NEAR-CRITICAL SIR EPIDEMIC ON A RANDOM GRAPH WITH
GIVEN DEGREES
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ABSTRACT. Emergence of new diseases and elimination of existing diseases is a key public
health issue. In mathematical models of epidemics, such phenomena involve the process of
infections and recoveries passing through a critical threshold where the basic reproductive
ratio is 1.

In this paper, we study near-critical behaviour in the context of a susceptible-infective-
recovered (SIR) epidemic on a random (multi)graph on n vertices with a given degree
sequence. We concentrate on the regime just above the threshold for the emergence of
a large epidemic, where the basic reproductive ratio is 1 4+ w(n)n~'/3, with w(n) tending
to infinity slowly as the population size, n, tends to infinity. We determine the probability
that a large epidemic occurs, and the size of a large epidemic.

Our results require basic regularity conditions on the degree sequences, and the assump-
tion that the third moment of the degree of a random susceptible vertex stays uniformly
bounded as n — oco. As a corollary, we determine the probability and size of a large near-
critical epidemic on a standard binomial random graph in the ‘sparse’ regime, where the
average degree is constant. As a further consequence of our method, we obtain an improved
result on the size of the giant component in a random graph with given degrees just above
the critical window, proving a conjecture by Janson and Luczak.

1. INTRODUCTION

Infectious diseases continue to pose a serious threat to individual and public health. Ac-
cordingly, health organisations are constantly seeking to analyse and assess events that may
present new challenges. These may include acts of bioterrorism, and other events indicating
emergence of new infections, which threaten to spread rapidly across the globe facilitated
by the efficiency of modern transportation. Likewise, a lot of effort is being directed into
suppressing outbreaks of established diseases such as influenza and measles, as well as into
eliminating certain endemic diseases, such as polio and rabies.

In an SIR epidemic model, an infectious disease spreads through a population where each
individual is either susceptible, infective or recovered. The population is represented by a
network (graph) of contacts, where the vertices of the network correspond to individuals
and the edges correspond to potential infectious contacts. Different individuals will have
different lifestyles and patterns of activity, leading to different numbers of contacts; for
simplicity, we assume that each person’s contacts are randomly chosen from among the rest

Date: 30 March, 2015; revised 21 December, 2015.

2010 Mathematics Subject Classification. 05C80, 60F99, 60J28, 92D30.

Key words and phrases. SIR epidemic process, random graph with given degree sequence, configuration
model, critical window.

SJ supported by the Knut and Alice Wallenberg Foundation.

ML supported by an EPSRC Leadership Fellowship EP/J004022/2.

TH supported by EPSRC.

1



of the population. The degree of a vertex is the number of contacts of the corresponding
individual.

We assume that infectious individuals become recovered at rate p > 0 and infect each
neighbour at rate § > 0. Then the basic reproductive ratio Ry (i.e. the average number of
secondary cases of infection arising from a single case) is given by the average size-biased
susceptible degree times the probability that a given infectious contact takes place before
the infective individual recovers.

Emergence and elimination of a disease involves the process of infectious transitions and
recoveries being pushed across a critical threshold, usually corresponding to the basic re-
productive ratio Ry equal to 1, see [3; 11; 31; 33]. For example, a pathogen mutation can
increase the transmission rate and make a previously ‘subcritical’ disease (i.e. not infectious
enough to cause a large outbreak) into a ‘supercritical’ one, where a large outbreak may
occur, see [3]. Moreover, after a major outbreak in the supercritical case, disease in the
surviving population is subcritical. However, subsequently, as people die and new individu-
als are born (i.e. immunity wanes), Ry will slowly increase, and, when it passes 1, another
major outbreak may occur. Equally, efforts at disease control may result in subcriticality
for a time, but then inattention may lead to an unnoticed parameter shift to supercritical-
ity. Thus, under certain conditions, one can expect most large outbreaks to occur close to
criticality, and so there is practical interest in theoretical understanding of the behaviour of
near-critical epidemics.

Critical SIR epidemics have been studied for populations with complete mixing, under
different assumptions, by [6; 13; 14; 24]; this is equivalent to studying epidemic processes on
the complete graph, or on the Erd6s-Rényi graph G(n,p). In [6], near-criticality is discussed
using non-rigorous arguments. Martin-Lof [24] studies a generalized Reed-Frost epidemic
model, where the number of individuals that a given infective person infects has an essentially
arbitrary distribution. The binomial case is equivalent to studying the random graph G(n, p)
on n vertices with edge probability p. The author considers the regime where Ry — 1 =
an~/3 and the initial number of infectives is bn'/3, for constant a,b. A limit distribution
is derived for the final size of the epidemic, observing bimodality for certain values of a
and b (corresponding to ‘small’ and ‘large’ epidemics). Further analytical properties of the
limit distribution are derived in [14]. In [13], a standard SIR epidemic for populations with
homogeneous mixing is studied, with vaccinations during the epidemic; a diffusion limit is
derived for the final size of a near-critical epidemic.

In the present paper, we address near-critical phenomena in the context of an epidemic
spreading in a population of a large size n, where the underlying graph (network) is a random
(multi)graph with given vertex degrees. In other words, we specify the number of contacts
for each individual, and consider a graph chosen uniformly at random from among all graphs
with the specified sequence of contact numbers. This random graph model allows for greater
inhomogeneity, with a rather arbitrary distribution of the number of contacts for different
persons. We study the regime just above the critical threshold for the emergence of a large
epidemic, where the basic reproductive ratio is 1 + w(n)n~'/3, with w(n) growing large as
the population size n grows. (For example, when the population size is about 1 million, we
could consider Ry of order about 1.01.)

From the theory of branching processes, at the start of an epidemic, each infective indi-
vidual leads to a large outbreak with probability of the order Ry — 1. Roughly, our results
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confirm the following, intuitively clear from the above observation, picture. If the size n of
the population is very large, with the initial total infectious degree X, (i.e. total number
of potential infectious contacts at the beginning of the epidemic or total number of acquain-
tances of initially infectious individuals) much larger than (Rg — 1), then a large epidemic
will occur with high probability. If the initial total infectious degree is much smaller than
(Ro — 1)71, then the outbreak will be contained with high probability. In the intermediate
case where X1 and (Ro — 1)7! are of the same order of magnitude, a large epidemic can
occur with positive probability, of the order exp(—cXLO(RO — 1)), for some positive constant
c. So, if the population size is about a million, and Ry about 1.01, then Xj, much larger
than 100 will result in a large epidemic with high probability. On the other hand, if X is
less than 10, say, than the outbreak will be contained with high probability.

Furthermore, we determine the likely size of a large epidemic. Here, there are three possible
regimes, depending on the size of the initial total infectious degree relative to n(Roy — 1)2.
Broadly speaking, if Xio is much larger than n(Ro — 1)?, then the total number of people
infected will be proportional to (nXj)/2. On the other hand, if X; is much smaller than
n(Ro — 1)? then, in the event that there is a large epidemic, the total number of people
infected will be proportional to n(Rg — 1). The intermediate case where X and n(Ro—1)?
are of the same order ‘connects’ the two extremal cases.

Note that, if Xj is of the same or larger order of magnitude than n(Ry — 1)? (the first
and third case in the paragraph above), then Xio(Ro — 1) is very large, so a large epidemic
does occur with high probability. This follows since, by our assumption, n(Rg—1)3 = w(n)?
is large for large n.

The above results are proven under fairly mild regularity assumptions on the shape of the
degree distribution. We allow a non-negligible proportion of the population to be initally
recovered, i.e. immune to the disease. (This also allows for the possibility that a part, not
necessarily random, of the population is vaccinated before the outbreak, since the vaccinated
individuals can be regarded as recovered.) We require that the third moment of the suscep-
tible degree be bounded; in particular, that implies that the maximum susceptible degree in
a population of size n is of the order no larger than n'/3. So in particular, in a population of
size 1 million, the super-spreaders (i.e. individuals with largest numbers of contacts) should
not be able to infect more than around 100 individuals.

To demonstrate this behaviour for a particular example, we used stochastic simulations
that make use of special Monte Carlo techniques that allow us to consider multiple initial
conditions within the same realisation of the process. The algorithm is described in Appen-
dix A. Figure 1 shows our results for the relationship between the epidemic final size Z
and the initial force of infection X7 for 20 realisations of the process, with each realisation
involving multiple different initial conditions, for population sizes n = 10°, n = 10° and
n = 107. The model rate parameters are p = 1 and 8 = 1; and the network has Poisson de-
gree distribution with mean A\ = 2.02 meaning that Ry = 1.01. (The network was generated
as an Erdds-Rényi random graph with edge probability A/n.) These plots show the emer-
gence of the three epidemic sizes that our results predict as n increases, i.e. ‘small’ epidemics
of size O(1), ‘large’ epidemics of size proportional to (nX;)'/?, and ‘large’ epidemics of size
comparable to n(Ry — 1).

Epidemics on graphs with given degrees have been considered in a number of recent stud-
ies, both within the mathematical biology and probability communities. A set of ordinary
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differential equations approximating the time evolution of a large epidemic were obtained by
Volz [35], see also Miller [26], and also Miller, Slim, and Volz [28]. These papers consider the
case where the epidemic starts very small. Differential equations for an epidemic starting
with a large number of infectives appear in Miller [27]. Convergence of the random process
to these equations in the case where the second moment of the degree of a random vertex is
uniformly bounded (both starting with only few infectives and with a large number of infec-
tives) was proven in Janson, Luczak and Windridge [21]. (See also Decreusefond, Dhersin,
Moyal and Tran [12] and Bohman and Picollelli [7], where related results are proven in the
case where the fifth moment of the degree of a random vertex is uniformly bounded and
in the case of bounded vertex degrees respectively. See also [5] for results in the case of
bounded vertex degrees and general infection time distributions.)

However, we appear to be the first to study the ‘barely supercritical’ SIR epidemic on a
random graph with given degrees. As a corollary, we determine the probability and size of
a large near-critical epidemic on a sparse binomial (Erdés-Rényi) random graph, also to our
knowledge the first such results in the literature.

Our approach also enables us to prove the conjecture of Janson and Luczak in [20], es-
tablishing their Theorem 2.4 concerning the size of the largest component in the barely
supercritical random graph with given vertex degrees under weakened assumptions.

We proceed in the spirit of [21] and [20], evolving the epidemic process simultaneously
with constructing the random multigraph. The main technical difficulties involve delicate
concentration of measure estimates for quantities of interest, such as the current total degrees
of susceptible, recovered and infective vertices. Also, our proofs involve couplings of the
evolution of the total infective degree with suitable Brownian motions.

The remainder of the paper is organised as follows. In Section 2, we define our notation
and state our main results (Theorems 2.3 and 2.4). Section 3 is devoted to the proof of
Theorem 2.3; to this end, we define a time-changed version of the epidemic and use the
modified process to prove concentration of measure estimates for various quantities of inter-
est. In Section 4, we prove Theorem 2.4. In Appendix B, we state and prove a new result
concerning the size of the giant component in the supercritical random (multi)graph with a
given degree sequence.

2. MODEL, NOTATION, ASSUMPTIONS AND RESULTS

Let n € N and let (d;)", = (dz("))?:1 be a given sequence of non-negative integers. Let
G = G(n,(d;)",) be a simple graph (no loops or multiple edges) with n vertices, chosen
uniformly at random subject to vertex ¢ having degree d; for i = 1,...,n, tacitly assuming
there is any such graph at all (3", d; must be even, at least). For each k € Z*, let ny
denote the total number of vertices with degree k.

