Hidden Markov Model approach for the
Assignment of Genome-wide Copy
Number Alterations

1. Genetic Background
2. Expectation — Maximization
3. Hidden Markov Models

Genome

» Contains entire heredity information of a cell
» Build up of the four bases A, C, G, T
* Human genome contains 3 billion bases.

Copy Number Aberrations

» Genome is present in two copies in each cell

» One or both copies can get lost (deletion)

+ Additional copies can emerge (gain,
amplification)

+ Size of deletions/amplifications: 1 bp - few
Mbp, even a whole chromosome can be
aberrated

Array CGH

» Comparative Genomic Hybridization
» Comparison of two genomes

» Compare the genomes of two individuals
or of two different tissues of the same
individual

Metaphase-CGH and Microarray-CGH
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Expectation-Maximization (EM) Algorithm

» Maximum likelihood estimators for parameters in models that
contain unobserved (latent) variables.
> incomplete-data problems (HMM, missing data problems)
» models with "artificially” introduced latent variables (mixture
model)
EM emerged from a number of previous, "intuitive” algorithms
generalized as EM by Dempster, Laird, and Rubin in 19771

Recursive algorithm (E-step; M-step)

vV vy vy

EM is often computationally easier than other methods

1Dempster. A.P., Laird. N.M., Rubin, D.B.: Maximum-Likelihood from
incomplete data via the EM algorithm. J. Royal Statist. Society, 1977

Parameter estimation for a Mixture Model - Intuitive
approach

Probability distribution as a mixture of K components:
p(x|0) = Zakf (X0) D=1 0=(a )
k

Two Gaussians:
p(x|0) = a- N (x|p1,0%) + (1 — a) - N (x|u2, 03)

Five parameters to estimate :0 = (o, p1, 01, 12, 02)

No closed-form solution for the ML-estimator

N K
L(0) = HZakf(x,wk N independent samples
i=1 k=1

log L(6) = Z log [Z akf(XIWk):l
i=1

ML-equations are non-linear (even for a single observation)

Making it easier by complicating it first

» Introduction of new, latent variables z to the model

» x = incomplete (observed) data; (z, x) = complete data

Introduction of latent variables to the Mixture Model

Variable z; tells from which component of the p.d.f. x; is;
1<zi<K, 1<i<N
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Knowing the z; solves the problem!




Distribution of the latent variables, given the
observations and the parameters

Initial guess of the parameters: 0y = (a, V)

p(zi = k|0:) - p(xilzi = k,0:)
P(Xth)

Q- f (Xi|19k)
ok o £ (xili)

= wix ("membership probability” of x; to component k)

p(zi = klxi,0:) =

Expected number of observations that come from component k:

ck:Zw,-k ZCkZN
i k

"Membership probability” for two Gaussian
components

agN (x,-\,uk,oi)
a1N (xilp1,07) + aaN (xi|u2, 03)

Wik = k:(1,2)

—=

Re-estimation of the parameters for Gaussian
components

Having the membership probability wiy:

o = Sk Zivik
N N
w = Do WikXi
Z,'Wik
2 Z,'Wik(xi—ltk)2
o = L———"
Z,‘Wik

Alternate re-calculation of wj and (pu, 0,2(, ay) finds a maximum
likelihood estimator.

General Approach to the EM

Observed data: x; latent data: z; parameters of the model: 6

— oixlgy = PE:x10)
L(0) = p(x]0) = e
log p(x|0) = log p(z, x|0) — log p(z|x, 0) (1)

calculate the cond. expectation with respect to z|x, 6; for some
known 6,
(generate z according to the distribution p(z|x, 6;) and average)

Expected values of log-likelihood

log p(x|0) = logp(z,x|0) —log p(z|x,0)

g p(x0) = [ logplz.x10) - plelx.00) dz [ log p(zlx.0) - plzbe.00) dz

Q(0,0¢) H(0,0:)

log p(x|0) = Q(6.6:) — H(0,0;)

Increasing the log-likelihood
Find a new value of @ so that AL = L(§) — L(6¢) >0

AL = logp(x|0) — logp(x|0:)

Q(8,6:) — Q(6:,0:) + H(60:,6:) — H(0,6;) > 0
—_—

always >0
H(8,6:) < H(b,0;) upper bound

O¢11 = argmax Q(0, 0¢) increases likelihood
0




EM - lteration

B0 — 0
Q(8,6;) = / log p(z,x|0) - p(z|x, 6;) dz E-step
z
0¢11 = argmax Q(0, 0;) M-step
0

