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1. What’s a Markov chain and what 
has it to do with DNA? 

 

Андрей Андреевич Марков (1856 – 1922) 

Markov chain  
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Markov-chain for DNA 

C 

A 

C 

G 

A 

T 

C 

aCG=0,21 

aCC=0,25 

aCA=0,29 
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aCA=0,29 = probability that a C is followed by an A 
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Drawing a long Markov chain 
(for DNA) 

Abbildung: Sven Schuirer 
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Notation for the joint probability of 
a chain 
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Probability of a particular chain 
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Probability of the Markov chain1 
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1considering homogeneous Markov-chains only 

ML estimators for the transition 
probabilities in DNA 
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ML estimators for the transition 
probabilities in DNA 
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Matrix of transition probabilities 
 

 
A C G T 

A 0,300 0,205 0,285 0,210 

C 0,322 0,298 0,078 0,302 

G 0,248 0,246 0,298 0,208 

T 0,177 0,239 0,292 0,292 

00688,0285,0300,0322,025,0

),,,( 0



 AGAACAC aaaaGAACP

Stochastisc 

matrix 
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Language recognition (Markov) 

 

2. A Likelihood Ratio Test using 
Markov chains that decides if a 

small piece of DNA is a CpG island 
or not 

 

What is a CpG island ? 

• What CpG frequency do we expect ? 
–  PCG ≈  ¼ · ¼ =  1/16 ;  more precisely  0,21 · 0,21 ≈ 4,4% 

• actual frequency is only 0,8 % (mammalia) 

• cytosine (C) in a CpG is chemically unstable: 
– methylation, deamination: CG → CmethG → TG 

• CpG-islands have a higher CpG percentage, 
compared to the rest of the genome 

 

 

 ”Training”: Finding transition probabilities 
for both CpG islands and non-islands 

A C G T 

A 0,180 0,274 0,426 0,120 

C 0,171 0,368 0,274 0,188 

G 0,161 0,339 0,375 0,125 

T 0,079 0,355 0,384 0,182 

A C G T 

A 0,300 0,205 0,285 0,210 

C 0,322 0,298 0,078 0,302 

G 0,248 0,246 0,298 0,208 

T 0,177 0,239 0,292 0,292 

CpG-Islands Non-Islands 

078,0274,0  

CGCG aa

mod+ mod- 

How to discriminate between CpG 
islands and non-islands 

X = (ATCGCGCGGC) 

8
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1065,2246,0298,0078,0246,0078,0246,0078,0239,0210,025,0
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Result:   It is more likely that X is a CpG-Island 
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Likelihood Ratio Test for Discrimination 
of CpG islands and non-islands 

 
• According to the model, a sequence X is a CpG-island if: 
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log likelihood ratios 

log odds score (S) 

Does the method really work? 

Errors caused by: incorrect labels in the training sets, hard to 

determine borders between CpG-islands and non-islands 

Picture from: Durbin et al. (Ed): Biological Sequence Analysis, Cambridge University Press, 1998 

known CpG-islands 

known non-islands 

• Go back and calculate the scores for both training sets: 

Pros and Cons of the scoring model 

• Given a short piece of DNA, you can decide if it 

is a CpG-island or not 

• You cannot identify a potential CpG-island in a 

long sequence (          HMM ) 
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 „Sliding window“ 
 

...ACGATACGATAAGTACGATGACCGT... 

 

–  Calculate score S in every window 

–  Disadvantages: 

•  Runtime (?) 

•  unknown size of the island (?) 

Long sequence: Finding CpG-
islands with a sliding window 

Bildquelle: Sven Schuirer 

3. A Hidden Markov Model that can 
locate CpG islands in a large piece 

of DNA 

 

Hidden Markov Model 
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state ”path”, hidden, Markov property 

visible: x1, x2, x3 .. 

