short calculation, or by (4.3),
(5.6)—(5.7) and (5.20),

Es Xo1 = 36 ° — 2671, (5.21)

For |o| = 3, we obtain from Lemma 5.6, or similarly from the explicit
recursions in Example 4.2, by simple calculations,

Es X193 = 3072 — 1672 + 1571, (5.22)
EsXo13 =36 " —207° — 3672+ 367, (5.23)
Es Xoz1 = 564 — 4672 — 26724+ 1671, (5.24)
Es X312 = %5*4 o Ul UREE (5.25)
Es X3 = 56— 1674 — 4573 4 1572 (5.26)
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Note that Es X213 = E5 X231 = E§ X312, which by Lemma 5.2 is equivalent
to the result by Bona [12] En213(7’r132,n) = ETL231 (7"132,n) = E’I’L312(7T132,n),
as mentioned earlier in (1.5).

The asymptotics (1.3)—(1.6) follow from Corollary 5.7 and (5.8). Alter-
natively, we can obtain these from the explicit formulas (5.20)—(5.26) and
Lemma 5.4.

Similar formulas for the Cy = 14 permutations o € &4 are given in [25,
Example 5.11]; again there are several coincidences, some following by Béna
[12] and all by Rudolph [40].

Remark 5.9. When Z = X, = n,(m132.0), 2 is the expected number of
occurrences of o in a random permutation in &,(132), and C),z, is thus the
total number of occurrences of o in all permutations in G,,(132). Generating
functions for the latter numbers have been given for the cases in Example 5.8
(although not explicitly for 321) by Béna [10] and [12]; by Lemma 5.2 and
Remark 5.3, the formulas (5.20)—(5.25) are equivalent to his results.

Remark 5.10. As said in Section 1, na3i(m132,,) and nzi2(mwi32,n) have the
same distribution by symmetry, and thus E5 X231 = Es X312 is obvious. It
is interesting that the proof above obtains these coinciding expectations by
different routes, using the different recursions (4.8) and (4.9). The same
applies to the higher moments treated below: Ej X§31 =Es X§12 for any k,
but that is difficult to see from our recursions.

Example 5.11. For 0 = 1---k, k > 1, we have A = () and Lemma 5.6
yields by induction in k

k—1._1

Es X1, =271 —1)""% (5.27)

This is by Lemma 5.2 and Remark 5.3 equivalent to the generating function
given for this case by Béna [10].
Lemma 5.4 and (5.27) yield (1.7).

Example 5.12. For 0 = k---1, £ > 1, we have the opposite extreme
A = [k —1]. Writing fx(0) = Es Xj..1, Lemma 5.6 yields the recursion

k—1
Fe(8) = $671(1 = 0)2 D f4(0) fueg(6) + (67" = 1) fr1(8),  (5.28)

q=1
which by (5.4) is equivalent to the recursion given for the corresponding
generating functions in Béna [10].

The leading term By..,6~(2*=1 is given by the recursion (5.8), but it is
simpler to argue backwards and note that Ay..; = 1/k! by Theorem 2.1, see
also Remark 2.4, and thus (5.19) yields
I'k—1/2)  (2k—=3)!!  Cpy

L(1/2)k! — 2k=1gl — 22k-2°
See the examples in (5.21) and (5.26).

By.1 =

(5.29)
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6. HIGHER MOMENTS
We can compute higher moments in the same way.

Lemma 6.1. For any permutations oM, ..oV ee, (132), not necessarily
distinct, Es (Xo.(l) e X (V)) isa polynomzal in 6" of degree Z (O'(]))—l,
with positive leading coefficient B o)) and vanishing constant term.

Proof. We argue as in the proof of Lemma 5.6, using induction on 377, o).
Replace each X_(;) by the corresponding expression in (4.1), expand the
product of these, and take the expectation. Among the many terms that this
produces, the two special ones E; (XU(1)7L e Xa(u)’L) and E; (Xo_(l)7R e XU(V>7R)
are both equal to pE; (Xo.(l) ~--XU(V)). All other terms are by induction
polynomials in 61, of degrees at most Z§:1 Mc)) — 2 (by arguing simi-
larly to the proof of Lemma 5.6 for each O'(j)); moreover, there is at least
one term of exactly this degree and all polynomials have positive leading
coefficients. The result follows as in Lemma 5.6. O

By the argument in this proof, we can recursively obtain any mixed mo-
ment of the variables X, as an explicit polynomial in §~!. (See [25, Example
6.2] for an example.) For simplicity, we leave exact formulas to the reader,
and consider only the leading terms, which by Lemma 5.4 will yield the
moment asymptotics for T}, that we desire.