Given the graph G, the epidemic evolves as a continuous-time Markov chain. Each vertex
is either susceptible, infective or recovered. Every infective vertex recovers at rate p, = 0
and also infects each susceptible neighbour at rate 3, > 0.

Let ng, n, and nr denote the initial numbers of susceptible, infective and recovered
vertices, respectively. Further, let ng, ni, and ngy respectively, be the number of these
vertices with degree k > 0. Thus, ng +ni +ng = n and ng = Y o Nk, U = P peo Mk
nRr = EZO:O nrk, and N = ngp + Nk + nrk. We assume that this information is given
with the degree sequence. Note that all these quantities (as well as many of the quantities
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introduced below) depend on n. To lighten the notation, we usually do not indicate the n
dependence explicitly.

Remark 2.1. We allow ng > 0, i.e., that some vertices are “recovered” (i.e., immune)
already when we start. It is often natural to take ng = 0, but one application of ng > 0 is
to study the effect of vaccination; this was done in a related situation in [21] and we leave
the corresponding corollaries of the results below to the reader. Note that initially recovered
vertices are not themselves affected by the epidemic, but they influence the structure of the
graph and thus the course of the epidemic, so we cannot just ignore them.

The basic reproductive ratio Rg is commonly used in the context of epidemic models, and
defines the average number of new cases created by a case of infection. In analogy with the
limiting case in [21, (2.23)], for the SIR epidemic on a random graph with a given degree
sequence, we define

B Dok = Dkns

Here, the probability that an infective half-edge infects another half-edge before recovering

is —22_ and the average increase in the number of infective half-edges due to such an

Pn“l’ﬁn’ o
. . . ° (k—1)kn
infection event is M
reo kng

and approximately independent for different half-edges.

Note that the basic reproductive ratio Ry determines the approximate geometric growth
rate of the disease during the early stages of the epidemic. The value Ry = 1 is therefore
the threshold for the epidemic to take off in the population, in the sense that, if Ry > 1,
then a macroscopic fraction of the susceptibles can be infected [2; 29; 35; 7; 21]. Here we
will consider the case where Ry = 1+w(n)n~/3, with w(n) tending to infinity slowly (slower
than n'/3) as n — oo.

It turns out that, rather than working with the quantity Ry — 1, it is easier to work with
a quantity «,, defined by

Ro =R = (2.1)

, and these are approximately independent of one another,

= —(1+ pu/Bn) > knafns + > k(k — 1)ns /ns. (2.2)

Note that
Pn + Bn ZZO:O kng
Bn ns

Our assumptions below imply that 1 < p";—nﬁ" = O(1) and that %‘;kn’“ is bounded and
1

an, = (Ro—1)

(2.3)

bounded away from 0 as n — oo, see Remark 2.8. Hence (Rp — 1)o," is bounded and
bounded away from 0, and so «,, is equivalent to Ry — 1 as a measure of distance from
criticality; see further (2.22). In particular, we could rephrase our assumptions and results
in terms of Ry — 1 instead of «,, but it seems that the mathematics works out more cleanly
using a,,. Also, we can expect an initial growth if and only if «,, > 0.

We consider asymptotics as n — oo, and all unspecified limits below are as n — oo.
Throughout the paper we use the notation o, in a standard way, as in [18|. That is, for
a sequence of random variables (Y (™) and real numbers (a,)$°, ‘Y™ = o,(a,)’ means
Y™ /a, 25 0. Similarly, Y™ = O,(1) means that, for every ¢ > 0, there exists K, such
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that P(|[Y™| > K.) < ¢ for all n. Given a sequence of events (A4,)%, A, is said to hold
w.h.p. (with high probability) if P(A4,) — 1.

Our assumptions are as follows. (See also the remarks below.) Let Dg,, denote the degree
of a randomly chosen susceptible vertex, so P(Dgs,, = k) = ng/ng for each k > 0.
(D1) Ds,, converges in distribution to a probability distribution (py)32, with a finite and
positive mean X := . kpy, i.e.

(D2) The third power Dg,, is uniformly integrable as n — co. That is, given ¢ > 0, there
exists M > 0 such that, for all n,

k?3
Yo o (2.5)

n
k>M S

(D3) The second moment of the degree of a randomly chosen vertex is uniformly bounded,
Le. Y oo k*n, = O(n).
(D4) As n — oo,
ap =0 and nga’ — co. (2.6)

(D5) The total degree ) .-, knyy of initially infective vertices satisfies

Z kny, = o(n), (2.7)

and the limit

1
v := lim

m nsa2 Z /{;nl,k € [O, OO] (28)

n k=0

exists (but may be 0 or co). Furthermore, either v = 0 or

di. = max{k :ny > 1} = o(i an). (2.9)
k=0

(D6) We have pg + p1 + p2 < 1.
(D7) liminf, . ng/n > 0.

We will repeatedly use the fact that (D2) implies that there exists a constant ¢y such that,
for all n,

Z k53n57k = ng EDgn < con. (2.10)
k=0

Remark 2.2. Assumption (D1) says Dsg,, LN Dg, where Dg has distribution (pg)32,. Given
(D1), assumption (D2) is equivalent to E D, — E D3 < oco. Furthermore, (D2) implies
uniform integrability of Ds, and Dg,, so E Dy, — E Ds and E D, — E D3. Assumptions
(D2) and (D7) further imply that

ds . =max{k :ngy > 1} = o(né/?’). (2.11)
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Using the notation in Remark 2.2, A = [E Dg. Furthermore, let

Ay = i k(k — 1)(k — 2)p, = E Ds(Ds — 1)(Dg — 2). (2.13)

Then, the uniform integrability (D2) of ngn implies Ay, A3 < co and furthermore

T _ T _ nsk

Ay = nh_l;n E Dg ,(Dsn — 1) = nhrn go k(k 1)—ns , (2.14)
— i _ —9 = 1 _ _9y/’8k

A3 = nh_1;n E Ds ,(Dsn — 1)(Dsp, — 2) = nh_l;n kg k(k—1)(k—2) o~ (2.15)

Also, A, Ay, A3 > 0 by (D6).

Let G* = G*(n, (d;)}) be the random multigraph with given degree sequence (d;)} defined
by the configuration model: we take a set of d; half-edges for each vertex ¢ and combine
half-edges into edges by a uniformly random matching (see e.g. [8]). Conditioned on the
multigraph being simple, we obtain G = G(n, (d;)}), the uniformly distributed random
graph with degree sequence (d;)}?. The configuration model has been used in the study of
epidemics in a number of earlier works, see, for example, [1; 4; 10; 12; 7]. As in many other
papers, including [21], we prove our results for the SIR epidemic on G*, and, by conditioning
on G* being simple, we then deduce that these results also hold for the SIR epidemic on
G. The results below thus hold for both the random multigraph G* and the random simple
graph G.

This argument relies on the probability that G* is simple being bounded away from zero
as n — oo; by the main theorem of [17] (see also [19]) this occurs provided condition (D3)
holds. Most of the results below are of the “w.h.p.” type (or can be expressed in this form);
then this transfer to the simple graph case is routine and will not be commented on further.
The exception is Theorem 2.4(iii), where we obtain a limiting probability strictly between 0
and 1, and we therefore need a more complicated argument, see Section 4; we also use an
extra assumption in this case.

We now state our main result, that, under the conditions above, the epidemic is either
very small, or of a size at least approximatively proportional to na, (and thus to n(Ry—1)).
As just said, the theorem holds for both the multigraph G* and the simple graph G.

Theorem 2.3. Suppose that (D1)—~(D7) hold.
Let Z be the total number of susceptible vertices that ever get infected.

(i) If v =0, then there exists a sequence e, — 0 such that, for each n, w.h.p. one of the
following holds.
(a) Z/nsay, < e, (the epidemic is small and ends prematurely).
(b) |Z/nsan, — 2/ A3| < e, (the epidemic is large and its size is well concentrated).

(i) If 0 < v < oo, then Z/ngay, —= M1+ 1+ 20X3)/)s.
7



(i) If v = oo, then
Z b V2
0 1/2 - oW
(ns 220 knrk) 3
Moreover, in cases (1)(b), (i) and (iii), the following holds. Let Zj, be the number of degree
k > 0 susceptible vertices that ever get infected. Then

Z, kpy

Z A

(2.16)

(e o]

2

k=0

N (2.17)

Thus, (2.17) says that, except in the case (i)(a), the total variation distance between the
degree distribution (Z/Z) of the vertices that get infected and the size-biased distribution
(kpr/A) converges to 0 in probability.

Note that case (i) of Theorem 2.3 says that, for a range of initial values of the number of
infective half-edges (viz. when v = 0), if the epidemic takes off at all, then it has approx-
imately the size (2)\/\3)ngca,. Hence, in this range, the size of the epidemic does (to the
first order) not depend on the initial number of infective half-edges (only the probability of
a large outbreak does), so this can be seen as the “natural” size of an epidemic. This also
means that in this range, most of the outbreak can be traced back to a single initial infective
half-edge.

However, when the initial number of infective half-edges number gets larger, the many
small outbreaks coming from the different initially infective half-edges will add up to a
substantial outbreak. So there is a threshold where this bulk of combined small outbreaks is
of about the same size as the “natural” size of a large outbreak. The value v is, in the limit
as n — 00, the ratio of the initial number divided by this threshold, so it shows, roughly,
whether the combined small outbreaks give a large contribution to the outbreak or not. Our
theorem then shows that, if the initial number of infective half-edges is larger (to be precise,
v > 0), then they force a larger outbreak, with a size that is proportional to the square root
of the initial number of infective half-edges in the range v = oo. (For 0 < v < oo, there is a
smooth transition between the two extremal cases.)

The following result gives conditions for the occurrence of a large epidemic in Theo-
rem 2.3(1). In anticipation of later notation, let Xio := > 7~ knp; be the total degree of
initially infective vertices (i.e. the total number of initially infective half-edges).

Theorem 2.4. Suppose that the assumptions of Theorem 2.3 are satisfied with v = 0.

(i) If @, X109 — 0, then Z = op(a,%) = op(nsay,), and thus case (i)(a) in Theorem 2.3
occurs w.h.p.

(ii) If o, X109 — 0o then case (i)(b) in Theorem 2.3 occurs w.h.p.

(iii) Suppose that o, X1 is bounded above and below. In the simple graph case, assume also
that 3 4oy K*nige = o(n) and 37, -1 K*nri = o(n). Then both cases (i)(a) and (i)(b)
in Theorem 2.3 occur with probabilities bounded away from 0 and 1. Furthermore, if
di. = 0(X1p), then the probability that case (i)(a) in Theorem 2.3 occurs is

eXp(— )\2 + A -+ ZZOZO knmk/ns
A2 A3

Moreover, in the case the epidemic is small, Z = O, (af).
8
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Note that >~  kngx/ns in (2.18) is bounded because of (D3) and (D7), and that (2.18)
holds in cases (i) and (ii) too. A more complicated formula extending (2.18) holds also in
the case when the condition dj, = o(Xj) fails, see (4.63) in Remark 4.4.

Remark 2.5. The quantity v > 0 controls the initial number of infective contacts. If v > 0,
so a large epidemic occurs by Theorem 2.3, then

> ko kg
===t — 00

S
3

anXI,O = Oy E knLk = (nsan) a2
Sty

k=0

by (2.6) and (2.8); hence the condition in Theorem 2.4(ii) holds automatically when v > 0.

