SPECTRAL THEOREM FOR COMPACT,
SELF-ADJOINT OPERATORS

ANDREAS STROMBERGSSON

The following theorem is known as the spectral theorem for compact,
self-adjoint operators. We will give two proofs which connects as much
as possible with Kreyszig’s book.

Theorem 1. Let T': H — H be a compact and self-adjoint oper-
ator on a Hilbert space H. Then there is a finite or infinite sequence
NN, (i.e. N € ZY or N = 00) of real eigenvalues N\, # 0, and a
corresponding orthonormal sequence {e,}_, in H such that:

(a) Te, = Men, for all n with 1 < n < N;
(b) N(T) = Span({en}n_1) ™
(¢) if N =00, then: nlirgo)\n =0.

Note that this theorem is a generalization of the spectral theorem for
self-adjoint operators in finite dimensional spaces, which you are hope-
fully already familiar with. [To be precise: If H is finite dimensional,
say dim H = m, then since ey, e, ... is an orthonormal sequence, and
hence linearly dependent, we must have N finite in Theorem 1, and in
fact N < m. Also dimN(T) = m — N by (b), and hence (if N > m)
we can choose an orthonormal basis ey, 1, exia, ..., €, for N(T); since
these vectors lie in N (T) they are also eigenvectors of T', with eigenval-
ues 0. Now {e, }™ , is an ON basis for H. Hence: If dim H < oo and T'
is self-adjoint, then Theorem 1 says that H has an ON basis where each
basis vector is an eigenvector of T'. This is the usual spectral theorem
in finite dimension. |

Let us note in the general case that Theorem 1 gives us a very ex-
plicit formula for T! Namely, let Y = Span({e,}_,); then Y+ =
Span({e,}_,)*, so that by Theorem 1 (b) and [Kreyszig, Thm. 3.3-4],
we have

H=Ya&N(T).

Hence every vector v € H can be uniquely written as v = y + z with

y € Y and z € N(T). Furthermore y € Y = Span({e,}_;) can be
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uniquely expressed as

N N
Yy = Zanen for some «, € K with Z | |? < 0.
n=1 n=1

This follows from [Kreyszig, Theorem 3.5-2] in the form which I stated
in class (one uses in particular my “(d)” of that theorem, together with
the fact that {e,})_; is a total orthonormal sequence in Y, by defini-
tion). Now T'(z) = 0 since z € N(T), and T(y) = T(XN_, ane,) =

N N . . . .
YT (en) =D Anane, since T is continuous. To summarize:

Consequence from Theorem 1. FEvery vector v € H can be
uniquely written (recall N € Zt or N = oo as in Theorem 1)

N N
v = (Zanen) + 2z, where oy, € K, Z la|? < 00, 2z € N(T),
n=1 n=1

and for each such vector v we have
N
T(v) = Z A Qi€
n=1

We will give two proofs of Theorem 1. The first proof is modelled on
one of the standard methods of proofs in the finite dimensional case,
although the details are of course more difficult in infinite dimension:
Namely, one starts by finding a unit vector o € H with ||Txo|| = ||T]
(see Lemma 2 below); very often z itself is an eigenvector of T', and
if it is not then one can still easily construct an eigenvector from zq
(see Lemma 3 below). Once one eigenvector has been found, one can
restrict attention to the orthogonal complement of this eigenvector, and
repeat the whole procedure. In the end one has found all eigenvectors.

The second proof uses the much more advanced spectral representa-
tion theorem of self-adjoint operators proved in Chapter 9, and I give
it since it is satisfactory to see that Theorem 1 is indeed a special case
of this, and also since it gives and opportunity to become more familiar
with the language and tools used in Chapter 9. If you take the course
Functional Analysis for 4p, then please ignore the second proof! (Note:
the second proof is probably what the author had in mind in [Kreyszig,
§9.9: Problem 6.

First proof of Theorem 1.