A recursion for the leading coefficients B, ) _,) is implicit in the proof
above, but to write it explicitly in general seems a bit messy, so we restrict
ourselves in the rest of this section to the case |o| < 3, which gives examples
illustrating the general behaviour.

We consider first a single X, with |o| = 3, but for the induction, we have
to consider mixed moments of X, and Y = Xys.

Lemma 6.2.

(i) If k>0 and !l >0 with k+1 > 1, then
E(s(X{CQ3Yl) — aklé—(4k‘+3l—1) + Op(5_(4k+3l_2)) (61)
or some positive numbers ay; satisfying agy = 5, a9 = 3 and the
positi b sfying 5 ; and th
recursion relation

k 1(4k + 31 —
ak7l:§ak—1,l+1+ ( 1 akz 1+* ZZ ( )( )amak =g

0<2+J<k+l
(6.2)
(ii) If k>0 and 1 > 0 with k+1 > 1, then
]E6 (X§13Yl) — bk15*(5k+3171) + Op (5*(5164’3[*2)) (63)
for some positive numbers by satisfying b1 = %, b = % and the
2 8
recursion relation
k(5k + 31 — 6)(5k + 31l — 4) [(5k + 3l — 4)
b1 = bp—10+ ————bki1

v 16 : 4



PATTERNS IN RANDOM PERMUTATIONS AVOIDING THE PATTERN 132 17

+— > ()( >bwbk g (6.4)

0<z+]<k+l
(iii) If k >0 and | > 0 with k+1 > 1, then

E(S(X§31Yl) _ E(S(Xéflzyl) _ Cklé_(5k+3l_1) +0 ( (5k+31-2) ) (65)
for some positive numbers cy; satisfying cor = % clp = %
recursion relation

1(5k + 31 — 4) 1 g l
Ck,l:fck’l_l—'_z ZZZ <Z’m,kj_l_m> (])X

(4,7,m)#(0,0,0),(k,,0)
L((5i+3j —1)/2+m))

L((5i+3j —1)/2))
Proof. (i): Note that (5.20) and (5.22) show that (6.1) holds when k+1 =1,
with ag; = %, alp = %. We continue by induction, and assume that K, L > 0

with K + L > 2 are such that (6.1) holds when 1 < 4k + 3l < 4K + 3L. For
such k and ! and any m > 0, Lemma 5.5(ii) implies

and the

CiyjCh—i—m,i—j+m- (6.6)

m—
" dk + 31+ 25
E(;(XfQSYle = H + + J~ _5—(4k+3l+2m—1)

+ Op (5—(4k+3l+2m—2))
-0 (57(4k+3l+2m71))' (67)
The same holds for k =1 =0 and m > 1 too (with agp = —2) by (5.6) and

Lemma 5.5.
Now consider k = K and | = L. By (4.6), (4.5) and the binomial theorem,

Eé(szz;Yl): Z Z (kl,lfz,k?))( l >X

k1o thz=k i+l +3=1 hl2, s

Es (X135, X133, Y2 T YENE). (6.8)

Consider one of the terms in the sum. If this term contains both L-factors

and R-factors, i.e., if k1 +ks+11+13 > 0 and ko +I1o > 0, then the expectation
is, by the induction hypothesis and (6.7),

2 k1 yks+l1 arl ko /1 —(4k1+3k3 4311 +2l3+4ka+3l5—2
p Ea(X1213Y TN 3) IE(;(X1223Y 2) = Op(5 (Wha ks 30 2L +dka 4302 ()) )
6.9

If k3 > 0 or I3 > 0, this term is of lower order than 6~ (4¥*3=2) and we
see, using the induction hypothesis again, that the sum of the terms in (6.8)
with both L-factors and R-factors is

ZZ ( )< >p2ak1’l1ak‘kl’l—115(4k+312)+0p(5(4k+313))‘

0<ki1+li1<k+l
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The terms in (6.8) with only L-factors are the ones with ky = lo = 0.
The induction hypothesis and (6.7) now show that the term is of order
Op (641 +aks 31421 "and thus only terms with k3—+I3 < 1 are significant.
The sum of these terms is thus, using (6.7),

p]Eé(XﬁsYl) + pk Ed(Xf;:lelH) + pl Ed(XﬁsYl_lN) + Op (5_(4k+3l_3))
= pEcS(sz?)Yl) + pkak71,1+157(4k+3l72)
4k + 31— 4

2
Finally, the only term in (6.8) with only R-factors is

E5(X{€23,RYIZ%) =P E6(Xf23yl)'

+ plag ;1 §—(Ak+31-2) | Op (57(4k+3173))'

Using p = (1 — §)/2, we thus obtain by collecting the terms in (6.8),

4k + 31 — 457(4k+3172)
2

AYTEAE —(4k+31-2 —(4k+31-3
+0 ZZ <k1> <l1>4aklvllak—khl—l15 (WH32) 4 O (5~ HH319)),

<ki1+l1<k+l

1 _ _ 1
OEs (XiosY") = Shar—10416~ 72 4 g

which completes the induction.

