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1. What's a Markov chain and what
has it to do with DNA?

Anppeit AHppeesuy Mapkos (1856 — 1922)

Markov chain

O O OR

« Moadel: saquence Is created by a random pracess
» Alphabet: set of values building up the chain, e.g. x; =
{AC,C,T}

+ Markov property: the velue at x,; only depends on x,
but not on x4, X5, ...

» Transition probability: o, = P(x; =t | x;—y = )

uwe.menzel@math.uu.se

Markov-chain for DNA

=0,29 = bability that is foll A
ac,=0,29 = probability that a C is followed by an uwe.menzel@math uuse

Drawing a long Markov chain
(for DNA)

Abbildung: Sven Schirer




Notation for the joint probability of
a chain

PX)=P(X,=x, X,=x,, X;=x;, ..., Xy=x)

=P(x, Xy, X3, ..., Xy)

P(¥)=P(X,=4, X,=C, X,=C, X,=G, X,=T)
=P(4,C,C,G,T)

Probability of a particular chain

P(X) = P(x;, Xy, X35 00, X5 Xy)

Usemultiple times : P(x,y) = P(x|y)-P(y)
P(X)=P(x))- P(x, [ %) P(x; | Xy, x,) - P, | X3, %5, %)) ..
With the M arkov property this becomes much easier :

P(X)=P(x,)- P(x, [ ) P(x; | x,) - P(xy | x3) oo P(xy | xy,)

Probability of the Markov chain!

P(X)=P(x;) - P(x, | %) P(xy | x,) P(xy [ X3) .o P(xy [ Xy )
let a =P(x,|x,)

XiaX;

PX)=P(x)a,,, ay, - o d, @

XXXXX

N
PE)=P(x)-[]a,, wih Px)=a,,
i=2

P(X) =]i[ax,

ML estimators for the transition
probabilities in DNA

= count the frequency of dinucleotides In genomic data ¢,
= Normalization: { a = probabilities; ¢ = "counts™):

a, = s,te{A,C,G,T}

ML estimators for the transition
probabilities in DNA

e =100 ¢, =150  cep =50 =100

Cec
N Ceo B 100 B
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e =400
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100
acc =705 =025

e

deg+ae,+acp+aqe =1 line total

Matrix of transition probabilities

A Cc G T matrix
0,300 |0,205 |0,285 |0,210

0,322 | 0,298 |0,078 |0,302
0,248 | 0,246 |0,298 |0,208
0,177 |0,239 |0,292 | 0,292

=4O |0 |>

P(C,4,4,G)=ayc-ac, A, A,

=0,25-0,322-0,300-0,285 = 0,00688




Language recognition (Markov)

2. A Likelihood Ratio Test using
Markov chains that decides if a
small piece of DNA is a CpG island
or not

04 03 -02 01 0 01 02 03 04
Bits

What is a CpG island ?

What CpG frequency do we expect ?

— Pg® V' Va= 1/16; more precisely 0,21 0,21 = 4,4%

actual frequency is only 0,8 % (mammalia)
cytosine (C) in a CpG is chemically unstable:

— methylation, deamination: CG — C™ethG — TG

CpG-islands have a higher CpG percentage,
compared to the rest of the genome

E: 1 Cpb Island: 1263412767

11941 tataaqatc cooetcooto tasatookgt cottctatca ottcateott Coototoott
12001 tassatonga oagtigtosg oagmatost glicasguee soacoascet gEttostazs
12081 agebabotca ggbastgbge ssacaliggt bitbesalhy agliostith bobeatbtgt

1213t i EanE mans suciagm ghaguagty st
2151 ggascaguty atgqtoagty tookttotao gootoasaat ttaagagttf atgiguasat
12241 TEitaatiat tabieceisd boapgteasy Castasiehs tostouicte Stiagsesct
1301 totagbtgos ssagibooag sasbigotts tosbiooby sgsobbtost thkobChatt
12361 totooatiat gtaa gotggagott tgggoCaat ttocaattas agatgatitt
13001 taergroeat qumseacito Tomaialet goileacies mpciaiites smiomraces
13181 ghgtioangs mastatonss LCCAUHe (igioaston thos gncn tastigsoas
12581 Covtgmacor Eotascttes scotcogocs gohontio acag agtatgoice
OIOL0AC0, qoAstEaTte SACECNCE, SotaCEo00s, CATLRCEs, Chottooott
e IR EN N I e
#12721 gacagedich gUheCBCbag shbctcobot coboalface gaguoaggba aacfoodboy