Lemma 1. Let X be a reflexive normed space and assume that X' is
separable. Then every bounded sequence (x,) in X has a subsequence
which is weakly convergent.
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Proof. Let (z,) be a bounded sequence in X. Recall that
“bounded” means that there is a number B > 0 such that ||z,|| < B
for all n. Let {f, f2, ...} be a countable dense subset of X’ (this exists
because X' is separable). Now |fi(z;)| < [|fil| - ||z;|| < ||f1]] - B for all
J, i.e. (fi(z;)) is a bounded sequence of numbers. Hence by Bolzano-
Weierstrass theorem there is a subsequence which converges, i.e. there
is a subsequence (7 ;) of (z;) such that lim; . fi(x1,;) exists. By the
same argument we see that (z1;) has a subsequence (z;) such that
lim;_, fa(xs;) exists. This argument is repeated to form sequences
(23;), (%4,), ..., which are successive subsequences of each other. Fi-
nally, we let (y,,,) be the “diagonal sequence”, i.e. Y, = Ty, m for all
m > 1.

Now (y.,) is a subsequence of (z;), and for each n > 1 the limit
limy, oo fr(ym) exists. (Proof: Fix any n > 1. Then the sequence
(Yns Ynt1, Ynt2, ---) 18 by construction a subsequence of (2,1, Tpn.2, Tn 3, ... ),
and we know that lim;_,, f,,(x, ;) exists. Hence lim,,, .o f(ys,) exists.)

Now let f be an arbitrary element in X’. Let ¢ > 0. Then since
{f1, f2,...} is dense in X' there is some n such that [|f, — f|| < 155
Furthermore, by what we have proved, the sequence {f,(yx)}52, is
Cauchy and hence there is some K > 1 such that | f,,(yx) — fu(yw)| < 15
for all k, k' > K. Hence, for all k, k' > K,

[ (k) — S (yw)| = ‘(f = f) (k) + (falyr) = fulyw)) + (fo = ) (yw)
| = £ )| + £l = Fulow)| + | (50 = P )

€
<1 = Sall Myl + 75 + I = fall - [ywll

< —.8B .

~— 10B 10  10B
But here ¢ > 0 was arbitrary; hence the sequence {f(yx)}re, is a
Cauchy sequence, and thus limg_.o, f(yx) exists. We may now define:

g(f) = kh_glof(yk), for each f € X'

Then g is a map g : X' — K, and it is easily checked that g is linear.
Furthermore, for each f € X’ we have

9] = i | ()| < timasup |17 lyell < B+ |11

Hence g is a bounded linear functional, g € X", and ||g|| < B. Now,
since X s reflerive, there exists some x € X such that g = ¢g,, where
(as in [Kreyszig, p. 239)) ¢.(f) := f(x),Vf € X’. Hence, for all f € X',

f(@) = g2(f) = g(f) = lim_f(ys).
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Hence the sequence y;, converges weakly to x € X. [

Lemma 2. Let T : H — H be a compact and self-adjoint operator
on a Hilbert space H. Let S; = S(0;1) be the unit sphere in H. Then
there is a vector xy € Sy such that ||Tzo|| = ||T||.

Proof. By the definition of ||T|| as ||T|| = sup,cg, ||T%||, there
exists a sequence xy, T, ... in Sy such that lim, . ||Tx,|| = ||| Since
T is compact we may assume, after having replaced {z,} by a subse-
quence (and changed notation so that {z,} denotes this subsequence),
that
(1) yo = lim Tz, existsin H.

n—~o0

Let Y = Span{xj,zs,...}. This is a closed subspace of H, hence a
Hilbert space. Y is reflexive by [Kreyszig, Thm. 4.6-6], and Y is separa-
ble by construction (a dense subset in Y is, e.g., {121+ qxo+...+ ¢ 2y |
1 <n<o0,q; € Q}). Hence Lemma 1 applies, so that there is a sub-
sequence of (x,,), say (z;,, Ty, Tjs,...) With 1 < j; < ja < js < ..., such
that z;, converge weakly in Y to some point zy € Y. Now, for each
z€eY,

