REAL TREES

SVANTE JANSON

ABSTRACT. We survey the definition and some elementary properties of
real trees. There are no new results, as far as we know. One purpose is to
give a number of different definitions and show the equivalence between
them. We discuss also, for example, the four-point inequality, the length
measure and the connection to the theory of Gromov hyperbolic spaces.
Several examples are given.

1. INTRODUCTION

This is a survey of various equivalent definitions of real trees and some
properties of them, mostly with proofs. We do not think that there are any
new results. Most of the paper considers deterministic real trees, but we
include also some brief comments on random real trees. For further results,
see for example [7], [11], [16], and the references there.

1.1. Definition. There are several different but equivalent definitions of
real trees (also called R-trees). We collect several of them as follows. We
define below conditions (T1) and (T2a)—(T2j) on a metric space (7', d); we
will show that assuming (T1), the conditions (T2a)—(T2j) are all equiva-
lent. We then make the following definition. (Which we state already here,
although it is not yet justified.)

Definition 1.1. A real tree (or R-tree) is a non-empty metric space T =
(T, d) that satisfies condition (T1) and one (and thus all) of (T2a)—(T2j).

Remark 1.2. Some authors assume also that the metric space T is com-
plete. We will not do so. See further Remark 6.6 below. Note also that in
many applications, T' is assumed to be compact; again we do not assume

Another equivalent, and related, definition is given in [11, Definition 3.15].
A characterization of a different kind of real trees is given in Theorem 6.1.

1.2. Some notation. Throughout, T = (7,d) is a (non-empty) metric
space. We often write d, , for d(z,y).

B(z,r) :={y : d(x,y) < r} denotes the open ball with centre x € T and
radius r > 0.

If 41 : [0,a] — T and 3 : [0,b] — T are continuous maps with ¢;(a) =
12(0), their concatenation ¢ x 9 : [0,a + b] — T is defined by

1/}1 (t)7 0 <t < a,
Po(t—a), a<t<a+bd.
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The concatenation is clearly a continuous map [0,a + b] — T
If s,t € R, then sAt := min{s,t} and sVt := max{s,t}. (These operations
have priority over addition and subtraction.)

2. THE CONDITIONS

In this section we state the conditions on a metric space T = (T,d),
beginning with the central (T1).

(T1) For any x,y € T, there exists a unique isometric embedding ¢, , of
the closed interval [0,d,,] C R into T such that ¢, ,(0) = = and
Cay(day) =Y.

Assume that (T1) holds. We then denote the image ¢, 4([0,d;,]) € T by

,y]; thus [x,y] is a connected compact subset of T', homeomorphic with

A if z #y. We similarly define [z,) = [z,] \ {y}, (z.] = [z,y] \ {=},

y) = [ yI\{z,y}. (If z =y, then [z,z] = {z}, and [z,2) = (z,2] =

@) =10.)

Obviously, ¢y «(t) = ¢z y(dzy —t) and [y, z] = [z, y].

Furthermore, still assuming (T1), let z,y,2 € T'. Since ¢, , and ¢, . are

isometries,

[z,y] N {gox,y 1t €[0,dpy Ndy 2], Pay(t) = @xyz(t)}. (2.1)

We deﬁne, noting that the maximum exists (i.e., the supremum is attained)
by continuity,

Az, y,z) = max{t €10,dpy Ndy 2] - @uy(t) = (p%Z(t)}, (2.2)
V(@,y,2) = pay(A(z,Y,2)) = pa,(A(2,y,2)) € [z, y] Nz, 2] (2.3)

Further properties of these objects are given in Section 3.

We turn to the conditions (T2a)-(T2j). These are stated for a metric
space T' = (T,d) such that (T1) holds, so we can use the notations just
introduced.

[z
[0
(x
(x

(T2a) For any z,y € T and any z € (z,y), x and y are in different compo-
nents of T'\ {z}.

(T2b) For any z,y,2 € T, [y, 2] C [z,5] U [z, 2].

(T2¢) For any ,y, 2 € T, [z, y] N [w,2] N [y, 2] # 0.

(T2d) For any x,y,z € T, v(x,y, 2) € [y, z].

(T2e) For any injective continuous map ) :

d(¥(0),9(t)) +d(¥(t),¥(1)) = d((0)

»(
(T2f) For any injective continuous map ¢ : [0, 1] — 7', ¢ ([0, 1]) C [¢/(0), ¢(1)].
(T2g) For any injective continuous map ¢ : [0, 1] — T, ([0, 1]) = [¢(0), ¢ (1)].
(T2h) Any injective continuous map ¢ : [0,1] — T equals ¢, , up to
parametrization, where = ¢(0) and y = ¢(1); i.e., 1) = @z 0 h for
some strictly increasing homeomorphism [0, 1] — [0, dy ,].
(T2i) For any injective continuous map ¢ : [0, 1] — T, ¢([0,1]) D [¢(0),¢(1)].
(T2j) For any continuous map v : [0,1] — T, 9([0, 1]) D [(0),v(1)].

As said in the introduction, we have the following equivalences.

1)), te0,1]. (2.4)

Theorem 2.1. Assume that T = (T,d) is a metric space such that (T1)
holds. Then (T2a)—(T2j) are all equivalent.
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The proof is given in Section 4.

Remark 2.2. Condition (T1) alone is not sufficient. Examples of spaces
satisfying (T1) without being real trees are the Euclidean space R?, d > 2,
and any convex subset of R% of dimension > 2; for example the unit disc. O

3. CONSEQUENCES OF (T1)

In this section we assume (T1) (and sometimes further conditions), and
show some lemmas used in the proof of Theorem 2.1.

Lemma 3.1. Suppose that (T1) holds. Then T is connected, pathwise con-
nected, and locally pathwise connected. Hence, if V. C T is an open subset
of T, then V is a union of open (pathwise) connected components.

Proof. T is obviously pathwise connected by (T1). Thus, 7" is connected.
Furthermore, T is locally pathwise connected, since every open ball B(z, 1)

is pathwise connected. (Every y € B(z,r) is connected to x by the path

[z,y] € B(z,7).) -

In particular, if z € T, then the components of T'\ {z} are open and
pathwise connected. These (path) components are called the branches at z;
see also Section 8.

Lemma 3.2. Suppose that (T1) holds. If v,y € T and z,w € [z,y|, then
[z,w] C [z,y], and, furthermore,

©zw(t) = Qpy(dy . + 1), 0<t<ds. (3.1)

Proof. By symmetry, we may assume d; , < dg . Since ¢, 4 is an isometry
with ¢, 4(0) = x, we have z = ¢, 4(ds.) and w = @, y(dyw); furthermore,
d(z,w) =|dy > — dyw| = dpw — dy ». Let

o(t) = pay(dy . + 1), 0<t<dpw —dyz =ds . (3.2)
Then ¢ is an isometry and it follows that ¢ = ¢, ,,. The result follows. [
Lemma 3.3. Suppose that (T1) holds. Then, for any x,y € T,

[z, y] = {2 : d(z,2) + d(z,y) = d(z,y)}. (3:3)

Proof. If z € [z,y], then by definition z = ¢, ,(s) for some s € [0,d;].