12721 gboageqms Cochuping gueagigg eCeCago Crugtqagee coscegguot
12841 (Guteccay gubviiggat qoocigectd gUCGIgRILy gieceosdty agmAgIIN

1230 tgoo oCG06gg0G0 ghgathghot Chggoctgos Chgotgliok Qgtctocﬁct
12561 Coggtgaggs ggetiggett Chotitfoag gttaggasag checobtfas bgtcobtgg
13021 gaquskagay Gagetqaciy ageeaCotts OJFagaecoy ogCbochay ghgtobrags
13081 goccoctgos coolGlG(Gg gtolbgooca glbgglbate gotggtoce agggeactoc

7 ctigagamme
13221 ggifentios umstagttc Tigmmoto gstaoos i InnT
i e oo et roy T e 920 Chotottagy gagctae
13441 cottgiiges gitocasCs cotamaueg CogesedCie Smctoucey Sggmce
18501 ggocblbagn oblbatbeuy oTbogabods gugaggnooe acoobobghh chosagmaue
13561 GUUUAgagag gagetgeagy totglbgoot gUUcocagyt gUBAbgHTGg acoocagott
13621 gmeoagtous stbootosoa gtosoostqy sTEICE Shogoitay Sazgotoon
ggeecascea gootligaty aCGaceckby ogbcasChgt checooacch gbglbomagy
15 T ORI Ay el e SRy
13801 aatfttitgo tottotottt guggtogotg faggaaatag atttftittt tascotChoa
13861 abtooancas ggtoacatos atcotliosa tlGoagagos acagetotos gbbtitgttt
13921 cotagootco agatboboac acaacacagh goagbtboac bgobgbaatg abgaggatot
13981 toatggecho gitattttof tgttotgaga goatoaChgt ttaattagoa gtbeoooata
14041 £gatEhgiag btttcoCot tioottigyy asaactocty ghigaatagy athsaggatt
14101 bEtacaaata basttaboas asacabagya acagugaati ggatasatab gbbasactbo
14161 togeasastc aacasCOrtc ttagattbgt ageagaaagy asassstcac cagbggasat
14221 gagoaatttt actiacacaa acacagagea ggtottacag tguassssag otascoagta

"Training”: Finding transition probabilities
for both CpG islands and non-islands

CpG-Islands Non-Islands

A C G T A C G T

0,180 0,274 0,426 0,120 A |0,300 0,205 0,285 0,210

0,171 0,368 0,274 0,188 C 0,322 0,298 0,078 0,302

0,161 0,339 0,375 0,125 G 0,248 0,246 0,298 0,208

0,079 0,355 0,384 0,182 T 0,177 0,239 0,292 0,292

P(X |mod-)=]]a;

mod+ mod-

How to discriminate between CpG
islands and non-islands

= (ATCGCGCGGC)

S T S
P(X |mod+) = Har wx = Qoat@ur e e Age " Aeg "o e 966 T Aae

=0,25-0,120-0,355-0,274-0,339-0,274-0,339-0,274-0,375-0,339 = 3,125-10"°

AggAgr - Are e Age " Ao Age Ao d66 " Gac

=0,25-0,210-0,239-0,078-0,246-0,078-0,246-0,078- 0,298 0,246 = 2,65-10"*

Result: It is more likely that X is a CpG-Island




Likelihood Ratio Test for Discrimination
of CpG islands and non-islands

» According to the model, a sequence X is a CpG-island if:

P(X |mod+) > P(X |mod—)

P(X |mod+)

1
POX |mod-)
P(X | mod+) a; ., <

L
S=log ———2| [=) log—=% = >0
Og[P(X|mod—)} Dlog B2 0,

oy, i=l

log odds score (S)

Does the method really work?

* Go back and calculate the scores for both training sets:

10 —
known non-islands
5-

0 _— 1
04 03 02 -01 ] 01 02 03 04
Bits

known CpG-islands

Errors caused by: incorrect labels in the training sets, hard to
determine borders between CpG-islands and non-islands

Picture from: Durbin et al. (Ed): Biological Sequence Analysis, Cambridge University Press, 1998

Pros and Cons of the scoring model
%
» Given a short piece of DNA, you can decide if it

is a CpGe-island or not
* You cannot identify a potential CpG-island in a

long sequence (== HMM ) !b

Long sequence: Finding CpG-
islands with a sliding window

,Sliding window* L

——
...QTACGATGACCGT...

- Calcullate score S in every window
— Disadvantages:
Runtime (?)
* unknown size of the island (?)