(ii): Similar, with 4%k replaced by 5k and using (4.7); the main differ-
ence is that the significant terms with only L-factors now are Es(X f237 Y,
kEs (sz_a,lLYJ'i (]\QL)) and [ IE(;(X{‘“‘%’LYLl_lNL), where the first and third terms
are as above and the second is handled by the analogue of (6.7).

(iii): The equality Es(X5;, V") = Es(X%,Y") follows from the inver-
sion symmetry in Remark 1.1, which implies that (Xs31,Y") 4 (X312,Y) by
translating first to T}, by (4.10) and then to Ty by taking a random n. For
the recursion we can use any of (4.8) and (4.9); the leading terms will be
the same. The main difference in the induction is that (using (4.8)) the
significant terms with both L-factors and R-factors now are all terms

’ l " k kv sty
<k1; ko, k3> (l1> Es (X2§1,LX2§1,RNRSYL3 1YR2)

k I\ o k kbl N .
= Es(XE yhsth) g (Xx7F2 yie ks
<k;17k27k3> (ll)p 6( 231 ) 6( 231 )a

except the terms with k1 + k3 + 11 = 0 or kg + k3 + lo = 0, which, using
the analogue of (6.7), leads to the recursion (6.6). (We write ¢ = ko, j = la,
m = ks.) O

Remark 6.3. The proof (or a direct inspection) shows that the recursions
(6.2), (6.4), (6.6) hold also for k + 1 = 1, provided we define agp = bo,o =
C€0,0 \ = —2.

This yields the moment asymptotics.



PATTERNS IN RANDOM PERMUTATIONS AVOIDING THE PATTERN 132 19

Theorem 6.4. The following hold as n — oo, for any integers k > 0 and
1>0.

(i)
; kN /7
~RED/2 | (X 105(T0) Y (T))') — 6.10
n ( 123( Tl) ( ) ) 24k‘+3l72 F((4k‘+3l— 1)/2) Akl ( )
for some numbers ay; satisfying w0 = —1/2, a0 = a1 = 1 and the

recursion relation

kg = (L + D101 +2(4k + 31— Dagy1+ DY aijon—i—j. (6.11)
0<i+j<k+l

(i)

(WAl
n—(5l€+3l)/2 E(Xng(Tn)kY(Tn)l) N k! \/77-

20k+31=2T((5k 4 31 — 1) /2)

for some numbers By satisfying Boo = —1/2, Pro = Bo1 = 1 and the
recursion relation

Bri = 2(5k + 31 — 6)(5k + 31 — 4)Br—1, + 2(5k + 31 — 4) B 11

T ZZ BiiBr—ii—j. (6.13)

Bri (6.12)

0<i+j<k+l
(iii)
n—(5k+3l)/2 E(ngl (Tn)kY(Tn)l) _ n—(5k:+3l)/2 ]E(X312(Tn)kY(Tn)l)
kNN /T

—

6.14
2SR 82T (5K + 31— 1)/2) ™ (6.14)

for some numbers vy satisfying v0,0 = —1/2, y10 = Y01 = 1 and the
recursion relation

Vit =206k + 31 = Dypa1 + DD D
(4,5,m)#(0,0,0),(k,1,0)
22mF((5i +3j—1)/24+m)) (z —j+m
I((5i+ 35 —1)/2))

Proof. Immediate from Lemmas 6.2 and 5.4 with the definitions

m )7i,j7kim,lj+m. (6.15)

24k+3l—2

ak,l = Wak,l, (6.16)
25/€+3l—2

/Bk,l = kal, (617)
25k+3l—2

"Yk,l = ch,l' (618)

The choice ag g = Bo,0 = 70,0 := —1/2 satisfies both (6.10), (6.12), (6.14) for
k =1 =0 (trivially) and the recursions (6.11), (6.13), (6.15) for k +1 = 1,
cf. Remark 6.3. g
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Note that when we have proved Theorem 2.1, it follows that the limits in
(6.10), (6.12), (6.14) are equal to the moments E(Af,3A%,), etc.

Remark 6.5. The number [ ; in Theorem 6.4(ii) satisfy the same recursion
as wf;, in [23], and thus f;; = w];. Indeed they both appear in similar mo-
ment formulas, and the equality is explained by the identities in Remark 7.12
below.