Remark 2.6. The condition (2.7) that the total degree of initally infective vertices is o(n)
is, by (D3) and the Cauchy—Schwarz inequality, equivalent to n; = o(n), at least if we ignore
isolated infective vertices. Note that the opposite case, when n;/n has a strictly positive
limit, is treated in [21, Theorems 2.6 and 2.7] (under otherwise similar assumptions).

Remark 2.7. The assumption (2.9) (which is required only when v > 0) says that no single
infective vertex has a significant fraction of the total infective degree.

Remark 2.8. Assuming (D1) and (D2), the assumption a,, — 0 in (D4) is equivalent to
Ro — 1, as said above. To see this, note that (D1) and (D2) imply (see Remark 2.2)

Zk:nk/ns2ans,k/nS:EDS,n%EDS:)\>O. (219)
k=0

k=0

If @, — 0, then (2.19) and (2.3) imply that Ry — 1.
Conversely, still assuming (D1) and (D2), if Ry — 1, then it follows easily from (2.1) that

and also that

k=0 k=0

Hence, (2.3) implies that a,, — 0.
To be precise, (2.3) and (2.1) yield by (2.14) and Ry — 1,

_ RO —1 ZZOZO(I{? - l)k:ns,k
" Ro ns
Note that by combining the two parts of the argument, we have shown that our assump-

tions (D1), (D2) and (D4) imply (2.20) and the complementary bounds (2.19) and (2.21).
(This can also easily be seen using (2.2).)

= (1+ 0(1)) Aa(Ry — 1). (2.22)

Remark 2.9. We saw in Remark 2.8 that (D1), (D2) and (D4) imply (2.21). Since n—ng <
Y reo knyg, it follows that n — ng = O(ng). Hence, assumption (D7) is needed only to the
exclude the rather trivial case that almost all of the population consist of isolated infective
vertices, which cannot spread the epidemic. Note also that (D7) implies that it does not
matter whether we use ng or n in estimates such as (2.11).
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2.1. G(n,p) and G(n,m). The results above apply to the graphs G(n,p) and G(n,m) by
conditioning on the sequence of vertex degrees (which are now random), since given the
vertex degrees, both G(n,p) and G(n, m) are uniformly distributed over all (simple) graphs
with these vertex degrees. Moreover, if n — 0o and p ~ A/n, or m ~ n\/2, for some A > 0,
then the degree distribution is asymptotically Poisson Po()). For G(n,p), this leads to the
following result.

Corollary 2.10. Suppose that 5, > 0 and p, > 0 for each n € N. Let A\ > 1, and assume
that Bnﬁ% — A asn — oo. Letn, — 0, and consider the SIR epidemic on the random graph
G(n, W) with infection rate B, and recovery rate p,. Suppose that there are n;y = o(n)
wnitially infective vertices chosen at random, and all the other vertices are susceptible. Let
_ Batpn
ABn
ni

Then v, — 0. Assume that ny> — oo, and that y = lim e ezists.

n

1 — (14 70) = (2.23)

I
n

Y =1

(i) If u =0, then there exists a sequence €, — 0 such that for each n, w.h.p. one of the
following holds.
(a) Z/(nm) < én.
(b) 1Z2/(n7m) — 2| < en.
Moreover, the probability that (a) holds is

exp(—(1+ A")v,n;) +o(1). (2.24)

In particular, (a) holds w.h.p. if y,n1 — 0 and (b) holds w.h.p. if ~y,n; — co.
(i) If 0 < pu < oo, then Z/ny, —= 1+ I+ 24
(iii) If p = oo, then

Z p
a1 REGVO

The same holds for G(n,m) with m = nA(1+n,)/2.

Proof. As said above, we condition on the vertex degrees. We have ngj/ng 2, Di =
P(Po(\) = k) for every k; for convenience, we use the Skorohod coupling theorem [22, Theo-
rem 4.30] so we may assume that this holds a.s. for each k; thus (2.4) holds a.s. Similarly we
may assume that Y, k*ny/n converges a.s., and then (D2) and (D3) hold a.s. Furthermore,
@, is now random, and it is easy to see from (2.2) that

= (14 ) N2y, + Op(n_l/Q) = ()\2 + op(l))%. (2.25)

Repeating the Skorohod trick, we may thus assume also that o, /7, — A%. Similarly we may

assume Xio = Y, kniy = (1+ O(nl_l/z)))\nl, and then (2.8) holds with v = p/\3; it is also

easy to see that (2.9) may be assumed. Then all the conditions (D1)—(D7) hold a.s., and the

result follows as a consequence of Theorems 2.3 and 2.4, noting that Dg ~ Po(A), and thus

)\2 = )\2 and )\3 = )\3. ]
10



3. PROOF OF THEOREM 2.3

3.1. Simplifying assumptions. We assume for convenience that n; = o(n). In fact, we
may assume that nyo = 0 by deleting all initially infective vertices of degree 0, since these
are irrelevant; then n; = o(n) as a consequence of (2.7). Note that this will not affect Ry,
a,, v or the other constants and assumptions above.

Similarly, we assume that initially there are no recovered vertices, that is ng = 0. It is easy
to modify the proofs below to handle the case ng > 1. Alternatively, we may observe that
our results in the case ng = 0 imply the corresponding results for general ngy by the following
argument. (See [16] for similar arguments in a related situation.) We replace each initially
recovered vertex of degree k by k separate susceptible vertices of degree 1, so there are a total
of X := Ziio kng  additional “fake” susceptible vertices of degree 1; this will not change
the course of the epidemic (in the multigraph case) except that some of these fake susceptible
vertices will be infected. (Note that they never can infect anyone else.) The alteration will
not affect Ry, although «,, and the asymptotic distribution (py) will be modified. Note that
Xr,0 = O(ng) by (D3) and (D7); by considering suitable subsequences we may thus assume
that Xgro/ng — r for some r € [0,00). It is easy see that the modified degree distribution
satisfies all the assumptions above and that, if we use a prime to indicate quantities after the
replacement, then ng = ng+ Xgpo ~ (14+7)ng, o, ~ a,,/(1+71), ngol, = ngay,, V' = (1+1)v,
P= (4 7)/(47) 0 = pif(L+1) for k£ 1, N = (A +7)/(1+7), Xy = Ao/ (1+7),
Ay = A3/(1+7).

If case (i)(a) in Theorem 2.3 occurs for the modified process, it occurs for the original
process too, since Z < Z’, and there is nothing more to prove.

In the other cases, we have Z' — oo w.h.p. We note that of the ng, = ns; + Xro
susceptible vertices of degree 1, X o are fake. Conditioned on the number Z] of susceptible
vertices of degree 1 that get infected, the number Z' — Z = Z] — 2, of fake susceptible
vertices that get infected has a hypergeometric distribution, and, using e.g. Chebyshev’s
inequality, it follows that w.h.p. (leaving the simple modification when p; = r = 0 to the
reader)

XRO r
Z-Z=2 -2 =—"—2Z Zh = Z] Zh. 3.1
1 1 st + Xro 1 +o(Z) LT 1 +o(Z) (3.1)
By (2.17) and the relations above, this yields w.h.p.
r TP, ' r ' /
Z - Z= zZ Z = —Z Z) = Z Z'). 2
gho(@) = Bz aez) - Lz ha@) ()

Consequently, w.h.p. Z/2" = X/(A+r) + o(1).

It is then easy to check that Theorem 2.3 and Theorem 2.4 for the original process both
follow from these results in the case with no initially recovered vertices.

We make these simplifying assumptions n; = o(n) and ng = 0 throughout this section
(and the following one), in addition to (D1)—(D7). In particular, n; + ng = o(n), and thus
(D7) is strengthened to

ns/n — 1. (3.3)

We may also assume «,, > 0, by ignoring some small n if necessary. Finally, recall that in

the proofs we first consider the random multigraph G*.
11



3.2. Time-changed epidemic on a random multigraph. We first study the epidemic
on the configuration model multigraph G*, revealing its edges (i.e. pairing off the half-edges)
while the epidemic spreads, as in [21] (see other variants in [1; 4; 12; 7]). We call a half-edge
susceptible, infective or recovered according to the type of vertex it is attached to. Unpaired
half-edges are said to be free. Initially, each vertex ¢ has d; half-edges and all of them are
free.

Each free infective half-edge chooses a free half-edge at rate 3, > 0, uniformly at random
from among all the other free half-edges. Together the pair form an edge, and are removed
from the set of free half-edges. If the chosen free half-edge belongs to a susceptible vertex
then that vertex becomes infective. Infective vertices recover at rate p, > 0.

We stop the process when no infective free half-edges remain, which is the time when the
epidemic stops spreading. Some infective vertices may remain but they trivially recover at
i.i.d. exponential times. Some free susceptible and recovered half-edges may also remain.
These could be paired uniformly to reveal the remaining edges in G*, if desired. However,
this step is irrelevant for the course of the epidemic.

In order to prove our results, we perform a time change in the process: when in a state
with 1 > 1 free infective half-edges, and a total of x free half-edges of any type, we multiply
all transition rates by (z—1)/8,2 (this multiple is at least 1/(2/,,), since z; > 1 implies that
x > 2). Then each free susceptible half-edge gets infected at rate 1, each infective vertex
recovers at rate p,(z — 1)/5,x1, and each free infective half-edge pairs off at rate (z — 1) /2.

In the time changed process, let S;, I; and R; denote the numbers of susceptible, infective
and recovered vertices, respectively, at time ¢ > 0. Let S;(k) be the number of susceptible
vertices of degree k > 0 at time ¢. Then S, = )" Si(k) is decreasing and R, is increasing
in t. Moreover, Sy(k) = nsy, o = n; and Ry = ng = 0.

Also, we let Xg;, Xi; and Xg, be the numbers of free susceptible, infective and recov-
ered half-edges, respectively, at time ¢. Then Xg; = ZZOZO kSi(k) is decreasing, Xgo =

,;“;0 kng g, X1o = Z/Zio knyy and Xg o = 0 (by our simplifying assumptions in Section 3.1).

We denote the duration of the time-changed epidemic by

—inf{t >0: Xy, = 0}. (3.4)

At time T, we simply stop, as said above. (The last infection may have occurred somewhat
earlier, since the last free infective half-edge may have recovered or paired of with an infective
or recovered half-edge. It follows e.g. from (3.10) below that the last actual infection w.h.p.
did not happen much earlier, but this is irrelevant for our results, and we use (3.4) as the
definition.)

3.3. Concentration of measure. We will show that Si(k), Xs;, X1+ and Xg; are uniformly
close to certain deterministic functions. Let



hin(t) = e 2 Z kng — hsn(t) — hra(t). (3.7)

Theorem 3.1. Let &, be any numbers with o, < &, = o(1) such that

Z k*nyy = o(n’a,). (3.8)
k=0

Then, for any fixed ty < oo,

sup |Si(k) — nske’kt\ = op(n&i), (3.9)
0 t<antoAT
sup | Xgi— hsn(t)] = op(n&i), (3.10)
t<antoNT*
sup | Xrt— hra(t)] = op(n&i), (3.11)
t<antoAT*
sup | X1t — hina(t)] = op(n&i). (3.12)
t<antoNT*

The above result establishes concentration on time intervals of length O(&,). In Sec-
tion 3.4, we use it to show that, for a suitable choice of @,,, the duration of the epidemic
satisfies T* = O(&,) w.h.p. It follows that the theorem then holds also with ¢, = oo, see
Remark 3.6.