Since @, is an isometry, we have d(z,2) = d(p4,(0), ¢zy(s)) = s and
d(2,y) = d(¢s,y(s), Pay(dsy)) = d(z,y) — s. Hence,

d(z,2) +d(z,y) = s+ (d(z,y) — s) = d(z,y). (3.4)

Conversely, suppose that z € T with d(x, z) + d(z,y) = d(x,y). Define
¢ :[0,dy,y] = T as the concatenation ¢ := @z, * @, 4, see (1.1). Then, ¢ is a
continuous map [0, dy ] — T with ¢(0) = x and ¢(d,,) = y. Furthermore,
¢ is an isometry on [0,d, .] and on [dy .,d ). It follows that if s € [0,d .]
and t € [dy ., dy ], then, by the triangle inequality,

d((s),0(t)) < d(o(s),9(da,2)) + d(e(da2), (1))
= (dyp —8) + (t —dp) =t — 5. (3.5)
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On the other hand, if we have strict inequality d(¢(s), ¢(t)) < t—s for some
s,t with 0 < s <t < dgy, then, similarly,
d(z,y) < d(z,9(5)) + d(p(s), o(t)) + d(e(t), )
=s+ d(go(s), @(t)) +dey —t
<s+(t—5)+ (dpy —t) =dpy = d(z,y), (3.6)
a contradiction.

Consequently, ¢ is an isometry, and thus ¢ = ¢;,, by the uniquness
assumption in (T1). Hence, z = ¢(dz») = pay(dsz) € [2,]. O

Lemma 3.4. Suppose that (T1) holds. If x,y € T and z,w € [x,y] with
z € [z,w], then w € [z,y].

Proof. Since z € [z, w], we have d , < dg .. Hence, by Lemma 3.3,
dyw =gy —dpw < dpy — dy» = dy . (3.7)
Hence, by Lemma 3.2,
w = ‘Py,x(dy,w) = @y,z(dy,w) € [y, 2] (3.8)
O
Lemma 3.5. Suppose that (T1) holds. Then, for any x,y,z € T,
{t €[0,duy Adaz] : Qay(t) = z-(t)} =[0,A(z,y, 2)] (3.9)
and
[z,9] N [, 2] = [2,7(2, 9, 2)] = {@ay(t) : t € [0, Az, y, 2)]}. (3.10)
Proof. Let
J = {t €[0,dpy Ndy2) 0 puy(t) = gox,z(t)}. (3.11)

Thus, the definition (2.2) says A(z,y,z) = maxJ. Ift € J, let w :=
Ve y(t) € [z,y] N[z, 2]. Then [z,w] C [z,y] N [z, 2] by Lemma 3.2. Hence, if
0 < s <t then

Pay(8) = Paw(s) = a:(s) (3.12)
and consequently, s € J. This shows that J is an interval, and (3.9) follows.
Finally, (3.10) follows from (3.9), using (2.1), (2.3) and (3.12). O
Lemma 3.6. Suppose that (T1) and (T2d) hold. Then, for any x,y,z € T,
[z,y] N[z, 2] N[y, 2] = {7(z,y, 2)} (3.13)

and
A(x,y,z) = %(d(%,y) +d(xvz) _d(yvz))' (314)

In particular, A is a continuous function T® — R, and v(z,y, 2) is a sym-
metric function of x,y, z.

Proof. By the definition (2.3) and the assumption (T2d),
Y(x,y,2) € [w,yl 0 [z, 2] Ny, 2]. (3.15)
Let w € [z,y] N[z, 2] N[y, z]. Then, by Lemma 3.3,
Ay + dyw = dgy, (3.16)
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d:c,w + dz,w = da:,za (317)
dy,w + dz,w = dy,27 (3.18)

and consequently
2dx,w = daj,y + dx7z - dyyz- (319)

Hence, d; ,, is uniquely determined by x,y, z, and thus so is w = ¢,y (dy w)-
Consequently, (3.15) implies (3.13). Furthermore, (2.3) implies A(x,y, z) =
d(xz,v(x,y,2)) and thus (3.14) follows from (3.19). O
Lemma 3.7. Suppose that (T1) and (T2d) hold, and let x,y,z € T.

(i) Then

z € [x,y] <= A(z,z,y) =0. (3.20)
(i) If z ¢ [x,y] and d(w, z) < A(z,z,y), then
Az, y,w) = Az, y, 2). (3.21)

Proof. (i): Immediate by Lemma 3.3 and (3.14).

(ii): Let, using the symmetry of v in Lemma 3.5, u := 7y(z,y,2) =
v(z,z,y) and v := y(z, z,w). Then v € [z,w] and thus, using the assump-
tion,

d(z,v) < d(z,w) < A(z,z,y) = d(z,u). (3.22)
Since u, v € [z, 2], this implies
d(z,u) =d(z,2z) —d(u,z) < d(x, z) — d(v, z) = d(z,v). (3.23)
Hence, if d(z,u) < t < d(x,v), then, by (2.1),
Prw(t) = rz(t) # Pay(t) (3.24)
On the other hand, u € [z,y] too, and thus
Prw(den) = Pao(den) =1 = Qo y(dy).- (3.25)
Hence, A(z,y,w) = dyy = A(z,y, 2) by Lemma 3.5. O

4. PROOF OF THEOREM 2.1

(T2a) = (T2j): If (T2a) holds and v : [0,1] — T is a continuous map,
let z :=(0) and y := ¥ (1). If 2z € [z,y] but z ¢ ¥([0,1]), then ¥ is a curve
connecting = and y in 7'\ {z}, which contradicts (T2a).

(T2j) = (T2b): Define ¢ := ¢, 5 * @z, see (1.1). This is a continuous
map [0,dy  + dy -] = T and thus ¢ (t) := w(t(dyw + dxz)) is a continuous
map ¥ : [0,1] — T. We have ¢1([0,1]) = [y,z] U [z, 2], ¥1(0) = y and
¥1(1) = z. Hence (T2j) yields (T2b).

(T2b) = (T2c¢): Let A := [y, z]N[x,y] and B := [y, z] N[z, z]. These are
closed subsets of [y, z] and AUB = [y, z] by assumption; furthermore, A and
B are both nonempty since y € A and z € B. Since [y, z] is homeomorphic
to [0,1], it is connected. Consequently, A N B # ().

(T2c) = (T2d): By (2.3), it remains to show that vy(z,y, 2) € [y, 2].
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Let w € [z,y]N[x, z]N[y, z]. By Lemma 3.5, then w € [z,v(x,y, z)]. Since
w,y(z,y,2) € [x,y], Lemma 3.4 shows that v(x,y, z) € [w,y]. Hence, using
also w € [y, z] and Lemma 3.2,

Y(z,y,2) € [w,y] = [y, w] C [y, 2]. (4.1)

(T2d) = (T2a): Let z € (z,y). Then z = ¢g (dy.) with 0 < d, . <
dyy. Partition T'\ {z} = Uy U Us U U3 where

Up:={weT\{z}: A(z,y,w) < d; .}, (4.2)
Uy :={weT\{z}: A(z,y,w) =d, .}, (4.3)
Us:={weT\{z}: A(z,y,w) > d, .} (4.4)

By Lemma 3.6, A(z,y,w) is a continuous function of w, and thus U; and
Us are open subsets of T\ {z} (and of T'). Furthermore, Us is open by
Lemma 3.7.

Hence, T'\ {z} = U1 UU, UUs is a partition into three disjoint open sets.
Each connected component of T'\ {z} has to be a subset of one of these, and
since x € Uy and y € Us, = and y are in different components. (Although
not needed, it is easy to see that U; and Ujs are connected, while Us may be
empty, connected or disconnected with any number of components, finite or
infinite.)