In the same way it is possible to find mixed moments of these variables,
first for T5 and then (asymptotically, or exact) for T,,. We give only an
example.

Example 6.6. Let (Vl,VQ,VE),) = (X213(Tn),X231(Tn),X312(Tn)) be the
three random variables in (1.5); recall that these have equal mean. Us-
ing the recursions (4.7)—(4.9), the method in the proof of Lemma 6.1 yields
Es(V;V;) as polynomials in 6~1 of degree 9. After calculating the leading
coefficients (we omit the details), we obtain from Lemma 5.4, in matrix
notation,

, 49 42 42
(" EViVI)ym = g |42 43 41 ). (6.19)
42 41 43

7. BROWNIAN FUNCTIONALS

Given a binary tree T, let h(v) = h(v; T') be the height (also called depth)
of a vertex v € T, defined as the distance to the root. Thus h(v) is the
number of ancestors of v. We define also the left height hr(v) as the number
of ancestors w of v such that v belongs to the left subtree of w, and similarly
the right height hr(v). Equivalently, hz(v) is the number of left steps in the
path to v.

Recall that the inorder of the vertices of a binary tree T is defined recur-
sively by taking first the vertices of 17, then the root and then the vertices
of Tr [28, Section 2.3.1]. Define the profile of a binary tree T" as the sequence
h(vi),...,h(vy,), where vy,..., v, are the vertices of T in inorder. We write
h(i) = h(v;) and regard h as a function both on the vertex set of 7' and on
[n]. We further define, for 1 <i < j < n,

h([i,j]) := min h(l). (7.1)
1€[ij]

It is well known that for the random binary tree T, the height h(v) is
typically of the order n'/2. For example, if H(T},) := max,cr, h(v) is the
height of T,,, then H(T},,)/n'/? converges in distribution as n — oo (e.g. as
a consequence of Lemma 7.1 below, see [3]). Moreover, if we normalize the
profile by defining

h(z) = h(z;T),) = n_l/zh(LnxJ +1;T,,) (7.2)
(with A(1) = 0), which is a function [0,1] — [0, 0), then the random func-
tion ﬁ(az, T,,) converges in distribution to the standard normalized Brownian
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excusion e(x), up to a constant factor, as stated in the following lemma,
in principle due to Aldous [4]. (Informally, e can be seen as Brownian mo-
tion on [0,1] conditioned on e(z) > 0 and e(1) = e(0) = 0. For formal
treatments, see e.g. [18] and [37].)

Lemma 7.1. Asn — oo, h(z;T}) 4 23/2¢(x).

Remark 7.2. The convergence in Lemma 7.1 is in the space DI[0,1] of
right-continous functions with left limits. (We could have defined h as a
continuous function instead, using linear interpolation of h(i) between in-
tegers, with no other essential differences below, and then the convergence
would have been in C]0, 1].) For a full technical discussion of convergence in
distribution in D[0, 1] or C[0, 1], see e.g. [7]. For our purposes, we may avoid
technicalities by the Skorohod representation theorem [27, Theorem 4.30],
which shows that we may assume that the random trees 7T;, for different n,

and e, are coupled such that the conclusion h(x; Ty) <, 23/2e(z) holds a.s.,
uniformly for x € [0,1], i.e., sup,ep ) |h(2; 1) — 23/2e(x)| — 0 a.s.

Proof. As said above, this is in principle due to Aldous [4]. More precisely,
Aldous considered the depth first walk on T,,, which is the sequence of ver-
tices wy, . . . , wo,—2 obtained by walking along the “outside of the tree”, with
wo = wap—2 = o, the root, and beginning with the left subtree (if any), see
e.g. [17, Section 4.1.1]. Define f(i) := h(w;) and the normalized version
f(x) == n~'2f(|2nz]) for z € [0,1] (with f(2n — 1) = f(2n) = 0 for com-
pleteness). Aldous [4, Theorem 23] proved (in greater generality) that then
f(x) 4 23/2e(x).

Some variations (and a new proof) were given by Marckert and Mokkadem
[35], including a version with process of heights of the vertices taken in depth
first order (first the root, then Ty, then Tg). In the present paper we use
instead the inorder, but the argument in [35] is easily adapted to this case
too, as follows.