6t+1 — 0y

EM - discrete latent variables, multiple independent
observations

Q(8,6;) = Z log p(z, x|0) - p(z|x, 6:) summation
z

N
L) =[[ p(xil0)  iid.
i=1

Q(8,6,) = Z > log p(z, xil0) - p(z]xi, 6r)

Upper bound of H

Definition of the function H:
H(6.61) = [ log plzlx.6) - plalx.00) dz

It follows that H(6, 6;) is bounded:

H(6,6:) < H(6:,6;)

Jensens Inequality

@ [Z p;x;} <Y pt(k) Y pi=1

Figur: Convex function

The upper bound of H(#, 6,)

H(0:,6:) — H(6,0:)

/Iog p(z|x,0:) - p(z|x,60;:) dz — /log p(z|x,0) - p(z|x,0;) dz

/ —log [ P(z|x,0) ] - p(z|x, 0;) dz Jensens inequality
2 p(z|x. 0:)

- (s

sVt
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EM - What have we won?

L(8) = p(x|0) maximize w.r.t. 6

Q(8,6:) = / log p(z, x|0) - p(z|x, 6;) dz ... as well

It does make sense (see mixture model).




Parameter estimation for a Mixture Model - Formal
approach

Latent variables z; have the same meaning as before.
1<z <K, 1<i<N

E-step - Calculation of Q

The probability distribution was:

K
p(xil0) =D k- f(aldk) 0= (akiVk) Ok = (ukioR)
k=1

In the E-step, we have to calculate:

N K
=" logp(zi = k. xil0) - p(zi = k|xi.O)

i=1 k=1

OBS!! Sums over z, with k # i disappear.

E-step - Calculation of Q

Calculate joint-probability term in Q:

N K
Q(0,0:) = > " log p(zi = k, xil0) - p(zi = K|xi, 0r)

i=1 k=1
The joint probability is an easy expression:

p(zi = k, x;|0) = oy - F(xi|9%)

.. what is confirmed by the expression:

K
> plzi = k,xil0) = p(xil0) = > a - £(xi[0x)
k=1

E-step - Calculation of Q

Calculate conditional-probability term in Q:

N K
=" logp(zi = k. xil0) - p(zi = k|xi,0)

i=1 k=1
Bayes rule:
p(xi,zi = k|0¢) _ o - f(xildk)
zi = k|xj,0;) = = = w;j
plei = ko be) = =200 Pl "
—————
at step t

E-step - Calculation of Q

N K

Q(0,0:) = > log p(zi = k, xil0) - p(zi = K|x;, 0r)

i=1 k=1

Q(8,6:)

Il
1M
M= D=

|0g |:Oék . f(X,lﬁk):| s Wik

N K
wik log ok + Z Zw,—k log f(xi|Vk)

1 i=1 k=1
Qa Qe

[
.ME

|
_
>
Il

Both parts can be maximized separately

M-Step - Maximization of Q4

Qa = Zzw,k log ax = ch/ogozk with Zak =1

i=1 k=1

Sk _ Wik
NT N

g = Lagrange




M-Step - Maximization of Qg

N K

Q = DY wilogf(x|vx)

i=1 k=1

N N
> witlog f(xi01) + > wialog f(xilt2) + ...
i=1 i=1

N
Zw,-k log f(xi|9k) maximize K of these terms w. r. t. ¥
i=1

M-Step for a mixture of Gaussians

e = Do WikXi
Eiwik
o iwik(x — me)?
oy = ="
Z,'Wik
o = ik _ G
N N

These are the results we obtained before in an intuitive way.

EM - Convergence

» Each iteration increases or holds constant the likelihood

> converges to a local maximum or saddle point

MAP - EM
Maximize the posterior probability:

p(x19) - p(9)

(o) = P20

» multiple initial values, simulated annealing L(#) = logp(x|0) + logp(#) introduce latent variables ...
= logp(z, x|0) — log p(z|x, 8) + log p(0) expectation ...
= Q(0,6:) — H(0,0:) + log p(0) additional term: log p(6)
MAP-EM: Iteration Hidden Markov Model
t=1 t=2 t=3
o — 0¢ @ 34 @ G4
Q(8,6,) = / log p(z,x|0) - p(z|x, 6;) dz E-step ; { { {

z 4 h

b3(x]) b,(x,) b,(xy) Visible: x,

Or+1 = argmax [Q(0,0;) + log p(0)] M-step
0
Ors1 — O

Choosing suitable priors makes MAP-EM not harder than MLE.