(T2j) = (T2i): Trivial.

(T2i) = (T2f): Suppose that (T2f) fails, and let ¢ : [0,1] — T be an
injective continuous map such that ¢(u) ¢ [x,y] for some u € (0,1), where
x = ¢(0), y = ¢(1). Since [z,y] is a compact, and thus closed, subset of T,
the set U := {t € (0,1) : ¢(t) ¢ [z,y]} is an open subset of (0,1). Hence,
the component of U containing v is an open interval (a,b) C (0,1).

Let z := ¢(a) and w := ¢(b), and note that z,w € [x,y]. Since a < b
and ¢ is injective, we have z # w. By Lemma 3.2, [z,w] C [z, y]. The map
P(t) := p(a+ (b — a)t) is an injective continuous map [0, 1] — 7" such that
$(0) = 2, (1) = w and
¥([0,1]) N [z, w] = ¢([a, 0]) N [z, w] € @([a,b]) N [z,y] = ¢({a, b}) = {2, w}.

(4.5)
Hence, if v € (z,w), then v ¢ ¥([0,1]). Thus, (T2i) does not hold.

(T2f) = (T2d): Let z,y,z € T, and let w := v(x,y, z). By Lemmas 3.2
and 3.5,

[yv ’LU] N [IU, Z] - [w7y] N [’LU, Z] - [Jf'?y] N [IE, Z] = [x,w] (46)

and thus, since w € [z, y],
[y, w] N [w, 2] € [z, w] N [w, y] = {w}. (4.7)
Define 1 : [0, dy . + dw,-] = T as the concatenation 1) 1= @y * @y 2, see

(1.1). Then % is continuous, and it follows from (4.7) that v is injective.
Consequently, (T2f) implies, after a change of variables,

w = P(dy,w) € [T/J(O)vw(dy,w + dw,Z)] = [y, 2. (4.8)

(T2f) <= (T2e): An immediate consequence of Lemma 3.3.
(T2f) = (T2h): Suppose that 1 : [0,1] — T is an injective continuous
map. Let z :=(0) and y :=¢(1). By (T2f), ¢ : [0,1] = [z,y]. Since @z is
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a homeomorphism, h := (p;b ot :[0,1] = [0,dy ] is an injective continuous
map with ~(0) = 0 and h(1) = d;,. In particular, the image h([0,1]) is
connected, and it follows that h([0,1]) = [0,d,,]. Hence h is a continuous
bijection, and thus a homeomorphism [0,1] — [0, d;]; furthermore, h has
to be stricly increasing. Finally, the definition of h yields ¥ = ¢, , o h.

(T2h) = (T2g): Trivial.

(T2g) = (T2f): Trivial.

This completes the proof of Theorem 2.1. U

5. SUBTREES

We have, as a simple consequence of the definition and Theorem 2.1 a
simple result for subsets of a real tree.

Theorem 5.1. Let T be a real tree, and let S C T be a nonempty subset of
T, regarded as a metric space with the induced metric. Then the following
are equivalent.

(i) S is a real tree.
(ii) S is connected.
(iii) S is pathwise connected.
(iv) If =,y € S, then [x,y] C S. (Here [z,y| is taken in the real tree T'.)

Proof. (i) = (iii), (iv) = (iii), and (iii) = (ii) are trivial.

(ili) = (i): Suppose that S is pathwise connected. Then, if z,y € S, then
there exists a continuous map ¢ : [0,1] — S with ¢(0) = z and (1) = v.
By (T2j) (for the real tree T'), ¢([0,1]) 2 [z,y] := ¢4,4([0, ds,]), where ¢,
is the mapping in (T1) for the real tree T. Hence, ¢, : [0,dzy] — S,
and thus (T1) holds for S too; uniqueness follows because ¢, , obviously is
unique in S if it is unique in 7". Finally, (T2e) holds in S since it holds in
T. (In fact, we could here argue with any of (T2a)-(T2j).) Hence, S is a
real tree.

(ii) = (iv): Suppose that S is connected. Let z,y € S, and consider
[z,y] (in the real tree T'). Let z € (x,y), and suppose that z ¢ S. By (T2a)
and Lemma 3.1, the components of T'\ z are disjoint open sets, with = and
y in different components. Let U be the component containing x, and V' the
union of all other components; then 7'\ z = U UV where U and V are open
disjoint subsets with x € U and y € V. Consequently, S = (SNU)U(SNV),
where SN U and SNV are two nonempty disjoint open subsets of S. This
contradicts the assumption that S is connected, and this contradiction shows
that (z,y) € S. Hence, [z,y] C S. O

A subtree of a real tree is thus a connected nonempty subset.

Theorem 5.2. The intersection of any family {T,} of subtrees of a real tree
T is a subtree of T, provided is it nonempty.

Proof. This is an immediate consequence of Theorem 5.1. Let S := (), Ta.
If z,y € S, then Theorem 5.1(iv) shows that [z,y] C T, for every «, and
thus [z,y] C S. Hence, another application of Theorem 5.1 shows that S is
a subtree. O
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In particular, it follows that if T" is a real tree, then for any nonempty set
U C T, there exists a smallest subtree S C T with U C S; we say that S is
the subtree spanned by U. This subtree can be described as follows.

Theorem 5.3. Let T be a real tree and let S be the subtree generated by a
nonempty set U CT. Then

S = U [z, y]. (5.1)

z,yelU

Furthermore, for every x € U, we also have

S = U [x,y]. (5'2)

Proof. Denote the unions in (5.1) and (5.2) by S’ and S, respectively. Then
Theorem 5.1(iv) shows that S C S C S.

On the other hand, S” is pathwise connected, since every interval [z, y] is
and they contain a common point z. Thus Theorem 5.1 shows that S is a
subtree. Since S? D U, it follows that S O S, and the result follows. O

6. THE FOUR-POINT INEQUALITY

A different type of characterization of real trees is given by the following
theorem, see e.g. [11, Theorem 3.40] or [7] and the references there. (This
characterization is less intuitive, but technically very useful.) The condition
(6.1) is called the four-point inequality or four-point condition; an equivalent
condition is 0-hyperbolicity, see Definition A.1 and Lemma 6.7.

Theorem 6.1. A metric space T is a real tree if and only if T is connected
and for any four points x,y,z,w € X

d(z,y) +d(z,w) < (d(x,z) + d(y, w)) Y, (d(x, w) + d(y, z)) (6.1)

Remark 6.2. It is easily verified that (6.1) is trivial if two or more of
x,1, z,w coincide; hence it does not matter whether we require z,y, z, w to
be distinct or not. O

Remark 6.3. By considering all permutations of x,y, z, w, it follows that
(6.1) is equivalent to the condition that (for any z,y, z, w), among the three
sums

d(z,y) +d(z,w),  d(z,2)+d(y,w),  dz,w)+dyz), (6.2)
two are equal and the third is equal or less than the other two. O

Theorem 6.1 is a simple corollary of the following more general result
together with Theorem 5.1. For proofs see e.g. Dress [7, Theorem 8], Gromov
[14, §6.1], or the references mentioned in [7]; see also [8].

Theorem 6.4. Let X be a metric space. Then X can be isometrically
embedded into a real tree if and only if the four-point inequality (6.1) holds
for any four points x,y, z,w € X. O

Proof of Theorem 6.1 from Theorem 6.4. Suppose that 7" is connected and
that (6.1) holds. Then, by Theorem 6.4, T' C T for some real tree T'. Since
T is connected, T is a real tree by Theorem 5.1. U
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Among the consequences we mention the following.
Theorem 6.5. If T is a real tree, then so is its completion T.