Consider a vertex v in a binary tree T'. Let T (v) and Tg(v) denote the
left and right subtrees of v, and let P, be the set of the ancestors of v (i.e.,
the path from the root to v, except v itself). It is easily seen that the vertices
that come before 7 in the inorder are (i) the set Py g :={w € P, : v € Tr(w)}
and (ii) £, := UwEPv,RU{v} T, (w). Hence, v = v;, where

i =1+ ha(v) +|Ll. (7.3)

Similarly, since it takes the depth first walk 2m steps to visit a subtree of
size m, it is easily seen that if

Ji= h('l)) + 2‘£v|7 (7'4)
then w; = v = v;. Note that

|20 — j| = |2+ 2hg(v) — h(v)| = |2+ hr(v) — hp(v)] <2+ H.  (7.5)
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Now consider again T,,. Let x € [0,1) and let i := |nx| + 1. Find the
corresponding vertex v; € T), and define j as above, and y := j/(2n). Then
h@) = V2h(0r) = nV2h(wy) = 0 2h(wany) = Fly)  (7.6)

and, by (7.5),

120 — j| < 4+H‘
2n 2n

By the result by Aldous [4] and Remark 7.2, we may assume that sup | f(z)—
23/2¢e(x)| — 0 a.s. as n — oo. By (7.6) and (7.7),

|h(z) —2*e(z)| = |f(y) — 2*%e(x)|
< |f(y) - 2°7%e(y)| +2*2le(y) — e(x)|

<sup|f(y) — 2%%e(y)|+2%2  sup  le(y) —e(a)|.
Yy lz—y|<(H+4)/2n

Im—y|<‘x—%‘+ (7.7)

The right-hand side does not depend on x and tends to 0 a.s., by the result
of Aldous [4], its immediate consequence H/n — 0, and the continuity of
e. ]

Actually, we need the corresponding result for the left height h;. We
define, in analogy with (7.2),

hi(z) = h(l;Ty) := n~ 2y (Inx) + 1;T;). (7.8)

The following version of Lemma 7.1 is in principle due to Marckert [34].

Lemma 7.3. Asn — oo, hy(z;T}) LN 21/2¢(z).

Proof. Marckert [34] proved this for the depth first order; and, moreover,
that

n~1/? max [ (v) = ha(v)| = n~1/?2 max [2h,(v) — h(v)| 250, (7.9)

The result follows by Lemma 7.1 and (7.9). O

Remark 7.4. It is known that the maxima in (7.9) are actually of the order
n/4, see e.g. [34] and [13] for further results.

We return to permutations. Let m € &,,(132) be a 132-avoiding permuta-
tion and let T" be the correspondng binary tree defined in Section 4. Label
the vertices by the corresponding elements of 7. (Thus the root is labelled
by the maximum element 7, = n.) The inorder on T corresponds to the
standard order on the index set [n]; thus, the permutation 7 can be recov-
ered by taking the labels of T" in inorder. (This is why we need the inorder
above.)

Define a partial order on the vertices of T' by v < w if v is an ancestor of
w, i.e. lies on the path from the root to w. For two vertices v and w, we let
v Aw be their last common ancestor (which is their greatest lower bound in
this order).
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Let, as above, v1,...,v, be the vertices of T' in inorder; thus v; is labelled
by m;. Consider a pair of distinct 4, j € [n]. It follows from the construction
of T that if v; < vj, then m; > ;. Symmetrically, if v; < v;, then m; < 7;.
If neither holds, and 7 < j, then there exists a last common ancestor v; and
then ¢ <! < j and m > m; > m;. Consequently, assuming i < j, we have

™ < T = vj < ;. (7.10)
Theorem 7.5. Let 0 € 6(132) with k > 1. Then there exists a continuous

functional ¥, on C[0,1] such that n*)‘(")/zna(ﬂ'lgz,n) 4, U,(e) as n — oo;
furthermore, ¥,(e) > 0 a.s.
Moreover, this holds jointly for all o.

Proof. We say that an index i € [k] is black if either i = 1 or o;—1 > 0.
(I.e., i — 1 is 0 or a descent.) Otherwise, i is white. Let B be the set
of black indices, and W the set of white indices. Thus |B| = D(¢) and
W= lo| - D().

Observation: If ¢ < j and j is a black index, so o;_1 > 05, then o; > 03,
since otherwise o;0;_10; would be an occurence of 132 in o.

Let vq -+ -1, be a sequence with 1 < vy < -+ < v, < n and let us investi-
gate whether m,, ---m,, is an occurrence of ¢ in 7. Write, for convenience,
U; = vy, the vertex in T" with label m,,. We say that v;, or v;, is black or
white if 7 is.

We first consider v;, or equivalently o;, for the black indices 7. By the
observation above, if ¢ and j are black indices with ¢ < j, then o; > 0; and
thus we require 7,, > 7, which by (7.10) is equivalent to v; A v;. The only
condition for the black vertices ; is thus that they are in increasing inorder
and none is an ancestor of a previous one.