(2)  (Two,2) = (w9, T2) = lim (z;,,Tz) = lim (T'xj,, z) = (Yo, 2)-

k—o0 k—o0
Here the second equality holds since z;, converge weakly to z, (for we
know that = — (z,Tz) is a bounded linear functional on Y'), and the
last equality holds because we know from (1) that limy_... Tz;, = vo
exists, and (-,-) is continuous ([Kreyszig, Lemma 3.2-2]). Since (2)
holds for all z € Y, we conclude Tzy = yo. Hence

1 Tzol| = [lgol| = [ im T(z,)[| = lim [|T(z)|| = ||T1].
—00 k—o0
Also note that since z;, converge weakly to oy we have (zo,zo) =
limg oo (zj,, z0), and [(zj,,z0)| < ||zl - [|xo]] = 1 for all k, hence
l|zo]] < 1. We cannot have ||xg|| < 1, since then ||Tzo|| < |[|T|]-||xo|| <
||T||, contrary to what we have seen above. Hence ||zo||] = 1, i.e.

o € S1. This shows that xy has all the required properties. [J

Lemma 3. Let notation be as in Lemma 2. Then T has an eigen-
vector with eigenvalue ||T|| or —||T||.

Proof. We write A = ||T||. We may assume A > 0, for if ||T|| =
A = 0 then 7" = 0 and we can choose any vector y € H — {0} as
eigenvector.
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By Lemma 2 there is a point zy € Sy such that ||Tzo|| = A. Since T
is self-adjoint we have

(3) <T2$0,$0> = <T£L’0,T.T0> = ||T£L’0H2 = )\2
On the other hand, by Schwarz inequality we have
4)  [(TPwo,z0)| < ||Txoll - [lwol| < |IT?]] - 1 < [T = A%,

Because of (3), we must have equalities throughout in (4). In particular
we have equality in Schwarz inequality [(T?xq, zo)| < ||T?%ol| - ||oll,
and hence by [Kreyszig, Lemma 3.2-1(a)], zo and T2z, are linearly
independent; since zq # 0 this implies T2z, = axy for some o € K.
Plugging this into (3) we get a = A2, i.e. T?xy = N\?xy. Using this we
compute:

T(Axg + Txo) = MAxg + Txyp); T(Axg — Txg) = —A(Axg — T'zo).

This means that if Axg + Tz # 0 then \zg + T'xg is an eigenvector
of T with eigenvalue A, and if Axg — Txg # 0 then Axg — Txg is an
eigenvector of T' with eigenvalue —\. But the sum of these two vectors
is 2 xg # 0, hence at least one of the vectors must be non-zero. Hence

there is an eigenvector with eigenvalue A or an eigenvector with eigen-
value —\. O

Lemma 4. Let T': H — H be a bounded self-adjoint operator on
a Hilbert space H, and let Y C H be a subspace such that T(Y) C Y.
Then T(Y+) C Y+, and Tjyr : Y+ — Y+ is a bounded self-adjoint
linear operator on the Hilbert space Y+, with norm ||Tjy.|| < ||T)].

Proof. Take z € Y. For each y € Y
(Tz,y) = (2,Ty) =0,

since Ty € T(Y) CY and z € Y. Tt follows that Tz € Y*. Hence we
have proved T(Y+) C Y*. The remaining statements are obvious. [J

Proof of Theorem 1. If T" = 0 then the theorem is trivial; we
simply choose N = 0 so that {\,}2_, and {e, }\_, are empty sequences.

Now assume T" # 0. Then by Lemma 3 there is an eigenvector e;
with eigenvalue \; = ||T'|| or A\; = —||T||. Since T' # 0 we have \; # 0.
After scaling we may assume ||e;|| = 1. Let H; = Span{e;}*. Then
by Lemma 4 (for Y = Span{e;}), the restriction T}y, is a self-adjoint
operator Ty, : Hy — Hi, and its norm is ||Tjg, || < [|T]] = .