The remainder of this subsection contains the proof of Theorem 3.1. We first need two
lemmas concerning the evolution of the number of susceptible vertices and the total number
of free half-edges.

In the time-changed epidemic, each free susceptible half-edge gets infected at rate 1, until
T*. We further modify the process so that free susceptible half-edges continue to be infected
at rate 1 even when there are no more free infective half-edges. Let S;(k) be the number of
susceptible individuals of degree k in the modified process. Then (Sjar«(k) : k € ZT,t > 0)
has the same distribution as (Siar+(k) : k € ZT,¢ > 0), and so, to prove (3.9) and (3.10), it
suffices to prove that

[e.9]

> sup [Si(k) — ngpe ™| = op(nal), (3.13)
=0 t<anto
and
sup [ Xs — hsa(t)] = 0p(nag), (3.14)
t<anto

where Xg; = 377 kS;(k). For each ¢, let
Zk2 (Si(k) — ngpe™™). (3.15)

Lemma 3.2. Fizty < oo and assume o, < &y, = 0(1). Then Esup,.4 ., [Wi| = o(néy,), and

hence
o

> K (Si(k) — nspe”™)| = o(ndy,).
k=0

E sup

t<antoNT*
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Proof of Lemma 3.2. We enumerate the initially susceptible vertices as i = 1,2,...,ng and
denote by ds; the degree of initially susceptible vertex i. Let L; be the time at which
initially susceptible vertex i becomes infective (in the modified process). Then each L; has
exponential distribution with rate dg;, and the L; (i = 1,2,...,ng) are all independent of
one another. It follows that, for each fixed ¢, the random variables Fj; := d§ ; (1,5, —e™"51)
each have mean zero and are all independent. Note that W, = E?:Sl Fiy.

Each |Fj,| is bounded by dg,, where, as in (2.11), dg, = max; ds,;. Hence, by Bernstein’s
inequality for sums of bounded independent centred random variables, see e.g. [25, Theorem
2.7] or [9, (2.10)], for each a > 0,

B(|Wi] > a) ()ZFM

Now, for any ¢t < a,to, using (2.10),

QZEEQt—QZdSZVar Lr,>t) ZZd e~ s4)

=1 =1

ns
< 2d§7*t Z dg 2t0ands . Z k:gng < ZCotoanndS . (3.17)

a2
<2 — o . 3.16
) o < 25 E Fi?t + 2ad27*/3> ( )

Furthermore, &,n'/® > a,n'/® — oo and so by (2.11),
ds . = 0(n1/3) = 0((n&n)1/2). (3.18)

Thus, for n sufficiently large, ds. < (n&n)l/Q, and then for any u > 2c¢oty and a =
u(nd,)Y?ds.., by (3.17),

(l2 U2
— < —
P ( 255 EFZ + 2ad2 /3) = &P < 2¢oto + 2uds7*/3(n&n)1/2)

<o () <o)

QCQtO +u
Hence, by (3.16), for n sufficiently large and for each each t < tga, and u > 2c¢oty,
P(|W,| > u(nd,)*?ds.) < 2exp (—u/2). (3.19)

Note also that (nd,)Y2ds. = o(nda,) by (3.18). Let w, be an integer valued function
such that w, — oo and (nd,)Y2ds.w, = o(nd,). We divide the interval [0,%yd,] into
wy, subintervals [1, 73,1], where 7, = lty&, /wy, for [ =0,... w, — 1.

Since S;(k) and e~* are both decreasing in t, each of the sums Y237 k25, (k) and 352 k?ng e
is also decreasing in t. Thus, for any 0 <[ < w,,

sup W3] < | ) K (S, (k) — nspe ")

TSE<T141

+ D K (Sny, (k) — ngge ™)
k=0

< ‘WT1| + |WTI+1‘ +2 Z k2nS,k<€7le - eiknﬂ)

k=0
14



|Wn| +[W. l+1| + szgns,k(n—f—l —7),
k=0

and so, since Y - k*ngy < con and 741 — 7 = to@,/w, = 0(&y,), noting Wy = 0,

sup |[Wy| = max  sup Wil < 21I<I}§X W, | + o(na,). (3.20)

t<amto <Wn 7 <t<T4

Now, for n sufficiently large and u > 2cgtg, by (3.19),

IP’( max |W,| > u(néy,)"?ds *> < 2wy, exp(—u/2). (3.21)

1<I<wn
For sufficiently large n, 2w, > €% and then (3.21) holds trivially for u < 2¢ytg too. Hence,

for large n,

E max |W,| = (nay) /st*/ ]P’( max |W,,| > u(néy,)"?ds, )du
0

1<I<in 1<I<wn,
< (n&n)l/zds,* /OO 2wne " du
0
= 4(ndy,)?ds wwn = o(ndy,), (3.22)
and hence also Esup, 4 ,, |[Wi| = o(né,) by (3.20). O
We now prove a concentration of measure result for the total number X; of free half-edges.

Lemma 3.3. For every fized ty > 0, and o, < &, = o(1),

sup ’Xt —e Z knk’ = 0,(na?). (3.23)
k=0

t<antoNT*

Proof. When in a state with x; > 1 free infective half-edges, and thus x > 2 free half-edges
in total, each free infective half-edge pairs off at rate (x — 1)/z;, and so the number of free
half-edges decreases by 2 at rate z —1. We modify the process so that pairs of free half-edges
still disappear at rate x — 1 when there are no more free infective half-edges (as long as
x > 2). Let X, be the number of free half-edges at time ¢ in the modified process. Then it
suffices to prove that

sup
t<anto

X, —e 2tank‘ = op(naz).
k=0

Now, X; — 1 is a linear death chain starting from > reo kng — 1, and taking jumps from
state j to j — 2 at rate j. By [20, Lemma 6.1], with d =2,y =1, and z = ), kny — 1

E su _2t< kny — 1)) <16 620‘"“’ — kny + 32.

s (X Z : Z :

But Y .2 kng = O(n) by (D3), anty = o(1) and né, > na, — oo by (D4), so the right-

hand side is O(ndy,), and so sup,<4,4, | Xe — €72 Y00 kni| = Op(v/ndy,) = op(na2), using

(D4). O
15



Proof of Theorem 3.1. We start by proving (3.10), and, as remarked after the statement of
Theorem 3.1, it is enough to prove that

oo

sup
t<bmto

kS (k) — hs,n(t)‘ — 0,(na2). (3.24)

Now, for each k, (S;(k)) is a linear death chain starting from ng; and decreasing by 1 at
rate kx when in state x, and so

t
Si(k) =ngp — k/ Su(k)du + My(k), (3.25)
0
where M (k) = (M,(k)) is a zero-mean martingale. It follows that
> " kSy(k) — hsa(t) Zk: Si(k) — ngze™*)
k=0

= — Z kz/ (Su(k) — ngxe” ) du + M,
k=0 70

t
- / Wdu + M, (3.26)
0

where M; = 3", kM, (k) defines a zero-mean martingale M = (M,).

Since Sy(k) and Sy(j) with k # j never jump simultaneously, we have [M(k), M(j)] = 0,
where [-, -] is the quadratic covariation, see e.g. [22, Theorem 26.6]. Since also each jump of
Sy(k) is by —1, the quadratic variation [M]; := [M, M], is

e = 3 KM t—ZkZZ:; K’
- ki:o k2 ;(Agu(k)) = kz_o K (ns . — Si(k))
_ fjm = Gi(k) + g1 — e M)
< )ki:o k2(S,(k) — ns pe ns .
= |Wi| + O(tn),

again using (2.10). By Lemma 3.2, Esup,4, ,, |Wi| = o(ndy,), so
E[M]s,t, = O(nés), (3.27)

and so, using the Burkholder-Davis-Gundy inequalities [22, Theorem 26.12}, sup,4, ;, |M,| =
Op(v/ndy,). Hence by (3.26) and Lemma 3.2, uniformly in ¢ < ay,to,

> MG msse )| < | [ W] + 0, ()
k=0 0
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< apty sup [Wi| + Op(v/nay,)

t<dnto
= Op(n&i)a
using again (D4). This establishes (3.10).
Next we prove (3.9). By [20, Lemma 6.1] with d = 1 and y = k and = = ngy, for k < &, *,
E sup |St(k;) — ns,ke_kt|2 < 4(eFanto Dng . < 4kdytoe™ng i, (3.28)
t<anto

where the last step uses the simple inequality e® — 1 < ze” for z > 0. For k > &, we
use the trivial bound |Si(k) — nsxe ™| < nsy. Using Jensen’s inequality and then the

Cauchy—Schwarz inequality, as well as (2.10) and (D4),

[e.e]

EZ sup |St(k:)—nsvke_kt| < Z (4k5&nt06t°ns7k)1/2+ Z ns k

t<anto
k=0 """ 1<k<an! k>a,t

< 2(aptoel)? (Z Y k3ns,k> +ap > ks
=1 k=1 k=1

= O(\/nay,) + O(nal) = o(na2),
which yields (3.13) and thus (3.9).

We now prove (3.11). The number of free recovered half-edges changes when either an
infective vertex recovers or a free infective half-edge pairs with a free recovered half-edge. In
the time-changed process, when in a state with zj free infective half-edges and = free half-
edges, infective vertices recover at rate p,(x — 1)/B,21. Also, each free recovered half-edge
is chosen to be paired at rate 1, and thus the number of recovered free half-edges decreases
by 1 at rate xr. Hence, for any ¢ > 0,

AT P AT
Xrnrs = XRro — / XR,sds + B—n/ (X5 —1)ds + Mg in1+, (3.29)
0 n Jo

where Mg = (Mg.) is a zero-mean martingale.
On the other hand, differentiating (3.6) reveals that

(D) = —hra(t) + 22723 k. (3.30)
Bn k=0
Hence, subtracting the integral of that expression from (3.29), and recalling that Xg o = 0,

tAT™
Xrars — hrn(tANT™)| < / | XRsars — hrn(s AT™)|ds
0

on [T 00
—i—ﬁ—n/ ’Xs—l—e’QSank’db‘ﬂL\MR,mT* .
n Jo

Then Gronwall’s inequality yields

sup | Xgrt — hra(t)] < ed"t‘)&ntog—n ( sup | X; —e % Z knk’ + 1)

t<antoAT* t<antoAT*
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+e  sup  |Mgy. (3.31)
t<antoAT*
Since p, /B, is bounded and &, — 0, the first term on the right-hand side is o,(na?2), by
(3.23). It remains to show that the same is true of the martingale term.

Note that Xz, jumps by —1 when a free recovered half-edge is paired with a free infective
half-edge, and it jumps by +k when an infective vertex with k free half-edges recovers. Also,
each recovered half-edge or vertex was either initially infective or was initially susceptible
and then became infected prior to recovery. Hence

E[Mglanonre =E[ > (AMg,)’]

s<antoN\NT*
<E Z k(nik +nsp — Santonr=(k)) + E Z k* (nug + ns gk — Santont (k)
k=0 k=0

<2 Z k:2n17k +2E Z k? (ns,k — SantoaT (k))
k=0 k=0

=9 Z k‘2nl,k + QEZ 2 (nS,k(l _ efk(dnto/\T*)) + nS7k67k‘(dnto/\T*) — S&nto/\T*(k))
k=0 k=0

<2 Z k*nyy + 2dnto Z k*ngy +2E Z k? (ns,ke*k(d”toAT*) — Santort+ (k)
k=0 k=0 k=0

= 0(n2&i) + O(néy,) + o(nd,) = 0(n25‘i)

by (3.8), (2.10), Lemma 3.2 and na® > na® — oo, see (D4). Then, by the Burkholder—
Davis-Gundy inequalities, sup,<g, joa7+ |Mr,| = 0p(n@2), and (3.11) follows by (3.31).