We then consider v; for the white indices, in order from left to right. For
each white j the conditions are as follows, by (7.10) and the observation
above. Let U; := {i < j : 0; < 0;} and note that j —1 € Uj since j is white.

(i) vj > v, for i < j.
(ii) v; < U; for i e Uj.
(iii) vj A v; for i € [j — 1] \ Uj.

(iv) v; < v; and v; £ v; for every black i > j.

Furthermore, let b = b(j) be the largest black index in [j — 1].

The index b € U; so by (ii), v; < T, i.e., v, is on the path from the root to
Up. Moreover, by (i), v > v, so U; comes after 7 in the inorder; this means
that the next step from v; on the path to v is to the left. The number of
such v; (ignoring the other conditions) is hr(tp). For such v, the condition
(ii) that v; < v; for ¢ € Uj is equivalent to v; < v; A Uy, and thus to, if i <,

hL(l/j) = hL(l_)j) < hL(Q_}Z’ A 1_)(,) = hL([l/Z', Vb]); (7.11)
if 2 > b, so also v; is on the path to vy, the condition is simply

hi(vj) < hi(v). (7.12)
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For i € [j — 1]\ U, which implies ¢ < b, (iii) conversely requires
hL(l/j) = hL([VZ',I/b]). (713)

In (iv), for black ¢ > j, the condition ©; A ©; is redundant, since we
already know v; < v, and ©; A v (both b and ¢ are black). Since v; < vy
and v, < v;, we see also that v; < v; implies 0; = Uy A 0;. (If U; < Oy A Ty,
then v, and v; are on the same side of ©;.) This means

hL(l/j) 2 hL([Vb,Vi]). (714)

Conversely, (7.11)—(7.14) are also sufficient for (i)-(iv). (Note that (7.14)
implies that v; € Tp(vp A ;) U {0y A 0;} and 0; € Tr(p A 0;); thus vj < v;.
Similarly, (i) follows from (7.11)—(7.13).)

Consequently, having chosen the black vertices, we have to choose v; for
the white indices j such that v; is on the path from the root to vy(;), with
a left step next, and (7.11)—(7.14) hold.

Let us count. We choose first the black vertices, one by one. There are
(D?’U)) choices of {v; : i € B}. Of these, the condition v; A v; for i < j
forbids only O(H) choices for each j (where H = H(T) is the height), and
thus O(nD (@) -1H ) choices of the black vertices. We will simply ignore this
restriction, introducing an error that will be negligible.

For each choice of black vertices, we then choose the white vertices v;.
By the conditions above, there are at most H choices for each white v;, and
thus at most HIWI = H*¥=P(?) choices for {5; : i € W}. More precisely,
this number is a polynomial ® = &, of degree k — D(¢) in the numbers
hi(v;) and hr([vi,v;]), i, € B. We will not attempt to give an exact
description of this polynomial in general, but we give after the proof a few
examples that will illustrate the construction, and it should be clear that
similar constructions hold in general.

Let B = {b1,...,bp} where D = D(o). We regard ® as a functional of
the left profile hz, and the black indices vy, , ..., 1, and obtain

ne(m) = Z @(hL;Vbl,...,ubD) —l—O(nD_lH-Hk_D), (7.15)

l/b1<"'<l/bD

where the error term comes from including also forbidden sets of black ver-
tices.

We now use Lemma 7.3. By the Skorohod representation theorem, see
Remark 7.2, we may assume that hz(z) — 2'/2e(z) uniformly on [0, 1] as
n — co. In particular this implies that n=1/2 max; hr,(i) = SUDze(0,1] hp(x) =
O(1). (The implicit constant is random but does not depend on n.) Simi-
larly, by Lemma 7.1, we may assume n~/2H = n~%2 max; h(i) = O(1), i.e.,
H = 0(n'/?).

Letting @ be the leading terms in ®, which are homogeneous of degree
|W| =k — D, and letting ® be the corresponding functional for functions
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on [0,1], we then obtain from (7.15),
na(ﬂ'132,n) = Z CI)/(hL;ybl,...,be) _|_O(nDHk—D—1)

Vpy <<Upp

n O(nD—1H1+k—D)
nk=D)/2 Z 5(/{LL;i1/n,...,iD/n) —i—O(n(D*k*l)/Z)

0<i1<-—<ip<n—1

—n(k+D)/2/ é(ﬁL;xl,...,mD) dxq--- dxp
o<z < <xp<l

+ O (n(PHh-D/2).
We define, for a function f on [0,1],

U, (f) = 2(kD)/2/ &)(f;a:l,...,xD) dzy---dzp  (7.16)
0<z 1< <xp<l
and have thus, by the uniform convergence hj, — 2'/2e,
n~ D)2 (1139.0) = Ua(27Y2h) + o(1) = U, (e). (7.17)
It is obvious that ¥, (e) > 0 a.s. This completes the proof. O

Example 7.6. 0 = 12. B = {1}. For every choice of the black v, there are
hr(v1) choices of the white v. Hence (7 15) is simply ne(7) = >_._, hr(v)
and ®(hr;v) = hr(v). Consequently ®(f;z) = f(z) and (7.16) yields

Mg = X12(T) = ¥pz(e \f/ (7.18)
As said in Section 2, this is, apart from the factor /2, the well-known

Brownian excursion area.