If T\, = 0 then we stop here. If not, then we repeat the above
application of Lemma 3 over and over: The above was step 1. In
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general, after step n — 1 we have found an orthonormal sequence of
eigenvectors eq, es,...,6,_1 in H with corresponding real eigenvalues
A1y, A2, ooy Ap_1, such that |[A| > |Ag] > ... > |\,_1] > 0 and such that
if H, , = Span{ey,...,e,_1}* then Tiy, . is a self-adjoint operator
ﬂHn—l . Hn—l — Hn—l of norm ||,-T|Hn_1|| S |>\n—1|- If TiHn—l = 0 then
we stop after this step. Otherwise, if Tjg, , # 0, then we continue to
step n, which consists in applying Lemma 3 to the operator 1|y, , :
H, 1 — H,_1; we thus find an eigenvector e, € H,_; with eigenvalue
A = [|Tim, .|| or A\ = —=[|T}#,_,||- By our assumptions we then have
0 < |An] < |An21|. After scaling we may also assume ||e,|| = 1. Since
en € H, 1 = Span{ey,...,e,_1}+ we also have (e,,e;) = 0 for k =
1,2,...,n—1. Hence eq, es, ..., e, is an orthonormal sequence. Let H,, =
Span{ey, ...,e,}=. Then by Lemma 4 (for Y = Span{ei,...,e,}), the
restriction T}, is a self-adjoint operator Ti, : H,, — H,. Since H, =
Span{ey, ...,e,}- C Span{ey, ...,e, 1} = H,_1 (see [Kreyszig, p. 150
exercise 7 (b)]), we have ||T\x,|| < ||Tin,_,|| = |Ax]. Hence we are in
the same situation as after step n—1, and the process can be repeated.

If the above process stops after step N we have 1|y, = 0; hence
Span({e,}Y_,)* = Hy C N(T). On the other hand, if z € N(T') then
for each n,

(5) Anlen, ) = (Tey, x) = (en, Tx) = (€,,0) =0,

and hence = L e,, since \, # 0. Hence x L Span({e,})_;)*. This
proves that N'(T) = Span({e,}"_;)*, and hence Theorem 1 holds in
this case.

Now assume that the process never stops. We then obtain an infinite
sequence {\,}>2, of real non-zero eigenvalues with |[A| > [\ > ...,
and a corresponding orthonormal sequence {e, }>° | of eigenvectors (i.e.
Te, = A\ye, for all n > 1). It now remains to prove that (b) and (c)
hold in Theorem 1. Since 7T is compact and {e,}5°, is a bounded
sequence in H, [Kreyszig, Thm. 8.1-3] says that there is a subsequence
1 <mny; < mny < ... such that (Te,,) converges in H as j — oo. Since
every convergent sequence is Cauchy we have

(6) [Ten, — Tew|| =0 as j.j — oo,

But Te,,, = Ay, €y, and these vectors are mutually orthogonal for dis-
tinct j’s. Hence by Pythagoras’ formula we have for all 7 < j’,

(7) ||Tenj - Ten;||2 = ||)‘nj€nj||2 + H)‘njlenjzw = ‘)‘nj‘2 + |)‘n]-/|2'

Together, (6) and (7) imply that lim; .o [A,,|*> = 0. Hence, since |A;| >
|A2| > ..., the full sequence (\,) converges to 0, i.e. (c) holds.
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To prove (b), first note that if z € N(T) then x L e, for each n, using
(5) and A, # 0. Hence N(T) C Span({e, }>,)*. Conversely, assume
z € Span({e,}:2,)*. Then x € H, for all n, and since ||}y, || < |\
we have ||T'z|| < |A,| - ||z||. This is true for all n, and lim, . A, = 0,
hence ||Tx|| =0, i.e. z € N(T). Hence N (T) D Span({e,}>° )+, and
thus NV(T) = Span({e, }>2,)+. Now (b) is completely proved.

U

Second proof of Theorem 1

Let us restrict to the case K = C, since Kreyszig only works with
this case in his Chapter 9.