Bildquelle: Sven Schuirer

3. A Hidden Markov Model that can
locate CpG islands in a large piece
of DNA

Hidden Markov Model

‘ state "path”, hidden, Markov property

Ao,y Arz, Az,
—

visible: Xy, Xp, X3 .. € (x) e, (x;) €, (x3)

Probability of a particular sequence of states and symbols:

P(x,m)= Aoz, " € (xl)'azr,zr2 T e (xz)'anm .

L
P(x,m)=ay, [ |e.(x)-a,,
i=1l




Probability of a particular sequence of
states and symbols

P(x,m)= Aoz, " € (x])'azr.;r2 . ezrz(XZ).aﬂyr; .

L
P(x,7) = ay, - [ [ e, (),
i=1

aj =P(m; =1|m_; =k) transition probabilities (within state path)

ex(b) = P(x; =b|m; =k) emission probabilities

Drawing a HMM for an arbitrary
long sequence

uwe@math.uu.se

HMM: Casino with a fair and a loaded die

Fair Loaded

(=16 | =005,
ex(2)=1/6
apr=0,95 e(3)=1/6 ay =09
er(4)=1/6
ex(5)=1/6
ex(6)=1/6
aF=0,1

Observer sees emissions only): 3424 64634663663466
State is hidden for the observer: FFFFFFFFLLLLLL LLLL

HMM for the recognition of CpG islands
embedded in genomic DNA

+ States: A*, C*, G*, T, A, C, G, T

* Symbols: A,C,G, T
ATC' G T"AC G GG T
ACGTACGGGT

a
Aoz, A, 70y
B _

e, (%) () e (x)

HMM for CpG islands in DNA-
sequence

Bildquelle: Sven Schuirer

Bildquelle: Sven Schuirer

Transition probabilities
:T/ﬂ,» At C* G TH|IA- C G T

At | o180 0274p 04260 0.120p

l-p 1-p l-p 1-p

+ 4 4 a4 4
C 0.171p 0.368p 0274p 0.18p| 1—p 1—p 1—p 1—-p
G+ 4 4 4 4
0.161p 0.339p 03750 0.126p| 1=p 1=p 1-p 1-p

. 1 ) P 1
T 1-p 1-p 1-p 1-p

0.079p 0.355p 0.384p 0.182p
4 4 4 4

A 1-g 1-9 1-9¢ 1-9|o300q 0205 02855 02109
4 4 4 4
C. I-qg 1-q l-q 1-¢q
—+ —L —= —L|o03229 0208 0.078g 0.302
2 2 2 2 q q  0.078q q
G_ I-g 1-q 1-q 1-q
) ) ) 7 | 0248 02469 0.298q 0208
T | 1= =g 1-g

.
:
.
|

0.177q 0239 02929 0.292q

p = P (remains in CpG-islands) =0.95 , q = P (remains in non-island) =0.99




Emission probabilities

eC+(C) =1
e

emitting state symbol that is emitted

e..(C)=1; e. (C)=1 e, (C)=0 otherwise
e (A=1; e (4)=1 e, (4)=0 otherwise
e, (G)=1; e, (G)=1 e, (G)=0 otherwise

e, (T)=1; e, (I)=1 e, (I)=0 otherwise

Decoding: finding hidden states from
observations

e Observed sequence ("emissions”):
- C G CG (Sorry!, still a short sequence !)
* might have been generated by the "state”sequences:
- C+ G+ C+ G+
-CcGCG
- C'G C G
¢ How to find the "best” sequence of states ?
— practical not possible to calculate all potential pathes ...
— Viterbi — algorithm ("dynamic programming”)

Transition probabilities (see table above)
p =095 (stays in+) q=099 (stays in -)
a ., =0,274-095=0,26
a,... =0339-095=0322
a,. . =0,078-099=0,0772
a, . =0,246-099=0,2435

HMM:  Pem=ap [Te (0 a.,

P(X=C,G,C,G; 7n=C",G",C",G")=

=a,.e.(C) a -en‘(G)- a © e (C) ag o e (G)ag,

(e Gct c G

=013 1. 026- 1. 0322 1. 026 1- 1 =0,00283

a,.. =(1-095)/4=0,0125
a, .. =(1-0,99)/4=0,0025

small

small

P(X=C,G,C,G; 7=C,G,C,G )=

=a,. e (C) a., e (G) a,. - e (C) a., - e (G)a,,

=013- 1. 0,0772- 1- 0,2435- 1 0,0772- 1. 1 =0,000189

P(X=C,G,C,G; n=C",G",C",G )=

=ay. e (C) a.. - e (G) ag.- e.(O) a.,- e (G) ag,

=0,13- 1- 0,0125- 1 0,0025- 1 0,0125- 1- 1 =510"*

Finding the most probable path: the
Viterbi algorithm

L
P(x,m)=ay, [ e, (x)-a,,
i=1

Solution: 7* = argmax, P(x,m) = argmax, P(mw|x)
Recursion:

lik(i): probability of the most probable path ending in state k with observation i

v +1) = e (xipq) max{v (@) - ar}

Durbin et al., Biological sequence analysis, p. 56

Viterby

v(i+1) = e(xip1) maxy (v (D) - ag)

v w ¢ 6 ¢ G
B 1 0 0 0 0
A, 0 0 0 0 0
C, 0 013 0 0012 0  Wevefounda
G, 0 0 004 o ooz OCPCisiand thus!
T, 0 0 0 0 0
A 0 0 0 0 0
C. 0 013 0 00026 0
G 0 0 0010 0  0.00021
T 0 0 0 0 0




Trellis-Diagramm

Remarks

Software

* R — Scripte:
— CRAN: Bioconductor

— http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/

( Ludwig Fahrmeir / Christiane Belitz )
« MATLAB

— stats package

=3 =5 ¢ Result: we've found that the whole sequence CGCG is a
% CpG island (sequence was very short!)
a g _ . . _ _ » Method works for arbitrary long sequence and might
then switch between long stretches of + and — states,
m 0 ° ° ° ° ° respectively ... as it should
* Most probable path (Viterby) is not the only solution:
i © ® ° ° ° ° posterior decoding; #; = argmax,P(m; = k| x)
. o o o ° o ° calculated by the Forward- and Backward algorithm
3
Ty 0 (] ) ) ) ®
s 0 e ) Py ) )
1 i i Moy Mol - Hiden Markay Morels st Tonlor -
Statistics Toolbax & ®

Analyzing a Hidden Markov Model

This saction explaing how 1o use fu in the Statistics Toolbox to analy2e hidden Markov modals. For illustration, the
section uses the example dascribed in Example of ien Markoy Modal, The section shows how to recowar infarmation
about the model, assuming that you do not know some of the mod:

jel's parameters. The section covers the following topics:

'
- Example: Changing the Initial Probabilities

Setting Up the Model and Generating Data
This saction shows how o setup & hidden Markoy model and use it to genarats dara, First, create the transition and
emission matrices by entaring the falloming comands.

TRANS = [.9 .1; .05 .95;];
BMIS = [1/6, 16, 1/6, 1/5 Casino!
7412, 112, 1712,

1/, 175,
A2, 1/121;

Naxt, generate a random sequence of emissions from the model, ser, of length 1000, using the function hu
Yeu can alse raturn the carrasponding random sequance of statas in tha medal as the sacond cutput, stat

[seq. states] = hungenerata(1000, TRANS, EMIS):

Note  In generating the sequences seq and states, hangenerate begins with the medel in stateig = 1at step
0. Tha medal than makas @ transition ta state iy at $1ep 1, and 1eums ig as the first antry in states

8] Homw tha Toolbor Ganerates Random Sequancas Computing the Most Likely Sequanca of States [
© 1984-2006 The MathWWorks, Inc. + Terms of Lise « Patents + Trademark nowledgment:

Statistics Toolbox « #
Computing the Most Likely Sequence of States

Suppose you know the transition and emission matrices, TRANS and EMIS. If you observe a sequence, seq, of emissions,
hiow can you compute the most likely sequence of states that generated the sequence? The function huawi terb uses the
Viterbi algerithm t camputs the mast likely sequence of states that the model would go thiough to generate the given
sequence of emissions

Tikelystates = hawwiterbi(seq, TRANS, EMIS);

Tikelystates is a sequence of the same leagth as S0

To tast the ac
with T sesgue

racy of i
ce Tikelystat

erbi, you can computa the percentage of the time that the actual saquance states agrees

sun(sTates==11kelystates)/1000
ans =
0.5200

This shows that tha most likely saquence of states agrees with the actual sequance 2% of the time. Note that your results
vdiffer if you run the same commands, because the sequance seq is random.