Example 7.7. ¢ = 123. B = {1}. Both v and v3 are on the path to vy,
both with the next step left, and with v3 < 5. There are (th’ 1)) choices of
them for each 1. Hence,

77,123(71') = X123(T) = Z (hL2(V)> (7.19)
which leads to ®(f;z) = 3 f(z)? and
1
A123 = \I/123(e) = A e(x)2 dx. (7.20)

The joint distribution of the random variables fol e (see Example 7.6) and

fol e? has been studied by Nguyen The [36], who found a recursion for mixed
moments equivalent to Theorem 6.4(i). He also found the Laplace transform

Eethizs = (v/2t/ sinh(\/ﬂ))‘%ﬂ, which shows that Aj23 has the distribution
denoted S35 in Biane, Pitman and Yor [5], see in particular [5, Secion 4.4]
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(and recall that e can be seen as a 3-dimensional Bessel bridge). Equiva-
lently, A1o3 has the moment generating function

3/2
V2t w2
Eethizs — [ V2L ) Rer< T 7.21

‘ (sin(\/2t) ¢ 2 (7-21)

Example 7.8. More generally, forc =1---k, any k > 1,

n
hr(v)
k() = X1 (T) =) < P (7.22)
v=1
and
o(k-1)/2 1 -

Thus, if Z, := fol e(z)*, the average of the k:th power of the Brownian
excursion, then Aj.p = ¢z Zr_1 with ¢ = Q(k_l)/Q/(k — 1)!I. The random
variables Zj, have been studied by Richard [38]; in particular, [38] gives a re-
cursion formula for the mixed moments, which is equivalent to our recursion
implicit in the proof of Lemma 6.1 for this case.

Note that, by Holder’s inequality, Z; > Zf for every k; hence by the
known asymptotics for moments of the Brownian excursion area Z7, see e.g.
[24], as r — oo,

kr \kr/2
— . 7.24
126) ( )
More precisely, it follows from [19, Theorem 2.1] (applied to Zkl;/ k) that for
every fixed k > 1, as r — oo,

(EZp)" ~ okl (7.25)

where z;, > 0 is a constant given by

i (5)ma{ [0 100 = s = 0ana (07 <1},

(We have z; = 1/v/12¢ and z9 = 2/(em?); we do not know 2 for k > 2.)

It follows from (7.24)—(7.25) that the moment generating function Ee
of Zj, is an entire function for k = 1 (see further [24]), but has a finite radius
of convergence for k = 2 and diverges for all ¢ > 0 when k£ > 3. (The claim

EZl > EZ ~ 3\/§kr(

2

in [38, Theorem 1.2] that Zi,...,Z) have an entire moment generating
function is thus incorrect. For Z this is also seen by the explicit formula
(7.21).)

Moreover, the Carleman condition (in its weaker form for nonnegative
random variables, see e.g. [21, Section 4.10])

>(Ezp) T =

m

holds by (7.25) for k£ < 4 but not for k¥ > 5. Although the Carleman con-
dition is only sufficient for a distribution to be determined by its moments,
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this strongly suggests that the distribution of Zy, and thus Ay (x41), is not
determined by its moments if k is large enough.

Example 7.9. ¢ = 213. B = {1,2}. Given v; and 03, the white vertex
03 has to be on the path to v; A 2. There are hr(v1 A v2) = hr([v1,12])
choices, and thus
no13(m) = Xo13(T) = > he([v,v2]) + O(nH?) (7.26)
1 <va

which leads to
Ao13 = Ugg3(e) = \@// e([z,y]) dz dy. (7.27)
O<z<y<1

Example 7.10. 0 = 231. B = {1,3}. Given 0; and 73, the white vertex o9
has to be on the path to v; but not to v3. There are hr,(v1) —hr(v1 Av3)—1
choices, and thus

nggl(ﬂ') = X231(T) = Z (hL<T)1) — hL([l/l,Vg]) — 1) + O(TLH2) (7.28)

which leads to
Aost = Wai(e) = V2 / /O (e - drdy. (720)

