G,

L ¥ if the followmg holds LA s
o @) f ey >nk)~1«1fandODIYIf9‘(n1, .,m,)J, R
- .(n) 1ff(n1, . ,nk) ¢aﬂd g(’nh ,’nk) ithen f(ni,..._.-_ ,nk) _(nl, 3 ,nk) =

; "-_:_-'We say that f and g are equal ]f f(nl,

i Recursmn Theory

Let k > 0 1A C N" and f A —~—> N 1s a functlon w1th domam A, then we say

that f : N - Nisa partzal functzon, _and that A is the domain of f, abbre-

. viated dom(f). The set {n.€ N: Iny;:.. ;n4 € dom(f) f(nl, ey =n}
" is called the range of f, abbrewated ran(f). If (my, .., m) ¢ A then we say
~ that f 1 is not deﬁned for {ny, ooy mg) and we write f (ny;.. ) 1. Other-

wise we say that f is deﬁned for (nl, nk) and we write f (1, .- o _'nk)_ 4.

'_ _'Observe that every functmn g Nk --} N 1s 2 partlal functlon

L __Let f ;9 Nk ~—% N be partlal functlons and let nl, T < N We say_ o
S "that f (nl, nk) and 9(7"&1, nk) are stmngly equai wntten i

f(nh _' snk) = g(nla :nk) -:. ..

o ,nk)_ _g_(_ni,:.-::-. ._ ,rnk) for a.ll

(VI’) unrestncted u—operator SEERGEEN R R S
o I g(w ,:ck,y) isa partxal fllIlCthIl and f(a:l, i ,mk) s the pa,rinal fUHC- RS
tlon deﬁned by o el S e '

least y such that 9(931, :ck,z) ',I, for. all z < y rmd : o |
9(9’»‘1, ﬂ?k,y) zf such y emzsts ' SIS

- { 'T -othef’wi:se_]j i

“then we say that f is deﬁned from g by the unrestrlcted u—operator and we' P

wrlte L
f.(331;--4ixk) ny(g(wl, wk,y)—O)

i f(ml L :z;k) is deﬁned from partlal functlons o

g(yl,... , Ym) a,nd hl(scl,... ,sck),. ; m(:zl, " ,a:k) S



by substitutlon (IV) then for all nl, T e N

o ) v

g _lf h (nl, . ,nk) J, for ail 1 < 3 < m and

m(nla '

Fid ;.::-_,nk)) ¢

-""If f (161, i ﬂik’y) is deﬁned ﬁom partlal functlons

9(321: ;wk') 'and h(fch wk,__?3k+1,93k+2)

o ..'.'.by recursxon (V) then‘-._._ 1n m e N f (nl, nk,m-i- 1) J,
e lf f(nh )nkam) *!' and h(n'l: nham f(nh nk:m)) \L

1and f(nla 2 ,?’Lk,()) \L lfg_(nh o 3nk) ‘l’

If a partlal funetlon is. deﬁned from the 1n1t1a1 functzons by a ﬁmte number

. of applications of substltutmn {IV), recursion (V) and the. unrestrlcted e [

_. _'-operator (VI’) then we say that the functlon is partzal recurszve

o Computable functmns

L _:We say that a partla,i function f N" iy N 1s computable 1f there 1S e

Can algorlthm (a finite set of mstructlons) which tells us how to caleulate
PR T , ) for-every my, ... ,m € Nsuch that f(n;, o ,nk) J. But this

e .:'deﬁmtxon of computable partlal functlon is not” premse since the notion of an R

X algorlthm is.not mathemancal}y preclse There are’ several proposals for how L

" to make the notlon of algorithm and computable partlal functlon prec1se
Some of them are: AR S e _ :
e Turmgmachmes e ROEREEEE S o

.o Herbrand-Gaodel equatlonal systems T

» e lambda calculus

. Markov algouthms e

:From each of these pre(:lse mathematlcal concepts we get a premse mathe-

“matical definition of what it means fora partzal functlon to to be computable _

We call these definitions of computablllty
o Turing, computa.blhty gl S SR

.



e '_Herbr_and-'G.ﬁ.deI co.mpu.tabili_ty
#.lambda computability
e Markov computablhty

Tt turns out that aH these diﬁerent deﬁmtxons (and others) of computablhty
. are equrvalent to bemg part1a1 recuirsive, ’shat is, for any partial- function f,

- f:is partlal recursive & - f is Turing. computable R f is Herbrand—Godel i

o computable £ Fis lambda computable & f is, Markov computable

- '_'Hence ‘the followmg assumptlon seems reasenabie ' S
" A partral functlon is. ‘computable if and only 1f 1t is partlal recurswe
~'This assumptlon is called Church’s thesxs ' : :
e Hence if we assume that Church thesis is true then the study of partlai re— .
- '_'curswe functlons 1s m fact the study of computable partlal functlons '

o 'Recurswely enumerable relatlons T L : .
For:any %, a. k-ary. relamon R is said to be recurswely enumerabie abbre-
: v1ated re. 1f there is a recursive (k + 1) ary relatmn Q such that for any

R(nh v :nk) @ 358@(711, 5nka ) e

' Observe that for any k a k—ary reiatron isa subset of Nk rt follows that A CN

o isr. e. 1f there is a recurswe bmary relatlon Q such that z € A <:> EIyQ(a: y)

E Example By Theorem 4 2 it fellows that the rela.tron .' ': o

PI‘OV'p (93) d x is the Godel number of a formula <p such that P . @
_1s not reeurswe But smce the relatlen pr (y, a:) is recurswe a,ud
| - ProvP(:c) & Elfop(y, m) |

it foilows that Provp (a:) is recurswely enumerable

If fisa k -ary pe.rma,l functlon then the graph of f deneted by G i ,13 the
(k + 1)- -ary relation defined by, ¢ T N

Gf(icr;--- Ty Thp1) & [z, ,ﬂka« and f.($1:--- y Tk) = Tpy



~Lemma 5.0 - : :
(i) Every recursive relation is recurswely enumexable

ol (n) For any function f : f 1s recurswe 1f and only 1f G f 1s recurswe

R Proof (1) If R(xl, :ck) is recurswe then Q(a:l, ,:ck, y) & R(:cl, . ,33;,) =

is Tecursive. and. R(:z:l, :vk) @ EIyQ(a;l, _--. ,a:k,y)
(11) Exer(:lse a .
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