P(xis Xy 215250 |0) = p(2) - b, () 0, . b (xy)-a.,

N

P(x,z|0)= P(Zl)'Hb:, (x)-a,..,
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Parameters of the Markov chain and their properties

0 = (ajj, bi, ;)
mi = p(z1 =) initial states 1 <i<N
ajj = p(zt41 = jlz: = i) transitions 1</, j<T

bi(xe) = p (x¢|ze = 1) emissions 1<i<N

HMM is homogeneous, z; discrete, x; discrete or continuous

Find the state path given the observations and the
model

p(x.216) = p(z|x,0) - p(x|6)

z* = argmaxp(zi...zr|x1...xT,0)
z1..2T

z* = argmaxp(z...zr,x1...x7|0)
z1..2T

» Finds the copy numbers that underlie our data (or the
occasions when the loaded dice is used)

» NT pathes — 2- T - NT computations - brute force fails

Find the single best path for given x and 6 - Viterbi

p* = max p(z|x,8) = max p(z, x|)
z z

A variable 6,(/) defined in such a way:

0i(i) = max_ p(zi..z-1,2e =i x1,-0 o xe]6)

... can be recursively calculated like that:

0e+1(/) = max [6¢(7)az] - bj(x+1)

The Viterbi algorithm

p* = max p(z|x,0) = max p(z, x|6)
z z

(i) =mi-bi(x1); ¢1()=0 1<i<N

0:(j) = max; [0e—1(7)ajj] - bj(xe) 2<t<T; 1<
¥e(j) = argmax; [0¢-1(7)ajj] 2<t<T;1<j<N
p* = max; d7(i) (max. prob.)

25 = argmax; d7(i)

zf = Pry1(zf,,) (backtracking)

T - N? computations!




Forward-Variable

Viterbi - Trellis
Allows to calculate p(x|f) (sum over all state sequences)
i=0 A= 1=12) i=3 =4 =3 Let (i) = p(x1, X2, -, x¢, 2t = i|0)
5] X4 X, Xg X,
B 1 - - - - - N
then ) = Najj | bj
5 0 ° ° ° o o ae41()) j;at(l) i | bilxet1)
z, 0 e ) ) ° ]
\
Z3 0 °® ° ® ) °®
a1 (i) = i - bi(x1) 1<i<N
z, 0 L] ° °® ] °® N
N aes1(j) = [ijl ar(iaj| bj(xes1) 1<t<T—1; 1<j<N
7 0 e ® Y @ ° N .
p(x|0) = 3 iz ar(i)
_ Other auxiliary variables: ~;(/)
Backward-Variable
Probability of being in state i at position t, given the observations
and the model:
Be(i) = p(Xe41, Xe42, - -, XT |26 = 1,0) Definition

Br(i) = 1 1<i<N Initialization

N
> ajbi(xe1)Ben(f) t=T-1,T-2,...1
j=1

Be(i)

() = p(ze = i|x,0) Definition

Can be expressed in terms of the forward-backward variables:

o DBl adi)sdi) ST
=506 T S 0

Individually most likely state at position t:

z; = argmax (i) = argmax p(z; = i|x, 0)
i i

Other auxiliary variables: &(i, f)

Probability of being in state i at position t and in state j at position
t + 1, given the observations and the model:

&(i,)) = p(ze = i, ze41 = j|x,0) Definition

a¢(1ajbj(xe11)Bei1(i) ae(i)aijbj(xe+1)Ber1()

&(lJ) N p(x\@) - Z,N:1 jN:1 at(i)afjbj(Xt+1)ﬁt+1(_j)

Problem

» Up to now, the "model’, i.e. the parameters # were supposed
to be given

> For arrayCGH (and many other problems): How can we
possibly know these parameters?




Solution

0* = argmax p(x|0)
0

> Adjust 6 so that the probability of the observed sequence
becomes maximal

» ML estimate of the HMM
> EM can solve this (Baum-Welch algorithm)

E-step: calculation of the auxiliary function Q

Q(0.0¢) = > log p(z,x|0) - p(z|x, 6:)

Probability of the "complete data” given the model 6:

P(X7 2‘0) = 7T(21) ’ bzl(xl) 1z,2 bzz(XQ) tdz;zy e bIT(XT)
T T
p(x,216) = p(er) [ ] p(eelze1) T] plscle)
t=2 t=1

T T
log p(x, 2|6) = log p(z1) + D _log p(zelz-1) + D _log p(xe|:)
t=2 t=1

E-step: Q separates into 3 terms

0(61 9!)