Finally, (3.12) follows from (3.10), (3.11), (3.23), and the fact that X1, = X; — Xg; —
Xpt ]

3.4. Duration of the time-changed epidemic. We stated Theorem 3.1 using a rather
arbitrary a,,, but from now on we fix it as follows. We distinguish between the cases v < oo
and v = 0o, and introduce some further notation:

If 0 < v < oo, define

Ay 1= Qn, (3.32)
ft) =v+t— 23 (3.33)

7= (14+1420A3)/As. (3.34)

If v = o0, define instead

Gy = (Z kni /n) v (3.35)
k=0
f(t)==1-2¢% (3.36)

7= 1/2/)s. (3.37)

18



Note that in both cases, s is the unique positive root of f, and that f(¢) > 0 on (0, ) and
f(t) < 0on (s,00); we have f(0) =0 if v = 0 but f(0) > 0 if » > 0. Note further that in
the case v = 00, &, /a,, — o0 by (2.8); in particular, &, > «a,, except possibly for some small
n that we will ignore. Moreover, &, — 0 by (D4) (v < o) or (D5) (v = ).

Next, if v < 0o, then, by (2.8),

Z knix = O(nga’) = O(na?), (3.38)
k=0
and if v = oo, then by (3.35),
> knyy, = naj. (3.39)
k=0
Hence, in both cases,
Z knix = O(na?). (3.40)

Furthermore, if v = 0 then (2.8) ylelds > kniy = o(na?) and thus

Zk Nk < (Z kny k) =0 n &fl), (3.41)

and if 0 < v < oo then (2. 9) and (3.40) imply

Z /{7 Nk X d[ * Z /{an k= O(Z /{an k) O n2a4) (342)

Hence, (3.8) holds in all cases.
We have verified that our choice of &, satisfies the conditions of Theorem 3.1, so Theo-

rem 3.1 applies. We use this to show a more explicit limit result for Xi;.

Lemma 3.4. For any fized ty,

X1ant

naz

sup } — f(t)} 25 0. (3.43)

t<toA(T* /Gm)

Proof. The idea is to combine Theorem 3.1 with a Taylor expansion of Ay, (t) around zero.
The first three derivatives of hy,(t) are

h(t) = Qtan +Zk2 Rt B" eY( ank, (3.44)

h,(t) =4e™™ Z kny, — Z E*ngpe %et(l —4e™) Z kny, (3.45)

n (1) = *Qtan +Zk4 g" et ank (3.46)

n

Hence, using (2.2), (3.3), (3.40) and &, — 0,

0)=-2 Z kny + Z k*ngp, — Z—n Z kny, = ngay, — Z kny, = nay, + o(ndy,), (3.47)
k=0 k=0 " k=0 k=0
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and similarly, using also (2.15),

WL0) =43 k=3 sy +3725 kny
k=0 k=0 " k=0

= 3(1 + pn/ﬁn) Z knk + Z knng — Z k3’ns,k + Z knLk
k=0 k=0 k=0 k=0

=3(L+pa/Bu) Y ke — Y k(k—1)(k—2+3)nsx+ > _ knug
k=0 k=0

k=0
= —3nsay, — Y k(k—1)(k — 2)ngx + O(na}) = —ns + o(n).
k=0

Also, for t > 0,

|h ()] < (8 + Tpn/fBn) Z kny + Z k*ngre ™™ = O(n) + Z k*ng pe ™.
k=0 k=0

k=0
Hence, for any M > 1,

anto _
/ B (D] dt < O(né) + Gnto D Mingg+ Y kong (1 — e hanto)
0

k<M k>M

< O(M*nay,) + Z kns = o(n) + Z k*ns k.-

k>M k>M
Letting M — oo slowly (so that M*a,, = o(1)), and using (D2), we obtain
anto
lim — b, ()] dt = 0.

n—oo N 0

Now, by a Taylor expansion, for ¢t > 0,
dnt
hin(Gnt) = hin(0) + i, (0)ant + 3h7,(0)(Gnt)® + 3 / (Gt — u)?hy", (u) du,
0

and hence, using hy,(0) = >, knig, (3.47), (3.48) and (3.49), uniformly in ¢ < £,

hin(Gnt) =Y knpg + nomdnt — 3654°n); + o(nds).

k=0
If v < o0, then &, = a,, and (3.51) yields by (2.8) and (3.3)
hin(dnt)
e v+t — 1A+ 0(1) = f(t) + o(1).
If v = o0, then (3.51) yields similarly by (3.35) and «,, = o(&,),
hyn (Gt

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

Consequently, in both cases hy,(&,t)/na@? = f(t) + o(1), uniformly for 0 < ¢ < o, and the

result follows by combining this and (3.12) from Theorem 3.1.
20
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We can now find (asymptotically) the duration T*, except that when v = 0, we cannot
yet say whether the epidemic is very small or rather large.

Lemma 3.5. (i) If 0 < v < oo, then T*/a, —= ».
(ii) If v =0, then for every e > 0, w.h.p., either
(a) 0 < T*/av,, < g, or
(b) |T*/cv, — 5| < e.
In particular, in both cases, w.h.p. T* < 2xa,,.
Proof. Take ty = 2. Then f(ty) < 0, so (3.43) implies that P(T*/&, > t5) — 0, i.e.,
T* < toa, w.h.p. Consequently, we may w.h.p. take ¢ = T*/a, in (3.43) and conclude
| X1+ /a2 — f(T*/é,)| - 0. Since X7+ = 0 by definition, this says f(T*/d,) — 0.
Consider f(t) for t € [0,00). If v > 0, then f(¢) has a unique zero at s, and is bounded

away from 0 outside every neighbourhood of s hence T*/&, L5 s follows. If v = 0,
f(t) = 0 both for t =0 and ¢ = s, and (ii) follows. O

Remark 3.6. Lemma 3.5 shows that taking ¢y := 23 in Theorem 3.1, we have w.h.p.
Qnto AT =T, and thus, for &, as above, Theorem 3.1 holds also with the suprema taken
over all t < T™.

3.5. Final size.

Proof of Theorem 2.3. Recall that Zj, := ng  —Sr+ (k) is the number of susceptibles of degree
k that ever become infected, and Z = 3", Z;. For each k € Z™,

Z, T* ngp(l — e *" T S« (k) — ng e F1"
| < [P ) g, T B s (354)
naw, ay, no, (7% noy,
Since |1 —e™¥ —y| < y? for all y > 0, and using (D1), (D2) and (3.3),
1 o kant o0 kQ
S k] < 13— ol 3
k=0 k=0
uniformly in t < to := 2s¢. Since T /&, < to w.h.p. by Lemma 3.5, it follows that
ns, k 1 — € kT*) T N
Z e - k:pk— = o0,(1).
k=
Further, by (3.9) in Theorem 3.1 and Lemma 3.5, see Remark 3.6,
ST* —ng kefkT* -
’ = n) = 0p,(1).
kz: ndn op(ain) = 0p(1)
It follows by (3.54) that
| Z T
> | — k| = op(1) (3.55)
:O n n
and, in particular,
bt T [ Z T
—A—| = —k = 0,(1). 3.56
nao, Q, % <n&n Pr ~n> %(1) (3.56)




The estimate (3.56) and Lemma 3.5 yield the conclusions (i)—(iii) by (3.3) and the definitions
of &, and s in (3.32)—(3.37). For (i), when v = 0, we first obtain that if ¢,, = ¢ > 0 is fixed
but arbitrary, then the conclusion holds w.h.p., and it is easy to see that this implies the
same for some sequence €, — 0. (Note also that if v = 0, then » = 2/\3.)

Furthermore, combining (3.55) and (3.56), we obtain

no, A nay,

>

0

= 0p(1). (3.57)
k=
We have shown that, except in the case (i)(a), there exists ¢ > 0 such that w.h.p. Z/na&, > €;
then (2.17) follows from (3.57). O

4. PROOF OF THEOREM 2.4

We continue to use the simplifying assumptions in Section 3.1. We consider the epidemic
in the original time scale and construct it from independent exponential random variables.
At time ¢ = 0, we allocate each of the n; initially infective vertices an Exp(p,) recovery
time. We also give each free infective half-edge at time 0 an Exp(f,) pairing time. If the
pairing time for a free infective half-edge is less than the recovery time of its parent vertex,
then we colour that free half-edge red. Otherwise, we colour it black. We now wait until the
first recovery or pairing time. At a recovery time, we change the status of the corresponding
vertex to recovered. At a pairing time of a red free half-edge, we choose another free half-
edge uniformly at random. If the chosen free half-edge belongs to a susceptible vertex then
that vertex becomes infective, is given an Exp(p,) recovery time, and its remaining free
half-edges are given independent Exp(f3,) pairing times. Then, as above, we colour red any
free half-edge with pairing time less than recovery time, and colour black all other free half-
edges at the chosen vertex. The process continues in this fashion until no red free half-edges
remain. Note that we do nothing at the pairing time of a black free half-edge, since it is no
longer infective, and so black free half-edges behave like recovered free half-edges. Also, a
red free half-edge will definitely initiate a pairing event at some point (provided it has not
been chosen by another red free half-edge first). However, ignoring the colourings we obtain
the same process as before.

Let Z; be the number of red free half-edges at time ¢ > 0. Note that Z; changes only at
pairing events, but not at recovery times. (The point of the colouring is to anticipate the
recoveries, which then can be ignored.) Further, let Z,, := Z, , where T,, is the time of
the m:th pairing event (and Tp := 0), and let ¢, :== AZ,, := Z,, — Zpm_1. (Note that our
processes are all right continuous, so Z,, is the number of red free half-edges immediately
after the m-th pairing has occurred and we have coloured any new infective free half-edges.)
Thus the process stops at Ty,,, where m, := min{m > 0 : Z,, = 0}. (This is not exactly
the same stopping condition as used earlier, but the difference does not matter; there may
still be some infective half-edges, but they are black and will recover before infecting any
more vertex.) Let F,, = F(7,,) be the corresponding discrete-time filtration generated by
the coloured SIR process up to time 7,,.

We keep the same notation as before for the free half-edge counts (so the total number of
free infective half-edges, whether red or black, is X1, > Z;, for example), and write again

S;(k) for the number of susceptible vertices with k free half-edges at time ¢ > 0. Furthermore,
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define
__ ba
B+ o0’
the probability that a given free infective half-edge is coloured red. Note that ¢ < m, < 1
for some ¢ > 0 by (2.20).
We begin by showing that a substantial fraction of the initially infective half-edges are
red. Recall that Xio = ), knpy is the total degree of the initially infective vertices and
that dr, is the maximum degree among these vertices.

(4.1)

Ty

Lemma 4.1. Suppose that Xy — oo.

