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Staircase tableaux

A staircase tableau of size n is a Young diagram of shape
(n, n− 1, . . . , 2, 1) whose boxes are filled according to the following
rules:



1. Each box is either empty or contains one of the letters α, β,
δ, or γ.

2. No box on the diagonal is empty.

3. All boxes in the same row and to the left of a β or a δ are
empty.

4. All boxes in the same column and above an α or a γ are
empty.

An example of a staircase tableau of size 8. Its weight is α5β2δ3γ3.
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Why?

Originally introduced by Corteel and Williams, together with a
more complicated weight including also powers of u and q, with a
connection to the asymmetric exclusion process (ASEP) on a
one-dimensional lattice.

We consider the simplified case u = q = 1, which yields the weight
above.
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In our case, α and γ play the same role, and so do β and δ.

It is thus enough to study α/β-staircase tableaux, i.e. staircase
tableaux with only α and β.

Let Sn,α,β be a random α/β-staircase tableau of size n, with
probability proportional to the weight. (α, β are positive real
numbers.)

Example

Sn,1,1 is a uniformly random α/β-staircase tableau.

Example

Sn,2,2 is a uniformly random staircase tableau (with α, β, γ, δ).



The total weight is, with a = α−1, b = β−1,

Zn(α, β) =
n−1∏
i=0

(α + β + iαβ) = αnβn(α−1 + β−1)n

= αnβn
Γ(n + a + b)

Γ(a + b)
.

In particular, the number of α/β-staircase tableaux is

Zn(1, 1) = (n + 1)!



There are explicit bijections with:

• permutations of size n + 1,

• permutation tableaux of length n + 1,

• alternative tableaux of length n,

• tree-like tableaux of length n + 2.



Parameters

Given a staircase tableau S , let Nα,Nβ,Nγ ,Nδ be the numbers of
symbols α, β, γ, δ in S .

Let A and B be the numbers of α and β, respectively, on the
diagonal, and consider the random variables An,α,β := A(Sn,α,β)
and Bn,α,β := B(Sn,α,β).

n ≤ Nα + Nβ + Nγ + Nδ ≤ 2n − 1.

An,α,β + Bn,α,β = n.



Theorem

P(An,α,β = k) =
va,b(n, k)

(a + b)n

where the numbers va,b satisfy the recurrence

va,b(n, k) = (k+a)va,b(n−1, k)+(n−k+b)va,b(n−1, k−1), n ≥ 1,

with va,b(0, 0) = 1 and va,b(0, k) = 0 for k 6= 0.

[Carlitz and Scoville (1974)]

Special cases yield the Eulerian numbers:

v1,0(n, k) =

〈
n

k

〉
, v0,1(n, k) =

〈
n

k − 1

〉
, v1,1(n, k) =

〈
n + 1

k

〉

Friedman’s urn! (Add ball of opposite colour. Start with (a, b).)
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Theorem

E(An,α,β) =
n(n + 2b − 1)

2(n + a + b − 1)

and

Var(An,α,β) = . . .

Asymptotic normality as n→∞.

Local limit theorem.



Theorem

(
Nα,Nβ

) d
=

(
n−1∑
i=0

Ii ,
n−1∑
i=0

Ji

)
,

where the pairs (Ii , Ji ) are independent of each other with

Ii ∼ Be
(

1− a

a + b + i

)
, Ji ∼ Be

(
1− b

a + b + i

)
(1)

and Ii + Ji ∈ {1, 2}.



Theorem

ENα = n − a log n + O(1)

Var Nα = a log n + O(1),

Cov(Nα,Nβ) = O(1).

Joint asymptotic normality as n→∞.

Local limit theorem.

Poisson approximation.



Theorem

The number of α/β-staircase tableau of size n with parameters
A = k, B = n − k, Nα = r and Nβ = s equals the number of
permutations of [n + 1] with k ascents, n − k descents, n + 1− s
left records and n + 1− r right records.

Bijective proof??
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Theorem

Delete the first i rows and the first j columns of Sn,α,β. The
resulting subtableau has the distribution of Sn−i−j ,α̂,β̂ with

α̂ = α̂−1 = a + i , β̂ = β̂−1 = b + j . (i , j ≥ 0, i + j < n)



Theorem

Let i + j < n. The probability that the non-diagonal box (i , j)
contains α or β is,

P
(
Sn,α,β(i , j) = α

)
=

j − 1 + b

(i + j + a + b − 1)(i + j + a + b − 2)
,

P
(
Sn,α,β(i , j) = β

)
=

i − 1 + a

(i + j + a + b − 1)(i + j + a + b − 2)
,

and thus

P
(
Sn,α,β(i , j) 6= 0

)
=

1

i + j + a + b − 1
.



Proofs by generating functions, adding a new column on the left.