Let T : H — H be as in Theorem 1, i.e. T is a compact and self-
adjoint operator. Since T is compact it is bounded, and hence the
Spectral Theorem [Kreyszig, Thm. 9.9-1] applies to 7', i.e. if (E)) is
the spectral family associated with T" then

M
T:/ ANdE)

m—0
Here
m = Hiﬂf (Tz, ), M = Hiﬂf (Tx, z),
z||=1 z||=1
and we know that (E)) is a spectral family on the interval [m, M] C R.

For convenience we fix some arbitrary real numbers A < 0 < B such
that A <m and M < B; then

B
T:/ AdE)y
A

Let us write Yy = E,\(H); this is a closed subspace of H, and F) is the
projection of H onto Y
Let us assume that there is some Ao > 0 such that dim Y- = co. (We
will show that this leads to a contradiction.) We have E\E), = FE, for
all A < X\g and E\E,, = E,, for all A > X\ (see [Kreyszig, Thm. 9.6-
1]); hence TE), = (ff A dE,\)E,\O = 20 A dFE) (since the corresponding
identity holds for each approximating Riemann sum) and thus
B B
T( = By) = | AdByZ | XdBy=X(Bp = B) = ol = By,)
0 0
(The =-relation holds because it is clearly true for each approximating
Riemann sum.) But note that (I — E),) is projection of H onto Y;,
hence for each vector y € Yy, we have (I—E),)(y) = y and thus, by the
definition of “=" ([Kreyszig, p. 470(1)]), (Ty,y) > (Ao, y) = Ao||y||*
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Combining this with Schwarz’ inequality, ||Ty||-||y|| > (Ty, y), we have
proved

(8) 1Tyl = Nollyll, Yy € Y5,

But dim Y/\LO = 00; hence there is an infinite orthonormal sequence
e, e, ... in Yy}, and from (8) we get, for all j # i,

1Te; = Teil| > Mollej — eil| = V2 Xo.

This shows that there can not exist any subsequence j; < jo < ... such
that (Tej,) is Cauchy. But (e;) is a bounded sequence in H, hence this
contradicts the fact that T' is compact (see [Kreyszig, Thm. 8.1-3]).

This contradiction shows that we must discard our assumption that
dim Yy = oo. Hence we have proved that dimYy} is finite for each
Ao > 0.

Hence d(\) = dim Yyt is a function from R to Zsg, the set of non-
negative integers. Since d(\) is decreasing and right continuous (by
the definition of spectral family), we see that for each n € Z~( the set
{\ > 0| d(\) = n} is either empty or an interval of the form RTN[u, ).
It follows that there is an infinite sequence B = p; > pug > ... of
positive numbers such that d(\) is constant on each interval [, p1;-1),
and lim;_,, p1; = 0. (Note that we do not require d(\) to have a jump
discontinuity at each point p;; the reason for this is that we want to
have a notation which works also if limy o, d(\) is finite: In this case
we may choose B = i > pig > ... > up > 0 so that d()) is constant on
(0, par) and on each [, p1;—1); then add extra “dummy” points tending
to 0, say pparj =2 7y for j =1,2,3,....)

It now follows easily from the definition of the “spectral Riemann-
Stieltjes integral” that:

B )
9) / ANE) = Z'”J(EM —E,,,) (convergence in B(H, H)).
0

J=1

[Detailed proof: Let P, be the partition of [0, B] which is obtained by
splitting at the points 0 < p, < pp_1 < ... < g3 = B and then, for
each 2 < j < n, subdividing the interval (1, 1;_1) into n equal parts.
Then by construction n(FP,) — 0 as n — oo, and hence lim,, .., s(P,) =
fOB AdEy. But d(\) is constant on each interval [u;, p;_1) and hence
so is E). Hence the contribution from the interval [p;, p1;-1) to s(P,)
equals p;(E,, — E,,,,), regardless of the subdivision of this interval.

