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This paper deals with conditions for the validity of the central limit theorem
for additive functionals S, (f) := >.;_, f(Xk) of a stationary Markov chain
(Xpn,m = 0,1,...) in general state space, without “classical” conditions such
as regeneration, strong mixing, or existence of solution to Poisson’s equation.
Rather, conditions on the growth of the expectation of S, (f) are the starting
point.

The main result is as follows. Let f be a square-integrable (with respect to
the marginal law m of the chain) real-valued function on the state space, such
that E,, f(Xo) = 0. Let P be the transition operator for the chain (so m is
invariant for P). Suppose there exists 7 > 1 such that
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Then lim, o E,, S, (f)?/n =: o(f)? exists and is finite, and the P,—law of

S, (f)/+/n converges (weakly) to the normal distribution A'(0, o (f)?) for m-a.e.
.
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The paper generalizes previous work by Derrienic and Lin (2003) and Wu and
Woodroofe (2004). The above CLT is referred to as “quenched CLT” which
easily implies the “annealed” version, i.e. that the same weak limit holds under
the measure P, (which makes the Markov chain stationary). This kind of CLT
was apparently considered first in a series of papers by Gordin and Lifshitz



(1978, 1981, 1995) and then generalized by Maxwell and Woodroofe (2000).
The authors compare S, (f)/+/n to a properly constructed martingale for
which the CLT can be obtained and then show that the difference converges
to zero. To do this, they prove a rate of convergence result to the Dunford-
Schwartz theorem of functional analysis (stating that if T' is an operator map-
ping some L'(Q, F, i) to itself such that ||T']|, <1 for all 1 < p < oo, then, for
all fin L', then (1/n) >, _, T*f converges p-a.e.) The result proved in this
paper states that if p > 1 and f € LP(Q, F, u), then (1/n?) > ;_, Tk f converges
to zero p-a.e., under a certain growth condition for || Y 7 _, T*f|,. It is then
applied in the Markov chain case by taking €2 to be the path space of the chain,

=P, and Tf(w) := f(Yw), ¥ be the one-step shift on the path space.
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