Proof. By continuity, if the four-point inequality (6.1) holds in the dense
subset T of T then it holds in 7. Furthermore, since T' is connected, so is
T. hence, T is a real tree by Theorem 6.1. O

Remark 6.6. By Theorem 6.5, we may in many situations assume with-
out loss of generality that real trees are complete, since we can replace an
arbitrary real tree by its completion. U

The four-point inequality (6.1) can be rewritten in several ways. Define,
for three points z,y, z in a general metric space (X, d), the Gromov product

(2.9): = $(d(z.2) + d(z,y) — d(z,v). (6.3)

Note that (z,y). > 0 by the triangle inequality, and that (6.3) meaures how
far the triangle inequality is from being an equality. Note also that in a real
tree, Lemma 3.6 shows that (z,y)., = A(z,x,y), which equals the distance
from z to [z,y].

Lemma 6.7. The four-point inequality (6.1) is equivalent to
(fL‘, y)w 2 ('T’ Z)w A (yv Z)w' (64)

Proof. By the definition (6.3), the inequality (6.4) holds if and only if at
least one of the following holds:

Qoo + Ay — oy = s + oo — -,
Ay + Ay — dpy = dyw +dzw — dy -
These are equivalent to, respectively,
dyw +dgz 2 dy + dyy, (6.7)
Ay +dy 2 > d; o+ dgy, (6.8)
and thus at least one of them holds if and only iff (6.1) holds. O

We note also that, in fact, it suffices to verify the four-point inequality
for a fixed choice of one of the four points.

Lemma 6.8. Let T be a metric space and let o € T be fixed. If the four-
point inequality (6.1) holds for w = o and all x,y,z € T, then it holds in
general, i.e., for all x,y,z,w € T.

Proof. By Lemma 6.7, this is the special case § = 0 of Lemma A.5. (]

7. ROOTED REAL TREES

Definition 7.1. A rooted real tree (T, p) is a real tree T with a distinguished
point p € T', called the root.

In a rooted real tree (T, p), we may define a partial order by

y<zT <= ye€Elpzx, z,yeT. (7.1)
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Theorem 7.2. Let (T, p) be a rooted real tree. Then (7.1) defines a partial
order in T, with p as the minimum element. Moreover, any two points
x,y € T have a greatest common lower bound, which we denote by x A y.
Recalling the notation of (2.3) and Lemma 3.6, we have

r ANy =(p,z,Y) (7.2)

Proof. 1t is easily seen, using Lemmas 3.2 and 3.4, that (7.1) defines a partial
order. It is obvious from (7.1) that p < z for every z € T..
For any x,y € T, by the definition (7.1) and (3.10),

{z:z<zand 2z <y} ={z:z2<z}nN{z: 2 <y} =[p,z] N [p,y]
=l v(p 2,y ={z: 2 <(p,2,9)}, (7.3)
which shows that v(p, z,y) is a greatest lower bound x A y. U
For any x,y € T, the path [z, y] from x to y is a combination of the paths

[,z A y] and [z A y,y] (where one or both parts may reduce to a single
point). Hence, we have

[z,y] = [z, 2 Ayl U [z Ay, yl. (7.4)
d(z,y) = d(z,z Ay) +d(z Ny, y). (7.5)
We note also that for any subset {xq}aca C T, it follows from Theo-

rem 5.3 that the subtree spanned by these points and the root p is |J,[p; al;
see further Examples 8.5 and 10.3.

8. LEAVES AND BRANCH POINTS

Recall from Lemma 3.1 that the components of T\ {z} are also the path
components of T\ {z}, and that these are open and are called the branches
of T at z.

Definition 8.1. Let T be a real tree. The degree §(z) = dp(z) of a point
z € T is the number of branches at z, i.e., the number of components of
T\ {z}. Thus 1 < §(z) < oo unless T consists of a single point.

Definition 8.2. Let T be a real tree. We say that a point z € T is a leaf if
d(z) =1, and a branch point if §(z) > 3.

We denote the set of leaves by Tt := {2 : §(z) < 1}. The skeleton of T is
the set 7% := T\T- = {z € T : 6(z) = 2}, i.e., the set of all non-leaves of T.

We ignore here the trivial case when 7" consists of a single point. (In this
case, the point is defined to be a leaf, by a modification of the definition
above, and T° = ().)

We note that

7°= | (2,y). (8.1)

z,yeT

Remark 8.3. In a rooted real tree, the root is often not regarded as a leaf,
even if its degree is 1. O

We note also that the branches at a point can be characterized as follows.

Lemma 8.4. Let T be a real tree, and let z € T. Then the following are
equivalent, for any x,y € T\ {z}:
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(i) = and y belong to different branches of T at z.
(ii) z € [z,y].
(iii) [z,2] N [z,y] = {z}.

Proof. (i) <= (ii): = and y belong to the same path component of 7"\ {z}
if and only if [z,y] C T'\ {2}, i.e., if and only if z ¢ [z, y]. (Cf. the condition
(T2a).)

(ii) <= (iili): Immediate from Lemmas 3.5 and 3.7. O

Example 8.5. Let (T, p) be arooted real tree and let {1, ..., x,} be a finite
set of points in 7. By Theorem 5.3, the subtree T} spanned by {x1,...,2,}
and the root p is (J;_,[p,2;]. It is easily seen that the leaves of T} are p
(but see Remark 8.3) and the set of maximal elements of {z1,...,z,}, i.e.,
{z; : x; ¢ [p,x;] for every j # i}. Furthermore the branch points of T are
a subset of {x; Axj :i# j}. The sets of leaves and branch points are thus
finite. O

9. A METRIC SPACE OF COMPACT REAL TREES

Consider the set T of all compact real trees, or rather the set of all equiv-
alence classes under isometry of compact real trees (so that two isometric
real trees are regarded as the same). (The set theoretic difficulties with “all
compact real trees” are handled in the standard way: since a compact real
tree, as any compact metric space, has cardinality at most c, it suffices to
consider real trees that as sets are subsets of, for example, R.)

The set T can be equipped with a metric, the Gromov-Hausdorff distance,
which makes T a complete separable metric space. Similarly, the set Ty of
rooted compact real trees is a complete separable metric space, equipped
with (a rooted version of) the Gromov-Hausdorff distance. See [12] for
definitions and proofs; see also [6, Section 7.3] for the Gromov-Hausdorff
distance for general metric spaces.

The fact that T and T thus are complete separable metric spaces (and
thus Polish topological spaces) makes it possible to define random compact
real trees as random elements of one of these spaces, and a lot of standard
machinery then is available.

For noncompact real trees, one can similarly use the version of Gromov—
Hausdorff convergence in [6, Section 8.1].

10. SOME EXAMPLES

Example 10.1. A combinatorial tree is a non-empty set V of vertices (finite
or infinite) together with a set F of unorded pairs {v,w} of vertices, such
that (V, E) is a tree in the usual combinatorial sense. (An edge {vw} is
often denoted vw for simplicity.)

We may regard a combinatorial tree as a real tree T', by regarding each
edge as a copy of [0, 1], with the endpoints identified with the corresponding
vertices in V. Equivalently, we may define T" as the disjoint union of V' and
one copy of (0,1) for each edge in E, with a suitably defined metric. (We
omit the details, and the verification that T is a real tree.) In any case, we
regard V as a subset of T.
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Note that for v,w € V, the distance d(v,w) equals the usual distance in
a graph, i.e., the number of edges in a shortest path from v to w.