Probability of a particular sequence of states and symbols: 
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Probability of a particular sequence of 

states and symbols 
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: 

𝑎𝑘𝑙  = P 𝜋𝑖 = 𝑙 | 𝜋𝑖−1 = 𝑘  transition probabilities (within state path) 

𝑒𝑘 𝑏 = 𝑃 𝑥𝑖 = 𝑏 | 𝜋𝑖 = 𝑘  emission probabilities 

Drawing a HMM for an arbitrary 
long sequence 

𝜋1 

E 

B 

1
23212
 Eaaa 

uwe@math.uu.se 

𝜋2 

𝜋3 

HMM: Casino with a fair and a loaded die 

Fair Loaded 

aFF=0,95 

aFL=0,05 

aLL= 0,9 

aLF = 0,1 

eF(1)=1/6 

eF(2)=1/6 

eF(3)=1/6 

eF(4)=1/6 

eF(5)=1/6 

eF(6)=1/6 

eL(1)=1/10 

eL(2)=1/10 

eL(3)=1/10 

eL(4)=1/10 

eL(5)=1/10 

eL(6)=1/2 

Observer sees emissions only):  3 4 2 4  6 4 6 3 4 6 6 3 6 6 3 4 6 6 

State is hidden for the observer: F F F F F F F F L L L L L L  L L L L 

 

HMM for the recognition of CpG islands 
embedded in genomic DNA 

• States: A+, C+, G+, T+, A-, C-, G-, T-  

• Symbols: A, C, G, T 

A+  C+  G+  T+  A
-
  C

-
  G+  G+  G

-
  T

-
   

A    C   G   T    A   C   G   G   G   T     

10a
21a

π1 π2 π3 
B 

32a

)( 11
xe )( 22

xe )( 33
xe

 

 

 

HMM for CpG islands in DNA- 

sequence 

A+ 

A- C- G- T- 

C+ G+ T+ 

Bildquelle: Sven Schuirer 

Transition probabilities 
πi/πi+

1 
A+ C+ G+ T+ A- C- G- T- 

A+ 

C+ 

G+ 

T+ 

0.180p 0.274p 0.426p 0.120p 

0.171p 0.368p 0.274p 0.188p 

0.161p 0.339p 0.375p 0.125p 

0.079p 0.355p 0.384p 0.182p 

A- 

C- 

G- 

T- 

0.300q 0.205q 0.285q 0.210q 

0.322q 0.298q 0.078q 0.302q 

0.248q 0.246q 0.298q 0.208q 

0.177q 0.239q 0.292q 0.292q 4
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p = P (remains in CpG-islands) ≈0.95 ,   q = P (remains in non-island) ≈0.99 
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Bildquelle: Sven Schuirer 
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Emission probabilities 
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𝑒𝐶+ 𝐶 = 1 

emitting state 
symbol that is emitted 

Decoding: finding hidden states from 
observations 

• Observed sequence (”emissions”):  
– C  G  C  G    (Sorry!, still a short sequence !!) 

• might have been generated by the ”state”-sequences: 

– C+ G+ C+ G+ 

– C-  G-  C-  G- 

– C+ G-  C+ G- 

– …   

• How to find the ”best” sequence of states ? 

– practical not possible to calculate all potential pathes … 

→   Viterbi – algorithm  (”dynamic programming”) 

Transition probabilities (see table above) 
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HMM: 
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 GGGCCCGGGCCC
aGeaCeaGeaCea

GCGCGCGCXP 

Finding the most probable path: the 
Viterbi algorithm 

𝜋∗ = 𝑎𝑟𝑔𝑚𝑎𝑥𝜋   𝑃 𝑥, 𝜋 = 𝑎𝑟𝑔𝑚𝑎𝑥𝜋   𝑃 𝜋 | 𝑥  
 

Recursion: 

𝑣𝑙 𝑖 + 1 =  𝑒𝑙 𝑥𝑖+1  𝑚𝑎𝑥𝑘 𝑣𝑘 𝑖  ∙  𝑎𝑘𝑙  

𝑣𝑘 𝑖 : probability of the most probable path ending in state k with observation i 
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Solution: 