(1) If dL* = O(XL()), then ZO = WnXI,O(]- + Op(l))
(ii) More generally, for any d; ., we have

lim lim supIP’(ZO < 5X1,0) =0. (4.2)
=0 nooco

Proof. We enumerate all initially infective vertices as ¢ = 1,...,ny, and let d;; be the degree

of vertex 4, so that X7y = Z:il dr;. We also let Zj; be the number of red free half-edges

at vertex i, so Zp = Z:il Zy,i, where the Zj,; are independent, with E Z,; = dy;m, and

ZOJ‘ < dl,i~ It follows that EZQ = Z:il E ZOJ‘ = 7TnX170 and

ny ni
Var Zo = Y Var Zo; < Y _df; < di.Xio. (4.3)
=1 i=1

(i): If dy,. = o(X1p), then (4.3) yields Var Zy = o(X7,) = o((E Zy)?), and thus Chebyshev’s
inequality yields Zy = E Zy(1 + 0,(1)).

(ii): Take any ¢ > 0 with 6 < %minn T,

We assume first that di, < §Y/2X;,. Then (4.3) and Chebyshev’s inequality yield

Var Z < di«X10 < 42812 — 4<Pn + 6n>251/2. (4.4)

P(Zy < 6X10) < <
(% to) (EZy — 6X10)? (%ﬂ'nXI,O)Q B

Assume now instead that dj,. > oY/ 2XLO. Fix one initially infective vertex of degree dj .,
let Zy . be the number of red free half-edges at that vertex, and let R, be its recovery time.
Then Zy > Z ., and so Zy < 6 Xy implies that Z;, < 51/2d1,*. We have

P(Zo. < 6'2d1.) = P(Zou < 82d1e, R < 46'2/B,) + P(Zoh < 6'2d1., Ry > 462/ 3,)
<P(R, <46"2)B,) +P(Zo. < 6%y, | Ry > 46'2/8,). (4.5)
Now,
P(R, < 46"2/8,) = 1 — e~ %0"on/Bn < 4512 /5,.. (4.6)
Also, conditional on R, = r, Zj,. has a binomial distribution with parameters dj. and
1 — e #r. Tt follows that, conditional on R, > 46Y2/8,, Z,. stochastically dominates a
Bin(dy ., 1 — 6*451/2) random variable. For § small enough, 1 — e—40'/? > 262, and so, by
Chebyshev’s inequality;,
451/2

26424, , 2
— K
Bn

odi, T 0Xy

P(ZO,* <62y, | R, > ) < P(Bin(dL*, 2651/2) < 51/2d17*> < (4.7)
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Combining (4.4), (4.5), (4.6) and (4.7), we see that if § is small, then in both cases

P(Zy < 6X1p) < 4<ﬂ) o2 4

ﬁn 5XI,O’

and (4.2) follows, since X9 — oo and p, /5, = O(1) by (2.20). O
Lemma 4.2. Let (W,,)5°_, be a process adapted to a filtration (F,,)_,, with Wy =0, and

let T < o0 be a stopping time. Suppose that the positive numbers v,w > 0 are such that
E[AW i1 | Fn] Z v a.s. on {m < 71}, (4.8)
E[(AW,i)] < w (4.9)

for every m > 0. Then, for any b > 0,
8
IP’( inf W, < —b) <2 (4.10)
0<m<T b

Proof. Consider the Doob decomposition
Wy = My, + Ay, (4.11)

where A, := >"" E[AW, | Fi_4] is predictable and M, := W,, — A,, is a martingale with
respect to (F,,). By the assumption (4.8), A,, = mv a.s. when m < 7. Furthermore,

E[AM?Z] = E[(AW,, — E[AW,, | Fn_1])?] = E[(AW,,)?] — E(E[AW,, | Fima])? < w.
Thus, by Doob’s inequality, for any N > 1,
E[M2y] o 2Nw
(b+ Nv)2 = (b+ Nv)?'

IP’( inf ng—b><ﬂ”< inf Mmg—b—Nv)g

N<m<(2N)AT N<m<2N

(4.12)
Summing over all powers of 2, we obtain
. o0 . 2k+1w
P(Kl,%f@ W < _b> S ;P<2k<m1<n2fk+lm W < _b) S — (b+ 2Fv)?
2k 1y 26w A(b/v)w  A(v/b)w 8w
< Z b2 - 92ky2 S b2 + 2 O
2k<b /v 2k>b/v

Proof of Theorem 2.4(ii). Let § > 0 be a small positive number chosen later. Define the
discrete stopping time m.,, by

Mgy 1= min{m >0:Z,=0 or Z k*(nsy — St, (k) > 5nan}. (4.13)
k=0
Note that for m < m,., the total number of free half-edges at time T, is
Xr, > Z kSt (k) > Z kng i — dnoy, > Z kny — dna,, — o(nay,), (4.14)
k=0 k=0 k=0

since Y oo, kniy = o(nsa?) = o(nay,) by (2.8) and (2.6). Similarly, for m < my.,

Ty = Zp,, < Zo + Z k(nsx — St,.(k)) < Zy + dna, < dna, + o(nay,), (4.15)
k=0
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since Zy is bounded above by > 7 knyy = o(ngaZ) = o(nay,).

At a pairing m + 1 < m.,, a red free half-edge pairs with a free susceptible half-edge, or
with another red free half-edge, or with a black half-edge. In the first case, if the susceptible
half-edge belongs to a vertex of degree k, we get on the average m,(k — 1) new red free half-
edges; in the second case we instead lose one red free half-edge, in addition to the pairing red
free half-edge that we always lose. The probability of pairing with a susceptible half-edge
belonging to a vertex of degree k is kSt (k)/Xr,, and the probability of pairing with another
red free half-edge is Z,,/Xr,,. Hence, for m + 1 < m,., using (4.13)—(4.15), (4.1) and the
definition (2.1) of Ry,

; 2ok — kSt () Zm
E[AZ i | Ful 2 =1+ m, =0 m\F)
| a7 2o K > o kg — (6 + o(1))nay,
>z —1+m, 2 ok — olo)ank — dnay, S (6 +o(1))na,
2o K, > ko ke — (0 4 o(1))nay,

> 1+ Ry — O(6ow).

Since (Ro — 1)a, ! is bounded away from 0 by (2.3) and Remark 2.8, this shows that as long
as 0 is chosen small enough there exists some ¢; > 0 such that if n is large and m < My,
then

E[AZm+1 | -Fm] 2 C10,. (416)

Furthermore, noting that the number of red free half-edges may change by at most k at a
jump if a red free half-edge pairs with a free susceptible half-edge at a vertex of degree k,
the expected square of any jump satisfies, for m < my.,

E[(AZpi1)? | Fr] <4+ Dizo Ko <c (4.17)
m e o kn — (0 + o(1))nay, 2 '
for some ¢y > 0, uniformly in all large n, by assumption (D2).
Let W, = Ziam,.. —Zo- 1t follows from (4.16)—(4.17) that Lemma 4.2 applies with 7 = m,,
v = ¢y, and w = cs.
Let a = a,, > 0 satisfy a,, - o0 and a,, = o(an ZZ‘;O knl,k) as n — oo. Then Lemma 4.2
with b = a, /a, yields

P (Ognlg;** Wy, < —an/an) < o o(1) (4.18)
and thus W,,.. > —a,/a, w.h.p. On the other hand, Lemma 4.1(ii) implies that P(Z, <
an /) — 0. Consequently, Z,,.. = Wy,.. + Zo > 0 w.h.p. By (4.13), this means that w.h.p.
> oo k*(nsy — St,,.. (k) > dnay, and thus that, for some time ¢ before the epidemic dies
out, Y p  k*(ngr — Si(k)) > dnay,.

The latter statement does not depend on the time-scale, so it holds for the time-changed
epidemic in Section 3.2 too. Thus, using the notation there, by the monotonicity of the
number of susceptibles, w.h.p.

> K (nsy — Sr-(k)) > Snov,. (4.19)
k=0
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On the other hand, Lemma 3.2 (with &, = «,,) and (2.10) yield, for any € > 0,
sup Z k*(ngy — Si(k)) < sup

00
E k2 St - ns,ke*kt) E k3ns,k
0<t<€an/\T* t<eanNT* 0

< op(nay,) + ECONQL,. (4.20)

Consequently, if we first choose 6 > 0 so small that (4.19) holds, and then £ < §/cy, then

(4.19)(4.20) imply that w.h.p. T* > ea,. It follows by Lemma 3.5 that T* /oy, — 5 = 2/ )3,
and thus the result follows by (3.56). O

To study the cases (i) and (iii), we analyse the number of red free half-edges more carefully.
Let the random variable Y (k) be the number of new red free half-edges when a vertex of
degree k is infected. Given the recovery time 7 of the vertex, Y (k) ~ Bin(k: —-1,1- 6*5’”),
and, since 7 ~ Exp(p,), the probability 1 — e~#»7 has the Beta distribution B(1, p,/f,).
Consequently, Y (k) has the beta-binomial distribution with parameters (k — 1,1, p,/fBn).
More generally, if D is a positive integer valued random variable, then Y (D) denotes a
random variable that conditioned on D = k has the distribution Y (k). We have the following
elementary result, recalling the notation (4.1).

Lemma 4.3. For any positive integer valued random variable D,

EY(D)=m,(ED — 1), (4.21)
2E(D - 1)(2D — E(D -1
1+m,
Proof. For each k > 1, we obtain by conditioning on the recovery time 7,
1

EY(k)=(k—1)——— = (k — 1), 4.23
(F) = (k= 1) = (k= 1) (1.23

—1)(2k -2 —1)(2k — 3)7? -1

(1 =+ pn/ﬁn)<2 + pn/ﬁn) 147,

and (4.21)—(4.22) follows by conditioning on D. O

Let A be a constant, and consider only m < M := | A, ?|. At pairing event m for m < M,
the number of free half-edges is at least >, knj, — 24,2 > >, kny- (1 — Ain~'a;,?) for some
constant A;. Thus, the probability that a susceptible vertex with ¢ half-edges is infected is
at most, for Ay := 2A; and large n,

f’nsj Ing 0

1+ Amnta? 4.25
Dok (1— Anlaz?) = ( + Ao )Zk kng ( )
Let DT > 1 be a random variable with the distribution
kn
P(D" > j) := min ((1+Azn‘1 n) Egj p S’il), j=2, (4.26)
L

and let (T :=Y(D*') — 1. (Note that DT and (" depend on n, although we omit this from
the notation.) Then (,, := AZ,,, conditioned on what has happened earlier, is stochastically
dominated by ¢T. Hence, there exist independent copies (¢)5° of ¢t such that (, < ¢
for all m < M such that the epidemic has not yet stopped; furthermore, (()3° are also

independent of Zj. If the epidemic stops at m, < M (because Z,,, = 0 so there are no more
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pairing events), then we for convenience extend the definition of ¢, and Z,, to all m < M
by defining ¢, := ¢ for m > m,, and still requiring (,, = AZ,,. Consequently, ¢,, < ¢} for
all m < M and thus the (possibly extended) sequence (Z,,)3 is dominated by the random
walk (Z)M with Z .= Zo+ >0 ¢

Next, observe that (4.26) implies

> = Zk>'kn8k Z (k’— l)k:nSk
EDt—1=)Y P(D">j)> 2l = &k ’ (4.27)
and also, since na? — oo,
= - > isj ks S (k — Dkng
(DY > ) < S (1+ Asna;2) 25K (14 g(a,)) 2 £ (428)
It thus follows that
> . k— 1)]%‘713 k
EDt—1=) P(D*>j)=(1+o(ay) 2l = (4.29)
> (14 ofa) S A
Hence, using (4.21), (4.1), (2.1) and (2.22),
E¢t = E(DY —1)—1=(1+ o, - =1
= B DT D 1= (el g e o
= (1+o0(an))Ro— 1 =Rg — 14 o(a) = A3 e, + 0(ry). (4.30)