Nate The states at the beginning of the sequance retured by hnwviterbi are lass reliable because of the
computational delay in the Viterbi algorithm

[] Anatyzing a Hidden Markov Model Estimating the Transition and Emission Matrices ]

@ 1984

06 The MathWorks, Inc. » Terme of Use « Pateote « Trademarks » Ackny

Documentation for package 'HiddenMarkov' version 1.2-3

User Guides and Package Vignettes

Help Pages

Forward and Boclomed Probabisies
Mtk Mochisted Poiszon Process - Otucle Fucticns
Discese T HMM - Obsalete Funcicas

Estmate Parameters Using Baums- Welch Algorsten
Corret Parmmeters for the Boum Wekch Aloriten
Chasges Macke b the Packnge

Conpues Margine Divrison of Seenary Mk Chin

Demensraion Exampes
e Dscrne e MMM G
it chscire Dcre Tie HMM - Db
Euep

Esenmmee

[Trp—

forwsd

[e— Mtk Mehisted Puision Precess - Dlclee Fuscicns



http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/

4. Parameter estimation for HMM's

? a”i”m ?

o e, (xi) o

4. 1. Parameter estimation if we have a
training set where the states are known

4y = kiefd',C'\G"\T" 4,C G, T}

z 4
1

E,(b)
D E(b)

e,(b)= kela,ct,6' 1 4,0,67,T}

bef{d,C,G,T}
= A, E: counts, from the training set with known path

= g and e are ML estimators, as before
= problem with overfitting

4. 2. Parameter estimation if we have no
training set with known states

1
o e® |

or Viterbi training

[Baum-WeIch algorithm (EM)}

Forward- and Backward algorithm
or Viterbi algorithm

|
=
|
{4, B (b))

Sources

* Durbin et al (Ed.)., Biological Sequence Analysis,
Cambridge University Press 1998

« Rabiner, L. R., A Tutorial on Hidden Markov Models and
Selected Applications in Speech Recognition,
Proceedings of the IEEE, Vol. 77, No. 2, 1989

+  http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/

« http://www.itu.dk/~sestoft/bsa.html

5. A Continuous Density Hidden Markov
Model that can recognise amplifications
and deletions of large chunks of
genomic DNA on a chromosome

Metaphase-CGH and Microarray-CGH

DNA from DNA from
normal tissue test tissue

AR Rl

ARt/ A)

A
s %ep 4 Human i
Anshef conons  TIlE

N

Labeling



http://www.itu.dk/~sestoft/bsa.html

Normal Case ‘ ‘ Deletion ‘ ‘ Duplication

Measurement point

[ ] ]
Tumour DNA Tumour DNA Tumour DNA

Normal reference DNA

Normal reference DNA Normal reference DNA

Red _ md_ )

e 5
Ratio = Red _ Fred_ Ratio = =
Green  Nyee, Green Ny

Red _Mred_ o

Ratio = =
Green  Mgreen

s,

o
e

T Noemat Log2 R Rret

Continuous Density Hidden Markov
Model

o Hidden states: Copy number (0, 1, 2, 3, 4, >4)
e Emission probabilities: Gaussian spectrum

en, () = P(x; | i, 03) ~ N, 0)

SMAP

e Segmental Maximum A Posteriori
* maximize the joint posterior probability of the states (7)
and the parameters (u)

9 = argmaxg max, P(9,m | x)

9 = (a,u,0): transition prob., means and variances of the Gaussians

Recursion: maximize with respect to « , then with respect to 9

Segmental MAP

_ plzfx) _ p(zx0)-p(8)
- O IO R

p(0.2]x) 219

Find a # that maximizes p(#. z|x):

# = argmaxmax p(#. z|x) = argmaxmax p(x. z|0) - p(#)
4 z 9 2

Alternate maximization over z and # yields a sequence of
non-decreasing p(#. z|x):

2y = argmaxp(x.z|6;) Viterbi
z

Orpr = argmax p(x.ze41]0) - p(#)
0




ratio

SMAP - Result

G24460

a0 a

00 05 10 15 20

chromosome

TTRRRCTEAAIFIESEEY

Thank you for your attention!

Entropy of a DNA-sequence

={4,C,G,T}

Let x; be an alphabet, e.g. x,
HX)==3 plx ) log(p(x,)) = -3 p, log(p,)

pA)=p(O)=pG)=p(T)=,

4
H= 72% . logz(ij =2 2bit; 2Yes/ No— questions

Durbin et al, Chapter 11.2

Rett-Syndrom

» 1:15,000 (nur Madchen)

# Im Alter von ca. 1 Jahr verlieren sie das Interesse an
anderen Menschen und entwickeln stereotypische
Verhaltensweisen (z.B. Handeringen)

» Ursache: Mutation in MeCP2
(methyl CpG-binding protein 2, X-Chr.)

» Bindet an methylierte CpG-Inseln in Promotoren

Bild: Martin Lercher, Diisseldorf

10