The degree d7(z) of a vertex z € V equals the degree of z in the graph
(V, E)); the degree of any vertex in 7'\ V' is 2. In particular, the leaves of T
are precisely the leaves of the tree (V| E) (i.e., the vertices in V' adjacent to
a single edge in F), and the branch points are the vertices in V' that have
degree > 3.

It is easy to see that T always is complete, that T is separable if and only
if V' (and thus also F) is countable, and that 7" is compact if and only if V'
(and thus also F) is finite. O

Example 10.2. More generally, suppose as in Example 10.1 that (V, E) is
a combinatorial tree, and assume also that for every edge e € F, we are
given a real number /., called the length e. We may construct a real tree T'
as in Example 10.1, but now for each edge e taking an interval of length /..
(In particular, £, = 1 for all e gives back the real tree in Example 10.1.)

We see again that T' is separable if and only if V' is countable. (In one
direction, note that if D is a countable dense subset of T', then every edge
contains, in its interior, an element of D; hence F is countable.)

Moreover, T' is compact if V' is finite, but the converse does not hold. One
counterexample is an infinite star which is compact for some (but not all)
choices of edge lengths: let V.= {0,1,...} and E = {0i : ¢ > 1}, with length
by =270 U

Example 10.3. As in Example 8.5, let T be the subtree of a rooted real
tree that is spanned by a finite set of points {z1,...,2,} and the root.
It follows from Example 8.5 and (7.4)—(7.5) that the real tree T} can be
constructed as in Example 10.2 from a finite combinatorial tree (V, E') where
V={z;}U{z; Az : 1 <i<j<n}U{p}, and a suitable set of edges E
with suitable lengths £.; we omit the details. U

Example 10.4. The infinite binary tree is a combinatorial tree with V :=
Un20{0,1}", the set of all finite strings from {0,1} (including the empty
string 0); the edges are all pairs of the type {v,v0} and {v,v1} for strings
v e V. Let (£,)]° be a sequence of positive real numbers, and let T' be the
real tree constructed in Example 10.2 with edge lengths defined by £y, ;3 1=
Cly|4+1, where |v] is the length of the string v.

No vertex in V is a leaf, and thus, see Example 10.1, the real tree T" has
no leaf, so Tt = and T° =T.

The real tree T is always separable, and never compact. It is easy to see
that T" is complete if ) ¢, = oo, but not if ) ¢, < oo, since in the latter
case, the sequence (0™)° = 0),0,00,000,... is a Cauchy sequence without a
limit. See further the next example. O

Example 10.5. Let Tj be the infinite binary tree in Example 10.4 and
assume that L := )" /¢, < co. Note that d(,z) < L for every z € Ty. For
every s < L, the set {z € Ty : d(, z) < s} is closed and contained in a finite
number of edges, and thus it is compact.

Let (z,)7° be a Cauchy sequence in Ty. Then the sequence d(0), zy,) is
a Cauchy sequence, so it converges to some limit doo < L. If the limit
doo < L, then we see that the Cauchy sequence (z,) belongs to a compact
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subset of Ty, and thus it converges. On the other hand, if d((, z,,) — L, then
the Cauchy sequence cannot converge, since a limit z would have to satisfy
d(0, z) = limy—,00 d(0, z,) = L, but no such z exists in Tp.

Consider now the completion T' of Tgy; T is a real tree by Theorem 6.5,
and we call T a complete infinite binary tree. We claim that T\ Ty may
be identified with the set {0,1}°° of infinite strings from {0,1}. In fact, if
v==E§& - - €{0,1}°, then let v, := & ---&, € V for each n > 0; we have
d(Vn, Vm) = Y, cicm b When n < m, and thus (vy,) is a Cauchy sequence in
To so it has a limit in 7' which we represent by v. We have d(f),v) = L, and
thus v € T'\ Tp.

Furthermore, if v = §1& -+ and v/ = £{&,--- are elements of {0,1}°°,
let D(v,v") := inf{i : & # &}; thus 1 < D(v,v') < oo if v # ¢/, but
D(v,v) = oo. Further, let L} := >, £; thus L{ = L, and L} \, 0 as
n — oco. It is then easy to see that for any v,v’ € {0,1}°°, regarded as
elements of T', we have

d(v,v") = 2L}, (10.1)

(')
In particular, this shows that two different strings in {0, 1}°° represent dif-
ferent points in 7', so we may regard {0,1}° as a subset of T. Note also
that, since L} — 0 as n — oo, the metric (10.1) induces the product topol-
ogy on {0,1}°°; thus {0,1}* is a compact subset of T, homeomorphic to
the Cantor set.

Finally, if (z,) is any Cauchy sequence in Ty without limit in Tp, we have
seen that d((, z,) — L, and since ¢, — 0 as k — oo, it follows easily that
we may approximate each z, by z/, € V such that d(zy, z],) = 0 as n — .
Then 2/, is a finite string; we extend it (arbitrarily) to an infinite string
zi € {0,1}°° and note that

d(z,2!) =L}

no#n) = Bz

0. (10.2)

Hence d(zp, 2z])) — 0, and thus also (z]/) is a Cauchy sequence; furthermore

(21" lies in the compact metric space {0,1}°°. Consequently 2]/ — z for some
z € {0,1}*°, and thus also z, — z. This shows that every Cauchy sequence
in Tp has a limit either in Tp or in {0,1}°°, and thus 7' = Tp U {0,1}> as
claimed above.

The complete infinite binary tree T' is compact; this follows either by using
a modification of the argument above to show that an arbitrary sequence
(zn) in T has a subsequence that converges, or by noting that for every
e > 0, there is a finite e-net in 7', since {0, 1}*° is compact, and so is the set
{z €T :d(2,{0,1}*) > e}; we omit the details.

Note that the complete infinite binary tree T' = Ty U {0, 1}*° regarded as
a set is the same for every sequence (¢,,)7° satisfying the assumptions ¢, > 0
and ) /£, < oo; furthermore, it is easily seen that the topology of 7" is the
same for all such (¢,)°. However, the metric on T" depends on (¢,)$°, as is
seen e.g. by (10.1).

It is easily seen that the set of leaves T = {0, 1}, and thus the skeleton
T° ="1Tp. O

Example 10.6. Let ¢ > 0 and let g : [0,¢] — [0,00) be a non-negative
continuous function defined on [0,¢] with g(0) = g(1) = 0. We define a
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semimetric d = dg on [0, 4] by

d(s,t) :=g(s) 4+ g(t) — 2 min g(u), (10.3)
u€ls,t]

when s,t € [0,¢] with s <t (and, of course, d(s,t) := d(t,s) when s > t). It
is easily verified that this is a semimetric; thus, if we define an equivalence
relation on [0, 4] by s = tif d(s,t) = 0, then the quotient space T, := [0,¢]/ =
is a metric space; moreover, it is not difficult to show that Ty is connected
and satisfies the 4-point inequality; thus Ty is a real tree by Theorem 6.1.
The quotient map [0,¢] — T, is continuous, and thus 7}, is a compact real
tree.

Note that if s < t, then s =t <= g(u) > g(s) = g(t) for every u € [s, ].
(Informally, we may think of obtaining T, by putting glue on the downside
of the graph of g, and then compressing the z-axis.)