Note also that (4.26), using (2.4), (2.6), (2.7), shows that as n — oo, Dt 4, Dy, where Ds
has the size-biased distribution P(Dg = k) = kpg/\. Moreover, it follows easily from (D2)
and (4.26) that D% is uniformly square integrable as n — oo, and thus

_ EZio K>y, _ ED%

ED+2—>Eb 2 - o) = 4.31
(D7) (Ds) § =0 kpp E Dg ( )
and similarly
ED" - EDs = % (4 32)
S E Dy’ )

By (4.30) and «,, — 0 we have E¢" — 0, and thus 7,(E D" — 1) — 1. Hence, by (4.32) (or
directly from (2.1)),
Bn EDS A

= — = —, 4.33
6n+pn IEDS(DS_ 1) )\2 ( )
27
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Since |(*] < DT, it follows that also (T is uniformly square integrable as n — oo. Fur-
thermore, EY (D") =14+ E(T =1+ o(1) and thus, using (4.22) and (4.31)—(4.33),

Var (* = Var(Y (D)) = E(Y(D™)?) — (1 + o(1))”

2

T T,
= 1+7TnIE(D+—1)(2D+—3)+ 1+7TnIE:,(D+—1)—1+o(1)
. A2 EDg(Ds— 1)(2Ds — 3) N A _EDs(Ds—1)

Aa(A2 + ) E Dg Ao+ A E Dg
CARA M) R

Ao(Ag + A) Ao+ A

2\ )

= m =:0°. (4.34)

Now consider a,(Zy; — Zy — ME(Y) = anELAa” Y(¢F = E¢t). The summands are
i.i.d. with mean 0, and the uniform square integrability of (" implies that the Lindeberg
condition holds; thus the central limit theorem [22, Theorem 5.12] applies and yields, using

(4.34), an(Z3;, — Zy — MECT) -5 N(0, Ag?) as n — co. Moreover, normal convergence of
the endpoint of a random walk implies Donsker-type convergence of the entire random walk
to a Brownian motion, see [22, Theorem 14.20]; hence,

an (Z+_2 — Ty —ta? Eg+) 0B, (4.35)

ta
where B; is a standard Brownian motion and we have defined Z;} also for non-integer t by
Z; = ZEJ (We define Z; and Z; below in the same way.) Here the convergence is in

distribution in the Skorohod space D[0, A], but we may by the Skorohod coupling theorem
[22, Theorem 4.30] assume that the processes for different n are coupled such that a.s. (4.35)
holds uniformly on [0, A].

Moreover, a; ' E(T — A\, ' by (4.30), and thus (4.35) implies

an (Z+_2 - ZO> 0B, + M\t (4.36)

tag,
Proof of Theorem 2.4(i). In this case, a,X19 — 0, and, since 0 < Zp < Xy, it follows
from (4.36) that OznZ;_2 — 0B, + A\, 't, where (as said above) we may assume that the

convergence holds uniformly on [0, A] a.s. For any fixed § > 0, the right-hand side is a.s.
negative for some ¢ € [0,4], and thus w.h.p. o, Z," _, < 0 for some ¢ € [0,4]. Since Z,, < Z,,

it follows that w.h.p. m, < da; 2
infections. Hence, w.h.p.

i.e. the epidemic stops with Z,, = 0 after at most da,>

n

Z < < 6oy, ? = o(nay,). (4.37)
Since ¢ is arbitrary, this moreover shows Z=op (OFQ). O

Proof of Theorem 2.4(iii) in the multigraph case. We combine the upper bound Z} above
with a matching lower bound. Let x1,2z9,... be an i.i.d. sequence of random half-edges,
constructed before we run the epidemic by drawing with replacement from the set of all
half-edges. Then, at the m:th pairing event, when we are to pair an infective red half-edge
Ym, if T, still is free and x,,, # y,,, we pair y,, with z,,; otherwise we resample and pair y,,

with a uniformly chosen free half-edge # y,,,. Furthermore, we let ¢ := —1 if x,, is initially
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infective, and if x,, belongs to an initially susceptible vertex of degree k, we let ¢, be a copy
of Y(k) — 1 (independent of the history); if x,, still is susceptible at the m:th pairing event
(and thus free, so we pair with x,,), we may assume that ¢, := (,, the number of new red
free half-edges minus 1. Note that ({;,)m>1 is an i.i.d. sequence of random variables with the
distribution Y (D~) — 1, where D~ has the distribution obtained by taking A, = 0 in (4.26);
furthermore, (¢,,)3° are independent of Zy. Let Z,, := Zy+> i~ (; . Note that (4.27)-(4.34)
hold for D~ and ¢, too (with some simplifications), and thus, in analogy with (4.36),

O @;,;2 - ZO) 0B + At (4.38)

for some Brownian motion B, . We next verify that we can take the same Brownian motion
in (4.36) and (4.38).

Let ¢/, :== (,, — (n. Thus ¢/, = 0 if z,, is susceptible at time 7,,. If z,, was initially
susceptible, with degree k, but has been infected, then (/, < (. +2 < k. If x,, was initially
infected, then (,, = —1 and thus ¢, <, +2 < L.

Consider as above only m < M := | Aa;,?], for some (large) constant A > 0. For m > m,,

when the epidemic has stopped, we have defined (,, = ¢;°. Since ¢ 4 Y(D*)—1and D™ is
stochastically dominated by D", we may in this case assume that ¢, = ¢ > ¢, and thus
/< 0.

For m < M, the number of initially susceptible half-edges that have been infected is at
most, using (2.11) and (2.6), mds . = O(a,?ds.) = o(a;,;*n'/?) = o(n). Hence the number
of free half-edges at T, is at least ), kngr — mds, = An — o(n) > csn for ¢5 == A\/2if n
is large enough. It follows that the probability that a given initially susceptible vertex of
degree k has been infected before T), is at most mk/(csn), and the probability that one of
its half-edges is chosen as x,, is at most k/(c3n) for every m < M. Similarly, the probability
that z,, is initially infective is at most Xy o/(csn).

Hence it follows from the comments above, using (2.10) and the assumption o, X9 = O(1)
in (iii), that (¢/,)+ := max((},,0) has expectation

—~ k mk X o 1
E(G)r <Y me okt S0 = 0(2) 4+ 0% ) = 0 ) =o(an). (4.39)
= Tegn can c3n n n azn
Let Z' .= SV(¢,)+. Then, by (4.39),
EZ =o(Ma,) =o(a;, ). (4.40)
Furthermore, for m < M,
Ty =T+ < Zn+2' <25+ 7. (4.41)
j=1
Since (4.36) and (4.38) hold (in distribution), the sequence (a, (Zt;_Q — Zy), an (Z;;_Q -

ZO)), n > 1, is tight in D[0, A] x D[0, A]. Moreover, every subsequential limit in distribution
must be of the form (aBt_ + Mt oB + Ay 115) for some Brownian motions B; and B; .
Since o, Z' == 0 by (4.40), it then follows from (4.41) that for any fixed ¢ € [0, A], B; < B;
a.s. Since B, and B;" have the same distribution, this implies B, = B, a.s. for every fixed

t, and thus by continuity a.s. for all ¢ € [0, A].
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Since all subsequential limits thus are the same, this shows that (4.36) and (4.38) hold
jointly (in distribution) with B,” = B;. Finally, by (4.41) and (4.40), this implies

O (Zyz — Zo) —5 0B+ A3, in D[0, A]. (4.42)
Since the infimum is a continuous functional on D[0, A], it follows that

Qy, (tl£1£ Z, 2 — ZO> N tl£l£ (0B, + A\ 't). (4.43)

n

For convenience, denote the left- and right-hand sides of (4.43) by Y,, and Y. Since the
random variable Y has a continuous distribution, (4.43) implies that, uniformly in = € R,

P(Y, <z) =P <z)+o(1). (4.44)

The Brownian motion By in (4.42)-(4.43) is arbitrary, so we may and shall assume that B,
is independent of everything else. B
We have defined m, := min{m > 0: Z,, = 0} and M := | A« ?|, and thus

P(m. < M) =P(inf Z,,.2 <0) = P(¥, < —anZ). (4.45)

t<A n

Recall that ¢t and (. above are independent of Zy. Hence, if we fix two real numbers a
and b, and condition on the event £%° := {a < a,,Zy < b}, then for every subsequence such
that liminf, ., P(£%®) > 0, the arguments above leading to (4.36), (4.38) and (4.42)—(4.44)
still hold. (We need liminf, ., P(£%*) > 0 in order to get a conditional version of (4.40).)
Consequently, P(Y, <z | £2%) = P(Y < #)+0(1), and thus, recalling that B, is independent
of Zy,

P(Y, <z and £°) =P(Y < 2)P(EXY) + o(1) =P(Y < z and EX°) + o(1). (4.46)
On the other hand, (4.46) holds trivially if P(£%*) — 0. Every subsequence has a subsubse-
quence such that either liminf, o, P(E%%) > 0 or P(£4*) — 0, and in any case (4.46) holds

along the subsubsequence; it follows that (4.46) holds for the full sequence.
In particular, for any a and b,

P(Y, < —a,Z and £°) < P(Y,

< —a and £7’) =P(Y < —a and £°) + o(1)
<PY

<
< —a,Zp+b—aand E°) +o(1). (4.47)

By assumption, «a, X1 is bounded, say a,, X7¢ < C for some constant C'; thus 0 < o, 2y <
ap X9 < C. Let § > 0 and divide the interval [0, C] into a finite number of subintervals
laj, b;j] with lengths b; — a; < 6. By summing (4.47) for these intervals, we obtain

P(Y, < —nZy) < P(Y < —anZo +0) +o(1). (4.48)
Since § > 0 is arbitrary, this implies

P
Similarly, we obtain P(Y, < —a,Z) = P(Y < —,Z0 — 0) + o(1) and P(Y,, < —a,Zp) >
P(Y < —anZp) 4 o(1). Consequently,

P(Y, < —anZo) =P(Y < —anZp) + o(1). (4.50)
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In other words, using (4.45) and recalling the meaning of Y from (4.43),

IP’(m* < M) =P (tigg(cht + )\2_115) < —anZo) + o(1). (4.51)

If m, < M = | Aa,,?], then, similarly as (4.37) in the proof of case (i),
Z <m. < Aoy? = o(nay,) (4.52)

so we are in case (a) in Theorem 2.3(i).

If m, > M, consider again m,, defined by (4.13) (but taking minimum over m > M), for
a sufficiently small 6 > 0. Note that, as in the proof of (ii), if Z,,,, > 0, then (4.19) holds
and w.h.p. T* > eq, for some small ¢ > 0, and thus w.h.p. (b) in Theorem 2.3(i) holds.
In other words, for some small ¢ > 0, if m, < M, then Z < ena,, and if m, > M and
Zm,. >0, then Z > ena,, w.h.p.