Viterby 

v v(0) C G C G 

B 1 0 0 0 0 

A+ 
0 0 0 0 0 

C+ 
0 0.13 0 0.012 0 

G+ 
0 0 0.034 0 0.0032 

T+ 
0 0 0 0 0 

A- 
0 0 0 0 0 

C- 
0 0.13 0 0.0026 0 

G- 
0 0 0.010 0 0.00021 

T- 
0 0 0 0 0 

Durbin et al., Biological sequence analysis, p. 56 

𝑣𝑙 𝑖 + 1 =  𝑒𝑙 𝑥𝑖+1  𝑚𝑎𝑥𝑘  𝑣𝑘 𝑖  ∙  𝑎𝑘𝑙  

We’ve found a 

CpG island, thus! 
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Trellis-Diagramm 

i = 0 

B 

i = 1 

x1 

i = 2 

x2 

i = 3 

x3 

i = 4 

x4 

i = 5 

… 

B 1 - - - - - 

π1 0 

π2 0 

π3 0 

π4 0 

π5 0 

Remarks 

• Result: we’ve found that the whole sequence CGCG is a 

CpG island (sequence was very short!) 

• Method works for arbitrary long sequence and might 

then switch between long stretches of + and – states, 
respectively … as it should 

• Most probable path (Viterby) is not the only solution: 
posterior decoding;  𝜋 𝑖 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑘𝑃 𝜋𝑖 = 𝑘 | 𝑥  

calculated by the Forward- and Backward algorithm 

Software 

• R – Scripte:  

– CRAN: Bioconductor 

– http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/     

( Ludwig Fahrmeir / Christiane Belitz ) 

• MATLAB  
– stats package 

Casino! 

http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/
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4. Parameter estimation for HMM’s 
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4. 1. Parameter estimation if we have a 
training set where the states are known 
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 A, E: counts, from the training set with known path 

 𝑎 and 𝑒 are ML estimators, as before 

 problem with overfitting 

4. 2. Parameter estimation if we have no 
training set with known states 

Baum-Welch algorithm (EM) 

or Viterbi training 
𝑎𝑘𝑙 , 𝑒𝑘 𝑏  

Solve (find path) 

𝐴𝑘𝑙 , 𝐸𝑘 𝑏  

Start 

Forward- and Backward algorithm 

or Viterbi algorithm 

Sources 

• Durbin et al (Ed.)., Biological Sequence Analysis, 

Cambridge University Press 1998 

• Rabiner, L. R., A Tutorial on Hidden Markov Models and 

Selected Applications in Speech Recognition, 

Proceedings of the IEEE, Vol. 77, No. 2, 1989 

• http://www.stat.uni-muenchen.de/~semwiso/stochastische-prozesse/ 

• http://www.itu.dk/~sestoft/bsa.html   

 

 

5. A Continuous Density Hidden Markov 
Model that can recognise amplifications 

and deletions of large chunks of 
genomic DNA on a chromosome 

 

Metaphase-CGH  and  Microarray-CGH 
(CGH = comparative genomic hybridization) 

Labeling 

http://www.itu.dk/~sestoft/bsa.html
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Ratio =            =        > 1,5  

Red 
Green 

Ratio =            =        = 0.5 
Red 

Green 
Red 

Ratio =            =        =1 
Green ngreen 

nred 

Normal Case Deletion Duplication 

Tumour DNA 

Normal reference DNA 

Tumour DNA 

Normal reference DNA 

Tumour DNA 

Normal reference DNA 

Ratio =            =        = 1.5 ngreen 

nred 

ngreen 

nred 

Measurement point 

Continuous Density Hidden Markov 
Model 

• Hidden states:   Copy number (0, 1, 2, 3, 4, >4) 

• Emission probabilities:  Gaussian spectrum 

 

𝑒𝜋𝑖
𝑥𝑖 = 𝑃 𝑥𝑖 | 𝜋𝑖 , 𝜇𝑖 , 𝜎𝑖  ~ N 𝜇𝑖 , 𝜎𝑖   

SMAP 

• Segmental Maximum A Posteriori 

• maximize the joint posterior probability of the states (𝜋) 
and the parameters (𝜇) 

𝜗 = 𝑎𝑟𝑔𝑚𝑎𝑥𝜗  𝑚𝑎𝑥𝜋  𝑃 𝜗, 𝜋 | 𝑥  

𝜗 = 𝑎, 𝜇, 𝜎 :   transition prob., means and variances of the Gaussians 

Recursion: maximize with respect to 𝜋 , then with respect to 𝜗 
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Thank you for your attention! 

Entropy of a DNA-sequence 
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Durbin et al, Chapter 11.2 

Bild: Martin Lercher, Düsseldorf 