Thus S(Pn> = :un(Eun - EO) + Z?:_ll Mj(Euj B Eﬂj+1)' But Eun — Ep is
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a projection and hence of norm < 1, so that

||s(Pa) — pi(Epy — B

Hi+1

)|| = ||Mn(Eun —E0)|| < pu, —0 as n— oo.

From this fact together with lim,, .. s(P,) = fOB AdE, it follows that
limy—co 32721 145(Bpy — Eupsy) = fy AdEj, i.e. (9) holds ]

Now for each j > 1, E,, — E,,,, is the projection of H onto Z; :=
Y, ©Y,,,,, the orthogonal complement of Y, ., in Y, (see [Kreyszig,
Thm. 9.6-2(b)]). Note that Z; = Yéﬂ o YM# and hence Z; has finite
dimension, dim Z; = d(p;41) — d(p;) (this may be 0). The spaces
Z1, Zs, ... are mutually orthogonal, for if 1 < j <4 then pj1; > p; and
Z;i CY,, CY,, ,and Y,  is orthogonal to Z; by definition. Hence if
we choose an ON basis ey, ..., eq, in Z7, and then choose an ON basis
€dy+1, -3 €dy+dy 1 L2, €tc., we obtain an orthonormal sequence ey, e, ...
in H. This sequence may be finite or infinite. Since E,, — E,  is
projection onto Z; we have (Ej, — E, . )(x) = X, o7 (2, ex)ep, for
each j. Hence, if we define A, := p; for each e, € Z;, it follows from
(9) that

(10) (/OB VB (@) = Y Mle.eder, Vo€ L

Note that by our construction we have \; > Ay > ..., all these numbers
are positive, and if this sequence is infinite then limy_,,, A, = 0. Note
also Z; C Y for each j, since Z; LY, ., and Yy C Y, ,,.
Negative A can be treated in a very similar way, and we will just
give an outline: To start, let Ay < 0 be arbitrary. One notes TE), =<
20 Mo dEy\ = NE),, and hence (Ty,y) < Xo||y||*> < 0 for all y € Y;

by Schwarz’ inequality this leads to
Tyl = [Aol - [lyll, Yy € Yy,

Using this one proves by a similar argument as before that dimY), <
co. (Note: now this is for Yy, not Yy:!) Using this one can see that
there is an infinite sequence A = 11 < 15 < ... of negative numbers such
that dimY) is constant on each interval [vj,v;.1), and lim; . v; = 0.
It follows that

0 o0
(11) / NdEy =S vi(B, — B, ) (convergence in B(H, H)).
A s

This formula implies that there is an orthonormal (finite or infinite)
sequence f1, fo, ... in Yy and corresponding negative numbers \| < X, <
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., with limg . A}, = 0 if the sequence is infinite, such that

(12) (/A )\dEA> ZAk ffe,  Vred

Together (10) and (12) give, for all z € H,

(13) Tmz(/A )\dEA) Z)\kmek ek+z>\k

Note here that e, L fi for all k:,k:’, since e, € Y5t and fi € Y.
Hence any merging of the sequences (ex) and (f;) is a new orthonormal
sequence. It now follows immediately from (13) that Te, = Azex for
all e, and Te,, = N, fi for all fi,. We also see from (13) that Tz = 0 if
and only if (z,e;) =0 and (z, fi) = 0 for all ey, fx, that is,

N (t) = Span({ex} U {fi})*.
We now see that all claims in Theorem 1 are fulfilled, except that we
have slightly different notation: To obtain the notation in Theorem
1 we may simply form the “merged” sequence ey, fi, €a, fa, ... (appro-
priately modified if one or both of {ex} and {f;} are finite), and the

corresponding sequence of eigenvalues.
O

Problems

1. Let A: H — H be a compact, self-adjoint operator. Assume that
A is positive, i.e. (Az,z) > 0 for all z € H. Let n > 2. Prove that
there exists a bounded operator B : H — H such that B" = A.

2. Prove that the compactness assumption is necessary in Lemma
2: In precise terms, construct an example of a bounded self-adjoint
operator T': H — H such that ||Txo|| < ||7T|| for all unit vectors x.
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