> log p(z1)p(zlx, 0;)

+

-
Z Z log p(z¢|z:—1)p(z|x, 0¢)

z t=2

T
Z Z log p(xt|zt)p(z|x, 0t)

z t=1

= Qa+ Qs+ Qc

+

The 3 parts can be maximized separately

E-step: Calculation of Q4

Qa = > logp(zl8)p(z|x,0r)

= > logp(z1l0)p(z1,....z7|xa, ..., x7,0¢)

21,..,2T

N

= > logp(z = il0)p(z = ilx, 6:)
i=1

N
Z log 7 - y1(f)
i=1

M-step: Re-estimation of the initial probabilities 7;

N
Maximize Qs = Zlogw,-ql(i) w.r.t. m; considering Zﬂ'i =1

i=1 i

Introduce Lagrange multiplicator:

P N
o {Zlogﬂ;"yl(i)Jr)\ (Zm 1)} =0

i=1
Re-estimation formula for the initial prob.: (using Y;71(i) = 1)

i = (i)

E-step: Calculation of Qg

T
QB = Z Z Ing(zt|Zt—1)p(z‘xﬂ 9;)

z t=2
N N T
= 23> logp(z =ilzes = iplze = iz = ilx, )
i=1 j=1 t=2
N N
3 S gy (zau,j))
i=1 j=1 t




M-step: Re-estimation of the transition probabilities
ajj

To maximize with respect to aj;:
N N
% - 3°3 (e o
i=1j=1 \ t

Contraints:

Za,—,—:l
Jj

Method of Lagrange multipliers:

2 = Zt é‘t(’:])
T X

Re-estimation formula for the transition probabilities:
Interpretation

i = Zt gt(’v])
Y Zt Y (i)

a0 — Zt p(zt = i,zt+1 = j|x,0)
’ e p(ze =ilx,0)

expected number of / — j transitions
ajj = ) -
Y™ expected number of transitions away from i

Having a training set with known states, one would exactly use these
expressions to re-estimate the transition probabilities

E-step: Calculation of Q¢

.
Qc = Z Z log p(xt|z:)p(z|x, 0¢)

z t=1
1 = (- MZ:)z
p(xe|ze,0) = p(xe|ze, pize, 02) = exp
V2mo?, 202,
LT —( = 1a)?
tc = LY [ g ptetrinn
z t=1* Zt
N T 2
xr — 1 )
= S [T toga] o =0
i=1t=1t i
N T 2
—(xe — pi) .
- SN[ o]0
i—1t=1L i

M-step: Re-estimation of the parameters for the
emission probability

N T o RY]
Maximize Q¢ = ZZ [% —logai| ve(i) w.r.t. pi, o
i=1 t=1 i

Weighted maximum likelihood:

0 7]

o= 00
Zr Ye(i)xe 2 _ (1) (xe — ,ui)2

A SIE () R SIPA )

Re-estimation of the CDHMM model parameters for
Gauss-shaped emission probability

i = y1(f) initial state probabilities
aj = %‘352;!)) transition probabilities
t
L — Z,"{t(i)xr f th P distributi
Hi = 520 mean of the emission distribution

N Oxe—pi)? . o
o2 = % variance of the emission distr.
t

MAP estimate for the CDHMM

Maximize the posterior probability:

p(0lx) = p(x19) - p(9) Maximum a posteriori

p(x)
Or11 = argmax [Q(6,6;) + log p(0)] M-step
0

Choose prior so that the 3 parts of Q can be maximized separately:

N
e nij—1
p(6) H 7 g(ri,viy iy ) Ha,'-}’
-1

Jj=1




MAP re-estimation of the CDHMM model
parameters for Gauss-shaped emission probability

(i —1)+m()

Y N
2y = = DHTEG)
S — 1) + e we()
g = it e veixe
' i+ D0 ve(i)
o2 = 28; 4+ Ti(vi — i)? + 3 ve (V) (xe — pi)?

(20 = 1)+ 32 (i)

Non-informative prior: n; = 1,7, =0, v; =0, a; =1/2, 3i =0

Segmental MAP

z,0,x) _ p(z,x]0)-p(6
p(6, z|x) = Pl — p=xpLeC)

Find a @ that maximizes p(6, z|x):

0 = argmax max p(#, z|x) = argmax max p(x, z|0) - p(0)
(4 z 0 z

Alternate maximization over z and 6 yields a sequence of
non-decreasing p(6, z|x):

zpy1 = argmaxp(x, z|6;) Viterbi
z

Orp1 = arg?aXP(X72t+1\9)'P(9)

ratio

SMAP - Result
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