We next show that the probability that neither of these happens is small. We condition
on Zj and argue as in the proof of case (ii), using Lemma 4.2 on Z(M+m)Am** — Zyr, and

find
802

P(m, > M and Z,,., =0 Zy) < (4.53)

cranZy
Hence, using also (4.42),
P(m. > M and Z,,,. =0) < P(,,Zy < 3A;'A) + O(1/4)
<P(0Ba+ A 'A< 2XMA) +0(1) + O(1/A)
=0(1/A) +o(1). (4.54)
Using (4.51) and the comments above, it follows that, if € > 0 is small enough, then

P(Z < eayn) =P(m. < M) + O(1/A) + o(1)

P
P

=P (225(0& + A7) < —anZo) +O(1/A) + o(1). (4.55)
This holds for every fixed A > 0, and we can then let A — oo and conclude that
= i 1) < —
P(Z <eayn) =P (0<1{1<f00(03t +X5't) < anZO) +o(1). (4.56)

It is well-known that —inf;> (aBt + A5 1t) has an exponential distribution with parameter
20,1 /02, see e.g. [32, Exercise 11.(3.12)]. Consequently, since Z, and (B;) are independent,

P(Z < eayn) = Eexp(—2X; "0 %a,Zp) + o(1). (4.57)

Since we assume that o, X1 is bounded above and below, Zy < X and Lemma 4.1(ii) imply
that the expectation in (4.57) stays away from 0 and 1 as n — oco. Moreover, if di . = o(X1p),
then Lemma 4.1(i) and (4.57) yield, using (4.33),

P(Z < eayn) = exp(—2A; 0 2a,m, X10) + 0(1) = exp(—2AA; %0 %, X1) + 0(1), (4.58)

which yields (2.18) by the definition of o2 in (4.34).
Finally, (4.52) and the argument above, in particular (4.54), shows that
P(the epidemic is small but Z > Aa, ) = O(1/A) + o(1), (4.59)

which implies the final claim. O
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Proof of Theorem 2.4(iii) in the simple graph case. As said in Section 2, this result for the
random simple graph G does not follow immediately from the multigraph case (as the other
results in this paper do). We use here instead the argument for the corresponding result in
[21, Section 6], with minor modifications as follows. We continue to work with the random
multigraph G*. Also, we now allow initially recovered vertices, since our trick in Section 3.1
to eliminate them does not work for the simple graph case.

Fix a sequence &, — 0 such that Theorem 2.3(i) holds, and let £ be the event that there
are less than 8,11/ 2nsan pairing events; note that if £ occurs, then Z < 5%/ 2nsan, while if £
does not occur, w.h.p. Z > ¢,nga,, by a simple argument (using e.g. Chebyshev’s inequality);
hence £ says w.h.p. that the epidemic is small.

Furthermore, let W be the number of loops and pairs of parallel edges in G*; thus G*
is simple if and only if W = 0, and we are interested in the conditional probability P(L |

W =0). By [19] (at least if we consider suitable subsequences), W —L5 W for some random

variable W, with convergence of all moments.

We write W = W, + Wy, where W5 is the number of loops and pairs of parallel edges
that include either an initially infective vertex (as in [21]), or a vertex with degree at least
d :=1/a,,. Then, by the assumptions

— 2 2 1 >k
EWQ =0 Z k Nk + Z k (ns,k + nR7k) ﬁ + - 5 = 0(1) (460)
k=0

~ n
k>d
and thus it suffices to consider W;. Note also that if we fix a vertex v that is not initially
infected and has degree less than d, then the probability that the infection will reach v within
less than e,/ *ngay, pairing events is O(EE}/ na, / n) = 0o(1), so w.h.p. v is not infected before
it is determined whether £ occurs or not.
The rest of the proof is exactly as in [21], to which we refer for details. U

Remark 4.4. The formula (2.18) for the asymptotic probability that the epidemic is small
holds only under the assumption dj . = 0o(X1p), i.e., that among the initially infective vertices,
no vertex has a significant fraction of all their half-edges. Even if this assumption does not
hold, the asymptotic probability can be found from (4.57), since as in the proof of Lemma 4.1,

Zy =Y, Zo,; where the Z,, are independent and, using the notation in Lemma 4.3, Z; 4
Y (di; + 1), where dy; is the degree of the i-th initially infective vertex. Hence, letting x
denote the fraction in (2.18), so x ~ 2\, 0 ~%m,, the probability is

HEexp(—Xw,;lanY(dLi +1)) +o(1) = [[(Eexp(—x, 'anY (k + 1)))™* + o(1). (4.61)

A calculation, see Appendix C, shows that if we define

1
Pyp— 71 n n n
Un(k) == log/O exp(koznxﬁn (2 /pn _ ﬁinpn)> dz, (4.62)
interpreted as 0 when p,, = 0, then this probability is

exp(—xanXLo - Z nLklpn(k)) +o(1), (4.63)
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thus generalizing (2.18). It is easily seen that ¥, (k) = O(k®a2) and thus Y, nipbn(k) =
O (andL* >k nl,kk:ozn) =0 (andL*) under our assumption o, X9 = O(1), which explains why
the extra term in (4.63) disappears in (2.18).

Note also that 1, (k) > 0 by Jensen’s inequality; thus an extremely uneven distribution of

the degrees of the initially infective vertices will increase the probability of a small outbreak.

APPENDIX A. THE SELLKE CONSTRUCTION FOR NETWORK EPIDEMICS

House et al. [15] introduced a method to simulate the final size of a network epidemic that
drew on the constructions of Sellke [34] and Ludwig [23] (the latter in its most general sense
as described by Pellis et al. [30]). This approach allows us to make a realisation by drawing
three sets of random numbers, and then we can consider multiple initial conditions and the
final sizes they produce without drawing further random numbers.

Let individuals be labelled 4, 7,... € {1,...,n}. Let them be connected by a general
network with adjacency matrix with elements G,;, and let Z; be an indicator variable taking
the value 1 if individual 7 is eventually infected during the epidemic and 0 otherwise. Our
algorithm then proceeds as follows.

First, for each individual ¢ pick an infectious period T; ~ Exp(p). Secondly, for each
individual ¢ pick a threshold @; ~ Exp(1). This represents the individual’s resistance to
infection. Thirdly, a random permulation P of the integers {1,...,n} is chosen. The first
m elements of this permutation are then taken to be the indices of the initially infectious
individuals, i.e. we initialise Z; <— 1 if © € P and Z; + 0 otherwise. Then to arrive at the
correct final values we iteratively search for each individual ¢ that has Z; = 0 and set Z; < 1
if

Qi< B> GyT;Z; . (A1)
j

This procedure is continued until no changes occur on a given iteration, giving the final size
for that value of m. We can then increase m and continue the iterative procedure, allowing
simulations that are both computationally efficient, and for which the total final size Z is
monotone non-decreasing in the initial number infected m.

APPENDIX B. CRITICAL BEHAVIOUR OF G(n, (d;)! )

In this appendix, we show how the methods in this paper yield an improvement of |20,
Theorem 2.4] on the size of the largest component in G(n, (d;)"_;) near criticality, replacing
the moment condition used in [20]

Z k4 = O(n) (B.1)
k=0
for some 7 > 0, by the uniform summability of Y-, k*ny, in assumption (ii) below, c¢f. (D2).
This is more or less best possible, since if the limiting vertex degree distribution does not
have a finite third moment, then (at least in typical cases), the size of the largest component
is op(nay,), see van der Hofstad, Janson and Luczak (in preparation).

n

Theorem B.1. Suppose that the degree sequences (d;)I, satisfy the following conditions.

(i) There is a probability distribution (px)3, such that ng/n — py for each k > 0.

(ii) For all e > 0, there exists M such that, for alln, Y oo, k*ng < en.
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(iii) p1 > 0.
(iv) > 20 k(k = 2)py = 0.
(V) =Y 00 o k(k — 2)ni/n satisfies n'/3a,, — oc.
Define the positive constants X ==Y o kpy and v = po k(k —1)(k — 2)ps.
Let Cy and Cy denote the largest and second largest components of G(n, (d;)i—,). Then the
number of vertices in Cy 1s

2\
v(Cy) = Tnan + op(na,), (B.2)
the number of vertices in C; with degree k > 0 is
2k
ve(Cy) = %nan + op(na,), (B.3)
and the number of edges in Cy is
2\
e(Cy) = Vnozn + op(nay,). (B.4)

In contrast, Cy has only v(Cs) = op(nay,) vertices and e(Cy) = o,(nay,) edges.

Remark B.2. If ), k(k —2)pr = 0 then p; > 0 is equivalent to py + p1 + p2 < 1 (condition
(D6)). As a consequence, v > 0.

Sketch of proof. We will explain how to modify the argument of [20]. The latter is similar in
spirit (and actually inspired) our proof of Theorem 2.3 in Section 3. Indeed, the algorithm
used in [20] to construct the multigraph G*(n, (d;)"_,) and explore its components is closely
related to the time-changed epidemic with zero recovery rate, i.e. p, = 0. In more detail,
we begin with all vertices susceptible (or sleeping in the terminology of [20]). We choose a
single vertex at random and declare it infective (or active in [20]). The infection eventually
spreads through the whole connected component containing the chosen vertex because p, =
0. The connected component thus comprises the susceptible (sleeping) vertices that were
infected (activated) during this time, together with the initially infective (active) vertex.
The procedure can be repeated until all the connected components have been explored.

In particular, each susceptible (sleeping) vertex of degree k > 0 is still infected (activated)
at rate k in the algorithm of [20]; in addition one vertex is activated at the start of each
new component. The number of vertices that would be sleeping if we ignore the latter
type of activations (denoted Vj(t) in [20]) thus evolves as the Markov death chain S;(k)
considered in the proof of Theorem 3.1 but with Sy(k) = n;. One can prove concentration
of measure for Sy(k), 3272, Si(k) and 7% kS;(k), as in Theorem 3.1. The analogous result
in [20] is Lemma 6.3 and its proof involves a non-trivial use of assumption (B.1). So we
must replace [20, Lemma 6.3] with Theorem 3.1. Note that the former result achieves an

Op(nt/ 200 +na?) bound on the error, versus the o,(na?) bound of Theorem 3.1. However,
it can be checked that the o,(na2) bound is sufficient for the rest of the proof.

There is only one other place where [20] uses assumption (B.1) non-trivially; that is
to control the Taylor expansion remainder term in the analogue of (3.51) (immediately
preceding equation (6.7) on page 212). But we may obtain an adequate bound with the
argument leading to (3.49).

All of the other modifications are trivial. O
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AprPENDIX C. PROOF OF (4.63)

Let ¢, := xm,! and note that ¢, = O(1) by (4.1) and (2.20). If p, > 0, then by the
definition of Y, (k) before Lemma 4.3, and the substitution z = e 7,

EefcnanY(kJrl) — / (1 + (1 . eanT) (e*Cnan B 1))kpnepn7 dr
0

_ /01<1 (e (1= o)) da

= [(1- (=) a1 + O o
-/ “exp ({1 = 2#/7) G, + O(a2))) da
— (Okad) /0 Cexp (cntak (2o = 1)) da

1
— e Cenmank+O(kar) / exp (cnank:(xﬁn/p" — 55 ’rp )) dx
0

— e Xank+n(k)+O(kay) (C.1)

If p, =0, then 7, =1 and Y (k + 1) =k, and (C.1) is trivial.
We obtain (4.63) by using (C.1) in (4.61).
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F1GURE 1. The relationship between epidemic final size and initial force of
infection for 20 realisations of the network Sellke construction for n = 10°
(top), n = 10° (middle) and n = 10" (bottom), p = 1, B = 1, and Poisson
degree distribution with mean A = 2.02 leading to Rg = 1.01.
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