As a simple example, a finite combinatorial tree as in Example 10.1 or
10.2 can be constructed in this way by taking g(¢) to be the contour function
of the tree, defined as the height (distance to the root) of a particle that
moves with unit speed along the “outside” of the tree, starting and ending
at the root.

In fact, every compact rooted real tree may be constructed in this way
(up to isometry) using a suitable function ¢ : [0,1] — [0,00) [17, Remark
3.2].

In applications, as in the following two examples, g() is usually a random
function, and then T} is a random real tree. If we for simplicity let ¢ be fixed
(for example, £ = 1), then the map g — Ty is a continuous map from C/[0, ¢]
to the set T; of rooted compact real trees with the Gromov—Hausdorff metric
in Section 9, see [10]. In particular, this map is (Borel) measurable, so if g
is a random element of C10, ¢], then T} is a well-defined random element of
the Polish space T of rooted compact real trees. O

Example 10.7. The Brownian continuum random tree, originally constructed
(in several different ways) by Aldous [1, 2, 3], is the random real tree Te
obtained by the construction in Example 10.6 letting ¢(t) be a random
(normalized) Brownian excursion e : [0,1] — [0,00); see [3, Corollary 22].
(Actually, Aldous defined the Brownian continuum random tree to be The
in our notation, but the convention has later changed to Te; of course, the
results differ only by a scaling.) See e.g. [1; 2; 3], [11] and [16] for properties
of this random real tree. In particular, T, has almost surely a countably in-
finite number of branch points, all of degree 3, and an uncountable number
of leaves. O

Example 10.8. More generally, a Lévy tree is a random real tree con-
structed as in Example 10.6 letting g be a random continuous fuction known
as the height process of a Lévy process (with certain conditions), see [9; 10].
In the special case when the Lévy process is Brownian motion, this height
process is a Brownian excursion and we obtain the Brownian continuum
random tree as in Example 10.7.

Other special cases are the stable trees, see [16]. (]

Example 10.9. Let T be a partially ordered set such that
(i) Any two elements z,y € T have a greatest lower bound = A y.
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(ii) For every x € T, the set L, := {y € T : y < x} is linearly ordered.
(iii) There is a height function h : T — R such that for every x € T, the
restriction h : L, — R is an order-preserving bijection onto an interval
(a, h(x)] or [(a, h(x)] for some a € RU{—oco} (where thus the interval
is (—o0, h(z)] if a = —00).
It is easily seen from (i) and (ii) that a in (iii) cannot depend on x. Moreover,
either h(L;) = [a, h(x)] for all z, and then T has a smallest element o with
h(o) = a, or h(L,) = (a, h(z)] for every x, and then 7" has no minimum (or
minimal) element.
Define

d(z,y) := h(z) + h(y) —2h(z N y), z,yeT. (10.4)

It is easily seen that d is a metric on 7', which makes T a real tree. The
path [z,y| between two points x,y € T consist of the two parts [z, z Ay] and
[z A y,y], which are subsets of L, and L,, respectively.

If T is has a minimum element o, we choose o as a root, and then the
partial order defined in (7.1) is the original order. Moreover, h(z) = d(z,0)+
a with a := h(o).

Conversely, if (T, p) is a rooted real tree, the partial order defined in (7.1)
satisfies (i)—(iii) above with the height function h(z) := d(x,p), and the
construction above returns the original metric on 7.

It is easily verified that the trees constructed in Example 10.6 are of this
type, with height function g (after identifying equivalent points). O

Example 10.10. Let T be the collection of all bounded non-empty subsets
of R that contain their supremum. Let h(A) := sup A for A € T, and define
a partial order by letting A < B if A = (BN (—o0,t]) U {t} for some t € R
with ¢t < h(B) (necessarily t = h(A).

It is easily verified that < is a partial order, and that it satisfies (i)—(iii)
in Example 10.9 with the height function h (with @ = —o0). Hence, (10.4)
defines a metric that makes T inte a real tree.

Note that this is a very large tree. Its cardinality is 2¢, and every point
in T has uncountable degree (more precisely, also of cardinality 2¢). In
particular, T is not separable.

See [11, Examples 3.18 and 3.45] for further properties of this real tree.
O

11. THE LENGTH MEASURE

Every real tree has a natural measure on it, defined as follows. (See e.g.
[13, 2.10] for the definition and properties of Hausdorff measures.) We let
B(T) denote the collection of Borel subsets of T

Definition 11.1. Let T' = (7, d) be a real tree. The length measure \ on
T is the 1-dimensional Hausdorff measure ' on the skeleton T, regarded
as a Borel measure on T'. In other words, for a Borel set A € B(T),

MA) :==HY(ANTO), (11.1)

where H! is the Hausdorff measure on 7°.
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Note that, by definition, A\(T") = 0.

In the definition (11.1), if A is a Borel set in T, then AN T? is a Borel
subset of T°, and thus A(A) is well defined. If T° is a Borel subset of T,
or more generally a H!'-measurable subset of T, then we can also define
the length measure by (11.1) interpreting H! as the Hausdorff measure on
T. In general, T° is not measurable (see Example 11.6 below), but it is in
most cases of interest (and in particular for all compact T') by Theorem 11.4
below. Alternatively, we can always (even if T is not measurable) define A
by (11.1) interpreting H' as the outer Hausdorff meaure on 7.

Remark 11.2. We have here defined A as a Borel measure. Alternatively,
we may more generally define it by (11.1) for every A C T such that ANT?°
is a H'-measurable subset of T°. O

We note some elementary properties of A, which justify the name length
measure. Note that for every xz,y € T, the set [z,y] is isometric to the
interval [0,d(x,y)] C R, and is thus compact. Hence, [z,y] and (z,y) =
[z,y] \ {z,y} are Borel sets in T.

Theorem 11.3. The length measure X is a continuous measure on T, i.e.,
if v € T, then NM{z} = 0. Moreover, if z,y € T, then

Az, 9]) = M(z,y)) = d(z,y). (11.2)

Proof. For every x € T, we have \M{z} = 0 by (11.1).

Hence, for every z,y € T, A([z,y]) = A((z,y)). Furthermore, (z,y) is a
subset of T isometric to the interval (0,d(z,y)) C R, and thus H!((z,y)) =
H((0,d(z,y)) = d(z,y), since the Hausdorff measure H!' on R equals the
Lebesgue measure. O

When T is separable, we can say more.

Theorem 11.4. Suppose that T is a separable real tree.

(i) Then T“ and T° are Borel subsets of T.
(ii) The length measure X\ is o-finite.
(iii) The length measure is the unique Borel measure A on T with

Mlz,y]) = d(z,y), z,yeT, (11.3)
and \(T*) = 0.

Proof. (i): Let D be a countable dense subset of T'. It is easy to see that
then, cf. (8.1),

7°= | J (z.9). (11.4)

z,yeD

Furthermore, as noted above, (z,y) = [z,y] \ {z,y} is a Borel set for any x
and y. Hence, T° is Borel, and thus so is its complement T".

(ii): This follows from (11.4), since A is concentrated on 7° by (11.1), and
A(z,y)) < oo for each (x,y) by (11.3).

(iii): We have already shown (11.3) in Theorem 11.3, and A(T') = 0
follows directly from (11.1).