Example 7.11. ¢ = 312. B = {1,2}. Given 7; and 03, the white vertex o3
has to be on the path to ¥2 but not to v;. Thus

na12(m) = Xa12(T) = > (he(B2) — he([v1,v2]) — 1) + O(nH?)  (7.30)

v1<va

which leads to

As12 = Uspa(e) = \/5//0 1(e(y) —e([z, y])) dx dy. (7.31)
<e<y<

Note that the equality in distribution Asgz; 4 A31o here is immediate by

(7.29), (7.31) and the symmetry e(z) 4 e(1 — ) of the Brownian excursion.
However, we see also that Asg; and Asqys differ as random variables, which
means that the joint distribution of na3; and ns312 does not have degener-
ate (one-dimensional) asymptotic distribution. Cf. the second moments in
(6.19).

Furthermore, note that the identity (2.14) also can be seen from (7.18),
(7.27), (7.29), (7.31).

Remark 7.12. Janson [23] studied some functionals of random trees and
found as limits in distribution three functionals of Browninan excursion,
there denoted &, n, (. £ is simply twice the Brownian excursion area, so by
(7.18), ¢ = v/2A15. Furthermore, 7 is 4 times the integral in (7.27), and
thus n = 23/2A213. Finally, C = f —n = 21/2(A231 + A312), by (2.14) or by
comparing the formula in [23] to (7.29) and (7.31).
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Example 7.13. 0 = k---1. This is the trivial case when all vertices are
black, so ® = 1 is constant. Thus also ® = 1 and (7.16) yields Wg..; = 1/k!,
in accordance with Theorem 2.1 and Remark 2.4.

Although the expressions get increasingly more complicated, it is clear
that there are of the same nature for every o. In particular, except for the
case 0 = k---1, see Example 7.13, ¥,(e) is non-degenerate, i.e., not a.s.
constant.

8. PROOF OF THEOREM 2.1

Theorem 7.5 shows the existence of limits A, = ¥, (e) such that (2.3)
holds, jointly for all o € &,(132). Furthermore, A, > 0 a.s. and A, is
non-degenerate except in the case o = k--- 1.

On the other hand, Lemmas 6.1 and 5.4 show that for any o@, ... (M),

_ (v)
n ZV )\(0’ )/2 E(no.(l) . nO'(M) (7]-132771)) — Ao_(l)’.”’a_([\/[) (81)

for some constant A,q)  ,mn < co. As is well-known, convergence of all
moments implies that all products n, q) - - n n (7132,,) are uniformly in-
tegrable, and thus the limits of the moments are the moments of the limits
As. [21, Theorems 5.4.2 and 5.5.9].

Remark 8.1. Note that we cannot use (8.1) to show the existence of limits
As in (2.3), since we cannot show that the limit distributions are determined
by thier moments; on the contrary, we believe that they in general are not,
see Example 7.8. This is one reason for using two different methods in the
proof above, one for the existence of limits in distribution and another for
the limits of moments.

9. FURTHER COMMENTS

As said in Remark 2.3, Béna [10] has shown that for every n and any
o € 6;(132),

Eng.kx(miz2n) < Eng(miszn) < Eng..q(mwi32,n)- (9.1)
We use here the recursion Lemma 3.2 to show a more general result.
Define a partial order on each &;(132) by
o<0 < {(i,j):i<jand oy > 0;} C{(i,7) : 4 < jand o] > 0% }.

Theorem 9.1. If |o| = |0’| and 0 < o', then Eng(mwi32.) < Eng (mwi32,0)
for everyn > 1.

Note that 1---k is minimal and k- - -1 is maximal in the partial order <,
so (9.1) follows immediately.

Proof. We use induction on n. The case n =1 is trivial.
Condition on the value of the maximal index ¢ in @ = m32,. Given
¢, 7, and 7w are independent uniformly random elements of &,_1(132)
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and &,,_y(132) respectively. Furthermore, o < ¢’ implies that oy -0, <
o1 ogand ogy1 -0 < 0y, -0y for every g € [k], and also A, C A,

Using (3.1) for both o and ¢’ and taking the conditional expectations, it
follows, by this and the induction hypothesis, that

E(na(W1327n) ‘ f) < E(ngl(ﬂ'lggm) | f) (92)
for every value of ¢ € [n]. Taking the expectation we obtain En,(mi32,,) <
E n,(m132,n), completing the induction step. [l

Rudolph [40] has a general result, and a conjecture, for the related prob-
lem of when there is equality Eng(m132.,) = Engs (mw132,,) for all n. It seems
possible that Lemma 3.2 can be used to prove, and perhaps improve, her
results too, but we have not attempted this.
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