To show uniqueness, suppose that )\’ is another Borel measure on 7' with
N([z,y]) = d(z,y) for all z,y € T, and N (T*) = 0. Note first that then
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N{xz} = 0 for every x € T, and thus for all z,y € T, we have, by the
assumption and (11.3),

Al((xvy)) = )‘/(("an}) = /\/([l‘,y]) = )\((x,y)) = )\((x,y]) = )‘([xay]) < 0.
(11.5)

We may assume that T° # (). Let xg, z1,... be a dense subset of T°, and
let, for n > 1,

n
T, = | J[wo, z] € T°. (11.6)
=1

T, is a pathwise connected subset of T', and thus T, is a real tree by Theo-
rem 5.1. (In fact, by Theorem 5.3, T}, is the subtree spanned by xg, ..., z,.)
We consider the restrictions of A and A to the compact (and thus Borel)
subset T,.

First, for every n > 2 we have [zg, ,|NT—1 = [z0, yn) for some y,, € T},—1,

and then T,, = T,,—1 U (yn, ] is a partition into two disjoint Borel subsets;
hence, induction and (11.5) yield
N(Ty) = MT) < o<, n>1. (11.7)

It now follows by the monotone class theorem (see e.g. [15, Theorem 1.2.3])
that

N(A) = \(4), A€ B(T,), (11.8)

because it follows from (11.7) that the collection D,, := {A € B(T,) : N'(A) =
A(A)} is a Dynkin system, the collection A, := {[z,y] : z,y € T,} UD is a
m-system (i.e., closed under finite intersections) that generates B(7),), and
A, C D, by (11.5).

Now let n — oo; then T,, ' J7° T, = T°. Hence it follows from (11.8)
that for every A € B(T),

NANT?) = lim N(ANT,) = lim MANT,) =XANT?). (11.9)

Finally, by assumption and definition N (ANTY) = A(ANT") = 0, and thus
(11.9) yields

N(A) = N(ANT°) = AANT°) = X4), AeB(T).  (11.10)
O

Example 11.5. Let T be the complete infinite binary tree in Example 10.5,
with £, := 277" for some v > 0. It follows from (10.1) that for every k > 0,
T = {0,1}°° can be partitioned into 2 disjoint balls of radius ¢277%, where
c=2(1—-2"")Y2. It follows by standard arguments (see e.g. [4, Section 1.2])
that the (1/v)-dimensional Hausdorff measure #/7({0,1}>) is finite and
positive, and thus {0,1}*° has Hausdorff dimension 1/7. (The Minkowski
dimension [4, Section 1.1] of {0,1}* is the same.)

The Hausdorff dimension of Tt = {0,1}° can thus be any number in
(0,00). We see also that H1(T') = H({0,1}*°) > 0 when v < 1 (and oo
when 7 < 1); this shows that in general, the length measure is not equal to
the Hausdorff measure H! on 7.

We see also that the total length measure A\(T) = > 772" 7" is finite for
~ > 1 but infinite for v < 1. O
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Example 11.6. Consider the complete infinite binary tree 7T in Exam-
ple 10.5, for some sequence (£,)5°, and let A C T" be an arbitrary subset
of Tt = {0,1}*. Define the real tree T4 by attaching an interval [z, '] of
length 1 to every x € A in the obvious way.

Then T4 is a real tree with

T ={ze{0,1}*:2¢ AAUu{z :z € A}

= ({0,1}*\A) u{z’ : 2 € A}. (11.11)
Suppose that TJ& is a Borel set in T4. Then so is
TiNn{z€Tq:d0,z)=L}={0,1}*\A. (11.12)

Hence, A then is a Borel set in {0,1}*°. Consequently, if we choose A as a
subset of {0,1}* that is not a Borel set, then T and its complement T
are not Borel sets in T4.

If we specialize to the case ¢, = 27", then (see Example 11.5) {0,1}°
has finite and positive Hausdorff measure h := H!({0,1}*°). Since {0,1}°
is a Polish space, and H' is continuous and with full support, it follows
that the measure space ({0,1}°°,H!) is isomorphic to ([0, 1], hv), where v
denotes the Lebesgue measure; this holds both for the Borel o-fields and
their completions, which are the #!-measurable sets in {0,1}> and the
Lebesgue measurable sets in [0, 1], respectively. Hence, there exists A C
{0,1}°° such that A is not measurable for H!, and it follows that T and
T4 are not measurable for the Hausdorff measure H1. O

12. LEAF MEASURE

In some applications, a real tree is equipped with a different (Borel) mea-
sure, which, in contrast to the length measure in Section 11, is supported
on the set of leaves T-. For simplicity, suppose that T is a separable real
tree, so that T is a Borel set by Theorem 11.4. We then may call any Borel
measure supported on T a leaf measure. Note that a leaf measure thus has
to be specified, and is not automatically determined by 7', unlike the length
measure in Section 11.

Usually, one considers leaf measures that are probability measures; they
thus give a meaning to “a random leaf”.

Aldous [3] defines a continuum tree as a rooted real tree (with some extra
conditions) equipped with a nonatomic probability measure that is sup-
ported on the set of leaves (and thus a leaf measure in our sense), and
furthermore has full support in the sense that for any x in the skeleton of
the tree, the set {y : y > x} (recall (7.1)) has positive measure.

Example 12.1. If T is constructed from a finite combinatorial tree as in
Example 10.1 or 10.2, then T has a finite number of leaves, and a natural
leaf measure is given by the uniform distribution on 7. O

Example 12.2. If T is constructed from a continuous function g : [0, (] —
[0,00) as in Example 10.6, then the natural (quotient) mapping [0, (] — T is
continuous, and thus measurable, so it maps the Lebesgue measure on [0, /]
to a measure p on 7. This is in general not a leaf measure (one counterex-
ample is when ¢ is the contour function of a finite combinatorial tree as in
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Example 10.1 or 10.2; then the measure p is 2 times the length measure on
T, as is easily seen). However, p is a leaf measure under some conditions
[3, Theorem 13]; in particular, p is almost surely a leaf measure when, as
in Example 10.7, g = e, the (random) standard Brownian excursion; see [3,
Corollary 22]. O

APPENDIX A. GROMOV HYPERBOLIC SPACES

This appendix is a long remark on an approximate version of the four-
point inequality, which is important in other contexts; the appendix can be
skipped by those interested in trees only. X = (X, d) is a metric space.

Gromov [14] defined d-hyperbolic metric spaces as metric spaces where
the four-point inequality holds up to an error §. More precisely, he used the
version (6.4), and the definition is as follows, for a given ¢ > 0:

Definition A.1 (Gromov). A metric space X = (X,d) is d-hyperbolic if,
for all x,y,z,w € X,

(@, Y)w = (%, 2)w A (Y, 2)w — 0. (A1)
By Lemma 6.7, Theorem 6.4 can be formulated as follows.

Theorem A.2. A metric space is 0-hyperbolic if and only if it can be iso-
metrically embedded in a real tree.

However, the main interest of Definition A.1 is for § > 0. The value of
0 is often not important, and one says that a metric space X is Gromov
hyperbolic if it is d-hyperbolic for some § < oco.

Remark A.3. Intuitively, at large distances, the ¢ in (A.1) is insignificant,
and thus the large scale geometry of a Gromov hyperbolic space is “tree-
like”. O

There are several alternatives to Definition A.1, with conditions that are
equivalent in the sense that if one holds, then so do the others, but with §
replaced by C§ for some (small) constant C'. (The conditions are in general
not equivalent with the same ¢.) Some of these alternative conditions are
given (or implicit) in the following lemmas. See further e.g. [14], [6] and
[18].

Lemma A.4. The inequality (A.1) holds if and only if
d(z,y) +d(z,w) < (d(z, 2) + d(y,w)) V (d(z,w) + d(y, 2)) +25.  (A.2)

Proof. As the proof of Lemma 6.7, adding 20 to the left-hand sides of (6.5)—
(6.8). O

Lemma A.5 ([14]). Let X be a metric space and let o € X be fized. Let
d > 0. If (A.1) holds for w = o and all x,y,z € X, then it holds for all
x,y,z,w € X with § replaced by 24.

Proof. We first show that the assumption implies that, for any z,y, z, w,
(@,9)o + (2,w)0 = ((2,2)0 + (Y, w)o) A ((#,w)o + (y,2)0) —20.  (A.3)

To see this, we first note that both sides are symmetric in  and ¥, and also
in z and w; hence, by interchanging (z,y) and/or (z,w) if necessary, we may
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assume that (x, z), is the largest of the four numbers (z, 2),, (2, w)o, (¥, 2)o,
(y,w),. In this case, the assumption implies

(2,9)0 = (2,2)0 A (Y,2)0 — 6 = (y,2)0 — 6, (A4
(z,w)o = (x,2)0 A (2, W) — 0 = (x,w), — 6, (A.5)

and thus
(Z,9)0 + (2,0)0 = (Y, 2)0 + (T, w)o — 20, (A.6)

verifying (A.3).

Next, by exanding all Gromov products in (A.3) according to the defini-
tion (6.3), we see that (A.3) does not depend on the choice of 0; hence (A.3)
holds for every o,z,y, z,w € X.

In particular, we can choose 0 = w in (A.3). Since (w,v),, = 0 for every
v by (6.3), we obtain

(1:7 y)w P (337 Z)w A (y, Z)w - 25, (A?)

as asserted. O

A geodesic in a metric space X is an isometric curve, i.e., an isometric
mapping of an interval I C R into X. If a geodesic ¢ is defined on an
interval I = [a,b] that is closed and finite, we say that the geodesic has
the endpoints ¢(a) and ¢(b), and that it joins ¢(a) and ¢(b). (Then, the
geodesic necessarily has length d, ,, and we may choose I = [0,d, ,].)

Note that condition (T1) says that for every z,y € X, there is a unique
geodesic from z to y (provided we normalize I = [0,d, ).

More generally, a metric space X = (X, d) is geodesic, if every pair z,y €
X is joined by a geodesic. In other words, we assume the existence part
of (T1), but uniqueness is not assumed. In particular, every real tree is
geodesic.

Gromov hyperbolicity is often studied for geodesic metric spaces. This
can be done without real loss of generality by the following result by Bonk
and Schramm [5], to which we refer for a proof.

Theorem A.6 (Bonk and Schramm [5, Theorem 4.1}). Let 6 > 0. A metric
space is 6-hyperbolic if and only if it can be isometrically embedded into a
d-hyperbolic complete geodesic metric space. O

In particular, for 6 = 0, we recover Theorem 6.4 (together with Theo-
rem 6.5).

For geodetic metric spaces, there are further conditions equivalent to Gro-
mov hyperbolicity. We note first an extension of Lemma 3.3 to general
geodesic spaces.

Lemma A.7. Let (X,d) be a geodesic metric space, and let x,y,z € X.
Then (z,y), = 0 if and only if there exists a geodesic from x to y that
contains z.

Proof. As for Lemma 3.3. O

In a geodesic metric space, it is enough to assume the hyperbolicity con-
dition (A.1) when the left-hand side is 0, i.e., by Lemma A.7, when w is on
a geodesic joining x and y.



REAL TREES 21

Lemma A.8. Let (X,d) be a geodesic metric space. Suppose that, for every
x,y,z € X and every w that lies on a geodesic from x to y, the inequality
(A.1) holds, or equivalently

(@, 2)w A (Y5 2)w < 0. (A.8)
Then X 1is 36-hyperbolic.
Proof. See [6, p. 286 and Exercise 8.4.5] or [18, Proof of Theorem 2.34]. O

Remark A.9. In particular, using Theorem A.2, a geodesic metric space is
a real tree if and only if (A.8) holds with § = 0. In fact, it is easily seen that
this condition implies that geodesics are unique, so (T1) holds. (Given two
geodesics from x to y, let z and w be points on them with d(z, z) = d(w, x),
and conclude z = w from (A.8).) Then, by Lemma A.7 again, (A.8) with
d =0 when w € [z,y] is equivalent to [x,y] C [z, 2] U [y, 2|, which is (T2b).
O

The condition in Lemma A.8 can be regarded as a condition on the ge-
ometry of the triangle xyz. One can pursue this point of view further.

Definition A.10. Let (X, d) be a geodesic metric space. A triangle xyz in
X is a set of three vertices x,y, z € X together with three sides xzy, xz and
yz that are geodesics between the pairs of vertices.

Note that in general, the sides of a triangle are not uniquely determined
by the vertices.

Definition A.11. Let (X,d) be a geodesic metric space. A triangle is -
slim if each side is contained in the closed §-neighbourhood of the union of
the two other sides, i.e., if every w € xy has distance < § to zz U yz, and
similarly for the two other sides.

Gromov [14] used a definition that is similar, but somewhat more tech-
nical. Note that in a triangle with vertices x,y,z, we have, by (6.3),
(Y, 2)a + (2, 2)y = dgy, and thus the side zy can be divided into two parts
of lengths (y, 2), and (z, z),, containing = and y respectively; we call these,
the z-part and y-part of xy. (In a tree, these are the parts of [x,y] before
and after y(x,y,z). The definition in [14] is stated in terms of isometric
mappings of the three sides into a real tree with three endpoints having the
same distances between each other as z,v, z.)

Definition A.12. Let (X,d) be a geodesic metric space. A triangle zyz
is d-thin if for each w in the x-part of the side xy, the point v € xz with
d(v,z) = d(w, x) satisfies d(v,w) < ¢, and similarly for the y-part and for
the two other sides.

It is immediate that a d-thin triangle is d-slim.

Lemma A.13. Let X be a geodesic metric space.
(i) If X is d-hyperbolic, then every triangle in X is 25-thin.
(ii) If every triangle in X is 0-thin, then X is 26-hyperbolic.

Proof. See [14, Proposition 6.3.C]. O

Lemma A.14. Let X be a geodesic metric space.
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(1) If X is d-hyperbolic, then every triangle in X is 20-slim.
(i) If every triangle in X is §-slim, then X is 30-hyperbolic.

Proof. (i) follows from Lemma A.13(i); see also [18, Theorems 2.35] (with
39).
(ii) is [18, Theorems 2.34 (with h = 0)]. O

Remark A.15. If every triangle in X is d-slim (or é-thin), then any two
geodesics with the same endpoints are within distance 26 of each other. (ILe.,
their Hausdorff distance is < 2§.) This follows by considering the triangle
obtained by subdividing one of the geodesics at an arbitrary interior point.
(Or, more bravely, by considering the geodesics as two sides of a degenerate
triangle with two vertices coinciding.) O

Remark A.16. In particular, using Theorem A.2, a geodesic metric space
is a real tree if and only if every triangle is O-slim (or O-thin).

In fact, if this holds, then by Remark A.15, geodesics are unique, and
thus (T1) holds. Then, a triangle zyz is O-slim if and only if (T2b) holds for
all permutations of x,y, z. Conversely, each triangle in a real tree is 0-thin

as a consequence of Lemmas 3.5 and 3.6. U
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